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1. Introduction

The study of fractional-order problems has now become an area of interest for the
research community. Due to the increasing applications of fractional operators, researchers
are attracted to the field. Many real-world problems have been modeled and studied using
fractional-order operators. Problems involving fractional operators arise in different fields
of engineering and other sciences, such as physics, economics, biology, ecology, fluid me-
chanics, and electrochemistry [IH4]. Fractional calculation is an efficient mathematical tool
to solve different problems in mathematics and engineering. To attract more attention in
this area and to validate its applicability and efficiency, in this work, we present a new and
recent application of fractional calculus in biological sciences [3] [6]. Recently, fractional
calculus has been applied to analyze various nonlinear problems [7, [8]. Since analyti-
cal solutions to fractional differential equations are often unavailable, semi-analytical and
numerical methods are essential for investigating nonlinear fractional-order problems[9].
Recently, various methods have been developed for solving linear and non-linear dynam-
ical systems, such as the Homotopy perturbation method (HPM) [10], Legendre wavelet
Tau method[I1], the Laplace transform method [12), 13], Adomian decomposition method
[14], homotopy analysis transformation method (HATM) [15], the method of operational
matrices based on Bernstein polynomials [I6], the the extrapolation method [I7], and
references therein.

In literature, numerous numerical methods have been developed for the approximation
of linear equations. In [I8] the authors have proposed the Adams-Bashforth-Moulton
approach for the numerical solutions of nonlinear differential equations of fractional order.
The numerical solution of a nonlinear delay differential equation is investigated via the
predictor-corrector method in [I9]. The authors in [20] have proposed a new predictor-
corrector method and compared the results with the fractional Adam’s method for the
nonlinear fractional differential equations. Garrapa [21] has discussed the linear stability of
the predictor-corrector algorithm for fractional differential equations. Odibat and Momani
[22] have developed a new method based on the Fractional Euler’s method and modified
the trapezoidal rule by utilizing the generalized Taylor series expansion. Rahimkhani et al.
[23] have approximated the solution of a nonlinear pantograph equation of fractional order
via the generalized fractional-order Bernoulli wavelet. In [24] the dynamics of fractional
order model for COVID-19 have been investigated via an adaptive predictor-corrector and
fractional RK4 method.

Furthermore, the logistic growth model which is typically the model of population
growth is an active area for the research community. The logistic growth model is popular
amongst researchers due to its ability to model various biological and social phenomena.
The investigation of the solution of the logistic growth model has been considered by many
researchers. For example, the authors in [25] have developed a two-stage Runge-Kutta
method for fractional logistic growth model. In [26] a spectral tau method is developed for
the solution of the fractional logistic growth model. Das et al. [27] discussed the solution
of the logistic growth model via the Homotopy perturbation method. Rida et al. [28]
have discussed the stability of a fractional SEI model with logistic growth. Other related
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works on fractional logistic growth model are reported in [29-31] their references. In this
paper, we investigate the numerical solutions of fractional logistic growth models and the
fractional SEIR model via the fourth-order fractional Runge-Kutta (FRK4) method.

This study highlights s a modified SEIR model incorporating logistic growth to better
capture real-world epidemic dynamics under constrained population environments. Unlike
classical models assuming unlimited growth, the logistic approach consider the saturation
effect due to limited resources or interventions. The model studies the transitions between
population compartments using a system of nonlinear FDEs. Numerical simulations are
conducted to validate theoretical findings and illustrate the impact of parameters such as
infection rate and recovery rate on disease transmission. The results show how logistic
saturation dampens infection peaks and stabilizes population dynamics over time. This
technique suggests a more realistic framework for researchers to evaluate disease control
strategies, especially in densely populated areas or during longtime outbreaks. The outline
of this paper is as follows: in Section 2, some preliminaries are discussed. In Section 3,
the FRK4 method for fractional IVP and fractional SEIR model is illustrated. In section
4, the method is applied to the fractional logistic growth model and the fractional SEIR
model. In Section 5, the conclusion is drawn.

2. Preliminaries

Definition 1. The Riemann-Liouville (RL) fractional integral of order 8 > 0 of a function
u: (0,00) — R is defined by

Pult) = 1“(15) /Ot(t — 0P Lu(6)do, (2.1)

where T'(+), denotes the gamma function.

