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Abstract. This paper introduces the Generalized extended Standard U-quadratic (GeSU) dis-
tribution, an extension of the extended Standard U-quadratic (eSU) distribution, developed by
incorporating an additional parameter. The GeSU distribution effectively models asymmetric
data exhibiting bathtub and inverted bathtub shapes over the unit interval [0,1]. Several special
cases of the proposed distribution are also derived. Key statistical properties, including moments,
the moment-generating function, mean, variance, median, mode, skewness, and kurtosis, are es-
tablished, along with a random number generation algorithm. The performance of maximum
likelihood estimation for the parameters of the GeSU distribution is assessed through simulation
studies. Furthermore, the distribution is applied to a real dataset, demonstrating a superior fit
compared to the eSU, Unit-Rayleigh, and Unit-Burr XII distributions. These results highlight the
flexibility and applicability of the proposed GeSU distribution in modeling unit-interval data.
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1. Introduction

Probability distributions play a crucial role in describing the behaviour of various phe-
nomena. However, each distribution has inherent strengths and limitations in modeling
different types of data. Incorporating additional parameters to any distribution enhances
the distribution’s flexibility, allowing it to capture more complex data patterns.One im-
portant class of data consists of values restricted to the unit interval [0,1], such as rates
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and proportions. This type of data is usually modelled by the beta distribution or Ku-
maraswamy distribution[1].

Other identified distributions on the interval [0,1] or (0,1) are the unit - Lindley dis-
tribution [2], unit - Rayleigh distribution [3], new unit - Lindley distribution [4], unit -
Weibull distribution [5], among others.

Rahman et al. [6] established a Cubic Transmuted Uniform (CTU) distribution using
Cubic Transmuted Family, and they applied this distribution to electronic dataset and
compared with the Beta, Kumaraswamy and Skew Uniform distribution. They found out
that the CTU distribution provided better fit for the said dataset compared to the said
distributions.

Lakibul and Tubo [7] proposed an alternative distribution to beta, Kumaraswamy,
and CTU distributions to describe the behavior of the data that has bathtub, constant
or inverted bathtub behavior, and this distribution is called the extended Standard U-
quadratic distribution.

A random variable X is said to have an extended Standard U-quadratic distribution
denoted by ”eSU” if the probability density function (pdf) of T is given by

flz)=1—=X+3X2t—1)2te[0,1], (1)

where A € [—0.5,1]. It was observed that the pdf of this distribution can produce three
different types of shape, namely the inverted bathtub for A € [-0.5,0), constant for A = 0
and bathtub for A € (0,1]. In addition, some properties of this distribution such as the
mean, variance, moments, and other properties can be found in the paper of Lakibul and
Tubo [8]. Also, the bivariate version of the eSU distribution is written in the paper of
Lakibul, Polestico and Supe [9]. However, the eSU distribution is symmetric at % Thus,
there is a need to generalize this distribution by incorporating an additional parameter to
account for the asymmetric behavior of the data.

In this paper, we will expand the extended Standard U-quadratic distribution into a
Generalized extended Standard U-quadratic distribution by incorporating an additional
parameter to the distribution. We will also derive some properties of the proposed distri-
bution such as the mean, variance, skewness, kurtosis, median, mode, rth moments and
moment generating function. The applicability and usefulness of the proposed distribution
is investigated by applying it on the tensile strength of polyester fibers dataset.

The rest of the paper is arranged as follows: Section 2 presents the construction of
the Generalized extended Standard U-quadratic (GeSU) distribution. Section 3 provides
derivations of some properties of the proposed GeSU distribution. Section 4 discusses the
maximum likelihood estimation for estimating the parameters of the proposed Generalized
distribution. Section 5 deals with the random number generation of the proposed Gener-
alized distribution. Section 6 presents the simulation results for assessing the behavior of
the maximum likelihood estimate of the proposed Generalized distribution’s parameter.
Application of the proposed distribution is presented in Section 7. Section 8 gives some
concluding remarks about the paper and recommendations for future studies.
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2. The Generalized extended Standard U-quadratic distribution

Developing new models is essential for improving accuracy, efficiency, and robustness
by capturing complex data patterns that standard models may overlook. In addition,
specialized models are crucial for systems with unique data structures, ensuring better
analysis and decision-making.

