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Abstract. The purpose of this paper is to introduce a new structure of bipolar soft topology
called bipolar soft minimal structure. Later, we present most important operators in bipolar soft
minimal spaces such as tﬁ-interiorL m-closure and m-boundary. Moreover, we define m-separated
bipolar soft sets and bipolar soft m-connected sets. Furthermore, we introduce a new concept of
bipolar soft minimal spaces called bipolar soft minimal connected. We prove that the bipolar soft
intersection of a pair of bipolar soft m-connected spaces over the common universal set is a bipolar
soft m m-connected space. In addition, we show that bipolar soft m-connected space is not a bipolar
soft m—heredltary property. Also, we discuss some relations, properties and results of these new
concepts of bipolar soft minimal spaces. Finally, some counterexamples are provided.
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1. Introduction

Soft set theory, introduced by Molodtsov [1] in 1999, provides a versatile mathematical
framework for handling uncertainty, imprecision, and vagueness in data. Unlike classical
set theory, which struggles with uncertainty in decision-making processes, soft set theory
offers a more flexible approach by associating parameters with elements, allowing for more
nuanced information representation. This adaptability makes soft sets highly applicable in
areas such as decision-making, data analysis, engineering, and artificial intelligence, where
handling imprecise or incomplete information is critical. Soft set theory’s strength lies in
its simplicity and generality, as it does not require the strict mathematical constraints of
other uncertainty models like fuzzy sets or rough sets. It has been successfully applied
to a wide range of disciplines, including medical diagnosis, economics, social sciences, and
optimization problems. Researchers have extended soft set theory by redefining operations,
introducing new concepts, and developing hybrid approaches that combine soft sets with
other mathematical frameworks to solve complex real-world problems. Other researchers,
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like Maji et al. [2], have contributed by refining operations within soft sets, and Cagman
and Enginoglu [3] later redefined these operations to create a uni-int decision-making
method. Aktas and Cagman [4] compared soft sets with fuzzy and rough sets. Many
researchers have since explored properties and applications of soft set theory (see [5], [6],
7], 18], [9], [10], [11], [12], [13]).

Building on soft set theory, the concept of soft topology emerged as a new field of study
to address topological structures within the framework of soft sets. Soft topology, first
introduced by Shabir and Naz [14] in 2011, provides a topological structure by defining
open and closed sets in terms of soft sets. Cagman [15] further developed this notion. This
new form of topology has led to the exploration of various properties and concepts, such
as soft open sets, soft continuity, and soft compactness, within a soft set framework. Soft
topological spaces extend classical topology and have been applied in fields like decision-
making, optimization, and computer science, providing a robust tool for analyzing spaces
with uncertain or imprecise boundaries. Over time, researchers have refined and expanded
the theory, introducing concepts such as soft minimal spaces and bipolar soft sets, allowing
for even greater flexibility in addressing uncertainty in topological and decision-making
processes. Numerous studies have since examined soft topological spaces, their properties,
and their applications (see [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [14]).
Thomas and John [27] expanded on this with the idea of soft minimal spaces (smss),
examining characteristics like compactness and separation axioms.

Bipolar soft set theory, an extension of soft set theory, was developed to handle situa-
tions where uncertainty arises from two opposing perspectives, often referred to as ”pos-
itive” and "negative” information. Introduced by Shabir and Naz [28] in 2013, bipolar
soft sets generalize the classical soft set by associating each parameter with two sets: one
representing positive attributes and the other negative attributes. This dual representa-
tion makes bipolar soft sets particularly useful in decision-making processes where both
favorable and unfavorable factors must be considered simultaneously. Bipolar soft set the-
ory addresses limitations in traditional soft sets by capturing the bipolarity often present
in real-world problems, such as preferences, opinions, and criteria that involve both pros
and cons. This model has found applications in various fields, including decision analysis,
medical diagnosis, and social sciences, where handling conflicting or dual-sided informa-
tion is critical. Subsequent researchers, including Karaaslan and Karatas [29], explored
operations like intersection, union, and complementation within bipolar soft sets, focusing
on decision-making applications. Several studies have explored definitions, operations,
and applications of bipolar soft sets (see [30], [31], [32]).

Bipolar soft topology builds on the foundation of bipolar soft set theory, introduc-
ing a topological framework that accommodates both positive and negative aspects of a
given space. This concept allows for the study of topological properties such as continuity,
compactness, and separation in a bipolar soft set context. By extending soft topologi-
cal spaces to incorporate bipolarity, researchers have created a flexible tool for analyzing
spaces characterized by dual information. The development of bipolar soft topological
spaces has sparked further exploration into concepts like bipolar soft open and closed sets,
bipolar soft continuity, and bipolar soft compactness. These advancements allow for a
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more nuanced understanding of topological structures where both positive and negative
relationships between elements must be considered. Bipolar soft topology has potential
applications in optimization, decision-making, and other areas where the interaction of
opposing factors plays a key role. Further developments have expanded on bipolar soft
topological spaces. Moreover, additional research has been conducted on the topological
structures of bipolar soft sets, (see [33], [34], [35], [36], [37], [38], [39], [40], [41]). Fur-
thermore, Oztiirk [42] investigated closure and interior operations, as well as concepts like
basis and subspaces within bipolar soft topological spaces. Musa and Asaad ([43], [44],
[45]) presented a novel concept related to bipolar soft sets by extending the hypersoft
sets. Additionally, they explored bipolar hypersoft topological spaces, examining various
operations and properties associated with them.

The structure of the paper is as follows: Section 2 provides a brief overview of some
relevant preliminaries. In Section 3, the new structure of bipolar soft topology, referred
to as the bipolar soft minimal structure, is introduced. Additionally, important operators
in bipolar soft minimal spaces, such as the m—mterlor m-closure, and m-boundary, are
explored. Section 4 presents the concepts of m—separated bipolar soft sets and bipolar soft
m-connected sets, along with their key properties. In Section 5, a new concept of bipolar
soft minimal spaces called bipolar soft minimal connected spaces is defined. It is also
proven that the intersection of a pair of bipolar soft m-connected spaces over the common
universal set results bipolar soft Hl—conneicted. Furthermore, it is shown that a bipolar soft
m-connected space does not possess the m-hereditary property. Finally, Section 5 discusses
various relations, properties, and examples of these new concepts of bipolar soft minimal
spaces and concludes the paper.

2. Preliminaries

Throughout this paper, let IT be an initial universe and ¥(IT) be the class of all subsets
of II. Let a nonempty set I be an entire set of parameters and let u, v C I'. This section
introduces some main notions and definitions on bipolar soft sets.

Definition 1. /2] Let be a set of parameters. The Not set of the set p = {V1,92,...,0,}
is denoted by —pu = {—01, a,...,~0,} for alli. That is, =9; = Not 0.

Definition 2. [28] A 3-tuple ()\ C,p) is named a bipolar soft (bs) set on II, where X :
1 — N(ID) is a mapping and ¢ : -y — B(II) is a mapping s. t. \(9) N ¢(—9) = ¢ for
each ¥ € p and 93 € —p.

That means, a form of a bs set (X, (, p) is:

(A Gm) = {0, M), {(=9)) : 9 € p, A@) N {(—9) = ¢}
The class of all bipolar soft sets over 11 along with T’ is denoted by bss(II).

Definition 3. /28] A null bs set (®,10, 1) is a bs set (A, C, ) if AO) = ¢ for each ¥ € p
and (=) =11 for each =9 € —p.
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Definition 4. [28] A absolute bs set (IL, @, ) is a bs set (A, C, ) if A9) =11 for all ¥ € p
and ((—9) = ¢ for all =9 € —p.
Definition 5. [28] Given two bs sets (5\&51,#) and (5\2,52,1/). Then (5\1,51,,11) is a bs
subset Of (5‘2a 523 V)) written as (5‘17 517 :U’) Q(S‘Q’ 523 M)’ /Lf

(i) 11 C v and,

(ii) M (0) C Ao(0) and Co(—09) C C1(—0) for all 9 € p and —9 € —pu.