Definition 2. The RL fractional derivative of order > 0 of a function u : (0,00) = R
1s defined by

8 - dm ]. t _ m—pB—1
Doty = o (F 5 /0 (t - 0) u(o)de), (2.2)
where m = [B] + 1, [] denotes the integer function.

Definition 3. The Caputo fractional derivative of order B > 0 of a function u : (0,00) —

R is defined by

A S
Doult) = s [ = 0)

where m = [5] + 1, [-] denotes the integer function. Here we present some theorems for
the existence of a unique solution for the IVP considered in this work.

Theorem 1. [32] Assume f € C[Roy, R] where Ry = [(t,u: 0 <t < a and |u— up| < b)]
and let | f(t,u)| < M on Ry. Then there exists at least one solution to the problem

m—p—1 d™u

o (06, (2.3)

cDMu(t) = f (tu(t)), ulto) =uy, 0<B<1, 0<t<n, (2.4)
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1
where 1n = min (a, [ZT(B8+1)] 5)

Theorem 2. [33] Consider the problem (2.4). Let

-

B e (1) = F(t — (8% — pD(B+1))%, u(t — (1 — uD(B +1))7))

and assume that the conditions of Theorem 2.1 hold. Then, a solution u(t) of (2.4) is
given by

B
t) = U =),
u(t) = w55 )
where u.(p) is the solution of the integer order problem
du (1)
= h * s
L% = B )
with the initial condition
ux(0) = up

The generalization of the above Theorems [I] and [2] for the system of fractional order
differential equations is given by

Theorem 3. [35] Let || - || be any norm defined on R™. Let f € C[R1,R"]|, where Ry =
[(t,u) : 0 <t < a and|u—uol < b, f = (f1,f, 0 f)T, u = (q1,q2,...,q2)T, and let
|f(t,u)|]| < M, Ry. Then, there exists at least one solution for the system of fractional
differential equations given by

§D7u(t) = f (tult), u(to) =uo, 0<B<I, (2.5)

with the initial condition
u(0) = ug

on0<t<38, 6=min(a,[HFT(B+1)]7).

3. Fractional Runge-Kutta Method of Order Four

The Fractional Runge-Kutta Method of Order Four (FRK4) is a numerical method
designed to solve fractional differential equations (FDEs), extending the classical Runge-
Kutta method of order four to handle fractional derivatives, such as those defined in the
Riemann-Liouville or Caputo sense. Fractional derivatives, which generalize differentia-
tion to non-integer orders, are powerful tools for modeling complex systems with memory
effects, such as epidemiological models, viscoelastic materials, and anomalous diffusion
processes. The FRK4 method is particularly effective for FDEs because it achieves high
accuracy while maintaining numerical stability, making it suitable for solving nonlinear
and time-fractional systems. The classical Runge-Kutta method of order four is a widely
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used numerical technique for solving ordinary differential equations (ODESs) by approxi-
mating the solution through a weighted average of four function evaluations per time step.
The FRK4 method adapts this approach to FDEs by incorporating the fractional-order
derivative, typically denoted by § where 0 < 8 < 1. Unlike integer-order derivatives,
fractional derivatives are non-local, meaning they depend on the history of the solution,
which complicates numerical computations. The FRK4 method addresses this by using a
generalized Taylor formula tailored to fractional-order systems, as developed by Milici et
al. [34].
The FRK4 method offers several advantages:

« High Accuracy: It achieves an error of order O(h3%), where h is the step size and
5 is the fractional order, providing precise solutions for FDEs.

o Flexibility: It can handle both Riemann-Liouville and Caputo fractional deriva-
tives, which are commonly used in mathematical modeling.

e Stability: The method maintains numerical stability for a wide range of FDEs,
including nonlinear systems.