This section presents the derivation of the new Generalized distribution with support
on [0, 1].

The extended Standard U-quadratic (eSU) distribution, while useful for modeling cer-
tain forms of data within the unit interval [0, 1] or (0, 1), is limited in its ability to handle
asymmetric data or data exhibiting more complex shapes such as the bathtub and in-
verted bathtub curves. These shapes are commonly observed in a range of practical fields,
including economics, engineering, biological studies, and reliability analysis, where data
often display significant skewness or asymmetric behavior. In particular, many real-world
phenomena, such as survival data, failure rates, and certain types of financial data, do not
adhere to the symmetrical distributions assumed by many traditional models. This moti-
vates the development of a more flexible distribution capable of modeling such asymmetries
and complex data behaviors. To address this limitation, we propose the Generalized ex-
tended Standard U-quadratic (GeSU) distribution, an extension of the eSU distribution
that incorporates an additional parameter to provide greater flexibility.

To start with, let us consider the PDF of the eSU distribution given in Equation (1),
which can be rewritten as

F(1) =1 — A+ 12) <t— ;)2
=1 =N f(E) + Af2(2), (2)

where fi(t) = 1 and fo(t) = 12 (t—1)*, t € [0,1] and A € [<0.5,1]. To generalize the
eSU distribution, we incorporate an additional parameter a into its PDF so that the eSU
distribution becomes a special case of it. Specifically, find a particular form for f(¢) in
Equation (2). Consider a function of the form

fr(t)=Ct—a)*, (3)

where ¢t € [0,1], a € [0,1], C is a constant. Now, recall that, for any function f, f is said
to be a probability distribution function if it satisfies the following conditions:

(i.) f(t) = 0; and

(ii.) [ f(t)dt =1.
Let us first solve the constant C for f*(¢) using (i3.), that is,

/1 Frtdt =1
0
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1
/ Ct—a)dt=1
0

C = 5

(1—a)?+a3

Now, f*(t) becomes

3 2
)= —F——=(t — . 4
0= garrat =0 (W
Observe that f*(t) is a non-negative function (f*(¢) > 0) since for a € [0,1], ¢t € [0, 1], the
expression (t —a)? > 0 and m > 0. Thus, f*(t) is a PDF. Substituting f*(¢) into
Equation (2) for fa(t), we get
3\
)=1- A4+ ——r—(t—a)* 5
f(0)=1-A+ (=) )
Next, to determine the values for A, note that from the eSU distribution the A should
be between —0.5 and 1 inclusive, that is, A € [-0.5,1]. Now, consider the non-negativity
of f(t) that is,

3Nt —a)?
1- A+ —-——"—=>0.
+(1—a)3—|—a3_0
For t = 0 we have
) 3a®> — (1 —a)?® —a? > 1
(1—a)?+add -
F 2 3_ .3 3a?
or 3a* — (1 —a)’ —a %O,andm—1>0,wehave
\> (1—a)®+a®
~ 3a?2—(1—a)®—-a’
32
and for+—1<0, we have
(1-a)3+a3

) < (1-a)®+a?
~3a2—(1—-a)?—a’

The relations above imply that

velo (1-a)®+a? (1—a)®+d?
3a2—(1—a)?—a3"3a2—(1—a)®—a3]|"

For ¢t = 1 we have

31-a)?—-(1-a)®—a?
)\[ (I1—-a)3+ad ]2_1'
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For 3(1 —a)> — (1 —a)® —a®#0 dM—1>o h
or3(l—a)*—(1—a a an A—af + we have
N33
N> (1—a)’+a ’
31—a)2—(1—a)3—ad
1— 2
andforM—l<0wehave
(1-a)3®+a?
PRV BpS:
)< (I1-a)’+a '
31—a)?—(1—a)®—ad
These imply that
(1—a)®+a? (1—-a)®+a®