Definition 6. /28] Two bs sets ()\1,(1, w) and (5\2,6'2, v) are said to be equal, written as
()\1,C1, n) = ()\Q,Cg, v) if ()\1,(1, W) is a bs subset of (A2, (2, v) and ()\Q,CQ, v) is a bs subset
Of (Ab Cla )

Definition 7. [28] The complement of a bs set (A, C, ) is denoted by A\, o p)< and de-
fined by (/\ (, )¢ ()\C ce, W) where X and C¢ are mappings given by )\C( ) = C( 9) and
Ce(—9) = \(0) for all ¥ € p and =0 € —p.

Definition 8. [28] The bs extended intersection between two bs sets (A1, (1, p) and (Xa, Co, v)
is the bs set (§,n,«) where a = pUv and for each ¥ € «,

5‘1(19)’ vep—v,
£(0) = Aa(9), Vev—p,
M) N A (9), Ve punw.

Cl(_‘ﬁ) -9 € - — T,
’)7(—({9) = CQ(—\ﬁ) —\19 e v — -,
G (=9) U la(—09), —0 € ~pun-w.
It represents by (5\1,61,#) % (X27§2,y) = (&,m,a).

Definition 9. [28] The bs intersection between two bs sets (A1, (1, 1) and (Ag, o, v) is the
bs set (&,1,a) where a = pNv # ¢ and for all ¥ € a,

£(0) = M(9) N Az(e) and n(—9) = (1(—9) U Ga(=0).

It represents by (')‘\17617110 ﬁ (;\274-:271/) = (fvnva)'

Definition 10. /28] The bs union between two bs sets (A1, (1, 1) and (A2, Co,v) is the bs
set (§,m, k) where k = pUv and for all ¥ € K,

5\1(0)? 196#_1/7
5(19) = )\Z(ﬂ)a VeV — Hy
M) U (D), Ve pnv#o.
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él(_‘ﬁ), -} € - — v,
n(—0) = C:z(_'ﬁ), ) ) € v — i,
Q) NG(=d), —d€-pn-w#o.
It represents by (5\17 é:la M) 6 (5‘27 627 V) = (57 mn, Oé).

Definition 11. /28] The bs extended union between two bs sets (A1, C1, 1) and (Mg, Ca,v)
is the bs set (§,m,«) where « = pNv # ¢ and for all V¥ € «,

£(0) = X1(9) UAa(9) and n(~0) = &1(~0) N Ea(—0).
It represents by (A, 1, 1) O (ha, Co,v) = (€,1, ).
Proposition 1. [28] If (A1, (1, 1), (Aa, Ca, v) € bss(IT), then:
(i) (A1, ) O (R, &) = GG A (R, ).
(i) (S, Cip) A (o)) = GG O (R, v
(iii) (A1, Cr,w)%)° = (A1, iy ).
(iv) (@00, 1) € (%1, ¢1) A (o Coo0)e € (G, &) O Gou o) € (IL @, ).

Definition 12. [3/] The bs difference between two bs sets (A1, C1, ) and (Na, Co, 1) is the
bs set (A, (, k) where k = pUv is defined as

A, G \ Gy o, v) = Gy G A (g, G, ),

Definition 13. [32] Let ({, A\, ) be a bs set over II. The bs set ({,\, ) is named a bs
point (bsp) if there is a, f € I, ¥ € p and 9 € = s. L.

s Jla}, =1,
“ﬁ‘{¢ 5 €\ 19).

)\(5/) _ H\{O[,/B}, 5,:_‘197
T, § € -\ {=0}.

We denoted the bs point (C, 5\,/1) by ag, and bsp(IT),
bsps over 11 by .

—u) s denoted by the class of all

Proposition 2. [41] Let (X, (, ) e bss(IT). Then

(i) (A &) O (A E ) = (6, 1), where £(9) = A(@) UA(9) C TI for each 9 € u and
O(—) = (=) N (—V) = ¢ for each =) € —pu.
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(i) (\C, ,u) (A, ¢, p)¢ = (®,m, 1), where (J) = AO) N X(Y) = ¢ for each ¥ € p and
n(—9) = C(ﬂﬁ) U (C(—|19) C I for each = € —p.
Further (X, C, 1), (A, C, u)¢ will always satisfy A\(¥) U X(0) = {(—9) U (=) for all
9 e p.

(iii) (A C,p) U (IL @, ) = (IL, ®, ) and (A, ¢, p) A (1L, 2, ) = (X, ¢, p)-
Definition 14. A class m of soft sets of 11 is said to be soft minimal topology m on II if

(®,p) € M and (I, ) € W. The triple (II, M, p) is said to be a soft minimal space (sms)
over II. The members of m are called soft m-open sets. The complement of soft m-open
sets are soft m-closed.

3. Bipolar Soft Minimal Structures

This section presents a new structure of bipolar soft topology called bipolar soft min-
imal structure. It presents some notions and properties of bipolar soft minimal structure.

Definition 15. A class m of bs sets over IT with respect to I is said to be a bipolar soft

minimal structure if (@, 11, ;1) € m and (I1,®, 1) ¢ m.

The quadruple (II, m, u, —p) is called a bipolar soft minimal space (bsms). Every mem-
ber oft% is called a t?i—open set in II. The bs complement of a t?l—open set is said to be
m-closed.

Theorem 1. If (H,ﬁi, f, ) is a bsms, then m = {(A, 1) : (N, ¢, p) E r:ﬁ} is sms.

Proof. Assume that (H,t:t:l,u, —p) is bsms. Then (@, II, 1) € m and (IL, @, ) € . This
implies that (®, ) € m and (II, x) € M. Hence f defines a sms.

The converse of Theorem 1 is not correct as in the next example.
Example 1. Let Il = {e1, €2, €3} and p = {0}
Suppose that m = {(@,é,p),(ﬁ,@,u)}, where (®,C,p) is a bs set defined as follows
(®.Cm) = {(0,6, {er,2}). )
Then m = {(®, u), (II, )} is sms defined on II. Meanwhile, m is not bsms.
Theorem 2. Let (H,I:(tl,,u, —41) be a bsms, then —m = {(C, ) : (N, ¢, p) E 1?1} is sms.

Proof. Similar to Theorem 1.

The converse of Theorem 2 is not correct as in the next example.
Example 2. Let I = {e1,€2,€3} and p = {9}.

Suppose that m = {(C,@,,u),(@,ﬁ,,u)}, where (é‘,@,u) is a bs set defined as follows
(Cv(bvu) = {(197 {61}7?)}‘ _
Then —m = {(®, ), (I, ) } is sms defined on II. Meanwhile, m is not bsms.
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Definition 16. Let (I, m m 1, ~t) be a bsms and ()\ ) E bss(IT). The m-interior of
()\ é, ) is the bs union of all m-open subsets of ()\ ¢, W) and it is denoted by mInt()\ ¢, 1.

Properties of ml nt(j\, ¢, ) are as follows.

Theorem 3. Let (H,%,u, =) be a bsms and (), f,u),(.).q,fl,u) E bss(II). Then

(i) mInt <<I>,ﬁ,u> = (@,11, 1) and mlnt (I, ®, ) = (I, ®, 1).

(ii) mInt(3,¢,p) € (3¢, p).
(iii) If (A, ) is m-open, then mInt(X,C, 1) = (X, C, p).

(iv) %Jnt(%fnt(x, &) = mInt(N,C ).
(U) If ()‘ C M) ()‘1’C17 ) thenr%lnt(A, Cmu) é ’r:n‘[nt()‘laCh/’L)

(wi) mlnt((5, &, ) A Gy, ) € mlnt(3, &) A mInt(Ra, G, ).