However, a key limitation is its increased computational cost, particularly when higher
accuracy is desired by reducing the step size or increasing the number of evaluations.
This cost arises because fractional derivatives require evaluating integrals over the history
of the solution, which can be computationally intensive [34]. Despite this, the FRK4
method is often preferred over other numerical methods for FDEs due to its balance of
accuracy and robustness. The FRK4 method was initially proposed by Milici et al. [35]
to solve FDE and was further refined in [34]. The authors developed a general FRK4
scheme by leveraging the generalized Taylor formula for time-fractional systems. This
formula accounts for the non-local nature of fractional derivatives, allowing the method
to approximate the solution with a local error function defined as:

E(h) = u(tnt1) = u(tn)

= ADPu(t,) + BD*u(t,) + O(h3"), (3.1)

where A = F(Qil)’ B = F(%il)? D? denotes the fractional derivative of order 8, O(-) is the
Bachmann-Landau notation for higher-order terms [34], and I'(-) is the Gamma function,
which generalizes factorials to real and complex numbers. This error function quantifies
the truncation error per step, showing that the accuracy of the method improves with

smaller step sizes but at the cost of more computations.

3.1. Differential Equation of Fractional Order

To illustrate the FRK4 method, consider an initial value problem (IVP) for a fractional-
order differential equation of the form:

SDPu(t) = f(t,ut), ulte) =uo, u(t)e CP ' (to,to+T)), 0<B<1,  (3.2)
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where thB is the Caputo fractional derivative of order S, defined as:

1

4 = ' —)7Pd (r)dr
OCDtu(t)_F(l—ﬁ)/o(t )~/ (r)dr,

f(t,u(t)) is a nonlinear function governing the dynamics, ug is the initial condition, CP*1
denotes the space of functions with p + 1-th order continuous derivatives, and 1" is the
time interval. The Caputo derivative is preferred in many applications because it allows

initial conditions to be specified in terms of integer-order derivatives, which aligns with
physical interpretations (e.g., initial population in epidemiological models).

3.2. FRK4 Numerical Scheme

The FRK4 method approximates the solution of (3.2)) at discrete time points t, =
to + nh, where h is the size of the step. The numerical solution at the next time step,
Upt1, 1S computed as:

A
Unt1 :un+g(K1 +2K5 + 2K3 + Ky), (3.3)

where A = F(Zil) and the stage values K1, Ko, K3, K4 are given by:

Kl :f(tnau’n>7
A A
Ky = f (tn+ §’un+ 2K1> s
A A
K3=f (tn + §7Un + 2K2> )

Ky = f(tn + A up + AK3)'

These stage values approximate the function f(t,u(t)) at intermediate points, weighted to
account for the non-local behavior of the fractional derivative. The coefficients (1,2,2,1)
mirror the classical Runge-Kutta method, but the time increments and arguments are
scaled by A, which incorporates the fractional order 5. To apply the FRK4 method, the
following steps are required:

The Basic steps of the proposed numerical method are presented in Algorithm
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Algorithm 1 : Algorithm for the FRK4 method

1: Input: initial condition ug, initial time ¢, final time 7', step size h, function f(¢,u),
fractional order S3.
2: Outputs: arrays ¢ (time points) and u (solutions).

3: Step (a): Discretize time compute n = % and set t, = tg + nh.

4: Step (b): Initialize u[0] = ug .

5. Step (c): Iterate loop over n, compute A, evaluate stages K; to K4 and update .

6: Step (d): Return output ¢ and u.

3.3. Limitations and Challenges

While the FRK4 method is robust, its computational cost is a significant drawback.
Evaluation of K7 to K4 requires multiple function calls per step, and the non-local nature
of the fractional derivative increases memory requirements, especially for small h or large
T. Additionally, the method’s accuracy depends on the smoothness of f(t,u(t)), and
discontinuities or singularities in the solution can reduce performance.

3.4. Fractional SEIR Model

The SEIR model is a cornerstone of mathematical epidemiology, used to describe the
spread of infectious diseases by dividing a population into four compartments: Susceptible
(5), Exposed (F), Infected (I ), and Recovered (R). In this section, we employ the Frac-
tional Runge-Kutta Method of Order Four (FRK4) to numerically solve a fractional-order
SEIR model, which incorporates Caputo fractional derivatives of order 0 < 8 < 1 to cap-
ture memory effects and non-local dynamics in disease transmission. Fractional derivatives
are particularly suited for epidemiological models because they account for historical de-
pendencies, such as prolonged incubation periods or persistent immunity, which standard
integer-order derivatives cannot model effectively. The fractional SEIR model is defined
as:

I
¢D’S = bN — pbE — bl — r% — d(N)S,

¢DPE = pbE + qbI + r% —d(N)E, (3.4)
¢DPI =nE — 601 — yI — d(N)I,
¢ DR =~I — d(N)R.