A T3 (1 —aP = 31 =0 — (1= —

Note that we have

—
—_
|
S
N~—
o
|
IS}
[N
RSN .
s
IS
I
NI DI Do

By taking the union of the possible values of A for t =0 and t = 1, we have

—a)3 a3 —a)34a3 .
[_ 3(1—532—21;)3—@3’ 3(1—%2—21;)3%3} , ifae0, 0.5]

A€

|: (1—a)3+a3 (1_a)3+a3 i| ’ if a & [05, 1]

" 3a2—(1—a)3—a3’ 3a2—(1—a)3—a3

Now, combining or taking the intersection of the possible values of A € [—0.5,1] and

—a)34+a3 —a)3+ad .
{* 3(171%27211_(1)37(13’ 3(171(11)2721;)37(13} , ifa 0, 0.5]

AE
—a)3+a _a)31a3 .
[_ 3@2(1_(11a-i)-3_a37 3a2(1_(11;)-3_a3} ) if a € [0.5, 1],
we have
—a)3+ad )
[_ 3(1—1(52—21:1)3_(13 ) 1} , ifa €0, 0.5]
PYS
—a)34a3 )
[_Mﬁ7 1] 5 ifa e [05, 1]
since — gzt > —Lfor a € [0,0.5], and — R > L for a € [0.5,1].
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Definition 1. A random variable T is said to have a Generalized extended Standard U-
quadratic (GeSU) distribution if its pdf is given by

3\

m(t—a)Q, t €10,1], (6)

FH)=1-\+

where a € [0,1] and

—a)3+a3 .
[_ 3(1—82_21J_ra)3_asy 1] , ifa €0, 0.5]

[;ﬂifiif1y ifa €05, 1].

Theorem 1. Let T be a random wariable that follows a GeSU distribution, then the

cumulative distribution function of T is given by

At —a)®+d?]
(1—-a)+a3 "’

F(t)=(1-\t+ (7)

where t € [0,1], a € [0,1] and

—a)3+a3 .
|:_3(1_$2_211—Z)3_a37 1] ) Zfa € [07 05]

Ne
[ _(-a)ta? 1}, ifa €05, 1].

" 3a2—(1—a)3—a3’

Proof. Let T be a random variable that follows a GeSU distribution with parameters
a € [0,1] and

—a)34a3 ]
[—3(1_S2_21fa)3_a3,1], if @ € [0, 0.5

e
[ N €l . A 1}, if a € [0.5, 1].

" 3a2—(1—a)3—a®’

The cumulative distribution function of T" is computed as

t 3\
F(t):/o <I—A+(1_CIM,)(u—a)2>du
t 3\ t
:(1—)\)/0 du+(1—a)3+(a)3/0 (u — a)’du
A[(t—a)®+d?]

=1-Nt+ 0—ap £ (@
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2.1. Special Cases of the GeSU Distribution

Here, we construct some special cases of the GeSU distribution based on the values of
a and name these cases in accordance with Table 1.

Table 1: Special Cases of the Generalized extended Standard U-quadratic Distribution

No Name a | Support of A

0 | Special eSU (SPeSU) Distribution | 0.0 )\ € [-0.5,1]

1 eSU Type-I Distribution 0.1 €[- 17730, 1]

2 eSU Type-II Distribution 0.2 €[- @ 1]

3 eSU Type-III Distribution 0.3 €[- 13—0 1]

4 eSU Type-IV Distribution 0.4 )\ € [-2,1]

5 eSU Type-V (eSU Distribution) | 0.5 | A € [—0.5,1]

6 eSU Type-VI Distribution 0.6 | Ae[-2,1]

7 eSU Type-VII Distribution 0.7 Ne [_1§T70v 1]

8 eSU Type-VIII Distribution 0.8 | A€ [—25,1]

9 eSU Type-IX Distribution 0.9 | Ae[-%.1]

10 eSU Type-X Distribution 1.0 | A€ [-0.5,1]
. // = g
= S

e = L - - - - >
(a) (b)

Figure 1: PDF plots of the distributions: (a) GeSU distribution for A = 1 and varying
values of a; and (b) SPeSU distribution for varying values of A.