(vii) mInt((5 ¢ ) O (A, &, ) D mint(h ¢ ) O mInt(A, é ).
Proof. (i), (iv), (v), (vi) and (vii) Obvious. N

(ii) Since mInt(X, ¢ 1) = ULy, Ciom) ¢ (s iom) € m, (3, Giup) € (
Then A;(9) C A(¥) and {(—0) C {;(—0) for all j € J. So Ujer Ai(0) C

C Njes i (—0). Therefore mint AN Cop) (NG N
(iii) Let (A, ¢, p) be a m- open set. Then ()\ ¢, p) is the bs union of all m-open sets of

(A, ¢, p). From (i), we have mint (X, ¢, 1) € (A, C, ). Therefore, miInt N Gp) =N Cp).

A G p),j € T}
A(®) and {(—0)

The converse of point (iii) in Theorem 3 is not true in general and the equality of parts
(vi) and (vii) in Theorem 3 do not hold as shown in the example below.

Example 3. Let Il = {e1, €2, €3}, p = {V} and
m = {(q)vﬁv M)? (ﬁ’ (I)7M)7 (5‘17 éclnu’)v (5‘27 &27:“)7 (5‘37 537”)}7 where

(A, G ) = {0, {a}, {e2])},
(5\27 527/‘) = {("93 {61}7 {63})}7
(A3, Gy ) = {(9, {e2}, {1}

For the converse of point (iit), let N Cop) = {9, {e1},d)}, then

TA):LInt(A,C, /’L) = ﬁl‘[@t{@?? {61}7 ¢)} = {(19> {61}7 ¢)}

But (X, ¢, p) is not m-open. For the equality of parts (vi) and (vii), if we take (&1,m,p) =
{0 {er, 2} {es}h)} and (Sa,m2, 1) = {(9, {e1, €3}, {e2})}-

Then, mInt(&1,n1, 1) = (Mo, Co, 1) and mInt(fg,ng, 1) = (A1, G, ).
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Thus; %Int(glanla ) ﬁ mlnt(f%n%ﬂ) = {(ﬂa {61}’{62’63})}'
ﬂ

Also, Int((1,m1, 1) A (2,12, 1)) = Int{(9, {er}, {ea e})} = (@, 1L p).
Therefore,

T:H’Int(fhnlvu) ﬁ %I”t(@ﬂhaﬂ) 7é %Int((glanlau) % <§277727M))'

NO’LU, %Int(glanh ) 6 %Int(g%n% ) = {(19 {61} (b)}
Also, mInt((fbnla ) <£277727 )) - mlnt(H ¢ /“L) (H ¢ :u)
SO; mInt((flﬂ?l, ) (5277727 )) 7é mI”t(fhm, ) U mfnt(§277727/~0)~

Definition 17. Let (II, m, pt, ) be a bsms and (A, ¢, 1) E bss(IT). Then the m-closure

of ()\ C, ) is the bs intersection of all m-closed sets containing (X, C, 1) and it is denoted
by MCI(A,E, ).

Properties of %CZ(S\, ¢, w) are as follows.
Theorem 4. Let (H,ﬁ,,u, —p) be a bsms and (X, ¢, 1), (A1, (1, 1) e bss(II). Then
(i) MCU®, T, ) = (®,TL, ) and mCI(IL, ®, ) = (I, @, ).

(ii) (5m) € AU o).
(iii) If (X, C, p) is t%—closed, then %CZ(S\, Cop) = (N Cop).

(iv) mClU(mCI(N, &, p)) = mClU(N, &, ).

(w) 1 (5 & ) EC, &1, ), then mCI(A, ) © mCl(w, 1, ).

(vi) mCUR & A G,y m) € WCUR, o) A RO, ).

(vii) UK, Cop) O (i) S MU ) O O G p).

Proof. (i), (iv), (v), (vi) and (vii) Obvious.

(ii) Since mCI(A, &, 1) = (K, G ) = (Ra, Gy ) € m, (K,€, 0 € Ga ), ic T}. Then
A(®) € X(9) and Q(ﬂ?) C {(—0) for all i € Z. So, A(¥)) C Nicz ¢i(9) and Uiez G(—9) C
C(=0). Thus, (A, ¢, 1) € mCI(A, ¢, p).

(i) Let (X, ¢, p) be a m-closed set. Then (A, ¢, 1t) is the bs intersection of all m-closed sets

containing (A, ¢, ). From (ii), we have (A, ¢, p) C mC I(\, ¢, ). Therefore, mCl()\,(,,u) =
(A G p)-

The converse of point (iii) in Theorem 4 is not true in general and the equality of parts
(vi) and (vii) in Theorem 4 do not hold as shown in the example below.
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Example 4. Let II = {e1, €2, €3}, p = {J} and
m = {<¢)7H7 M)? (Ha q),/l), (;\17 é;lmu')a (5\27 527,“)7 (.).\37 537”)}7 where

(A, Coo ) = {(0, {er, 2}, {es})}
(A2, Coo 1) = {(0, {e2, €3}, {er})},
(s, 3, p) = {(0, {es}, {e2})}.

Then

B = (11, ), (IL @, 1), (e, o, 1), Gy oo ), Ches G 1))

where

(5‘47 547 U) = (.).‘17 é:la,u)c = {(19, {63}7 {617 62})}7
(5‘5755#‘) = (5‘27527/1)6 ={(0,{e1},{e2,e3})},
(N6, Cor 1) = (A3, Ga, 1) = {(9, {e2}, {es})}-

For ti.L'e converse of point (iii), let ()\, Cop) = {(0, ¢,{€2,€e3})}, then

TfﬁC’l(A7 ga M) = ﬁlCli(ﬂ, ¢) {627 63})} = {(197 ¢a {625 63})}'

But (A, ¢, 1) is not m-closed.

For the equality of parts (vi) and (vii), suppose that (&1,m1, 1) = {(9, {es}, {e2})}, (§2,m2, 1) =
{(197 {62}7 {617 63})} and <£37 ns, /'L) = ()\47 C47 M)

Then, @Cl(é.l?nlvu) = (Nﬁﬂ%ﬂ); mCU(&2,m2, 1) = (A6, Co, 1) and mCl(Es,ms, 1) = (Aa, Ca, p)-
ThUS, 77101(5177717#) @mCl(£27n2,M) = ()‘Gvggnu’)

Also, mCU((&1,m1, 1) N (E2,m2, 1)) = MCU(®, TL, 1) = (@, 1L, p).
Therefore,

MCI(EL, 11, 1) O CU(Egs Mo, 11) # CL((E1 1, 1) D) (€2, 772, 1))

N0w7 @01(52#727“) GN%CZ@B»U?”M) f {(19?{62763}?¢)}' _
Also, mCI((§2,m2,11) U (§3,m3, 1)) = MCU(V, {e2,e3}, {e1})} = (IL, @, ).
So, mCI((E2,m2, 1) U (&3,m3, 1)) # mCU(E2,m2, 1) U mC1(E3,m3, 1)

Proposition 3. Let (H,ti,,u, —p) be a bsms and (X, C, p) E bss(II). Then
mint (X, i) € (A, ¢ ) € mCIAC ).

Proof. Follows directly from Theorem 3 (ii) and Theorem 4 (ii).

Theorem 5. Let (H,nzl,,u, —p) be a bsms and (X, C, u), (il,fl,u) e bss(IT). Then

(i) mCOUN, €, p)° = (mInt (X, €, p))°.
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(ii) mInt (X, ¢, )¢ = (MCUA, {, p))°.
(iii) mInt (X, ¢, p) = (MCUX, &, p)o)e.
(iv) mCUN,C, p) = (mInt (N, C, p)o)e.

(o) it (5, &)\, Gy &) € mlnt (3, ) \ mdnt (3a, ¢, ).

Proof. We prove the parts (i) and (v) because the proof of the remaining points are similar.