S(0) = So, E(0) = Ey, 1(0) = Iy, R(0)= Ry, 0<f < 1.
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Here, N = S+ E 4+ I + R is the total population, assumed constant for simplicity. The
parameters have the following epidemiological interpretations:

b: Birth rate (new individuals entering the susceptible population).

p: Probability of exposure from contact with exposed individuals.

q: Probability of exposure from contact with infected individuals.

r: Transmission rate due to interactions between susceptible and infected individuals.
d(N): Natural death rate, potentially density-dependent.

1: Rate at which exposed individuals become infectious.

0: Disease-induced mortality rate.

~: Recovery rate of infected individuals.

B

The fractional derivative § D} , introduces memory effects, allowing the model to reflect
phenomena like delayed disease progression or long-term immunity, with 5 = 1 recovering
the classical SEIR model. To apply the FRK4 method, we rewrite the system by defining
the right-hand side functions:

fit,S,E,I,R) = bN —pr—qu—T% —d(N)S,

I
fa(t, S, E, I, R) = pbE + ¢bl + 7‘% —d(N)E,

f3(taS7Ev-[7R) :T]E—QI—’)/I—d(N)Iv
f4(t7S’E7[7R) :’)/I—d(N)R

Thus, the SEIR model becomes:

¢D’S = f1(t,S,E, I, R)
¢DYE = fy(t,S,E, I, R)
§DJI = f3(t,S, E,1,R)
¢D/R = fu(t,S, E,1,R)



Kamran et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5944

9 of 32

The FRK4 method approximates the solution at discrete time points ¢,, = ty + nh, where

h is the step size, by computing:

A
Sp41 = Sn + E(KIS +2K95 + 2K35 + Kug),

A
E,p1=FE,+ g(Kw +2Kop + 2K3p + Kug),

A
g(Kll + 2K + 2K31 + Kur),
A
Rot1 =R, + E(KIR + 2Kor + 2K3r + Kur),

In-{—l = In +

where A = F(Ziil)’ and the stage values are:

Kss = fi (tn + g, Sn + ng,En + gKlEaIn + gKlen + §K1R> ;
Kop = 3 (tn+ 550+ 5Kis Bu+ 5 Kip, 1o+ 5 Kur, R+ 5Kin)
Kor=f3 <tn + gﬁn + éKISwEn + ?KlEaln + ?thRn + 124K1R> ;
Kor = fa (tn + gysn + §K15’7En + §K1E7[n + gKllan + glKlR) ;
Kss = fi (tn + g, Sn + ngs, E, + §K2E, L, + §K217Rn + §K2R> ;
Ko = 3 (tn+ 55+ 5 Fos B+ 5 Ko, 1o+ 5 Kor, B+ 5 Kon )
Ksr=f3 <tn + g, Sn + §K257 E, + ?KZEafn + ngh R, + 124K2R> ;

A A A A
K3rp = f4 (tn + 37 Sn + §K2S7En + §K2E7[n + ngl, R, + 2K2R) ;

Kys = fi(th + A, S, + AK3g, B, + AKsp, I, + AKsp, Ry, + AKsg),
Kyp = foltn + A, Sp, + AK3gs, By, + AKsp, I, + AKsr, R, + AK3R),
Kyr = f3(th + A, Sp + AKsg, E, + AK3E, I, + AK3;, R, + AK3R),
Kyg = falth + A, Sy + AK3g, B, + AKsg, I, + AKsp, Ry, + AK3R).

The FRK4 method is applied to each compartment simultaneously, updating S, F, I,
and R at each time step. Further details on numerical methods with applications to the
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FDEs can be found in [34], B6-41].

4. Results and Discussion

This section is devoted to the numerical investigation of different fractional order
models by employing the FRK4 method.