Figure 1a shows the PDFs of GeSU distribution types for a fixed value of A and varying
a. It is important to note that for ¢ = 0.5 and A = 1, the behavior of the distribution
follows a symmetric bathtub shape where the minimum point is equal to 0. As we change
the values of a from 0 to 1, we observe the following behaviors: (i) increasing for a = 0; (i7)
asymmetric to the right for a € (0,0.5); (i4i) asymmetric to the left for a € (0.5,1); and
(iv) decreasing for a = 1. Figure 1b shows the different shapes of the PDF of the Special
eSU distribution for varying values of A. As we increase the values of A from —0.5 to 1,
it is observed that the behavior of the PDF forms a decreasing behavior for A € [-0.5,0),
constant for A = 0 and increasing for A € (0, 1].
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pof

(a) (b)

Figure 2: PDF plots of the distributions for varying values of A: (a) eSU Type-I distribu-
tion; and (b) eSU Type-II distribution.

paf
paf

. A o |

t t

(a) (b)

Figure 3: PDF plots of the distributions for varying values of A: (a) eSU Type-III distri-
bution; and (b) eSU Type-1V distribution.

Figures 2a-3b show the behavior of the PDF of the eSU Type-I, eSU Type-II, eSU
Type-11T and eSU Type-1V distributions, respectively. It can be seen from the said figures
that for varying values of ), the behavior of each of the said distributions follows some
decreasing function for A € (—0.5,0), constant for A = 0, and asymmetric to the right
bathtub for A € (0,1]. In addition, it is also observed that the parameter a is the minimum
of the distribution for bathtub shapes and it is the maximum for the inverted bathtub
shapes.
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Figure 4: PDF plots of the distributions for varying values of A: (a) eSU Type-VI distri-
bution; and (b) eSU Type-VII distribution.
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. . . : . .
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Figure 5: PDF plots of the distributions for varying values of A: (a) eSU Type - VIII
distribution; and (b) eSU Type-IX distribution.

Figures 4a-5b show almost same observations with the previous figures. The difference
is asymmetric to the left bathtub shapes are produced in this case.

pof

Figure 6: PDF plots of the eSU Type-X distribution for varying values of .
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Figure 6 presents plots of the PDF of the eSU Type-X distribution for varying values
of . It is observed from the said figures that the behavior of the distributions is increasing

for A € [-0.1,0), constant for A = 0, and decreasing for A € (0, 1].

3. Some properties of the Generalized extended Standard U-quadratic

distribution

In this section, we present some properties of the proposed generalized distribution such
as the limiting behavior of the pdf, mode, moments, mean, variance, skewness, kurtosis,

and the moment generating function.

Lemma 1. Let T be a random variable that follows a GeSU distribution, then

. 3\a?
P =1 A e
and
3A(1 — a)?

I fO) =1 -2+ G 5 o

where t € [0,1], a € [0,1] and

—a)3 3 .
[_ 3(1—(%2:121J_FZ)3_,137 1] , ifa €0, 0.5]
e
_a)3 3 .
[_Mﬁal} ; if a € (0.5, 1].
Proof. The limit of f(t) ast — 0 and t — 1 are, respectively, computed as

3\ ,
(1—@)3+a3(t_a)]
B
(1—a)3+ad "’

iy /) =ty |12+
=1 - A+

and

hmﬂO_MnP—A+3A@_®ﬂ

t—1 t—1 (1-a)3+a?
3
1At —0 (1 —a)?
+(1—a)3+a3( o

where ¢ € [0,1], a € [0,1] and

70,3 (13 X
quibjﬁwhﬁﬂy if a € [0,0.5]
=
—a)3+a3 )
[7%7 ]-:| ) lf a &€ [05, 1]
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Remark 1. Ifa = 0.5, then

%g%f(t) = %E}Iif(t) =142\

Lemma 2. Let T be a random variable that follows a GeSU distribution, then the mode
of T is a if

—a)3 a3 )
[_ 3(1—5;%2—21—~__a)3_a370> if a € [0,0.5]
A€
a3 4a3 .
[_3(12(1_(1)%7(0 if a € [0.5,1].