= ﬂ {(/\Zagn:u)c ()‘z)szu) é ﬁi) ()‘7 C.alﬁ)c i (.).‘%é:inu)ca (&S I} = ?VLCZ()\,C, :u)c'
(v) Since

mInt (5, & p\(, &) = mint((3, 6 (R, &, p))
Cinlnt (N, &, )0 inlnt (A, C1, pw)° (by Theorem 3(vi))
= flnt (5, ) A(MCIG, &1, p)°
E mlnt (X, ¢, p) A(mlnt (A, 1, w))°
= mInt ()¢, p)fflent (A1, &, ).

Definition 18. Let (H,ﬁti,/zb, —1) be a bsms and (N, Cop) E bss(II). Then the %—boundary
of (\,(, ), denoted by b= (N, C, ), is defined as

b= (A, ¢, 1) = mCUX, ¢, 1) O mCIUA, C, p)°.
Proposition 4. It is clear that b= A\, C,op) = b= (N, p)e.
Proof. Follows directly from Definition 18.

Theorem 6. Let (H,t%,u, =) be a bsms and (X, C, p1) E bss(II). Then

(i) bs (A, &) € WCURE ).

(i) (5 o) O b= (3¢, p) € mCIAC p).
(iii) mlnt (5 ¢ ) © (5 ¢ ) f b= (A, ¢, ).

(iv) bg(mInt (X, ¢, ) € bs(X,C,p).

(v) b= (MCI(K, &, p)) € b= (3,6, p).
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Proof.
(i) Since b= (X, ¢, ) = mCUR, &, p) A mCI(A, ¢, pw)e. Then bz (X, & p) € mCI(A, &, p).
(il
A& mObz (&) = (K& w0 (mOU(K, & wimCU(K, &, p)°)
= (A, ¢, O mCIA, ¢, w)A((A, ¢, )T MCIUA, €, 1))
= mCUX, ¢, (K, ¢ m)OmCUR, 1))
CmCI(X, ¢, p).

(ii)
Oy (&) =
)ﬁ(m]nt (X, ¢, p)° UmInt()\ Cop)

5, mnmInt (5, & m))0 (A, & w)Pimlnt (3, & )
®, ¢, p)Omint (X, ¢, p)

5, & )i

= (A& wRmCIA, & wAmCi(, ¢, p)°)°
=\ G

(

(iv)
b= (mInt (A, {, 1)) = mCl(mInt(X,C, W) OmCL(FInt(, ¢, 1))°
= mCl(mInt()\ é, ,u))ﬂmC’l(mC’l()\ ¢ )

QmCl(A, & m)AmCI(A, & p)°
= b= (A, ).

b= (mCI(, ¢, ) = mOUMCI(R, &, w))AmCUMCI(R, €, 1))°

Cl, & wAmCI(, &, )
= b= (A, ¢, ).

Theorem 7. LetN(H,lﬁ,u, =) be a bsms and (X, C, p1) E bss(II).
Then b,ﬁ ()‘7 Cj: ,u) N miInt ()‘7 57 :UJ) = (q)a é:a M)
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Proof. We start by

b= (\, &, wimInt (3, ¢, )

— (RO &, w\mlnt (5, &, ) SmInt (5, & )

= MO, &, p)imlnt (A, ¢, p)Aimlnt (A, ¢, )

= mCUR, & )A(®, ()

= (®,(, ).

Theorem 8. Let (II,m, 11, ~p) be a bsms and (X, C, ) e bss(II). The following points are
true:

(i) 1If (\,Eop) € m, then (X, ¢ ) 1 b= (K, ) = (@, ).
(ii) If (A, ¢, ) is @-closed, then b= (X, 1) € (A, &, ).
Proof.

(i) Suppose (/\, ¢, 1) E ﬁi’t Then by Theorem 3 (iii), we have (é,gﬁ,u) = mint ()\, f,u).
Since milnt (A ¢, ) C (b= (A, ¢, 1))¢. That means (X, ¢, u) C (b= (A, ¢, p))e. There-
fore, (A, ¢, 1) N bz (A, ¢, p) = (®,¢, ).

(ii) By Theorem 6 (i), we have b= (A, Cop) é hthl(};, ¢, p). Since (X, ¢, p) is an m-closed
set, then b= (X, ¢, 1) (A, ¢, ).

Theorem 9. Let (H,t%l,u, —u) be a bsms and (A, C, ) E bss(IT) If (A, ¢, ) is both t%t—open
and m-closed. Then b= A, Cop) = (D, ).

Proof. Suppose that (X, ¢, 1) is n%—open and m-closed. Then,
b= (A, ¢, 1) = mCUA, &, w)AmCI(A, C, p)°
= mCI(A, & pA(mlnt (8, w)°
= ()‘7 &7 ,U,)ﬁ()\, 67 :u’)c
= (q)7 C: :u)
4. bs m-Connected Sets

This section presents r%—separated bsss using bsms and it gives some of their properties.
Also, it presents bs m-connected sets in terms of bsms and it obtains some properties and
relations.



R. A. Mohammed / Eur. J. Pure Appl. Math, 18 (2) (2025), 5928 13 of 26

Definition 19. Let (C1, A, i) and (o, Ao, 1) be two bsss in (H,t%, pt, ~pt) which are not
null. Then (él,')'\l,,u) and (52,5\2,,11) are named m-separated bsss ( m-separated bsss) if
(51,5\1,19) ﬁ mCl (C.:Q,.).\Q,ﬁ) = (@,5\,19) and mCl (51,.).\1,19) ﬁ (52,5\2,19) = (@,5\,’[9).

Proposition 5. Any two n:'t-sepamted bsss are disjoint bsss.

Proof. Obvious.

Note that disjoint bsss may not be %—separated bsss; it means that the converse of
Proposition 5 does not true as shown by the next example.

Example 5. LetII = {e1, €2, €3, €4}, p = {91, 02} and m = {(@,ﬁ, i), (ﬁ,fb, 1) ,(51,5\1,u),

(62,5\27;0, (53,5\3,#)} be a bsms over II where (51,5\1,#),(52,5\2,#),(53,5\3,,11) € bss(I0),
defined as follows

(é:lu Xh :U’> = {(7917 {627 63}7 {61})7 (1927 {637 64}7 {62})}7
(&27 ;\27 ,U) = {(1917 {617 63}7 {627 64})7 (7927 {61, 63}’ {62})}7
(53) 5‘3» M) = {(1917 {61? €2, 63}7 ¢)v (1927 {61? €3, 64}7 {62})}

Now, assume that (§1,m1, 1) and (§2,1m2, 1) are disjoint bsss over I1 defined by

(€1ms ) = {(V1, {er, ez, e}, {e3}), (Y2, {€1, €2, €4}, {€3}) } and
(&2, m2, 1) = {(V1, {es}, {e2}), (Va, {es}, {e2}) }-

Then %Cl(flﬂllaﬂ) = %01(527772711) = (ﬁ7(1)7:u) and (514) 7717“) % %01(527772710 = (5177717/1’);

mCH(Ex, s 1) O (§2,m2, 1) = (€272, 1) But (€1,m1, 1) O (€2,712, 1) = (®,m, 1) Thus, bsss
(&1,m1, 1), (&2,m2, 1) are disjoint bsss but not m-separated bsss.

Proposition 6. If(fl, A, ) and (&1, A, @) are two t?l—sepamted bsss over IT with (§1,m1, 1)

C (&M, p) and (&a,m0,) € (o, o, ). Then, (&1,m1,) and (Ea,72, 1) also are m-
separated bsss over 11.

Proof. Given ﬁtl—separated bsss (51,5\1,/;) and (51,5\1,”). Then
(G Ay 1) O O (Cay Ay p) = O (1, Ary ) O (o, Az ) = (@, 4, o).