4.0.1. Problem 1

Here we consider the logistic growth model of fractional order of the form [25]

6D u(t) = yu(t) (1 - 125?) (4.1)

u(to) = uo,

where ug is the initial density , and ~ is the intrinsic growth rate of the population,
and M is the carrying capacity. The exact solution of the problem for § = 1 is given
by wu(t) = W. Using Theorem [2| the exact solution of the given problem for
noninteger values becomes

MUO

u(t) = ( " )
up + (M — ug)e  \TFFD

The numerical results obtained using the Fractional Runge-Kutta Method of Order Four
(FRK4) for solving a fractional differential equation are presented in Tables [1] to 4] with
corresponding plots in Figures [Ta] to [6b] The parameters include the initial condition ug,
fractional order 3, step size h, growth parameter 7, and a model-specific parameter M.
Tables [1] and [2] show results for M = 10, v = 0.5, ug = 20, with A = 0.01 and h = 0.005,
respectively, for § = 0.96 and § = 1. Tables [3] and [4 present results for M =1, v = 0.5,
with ug = 20, h = 0.01 (Table [3)) and uy = 10, h = 0.005 (Table, again for 8 = 0.96 and
B = 1. The results demonstrate that the FRK4 method achieves high accuracy, with errors
decreasing as the step size h is reduced. Further, these plots demonstrate the sensitivity
of the model to 5. As we see that for a lower value of 5 (e.g., 0.96), the population
approaches the carrying capacity more slowly, reflecting stronger memory effects that
delay growth or decline. Figures[la)and [1b|illustrate the exact and approximate solutions
for M = 10, ug = 20, v = 0.5, h = 0.01, with 8 =1 and 8 = 0.96, respectively, showing
close agreement between numerical and analytical solutions. Similarly, Figures [2a] and [2b]
depict solutions for M = 1, ug = 20, v = 0.5, h = 0.005, for 5 = 1 and § = 0.96, while
Figures [da] and [Ab] show the same for up = 10. Figures [3a] and Bb] appear to duplicate
the conditions of Figures [2a] and confirming consistent results. Figures [5a] and
plot numerical solutions for varying 8 with M = 1, v = 0.5, h = 0.005, and uy = 10
and ug = 20, respectively, highlighting the impact of the fractional order on solution
behavior. Absolute error plots for problem 1, with M = 10, v = 0.5, h = 0.005, § = 1,
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and ug = 20 (Figure and ug = 10 (Figure [6D]), demonstrate low errors underscoring
the method’s precision. The FRK4 method’s efficiency is evident across all tables and
figures, consistently outperforming the method proposed in [25] in terms of accuracy. The
FRK4 method produced significantly more accurate results, particularly for smaller step
sizes and fractional orders 5 < 1, due to its ability to handle the non-local nature of
fractional derivatives. The observed trend of improved accuracy with decreasing h aligns
with the method’s theoretical error bound, making it a robust choice for solving fractional
differential equations for further details on the FRK4 method, see [34].

Table 1: The numerical results for problem 1 using FRK4 method with M = 10, v =
0.5, ug =20, h =0.01.

1* B =0.96 =1

t Uapprox Uezact ETTOT gbs [25] Uapprox Uezact ETTOT abs [25]

0 20.0000 20.0000 0 0 20.0000 20.0000 0 0

0.1 18.8778 19.0699 9.0833x1072 0.1553 19.0678 19.0699 1.2496x10710 2.3897x107°
0.2 17.9316 18.2621 2.0004x10~' 0.2680 18.2586 18.2621 1.9640x10~0 3.9362x10~°
0.3 17.1245 17.5548 2.9312x10~' 0.3500 17.5502 17.5548 2.3539x10710 4.9190x107°
0.4 16.4290 16.9309 3.6881x10~! 0.4093 16.9257 16.9309 2.5442x10710 5.5198x10~°
0.5 15.8246 16.3773 4.2913x10~! 0.4518 16.3717 16.3773 2.6107x10710 5.8593x10°
0.6 15.2954 15.8833 4.7654x10~! 0.4816 15.8774 15.8833 2.6005x107° 6.0190x107°
0.7 14.8290 15.4403 5.1326x10~! 0.5017 15.4342 15.4403 2.5433x10710  6.0546x107°
0.8 14.4156 15.0412 5.4120x10~' 0.5144 15.0351 15.0412 2.4581x10710 6.0048x10~°
0.9 14.0472 14.6803 5.6194x10~! 0.5213 14.6741 14.6803 2.3571x10710 5.8968x10°
1 13.7176 14.3527 5.7676x107" 0.5238 14.3466 14.3527 2.2482x10710  5.7498x107°
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Table 2: The numerical results for problem 1 using FRK4 method with A = 0.005, M =
10, v = 0.5, ug = 20.