Proof. Let T be a random variable that follows a GeSU distribution. To compute for
the mode of a GeSU distribution, let us first take the first derivative of f(t), that is,
daf (t) 6

i —apral Y

Equating dfd—(tt) = 0, it follows that

6A(t —a) 0
(1—a)3+a3
= t=a

The second derivative of f(t) is given by
6
") = | ———s | A\
7 [(1—a)3+a3}
Note that, for a € [0, 1] and ¢ € [0, 1], we have

6

Aasas ™"

So, f"(t) < 0 if

[ —a)3+a® :
S e, 0) i€ [0, 0.5

Ae
(1—a)*+a? 0), if a € 0.5, 1].

| 3a2—(1—a)3—a3>

Thus, the mode of T is a if

[ —a)3+a? .
_3(1—51;2—21—_2)3_&,0) , ifa €0, 0.5]
A€

—Qifﬂi—o>, if @ € 0.5, 1].
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Theorem 2. Let T be a random wvariable that follows a GeSU distribution, then the rth
moment of T is given by

1—)\ )k
E[T"| =
"] 7"+1+ 1—a a3zr—k+3 (8)

where a € [0, 1],

—a)3+a3 .
[—3(172;72:&)37&3,0), ifacl0, 0.5
A€

—a)3+a? :
[—Mﬁ,@), ifaelos, 1],
andr=1,2,3,....

Proof. Let T be a random variable that follows a GeSU distribution. The rth moment
of T' is defined as

1
E[TT] :/0 tT |:1 — )\ + (1_3)2_*_0;5@ — CL)2:| dt
1 1
=(1— A)/O t"dt + (1—3)A3+a“°’/o (t — a)?t"dt.

But since the binomial expansion of (¢ — a)? is given by

-0 =y (7).

k=0
we have

' 2—k k
ET"] =(1— X t"dt t“7 % (—a)"t"dt

=) [ var +a?,/o () (~a)

1r+1 2 1r—k+3

—(1- A L

( )7“—1—1jL 1—a) +a3z<k> r—k+3

k’

1—2A
_7‘+1+ 1—a) —l—a3z< )r—k:—l—?)

Corollary 1. Let T be a random wvariable that follows a GeSU distribution, then the first

to the fourth raw moment of T are given by:
k

(i) EIT) = 52 + =3 Theo () T

(i) BT?) = 132 + =2 Y, () 5%
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k

(i) B[T%) =122 + =2 500 () & and
. — —a k
(iv.) E[TY) = % + (1—03)% Yo (Z) (7f;c :

The proof is straight forward from the rth moments of a GeSU distribution by taking

r=1r =2 r=3and r = 4, respectively. These moments are needed for the mean,
variance, skewness and kurtosis of 7' as given in the following remark.

Remark 2. Let T be a random wvariable that follows a GeSU distribution, then

(i.) The mean of T is given by

E

—

2
3\ 2\ (—a)
2 +(1—a)3+a3kzo<k>4—k:’

(7i.) The variance of T is given by

E[T] =

Var(T) =E[T?] — (E[T])2

(7ii.) The skewness of T', denoted by [32, is given by

E[T3] — 3E[T2|E[T] + 2 (E[T])?
(Var(T))

where BIT% = 12 + =2 1, () G4+ and

fo =

)

N|w

(7i1.) The kurtosis of T, denoted by k, is given by

E[T*] — 4E[T|E[T3] + 6(E[T])?E[T?] — 3(E[T])*
(Var(T))? ’

kK =

—a)k
where E[T4] = 122 A 4 = a)3+a3 2 0( ) ) )