Since (€17 m, /J') é <C}/7 .).\17 M) and (€27 n2, /J') é <<-:27 .).\27 M)a then T:TLCZ (517 m, /*L) é T:I'LCZ (gla ;\17 ,U/)
and mCl (2,12, 1) € mCI (a2, A2, ). Therefore,

(&1, m1, 1) A il (€2, 12, ) = MCL(&1,m1, 1) A (§2,m2, 1) = (D, 1, ).

Hence, (&1,m, 1) and (£2,192, 1) are t%l—separated bsss over II.
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Theorem 10. Two m-closed subsets (C1, M, ) and (o, Mo, i) of bsms (H,l%,u, ) over
IT are m-separated bsss if and only if they are disjoint bsss.

Proof. The first condition is obvious. Conversely, assume that (Cl, A1, ) and (Co, A2, p) are

disjoint m-closed. So, (C1, A 1) O (Coy Mgy ) = (@, X, 1) and mClL(Cr, Ay, p) = (Er, A, ),
mCl (Ca, Mg, 1) = (Cg,).\g,,u) and hence

(51, 5‘17 .LL) ﬁ ’;:f?’Cl (627 5‘2a :U') = %Cl (é:lv 5\1a :U') ﬁ (527 5‘23 ﬂ) = ((I)v 5" :u)
showing that (C1, A1, 1) and (Ca, Ao, p1) are t%—separated bsss over II.

Remark 1. Two disjoint %—open sets (é"l, A, W) and (fg, 5\2,#) need not be %—sepamted.

Example 6. LetII = {e1, €2, €3, €4}, p = {91, 02} and m = {(@,ﬁ, i), (ﬁ,@, n) ,(51,5\1,/;),

(52,5\2,#), (53,5\3,,@} be a bsms over Il where (51,5\1,”), (62,5\2,”), (53,5\3,,@ € bss(I),
defined as follows

(&17 5\17 :u) = {(7917 {62}7 {61’ 64})? (7927 {62}, {617 64})}7
(527 5‘27 :U') - {(7917 {63}7 {617 64})? (1927 {63}, {617 64})}7
(G3s Aas 1) = (91, {e2, €3}, {e1, €a}), (Y2, {e2, €3}, {er, ea})}

Obviously, (1, ')'\1,/1),~(§2, A2, 1) are disjoint %-open but not %-sepamted as ;%Cl(fl, AL, 1)
= %CZ(C% 5\27/{) = (ﬁa cba“)) which implies that (5175‘1710 N n:/LCZ(C%)\QaM) = (517 xlnu);
mCl(Cr, A1, i) 0 (Coy Mgy 1) = (o, Mg, ). Hence the conclusion.

Definition 20. A bs subset (C, ')'\,,u) of bsms (H,ﬁtl, w, —p) over I1 is called bs m-connected
over I1 if there are no a m-separated bsss of (C, A\, p). Otherwise, a bs set (C, A, ju) is called
bs m-disconnected over II.

Remark 2. The set (@,ﬁ,,u) s always bs m-connected. Also, every bss in which ag 18

bs m-connected as it cannot written as a bs union of a pair of nonnull m-separated sets.

Definition 21 Let ag, o/ﬁ”/l E bsp(ID) (-~ of a bsms (II, m, w, —). Then, az and o/ﬁ‘f/

are called bs m-connected points if they are contained in bs m-connected set over I1.

Proposition 7 Let (I, m m u, —u1) be a bsms over IT and ({, \, i) be a bs m- connected set
s.t. (G, A p) C ((1,)\1, 1) U (Ca, Aoy o), where (C1o A1, 1) and (Co, Ao, W) are m- separated
bsss. Then (G, A, 1) C (G, A1, ) or (G, A, 1) € (o, g, ).

Proof. From (1, A, p1) and (Ca, )\2~, L) are %—separated bsss, then (1, A, ) A mCl(Cg, A2, )
:" ((I)a)‘nu) and ’FNfl’Cl (Cla)‘la,u) ﬁ (5‘2))‘27#) = @)a)\aﬂ) Since (Ca )\Mﬁ) g (Ch)\la ) el
(C27A27,u)7 then (C?Auu) = (C?Auu) ﬁ ((Clv A17:“’) O <C27)\27M)) = ((Cv Amu’) ﬁ (Cla)\la ))
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(¢, \ ) A (2, A2, 11)). We states that at least one of the bsss ((C,)\,,u) A (61,5\1,#)) and

((C, A, w) N (52, A, ,u)) is null bss. Now, suppose that if possible non of these bsss is null,
hence,

(&3 A (G h ) # (@5, 1) and (63, ) A (G, Ko, ) # (@, 4, 1)

Thus,
(€A B (G Ra,m) B RCUE ) A (G, )
C ((C A B G dum) B (RCUEA ) A ROUG: o, 1)
= ((¢, A N ﬁ mCUC, A, 1)) O ((Cr,Ar, ) A mCl(Ca, Aoy 1))
= Xw) B (@4, p)
= (®,A, ).
Similarly,

MCL((E A ) A (G A ) A (R ) A (G Ao, ) = (@4, ).

Therefore, (f,j\,u) ﬁ (51,5\1,#) and (&,X,,u) ﬁ (52,5\2,/1,) are %—separated bsss. Thus,
(C,\, p) can be expressed as bs union of a pair of t?l—separated bsss. So, (C,\,p) is a
bs m-disconnected. WhICh is contradiction. Hence, at least one of the [1553 (C A L) N
(C1, A, ) and (G, A, ) N (ng)\g, 1) is null bss. Now, if (¢, A, p) N (Cl,)\l, n) = (®, A, ),
then (C, A\, 1) = (G, X, 1) A (Ca, A2, 1) which implies that (C, M 1) € (G, Agy ). TIE(C M p)
6(52,5\2,;0 = (®,\, ), then ({, A\, p) = (C,)\ w) 0 (Cry A, )ngch implies that (C, A, 1)
C (1, A1, o). Therefore, either (¢, X, 1) € (C1y A1, ) or (C, A 1) € (Co, Mg, o).

Proposition 8. Let (C, A\, 1) be bs m- connected and (&,m, 1) e bss(I) s. t. (6,5\,;1) C

(& my ) ; %Cl(f,;\,,u). Then (§,1n, 1) is bs m-connected. In particular, mCl(C JJb) s
also bs m-connected.

Proof. Suppose that (£,, 1) is bs m-disconnected. Then, there exist nonnull bsss (51, A, 1)
and (2, A2, 1) in which

(é:la 5‘1):“’) ﬁ %I’Cl (5275\27//4) = %I’CZ(Cb)‘l/LM)ﬁ(ééa 5‘27:“) = ((b7)\7,u) and
(&ms 1) = (C1s A1y ) U (C25 A2, o).

From (C ) C c & mnyp) = (51,5\1, ) U 0 U (o, Ao, ), it follows from Proposition 7 that
(C A M) (gla)‘lv )OI‘ (C A M) (C27)‘27 ) Let (C )‘ /’L) (C17>‘1) )thus, Cr:n%Cl(Cv)‘)M)
g mCl(Cla )‘17:u) then,

%CZ(C7)‘7M) ﬁ (é?;XQHU’) E TQ;LCZ(CLAM/]’) ﬁ (4':275‘27/’L) = ((I),X,/J/),
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but (@,X,,u) C %Cl(f, ').\,,u) ﬁ (62,};2,;1), therefore,
%CZ(Cv 5\7 :u) N (527 .).\27 /J“) = ((I)v .).\7 M)

So, (G1, Ay 1) U (Ga Aoy 1) = (€, ) S CI(C, A, p) then, (G, Az, ) € (€, ) € OIS, K, 1)
implies that mCI(¢, A\, p) N (C2, Ao, 1) = (Co, A2, ). Hence, ((o, Ao, 1) = (®’>D“)‘ This is
a contradiction because (CQ,)\Q~7 ) is nonnull bss. Therefore, (&, 7, 1) is bs m-connected.
Also, from ({,\, p) C (&n, 1) - %@CZ(C., X,u), implies that %Cl(é;, ;\,u) is bs m-connected.