1 3 —0.96 F—1
Uapprox Uezact ETTOTabs Uapproz Uezact ETTOT abs
0  20.0000 20.0000 0 20.0000  20.0000 0

0.1 18.8505 19.0699 1.1957x10! 19.0689 19.0699 7.7982x10~!2
0.2 17.8853 18.2621 2.4873x107! 18.2604 18.2621 1.2253x10~ !
0.3 17.0649 17.5548 3.5568x10! 17.5525 17.5548 1.4683x10~ 11
0.4 16.3602 16.9309 4.4093x10! 16.9283 16.9309 1.5863x10~ !
0.5 15.7496 16.3773 5.0771x107! 16.3745 16.3773 1.6275x10~ 11
0.6 15.2163 15.8833 5.5930x10! 15.8804 15.8833 1.6216x10~!1
0.7 14.7474 15.4403 5.9854x107! 15.4373  15.4403 1.5858x10~ 1
0.8 14.3327 15.0412 6.2776x107! 15.0381 15.0412 1.5326x10~1
0.9 13.9639 14.6803 6.4883x107! 14.6772 14.6803 1.4703x10 1!
1 13.6345 14.3527 6.6328x107! 14.3496  14.3527 1.4026x10~!!

Table 3: The numerical results for problem 1 using FRK4 method with M = 1, v =
0.5, h =0.01, up = 20.

1* 5 =0.96 G=1
! Yapproz Uezact ErT O abs Uapprox Uezact erroraps
0  20.0000 20.0000 0 20.0000 20.0000 0

0.1 9.2732 10.3808  4.4651x10° 10.2652 10.3808 5.3672x1076
0.2 6.1926  7.1223  4.9691x10~! 7.0410  7.1223  2.6602x1076
0.3 4.7241 54846 4.6844x107! 5.4270  5.4846 1.5369x10~6
0.4 3.8645 4.5003 4.2969x10~! 4.4576  4.5003  9.9278x10~7
0.5 3.3006 3.8441 3.9314x10°! 3.8111  3.8441 6.9170x10~"7
0.6 29027 3.3758 3.6096x10~! 3.3495  3.3758  5.0846x1077
0.7 2.6073 3.0253 3.3304x107! 3.0038  3.0253  3.8888x10~7
0.8 23797 2.7533 3.0880x107! 2.7355  2.7533  3.0662x1077
0.9 21992 25364 2.8762x107! 2.5213  2.5364 2.4764x1077
1 2.0528  2.3596  2.6897x1071 2.3467  2.3596  2.0394x1077
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Table 4: The numerical results for problem 1 using FRK4 method with M = 1, uy =
10, v = 0.5, h = 0.005.

1* 5 =0.96 G=1
Uapprox Uexact ETrTOoTgbs Uapprox Uezact ETTOT gbs
0 10.0000 10.0000 0 10.0000  10.0000 0

0.1 6.4423 6.9496 2.6127x10~! 6.9360  6.9496 1.3360x10%
0.2 4.8325 5.3866 3.4761x10! 5.3733  5.3866  9.6239x107?
0.3 3.9152 4.4373 3.6279x107! 4.4259 44373  6.6909x10°
0.4 3.3234 3.8002 3.5485x107! 3.7907  3.8002 4.8216x107?
0.5 29105 3.3436 3.3838x107! 3.3356  3.3436 3.6101x107?
0.6 2.6066 3.0006 3.2152x107! 2.9938  3.0006 2.7923x107?
0.7 23739 2.7339 3.0383x107! 2.7280  2.7339 2.2180x107?
0.8 2.1903  2.5207 2.8700x10~! 2.5157  2.5207 1.8008x10~?
0.9 2.0421  2.3467 2.7129x107! 2.3422  2.3467 1.4887x107?