Theorem 3. Let T be a random wvariable that follows a GeSU distribution, then the
moment-generating function of T s given by

BT =3 % [+ >l
c= rl | r+1 1—a + a3 r—k—|—3
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Proof. By definition of moment generating function, we have

1
B[] = /0 et F(8)dt.

Now, since

it follows that

Using the rth moment of T', we get

0o 2 (2 k
s [1- A 3\ (%) (~a)
Ele ]_;r! r+1 (1—a)3+a3kz_0r—k‘+3 '

4. Maximum Likelihood Estimation

14 of 21

Let X1,X5,....X,, be a random sample of size n from a Generalized extended Standard

U-quadratic (GeSU) Distribution. Then the likelihood function is defined by

“ 3
L:zl:[ |:1—)\—|-(1_a)3_'_a3(ti—a)2:|a

with its log-likelihood function is given by

3\

n
log L = I 1- A\ +—---—
o8 Zog[ +(1—a)3+a3

i=1

(t; — a)Q} .

The partial derivative of log L with respect to the parameters A and a are given by

n 3 2
dlog L 3 Tapras(ti—a)” —1

a)\ 1—A+(1_5ﬁ(ti—a)2’

=1

and

Dogl <& 3A(ti —a) [(1—a)® +a®] ° {3(@- —a)[(1—a)? —a?] —2[(1 — a)® + a*] }

Ja Z 1—>\+(¢(ti—a)2

i=1 1—a)3+a3
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Remark 3. The mazimum likelihood estimates of A and a are obtained by solving the
system of two score equations given as follows:

ol
o LA+ (175)/\3+a3 (ti — a)?

n 3Ati—a)[(1—a)®+a?] 7 {B(ti —a)[(1—a)?—-a*—-2[1—a)®+ a3]}
Z 1_)\+( 3\ (ti—a)2

i=1 1—a)3+a3

=0.

5. Random Number Generation and Median of the Distribution

This section presents the algorithm for the generation of random numbers from the
Generalized extended Standard U-quadratic (GeSU) distribution.

Considering the inversion method, let ¢ be generated from a uniform distribution on
(0,1). Then,

F(t)
— ¢

q
F~\(q),

where F(t) is the CDF of the random variable T'. For the GeSU distribution, the CDF is
given by
At —a)® +a?]

(1-a)3+a3 ’

F(t)=(1— Nt +

where ¢ € [0,1], a € [0,1] and

—a)3+a3 .
{—3(1_i§2_21fa)3_a3, 1} , ifa €10, 0.5]

AE
—a 3 a3 .
[_Mﬁ, 1} ; if a € 0.5, 1].
Thus, we have
At —a)* +a’]
( )t + T
A —a) +d?]

1— M)t Ca=o. .
= )*’(1—aﬁ+a3 q (9)

Observe that Equation (9) cannot be solved analytically. So, we use numerical method to
solve for t. Here, we consider the Newton-Raphson method. A Newton - Raphson method
is an iterative numerical technique that is used to find roots of real-valued functions. The
algorithm for the Newton - Raphson method is given as follows:

Let f(t) be a real-valued function with first derivative f’(¢). Then
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Steps Description
1 Choose an initial guess (o), a tolerance level (tol), and a maximum number
of iteration (mazxiter).
2 Evaluate f(t,) and (f'(t,)).
3 Check for convergence: if (|f(t,)| < tol), stop and return ().
4 Update the estimate using the following formula
togl = tn — %n =0,1,2,3,...

5 Repeat until the function value is within the desired tolerance

or the maximum number of iterations is reached.