Proposition 9. Let {(55,.).\5,”) 10 € A} be the collection of bs m-connected sets s. t.
Nses (55,5\5,/0 + (<I>,.).\,,u). Then Jsen (C};,X;,,u) is bs m-connected.

Proof. Assume (&,n,p) = 056 A (G5, As, 1) is not bs m-connected. Thus, there exist two
nonnull disjoint bs m-open sets (&,m,p) and (2,m2,p) s b (&mp) = (§,m, p) U

(527’\47]27”)' For ea’Ch"(S 6 A? (6177717 ,LL) ﬁ (657 5‘57:“’) and (5277727 ,LL) ﬁ (657 5‘57:“’) are dlSJOlIlt
bs m-open sets in ({5, \s, ) in which

(€roms ) 1 (s X)) O ((Gasmey ) D (5, A5, 1)

= ((517771:#) 0 (5277727/14)) N (657‘)"57/1) = (&675\67@-

Now, from (65,').\5,;1) is a bs m-connected set, one of the bsss (&1,m1, 1) ﬁ (65, X;,,u) and

£§27 72, M) ﬁ (657 5‘57 M) is a null b5587 say, (517 m, M) ﬁ (é:éjv.).\(% /’L) = ((I)’ 7, N) Then7 (527 n2, M)
rj (Csy Mgy i) = (G55 Mg, ) which implies that (Cs, As, 1) € (€2,m2, i) for all § € A and hence

U(SeA (6575‘6710 i (527772”“)7 that iSv (517771”“) O (527772”“) i (5217727,“)' This given,
(&1,m,pn) = (®,m, ). This is a contradiction because (£1,71, 1) is nonnull bss. Hence,

(&,m, 1) is a bs m-connected.

Proposition 10. For any two bsps ag, o/ﬂ‘f/ E (G, 1) e bss(II) in a bsms (H,r?l,,u, =)
are contained in some bs m-connected set & np) € (E,\ p). Then (C, A\ ) is bs m-

connected.

Proof. Let (( ,)l,,u) be a bs m-disconnected set. Thus, there exist a t%—separated bsss
(61,5\1,#) and (52,5\2,;1) of (C, X,,u). Then, there are two bsps ag, agf,l in which ozg €

(51, 5\1,#) and alléf/ € (C2, A2, 1). By using the assumption,, there is a bs m-connected set

.m, 1) containing 2, o’ s. t.
m, g af),

€ mm) © (E X = (G 3 m) O (G oy p).

Thus, by Proposition 7, we have (€, 1, 1) C (C1, A1, 1) or (€1, 1) C (C2, A2, 1r). This implies
that



R. A. Mohammed / Eur. J. Pure Appl. Math, 18 (2) (2025), 5928 17 of 26

(élaj‘lal‘b) ﬁ (527;‘2710 7é ((I)v)‘wu’)

This is contradiction since (C1, A1, 1) and (Ca, Ag, p) are t?l—separated bsss. So, (, A, p) is
bs m-connected.

Proposition 11. Let {((s, \s, 1) : 6 € A} be the class of bs m-connected sets s. t. one
of the members of this class intersects every other member. Then, O5€A (ég,)lg,u) s bs

m-connected.

Proof. Let (550, 5\50, 1) be a fixed member of the given class s. t. (550, ')'\50,,u) A (Csy Ass o)

# (®, ) for every 8 € A. Then, (&5, 15, 1) = (550, 5\50,#) U (s, As, ) is bs m-connected
for each § € A, hence by Proposition 10. Now,

OJEA (557 .)"57 M) = OéeNA (g&%v 5‘507 :U’) 6 (657 5‘57 ,U/))
= (Go» Ados 1) U (Usea (G Asy 1)
Since ((s,, Asys 1) is one of the family {(Cs, As, 1) : 6 € A} and

ﬁéeA (Csy Asy 1) = ﬁéeA ((Coos Adgs 1) 0 (56,}5,#))
= (55075‘60710 ﬁ (OEGA(§575\5’M)) 7& ((Daﬁ>ﬂ)~

From (@;0,;\50,@ intersects every (65,5\5,;1). Therefore, (550,5\50,;1) + (@,ﬁ,u). Hence,
by Proposition 9, 05€A (g"(;, N w) is bs m-connected.

Proposition 12. If (C, ').\,,u) is a bs m-connected subset of a bsms (H,{Tvl,,u, -p) st

(¢, A 1) € (Ciy Ay ) U (Co, A, ) where (Ciy A, i) and (52,52,/;) are both bs m-closed and
nonnull disjoint bsss. Then, (1, A1, ) and (Cz, Az, 1) are m-separated bsss.

Proof. Follows directly from Proposition 7 and Theorem 10.

Prop051t10n 13. For each two aﬁ, 046“,/ e bsp(I1) (4, of a bsms (H,nzi,u,ﬂu) are bs

m-connected, then (II, m m i, ) s bs m-connected.

Proof. Let a be a fixed bsp in a bsms (II, m i, ). Then, for each ozﬁ bs dlfferent

BM” we have bs m—connected say, (C A ) contamlng 046 and aﬁ,. Since aﬁ €

(& X ) = (T, ®, ) is

than o

N

bs m-connected.

(¢, A, ), it follows from Proposition 9 that U

agé(ﬁ,cb,u) (n @)
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5. bs m-Connected Spaces

This section presents the concept of bipolar soft minimal connected (bs %—connected)
space. Also, it discusses some properties and results of this new concept of bsms.

Definition 22. Let (H,%,E, ) be a bsms. A bs I%—sepamtion of (ﬁ, O, 1) is defined to
be the nonnull disjoint bs m-open sets (Ci, A1, 1) and (Co, Ao, ) 5. . C1(9) U G(9) =10
for each ¥ € p.

Definition 23. A bsms (H,I%, w, =) is called bs m-connected if (ﬁ, O, 1) has no bs m-
separation. That is, there exist no nonnull disjoint bs ﬁt‘t—open sets (51, Al u) and (52, A2, )
s. t. C(p) U Go(p) = 11 for all p € p. Otherwise, (H,ﬁt‘t,u, —p) is said to be bs m-
disconnected. Note that if | IL |= 1, there are only two bsms in II (that is, (®,11, 1),

(ﬁ, ®, 1)) are a bs m-connected space. Hence, we suppose | I |> 1.
Example 7. Let Il = {e1,€2,¢€3,€4}, p = {¥1,92,93} and —p = {=91, 02, 03}. Sup-

pose that ﬁtl = {(ﬁ7 (,}i’ ,U,), ((I)7 ﬁ7 M); (C.:ly 5‘1, /'L)7 (4:27 5‘27 ,LL), (637 X37 ,LL)} where (éla Xh ,U’);
(éa, Nas ), (G, Ko, 1) & bss(T) defined as follows:

(é:la 5\17 :U) = {(ﬂla {61a 63}? {62})7 (1927 {627 63}7 {617 64})? (1937 {617 62}7 {63})}7
(Gos Az, 1) = {(h, {e3, ea}, {e1, €2}), (W2, {e1, €2, €3}, {ea}), (U3, {er, ea}, 6},
(Cs, A3, 1) = {(V1, {e1. €3, ea}, {e2}), (P2, {e1, €2, €3}, {ea}), (U3, {e1, €2, €4}, 0) }.

Thus (11, 1?1, W, ) 1S @ bs m-connected space since there does not exist bs %-sepamtion of
(IL, @, p).