1 1.9200 2.2020 2.5676x10~* 2.1981  2.2020 1.2494x107°

T T T T T
*  Frac-RK4 * FRK4
Exact Exact

..,.......-
151 o

151 | ol \

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 03 04 05 06 07 08 0.9 1 0 0.1 0.2 03 04 05 06 07 08 0.9 1

(a) (b)

Figure 1: (a) The approximate and exact solution of problem 1 using FRK4 method with
M =10, ug =20, v=0.5, h =0.01, 8 = 1. We see that the approximate solution closely
follows the exact solution. (b) The approximate and exact solution of problem 1 using
FRK4 method with M = 10, ug = 20, v = 0.5, h = 0.01, 8 = 0.96. The approximate
solution for § = 0.96 deviates slightly, reflecting the memory effects introduced by the
fractional derivative.
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Figure 2: (a) The approximate and exact solution of problem 1 using FRK4 method with
M =10, ug = 20, v = 0.5, h =0.005, = 1. Here we observed that the smaller step size
h = 0.005 improves the accuracy. (b) The approximate and exact solutions of problem
1 using FRK4 method with M = 10, ug = 20, v = 0.5, h = 0.005, 8 = 0.96. Here,
we observe that the numerical solution deviates, but the results are still acceptable. The
figures highlight that reducing h enhances the method’s ability to approximate the exact

solution.

T T T T T T T T T
+  FRK4
18 1 Exact | 18

T T T
*  Frac-RK4
= = =Exact b

16 16
14 14
12 12
E 3 e
10 10
8 h 8t
6 6t
4 4t
5 ‘ ‘ ‘ ‘ ‘ 5
0 01 02 03 04 05 06 07 08 09 1 0
t
(a)

(b)

Figure 3: (a) The approximate and exact solution of problem 1 using FRK4 method with
M =1, up =20, v = 0.5, h =0.005, 3 =1. (b) The approximate and exact solution
of problem 1 using FRK4 method with M =1, ug = 20, v = 0.5, h = 0.005, 8 = 0.96.
The lower carrying capacity M = 1 results in a faster decline from the initial condition

ug = 20.
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Figure 4: (a) The approximate and exact solution of problem 1 using FRK4 method with
M =1, uyp =10, v = 0.5, h = 0.005, g = 1. (b) The approximate and exact solutions
of problem 1 using FRK4 method with M =1, ug = 10, v = 0.5, h = 0.005, 3 = 0.96.
The initial condition ug = 10 is closer to the carrying capacity. The figures show that
the approximate solutions track the exact solutions well, but the slower dynamics for
beta = 0.96 suggest that memory effects are significant even with a lower initial population,
impacting predictions of population stabilization.
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Figure 5: (a) The errorys of FRK4 for problem 1 with M =1, up = 10, v = 0.5, h =
0.0001, for 8 =1. (b) The errorgs of FRK4 for problem 1 with M = 10, ug = 20, v =
0.5, h = 0.0001, for 8 = 1. Both figures confirm the FRK4 method’s high accuracy for
B = 1. The smaller errors for M = 10 compared to M = 1 suggest that the method
performs better for higher carrying capacities, possibly due to less rapid changes in the
solution.
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Figure 6: (a) The errory,s of FRK4 for problem 1 with M = 10, ug = 20, v = 0.5, h =
0.005 8 = 1. (b) The errorys of FRK4 for problem 1 with M =1, up = 10, v = 0.5, h =
0.005 8 = 1.Here we see that the errors are comparatively larger for a large step.

4.0.2. Problem 2

Here we consider exponential growth of Malthus model of the form [5]

cDYu(t) = ku(t), (4.2)

with the initial condition
ug = 1.

The exact solution of the problem is u(t) = ugEz(kt?). The results obtained using the
FRK4 method for the fractional orders 8 = 1 and S = 0.96, with parameters ug = 1,
h =0.01, and k = 1, are presented in Table 5] Figures [7a] and [7D] illustrate the numerical
and exact solutions for § = 1 and B = 0.96, respectively, under the same parameter
settings. Figure [8a] shows the approximate solutions for different values of 5 with ug =1,
k =1, and step size h = 0.1. Similarly, Figure [8b| presents the approximate solutions for
various 3 values with a finer step size h = 0.01. The absolute error error,y,s for Problem
2 with 8 = 1 is plotted in Figure [0a] for h = 0.0001, and in Figure [0b] for A~ = 0.0005.
Overall, the numerical results show good agreement with those obtained using the method
proposed in [5], thereby validating the accuracy and reliability of the FRK4 method for

solving fractional differential equations.
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Table 5: The numerical results for problem 2 using FRK4 method with ug = 1, h =

0.01, k= 1.