Now, note that if A = 0, then the GeSU distribution simplifies to the uniform distribu-
tion defined on (0,1). So, we can use the uniform distribution as initial guess (tg). Thus,
we have the following modified algorithm to generate random numbers from the GeSU
distribution. Set true values for A and a. Then,

Steps Description
1 Set to = q, tol = 1 x 1078, and maziter = 100.
A (tn—a)3+a3
2 Evaluate f(tn) = (1 - )\)tn +)\W —q,
and f'(ta) =1 = A+ rapipar (tn — ),
3 Check for convergence: if (| f(t,)| < tol), stop and return (t,).
4 Update the estimate using the following formula
)\[(tnfa)3+a3]
bt = by — T T g 103
e 1_)\+(1—a3)?5+a3 (tn—a)? T 2 0
5 Repeat until the function value is within the desired tolerance or the
maximum number of iterations is reached.

In addition, the median (¢,,.q) of the GeSU distribution can be computed numerically
using the Newton - Raphson method by solving

AM(tmea —a)® +a°] 1
F(tmed) = (1 - )‘)tmed + [ (1 _ CL)3 + a3 ] = 5

Now, to assess the above algorithm for generating random numbers from the GeSU
distribution, let us consider the following examples.

Example 1. Random numbers Generated from GeSU distribution of size N = 10000.
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Figure 7: Histogram of the simulated data set and fitted density of the true values of the
parameters for GeSU distribution with the following values: (a) A = 0.8 and a = 0.6; and
(b) A= —0.3 and a = 0.4.

Figures 7a and 7b show that the true plots fitted the simulated histogram for GeSU
distribution. This implies that the above algorithm works well for generating random
numbers from the GeSU distribution.

6. Simulation Study

This section presents the simulation results to assess the behavior of the maximum like-
lihood estimate of the parameter of the proposed Generalized distribution. The simulation
algorithm is given as follows:

Steps Description
1 Draw sample of size n, n = 50, 100, 200, 500, 800, 1000, from a Generalized
extended Standard U-quadratic (GeSU) distribution with parameter A,
a using the algorithm given in previous Subsection.

2 Using the sample = obtained in Step 1 above, compute the maximum
likelihood estimate of A and a.
3 Repeat the preceding Steps 1-2 N = 1000 times to get 1000
estimates of \ and a, respectively.
4 Compute the mean, bias, and mean squared error (MSE) of the 1000

estimates obtained in Step 3 to get the desired results.

The mean (AE), Bias, and MSE are, respectively, defined by

AN N (9, — )2
AE:ZN’ Bias = AF — 0 and MSE:ZT’
i=1 =1

where 0; = \;, a;, and 6 = A, a, respectively.
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Here, we consider the following set of values of the parameters for the b-GeSU distribution,
A=0.7and a =04, and A = —0.3 and a = 0.4.

Table 2: The Average of Estimates (AE), Bias and MSE based on 1,000 Simulations of
the GeSU Distribution for A = 0.7 and a = 0.4.

A=0.7and a =04

n MLE AFE Bias MSFE
50 A 0.799 0.099 0.017
100 A 0.771  0.071  0.009
200 A 0.750 0.050  0.004
500 A 0.735 0.035  0.002
800 A 0.733 0.033  0.002
1000 A 0.732 0.032  0.002
50 a 0.393 —0.007 0.001
100 a 0.395 —0.005 0.001
200 a 0.397 —0.003 0.000
500 a 0.398 —0.002 0.000
800 a 0.400 0.000  0.000
1000 a 0.400  0.000  0.000

Table 3: The Average of Estimates (AE), Bias and MSE based on 1,000 Simulations of
the GeSU Distribution for A = —0.3 and ¢ = 0.4.
A=-03anda=04
n MLFE AFE Bias MSE
50 A —0.255 0.045 0.011

100 A —-0.277  0.023  0.003
200 A —-0.289 0.011  0.002
500 A -0.301 -0.001 0.001
800 A —0.305 —0.005 0.000
1000 A —-0.306 —0.006 0.000
50 a 0.379 —0.021 0.034
100 a 0.394 —0.006 0.010
200 a 0.415 0.015  0.003
200 a 0.421 0.021  0.001
800 a 0.422 0.022  0.001
1000 a 0.421 0.021  0.001