Example 8. Let IT = {e1,€9,e3} and p = {91,92}. So, the bsms m over 11 is given by

I% = {(q)7ﬁvu): (ﬁv‘pvu)z (§1>5\17M)7 (5275‘27M)7 (537.).‘37M)} where (517.)-\17/07 (527.)-\27/07
(53,5\3,;1) € bss(I1) defined as follows:

(C1, A, ) = {(W1, {er}, {e2}), (W2, {ex}, {e2])},
(G2, A2, 1) = {(W1, {e2, €3}, {er}), (W2, {2, €3}, {er )},
(é:?n 5‘37 :u) = {(1917 {617 63}7 {62})’ (1927 {617 63}7 {62})}

Therefore, (H,t:ti, y, o) is bs m-disconnected since (51,5\1,[1,) and (ég,j\g,u) form a bs
t?‘t—sepamtion of (ﬁ, D, ).

Theorem 11. A bsms (H,t%, w, —p) over I1 is bs m-disconnected space if and only if there
are two bs m-closed sets"(é,.)'\l,u) and (Ca, Mo, 1) s. t. 5\1(—119) + @, ‘)'\_g(ﬂﬂ) #+ ¢ for some
=0 € =y, and A (—09) U Aao(—0) =11 for each =9 € = and A1 (=09) N Ao(—0) = ¢ for each
) € 2.
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Proof. Suppose that (II, 1%1, , ) is bs m-disconnected. Then, there exist bs t?l—separation
of (ﬁ7 P, M)v say, (517 5‘17 ,u) and (527 5‘% ,LL) Then,

G UG) =TT for all ¥ € p,
51(19) N 62(19) =¢ for all 9 € u and
51(19) % @, 52(19) # ¢ for some ¥ € p.

Since ¢1(9) = AS(—0) and (o(0) = X5(—9). Now, we get

AS(=09) UNS(—9) =TI for all 9 € p,
A (=9) N AS(—9) = ¢ for all ¥ € p and
A (9) # ¢,G(9) # ¢ for some ) € p.

From, (51, Xl,u), (ég, ;\-g,u) c 11:1, thenﬁv(&l, A1, )¢ and (Ca, Ag, p)¢ are bs m-closed sets.
Conversely, assume that there are bs m-closed sets (C1, A1, i), (C2, A2, 1) s. t.

X1 (=0) U Ao (=) =TI for all =9 € —p,
A (=0) N Xa(—9) = ¢ for all =0 € —p and
A (—09) # b, Aa(—9) # ¢ for some =0 € —p.

Then (1, A1, 10)6, (o, Ao, )€ are bs r%—open sets s. t.

(
i) = Al(ﬂ?) # ¢ and (5(9) = Xo(—9) # ¢ for some ¥ € p,
CE0) U CS(9) = A (=09) U Ao (—09) =TI for all ¥ € pu and
CE) N ES(0) = A (—9) N Ao (=0) = ¢ for all ¥ € p.

Thus, (C1, A, #)¢ and (62,5\2,#)8 form bs %—separation of (ﬁ,@,,u). Thus, (H,t%, ) is
a bs m-disconnected space.

Theorem 12. The bs intersection of a pair of bs m-connected spaces over a common
universal set is bs m-connected.

Proof. Let (H 1?11, p, —p) and (IT, Mo, i, —p) be two bs t%l connected spaces over II, i = 1,2

and m = my ﬁmg We need to show that the space (IT, m, p, —p) is bs m-connected. If we
say that (I, m, y, =) is not bs m-connected. Then there exist two bsss (C1, A1, p1),(Ca, A2, 1)

6 m which forms a bs m—separatlon of (H @, 1) in (II, m m 1y —|,u) From (C1, A1, 1), (Coy Mg,y )
€ m then (Cl, )\1, ) (CQ, )\2, ) = m; and (Cl, )\1, ) (CQ, /\2,/1,) e mz. This lead to (Cl, /\1,/1,)
and (Cg, Ao, ) form a bs my-separation of (H, ®, 1) in (I, my, p, ) and also (51, A, w) and

(fg, Ao, w) form a bs t?lg—separation of (ﬁ, ®, 1) in (H,%’lg, t, ~p) which is the contradiction
to given hypothesis. Therefore, (IT,m, 1, =) is a bs m-connected space over II.
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Remark 3. The bs union of a pair of bs m-connected spaces over the common universal
set may not be bs m-connected.

Example 9. Let II = {e1, €2}, p={01,92}, {Tvll = {(q)?ﬁj 1), (5175\1,/1)} and
my = {(‘I’aﬁ,ﬂ)y(ézaj\mu)}, where

(517.)"1#‘) = {(191,@5,1_[), (19271_[’ qb)} and
(G2, A2, ) = {(¥1, 1L, ), (¥2, ¢, IT) }.

Clearly (11, %11, w, ) and (11, I?‘lg, i, ) are bs m-connected spaces over 11 where m= 511 U

ms. But we note that my U my = {(®,11, 1), (C1, A1, ), (C2, Aoy 1)} is not a bs m-connected
space over II since (51,5\1,;1) and (52, 5\2,,11) form a bs t?‘t—sepamtion of (ﬁ, D, 1) in ﬁt‘tl U
mo.

Proposition 14. The bs union of a pair of bs m-disconnected spaces over the common

universal set is bs m-disconnected.

Proof. Obvious.

Remark 4. The bs intersection of a pair of bs m-disconnected spaces over the common
universal set need not be a bs m-disconnected space.

Example 10. Let IT = {‘3362’6%}; w = {"‘917192}? I%1 = {((I)aﬁa M): (ﬁvq)nu)7 (5175\17107
(C27>\27:u)} andﬁi? = {(@71_[7,“); (Ha (I),/.L), (C3a )\37M)J (C47)‘47,u)}? where (Cb)‘laﬂ): (427 AQ?M)?

(C3, A3, 1), (Ca, Ay 1) € bss(IT) defined as follows

(G Ar, ) = {1, {er}, {e2}), (W2, {e1, €2}, {es})},
(G2s Mgy 1) = {(01, {e2, €3}, 0), (W2, {es}. {er )},
(3, As, 1) = {(91, {er, €3}, {€2}), (D2, {e1, €3}, {e2})} and
(Ca g, 1) = {91, {e2}, {e1}), (W2, {e2}, {1 )}

Clearly (H,tf'ﬁl?u, —p) and (H,ﬁt‘tg,/ﬁjﬁu) are bs m-disconnected spaces over 11 where m
—my N my. But we note that my 1 my = {(®,1L, ), (I, ®, 41)} is not a bs m-disconnected
space over I since there is no two bs %-sepamtion of (ﬁ, O, 1) in 1?11 N 1?12.

Proposition 15. Let (11, ﬁ%, w, —) be a bsms over IL. If there exist a nonnull, non-absolute

bs m-clopen set (C, A, 1) over IL with C(9) U C¢(9) = II for each ¥ € p, then (I, m, 1, - )
is bs m-disconnected.

Proof. Since (C A ) is a nonnull, non-absolute bs %—clopen set, then (C Y 1)€ is a nonnull
non-absolute bs m-clopen set. By Proposition 2 and the assumption, we get
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C(W) U ¢¢(9) = I for each ¥ € p and A(—0) N A¢(=0) = ¢ for each = € —p,

and

C(0) N (W) = ¢ for each ¥ € p and A(—09) U A°(—9) = II for each =0 € —y,

Therefore, (C, A, w) and (C, A, w)¢ form a bs tﬁ—separation of (ﬁ, ®, 1u). Hence, (H,t%, Ly L)
is a bs m-disconnected space.

Remark 5. If there exist a nonnull, non-absolute bs t%t—clopen set, then (H,%‘l, Wy D) may
not be a bs m-disconnected space.