The above tables show the behavior of the ML estimates of the GeSU distribution
parameters as the sample size n becomes large. It reveals that the ML estimates of the
said distribution parameters is consistent for all parameters since the MSE decays toward
zero. A faster rate of convergence of the parameter estimates of a is observed.
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7. Application

In this section, we apply the GeSU distribution into a real dataset and compare with
the eSU distribution. Also, we compare the GeSU distribution with the following distri-
butions:

e Unit- Rayleigh (UR) distribution [3]

where x € (0,1) and a > 0.
e Unit - Burr XII (UBXII) distribution [10]

f(z) = apa™! (= log())" ! (1 + (~log(2))”) ",

where z € (0,1), @ > 0 and 8 > 0.

Here, we use a dataset from the study of Quesenberry and Hales [11]. This dataset is
related to 30 measurements of tensile strength of polyester fibers. The observations are
given as follow: 0.023, 0.032, 0.054, 0.069, 0.081, 0.094, 0.105, 0.127, 0.148, 0.169, 0.188,
0.216, 0.255, 0.277, 0.311, 0.361, 0.376, 0.395, 0.432, 0.463, 0.481, 0.519, 0.529, 0.567,
0.642, 0.674, 0.752, 0.823, 0.887, 0.926.

In this application, we use the following diagnostic statistics, namely, the Akaike Infor-
mation Criterion (AIC), Bayesian Information Criterion (BIC), and Kolmogorov - Smirnov
(K-S) as the basis for comparing the proposed distribution with the said competing dis-
tributions. The model which has the smallest values of the said diagnostic statistics is
chosen to be the best model for the data. In addition, we use a package ”fitdistrplus” in
R software to perform the analysis of the data.

Table 4: Estimates and some diagnostic values of the fitted models for the given dataset.

Distribution Estimate logLik AIC BIC K-S
GeSU A =0.5426148 | 3.250599 | -2.501198 | 0.3011964 | 0.06615338
a = 1.0000000
eSU A =0.06649717 | 0.05187171 | 1.896257 3.297454 0.23958860
UR & = 0.3481808 | —0.271881 | 2.543762 3.944959 0.19666520
UBXII & = 1.033106 1.038986 1.922029 4.724423 0.09925780
B =1.846484

Table 4 lists the ML estimates and the result of the said diagnostics statistics of the
fitted models for the said dataset and it suggests that the proposed distribution is selected
to be a best model for the said dataset since it has the smallest values of AIC, BIC, and
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K-S as compared with the eSU, UR and UBXII distributions. Moreover, the results of the
K-S statistic are consistent with values of the AIC and BIC. In addition, the plot of the
fitted models for the given dataset is given in the following Figure 8 and same result is
observed.
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Figure 8: Estimated pdf of the fitted models for the given data.

8. Conclusions and Recommendations

In this paper, the generalized version of the extended Standard U-quadratic distri-
bution has been derived. Some special cases of the generalized distribution such as the
Special eSU, eSU Type-I, eSU Type-II, eSU Type-III, eSU Type-1V, eSU Type-V, eSU
Type-VI, eSU Type-VII, eSU Type-VIII, eSU Type-IX and eSU Type-X distributions were
generated. Moreover, some properties of the proposed distribution such as the moments,
mean, variance, mode, median, moment generating function were computed. Further, a
Newton-Raphson method was used to generate a random numbers from the proposed dis-
tribution. In addition, maximum likelihood method was used to estimate the parameters
of the distribution, and simulation study was carried out to evaluate the performance of
the maximum likelihood estimates of the distribution. Finally, the applicability of the
proposed distribution was tested by applying on a real dataset and it was revealed that
the GeSU distribution provides better estimate as compared with the eSU, Unit-Rayleigh
and the Unit-Burr XII distributions. For future studies in this field, it is recommended to
incorporate additional parameters to this proposed distribution in order to model more
complex behavior of the data on the interval [0, 1] or (0,1).
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