Example 11. Let Il = {e1,e2,e3}, pr = {01,92}, My = {(®, 1L, 1), (I, ®, u), (C1, Au, p),
(C27)‘27:u)7 (C3a/\37:u’>}7 where (Cla)‘lnu’)7 (C27)\27/*L)7 <<37)\37/'L) € bﬁﬁ(H) deﬁned as follows

(617 5\1a /’L) = {(191’ {61, 62}a {63})7 (192’ {61}? {63})}’
(Cos Ao, 1) = {(91, {e3}, {e1, €2}), (W2, {es}, {e1})} and
(&37 5‘37 M) = {(1917 H7 ¢)’ (1927 {617 63}7 ¢)}

Obviously, (C1, A1, p) is nonnull, non-absolute bs gl-clopen but (H,t%,,u,—'u) s not a bs

m-disconnected space since there does not exist bs gl-sepamtz'on of (ﬁ, D, p).

Proposition 16. Let (H,‘%la%_‘ﬂ) and (H,n:‘tQ,,u, ) be two bsmss over II. Then,

(i) If (H,t?ll,,u, —p) is a bs my-connected s. t. my C n:n, then (H,IT:IQ,,M, —p) is a bs
my-connected.

(i) If (H,ﬁtil”u, ) is a bs my -disconnected s. t. my C IT:12, then (H,t%g,,u,—'u) is a bs
my-disconnected.

Proof.

(i) Assume that (H,n:u,,u, —p) is a bs ﬁtil—connected s. t. 1%12 éjﬁl. Assume the contrary
that (51,;\'1,/0 and (&2,5\2,/1) are bs t?lg—separation of (ﬁ,@,,u) in (H,ﬁj‘tg,u, ).
Since ‘(f'(tlg E ﬁil, then (51,5\1,#), (ég,j\g,u) are bs~§11—separation of (ﬁ,@,,u) in
(TT,mq, p, —). This is contradiction. Therefore, (IT, mg, u, =) is bs ma-connected.

(ii) Let (H,%ll,,u, —u) be a bs my-disconnected s. t. my C 1?12. Assume the contrary
that (H,T%IQ, w, ) is a bs %g—connected space. Since 511 C 1?12, then by (1), we get
(H,g’tl, , —p) is bs ﬁzil—connected. This is contradiction. Therefore, (H,t%g, f, ) is
bs t?lg—disconnected.

Definition 24. Let (H,t%, W, ) be a bsms and (C, 1) e bss(II). Then the collection
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Irﬁ(é"')'\#) = {(<7)‘5M) ﬁ (6575‘57:“): (&575‘&”) 5%75 € A}

Then (e(é:’-)-\’#), g‘t(&xﬂ), w, —p) is called a bs minimal subspace of (H,g‘t, W, ) and denoted
by bsmss.

Proposition 17. Let ((g:,.).\,u),
connected.

%(55\#)’“’ _‘,U) be bs %-connected, then (C, \, ) is bs m-

Proof. Let ((C, A, M)»%@' S Mo —w) be a bs m-connected space. Assume (C, A, 1) is bs m-

disconnected, then there exist m-separated bsss, say, (él, 5\1,,u) and (62, A2, ) of (C, ')'\,u),
so by Proposition 10 that (fl, 5\1,,u) and (52,5\2,”) are bs m-separation of (C, ;\,,u). This
is a contradiction. Thus, (( A , i) is a bs m-connected space.

Definition 25. A property P of a bsms (11, m L, L) s sazd to be a bs mmzmal hereditary

property (bs m-hereditary property) if every bsmss (0, mq, u, —~u) of (IL, m, u, —u) also
has the property P.

Proposition 18. Let (Q,t:ﬁg, i, —p) be a bsmss of bsms (H,fNﬁ, w, ) overIT and (QQ,Q A, )
be a bs m-closed set in Q. Then (C,\, i) is a bs m-closed set in II.

Proof. Suppose that (¢, X, ) is a bs M- closed set in . Thus (2 2 )\ u) = (N2, )
is a bs mg-open set in €, where (X, ¢, ) is a bs m-open set in II. Thus, (A, ¢, u)¢ = (¢, A, )
is a bs m-closed set in II.

Remark 6. The bs m-connected space (resp. bs m-disconnected space) is not a bs m-
hereditary property.

Example 12. LetIT = {617 €2, 63}7 n= {791, 792} ang% = {(Q)’ﬁ; M)? (é:l: 5‘1) /’L)7 (527 XZ?/"”)?
(€35 A3, 1)} where (C1y A1, 1), (Coy A2, 1), (G35 A3, 1) € bss(ID), defined as follows

(G A, ) = {(0h {er} {e2, €3}), (W2, {er}. {e2, e3}) },
(G2s Mgy 1) = {(1, {€2}, {e1, €3}), (U2, {€2}, {€1, €3})} and
(G3s Ag, 1) = {(, {e1, €2}, {e3}), (P2, {e1, €2}, {es})}-

Therefore, (H,ﬁt‘t,p,, —p) is a bs m-connected space.

Now let Q - {61762}; then ﬁtlﬂ - {((D7§7 ,LL), (Qé:laQ S\lalu’); (Q&ijl .)'\27/'6)7 (963;2 5‘37“)}} S.
t.

(Q&LQ 5‘17 M) = {(1917 {61}7 {62})7 (1927 {61}7 {627 })}7
(%27 Mg, 1) = {(91, {e2}, {er}), (V2, {62}7561})} and
(93,2 A5, 1) = {(91, 2, 0), (V2,9,0)} = (2, D, o).

Clearly, (9, {1;19, Wy, ) is a bs m-disconnected subspace of (11, f'(tl, w, —p). While (11, f'(tl, Ly L)
is a bs m-connected space.
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Example 13. Let1I = {61762763}7 K :~{1917192} a’ﬂdl% = {((P,ﬁ, :U’); (ﬁ7(b; /1')7 (517 5\1,,[1/),
(Coy Ao, )} where (C1y A, ), (Coy Aoy 1) € bss(IT), defined as follows

(G A, ) = {(W0h. {er}, {e2}), (W2, {2}, {e1, €3})} and
(G2, A2, i) = {(V1. {€2, €3}, 9), (U2, {er, es}, {e2})}-

Therefore, (H,n:'t,u, =) is bs i—dz’sconnected space.
Let Q2 = {63}7 then ﬁiQ = {<¢)7 ﬁ; ,U/)v (Qéle .).\17 M)7 (952;2 5‘27:“’)}7 s. t.

(Qéjlvﬂ .)"17/’6) - {(1917(257 ¢)7 (1927(257 Q)}a
(96279 .);27”) = {(191797¢)7 (027Q7¢)}

Clearly, (Q,I?‘LQ,/L, ) is bs m-connected subspace of (H,t%, w, —p). While (H,l%,,u, =) is
a bs m-connected space.

6. Conclusions and Future Research

In this paper, we have presented a comprehensive study on bipolar soft minimal struc-
tures in the context of bipolar soft topology. We began by providing a brief overview
of relevant preliminaries. The new structure, termed the bipolar soft minimal structure,
was introduced, and key operators in bipolar soft minimal spaces, such as the m-interior,
m- closure, and m-boundary, were explored in detail. Additionally, we introduced the con-
cepts of m-separated bipolar soft sets and bipolar soft m-connected sets, along with their
essential properties. A new concept, called bipolar soft minimal connected spaces, was also
defined, and it was demonstrated that the bipolar soft intersection of a pair of bipolar soft
m-connected spaces over the common universal set results in a bipolar soft m-connected
space. However, we showed that the bipolar soft m-connected space does not exhibit the
m-hereditary property. Finally, we discussed various relationships, properties, and exam-
ples of these new concepts within bipolar soft minimal spaces, providing a foundation for
further research in this area.

Future research on bipolar soft minimal spaces can focus on several key aspects, in-
cluding compactness, continuous mappings, and separation axioms. By exploring these
aspects—compactness, continuous mappings, and separation axioms—future research can
significantly contribute to the development of bipolar soft minimal spaces and their appli-
cations across a range of fields.
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