1* 5 =0.96 =1
t Uagppror  Uexact ETTOT abs Uappror  Uezact ETTOTgbs
0  1.0000 1.0000 0 1.0000  1.0000 0
0.1 1.12903 1.1182 1.1416x10~2 1.1050 1.1052 3.6526x10~13
0.2 1.2734 1.2433 3.0692x102 1.2210 1.2214 7.6850x10~13
0.3 1.4334 1.3799 5.4445x102 1.3493 1.3499 1.2146x10712
0.4 1.6109 1.5299 8.2293x10~2 1.4910 1.4918 1.7075x10~ 12
0.5 1.8076 1.6950 1.1426x107! 1.6476 1.6487 2.2524x10712
0.6 2.0255 1.8771 1.5056x107! 1.8208 1.8221 2.8542x10~ 12
0.7 22667 2.0779 1.9147x107! 2.0121 2.0138 3.5194x10~!2
0.8 2.5338 2.2996 2.3737x10°! 2.2235 2.2255 4.2548x1012
0.9 2.8292 2.5444 2.8871x107! 2.4572 2.4596 5.0684x107!2
1 3.1561 2.8146 3.4599x10~! 2.7154 2.7183 5.9655%x1012
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(a)

Figure 7: (a) The approximate and exact solution of problem 2 using FRK4 method with
u =1, k=1, h = 0.01, 8 = 1. We see that the approximate solution is in good
agreement with the exact solution. (b) The approximate and exact solution of problem
2 using the FRK4 method with ug =1, £k =1, h = 0.01, g = 0.96. The figure shows a
slight deviation from the exact solution, suggesting that lower 8 values introduce memory
effects that temper exponential growth, relevant for modeling populations with historical

(b)
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Figure 8: (a) The approximate solutions of problem 2 using FRK4 method with ug =
1, k=1, h = 0.1 for different fractional orders 3. Note that the lower the order of the
derivative, the greater the rate of variation. (b) The approximate solutions of problem 2
using FRK4 method with ug = 1, £k =1, h = 0.01 for different fractional orders 5. The
smaller step size in this figure results in smoother curves, indicating improved accuracy.

" 15
-t ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 5 X107

Figure 9: (a) The errorys of FRK4 for problem 2 with ugp = 1, kK =1, h = 0.0001 for
B =1. (b) The erroryps of FRK4 for problem 2 with ug = 1, K =1, h = 0.0005 for § = 1.
The smaller h in Figure (a) yields slightly lower errors; however, the stable, low errors
indicate that FRK4 is highly effective for exponential growth models, particularly when
high accuracy is needed for long-term predictions.
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4.1. Problem 3

Here we consider the quadratic logistic growth model of the form
¢ 1
D7 u(t) = Ju(t)(1 — u(t)) (4.3)

with the initial condition 1
uy = —.

t
The exact solution of the problem for 3 = 1 is given as u(t) = —& S Using Theorem he
€

the exact solution of the given problem for non integer value of 8 will be of the form

(t) et)
wpy = &1
e(WB‘H)) + 3

The results obtained using the FRK4 method for fractional orders § = 1 and 8 = 0.96,
with up = 0.25 and h = 0.1, are presented in Table [6] Additionally, Table [7] presents the
results for the same fractional orders using a finer step size h = 0.01, with ug = 0.25.
Figures and show the plots of the numerical and exact solutions for 3 = 1 and
B = 0.96, respectively, using ug = 0.25 and A = 0.1. Similarly, Figures and depict
the corresponding plots for h = 0.01. Figure displays the approximate solutions
for various values of 8 with ug = 0.25 and h = 0.1, while Figure shows the same for
h = 0.01. The absolute error error,ps for Problem 3 with 5 = 1 is illustrated in Figure [134]
for h = 0.01, and in Figure for a finer step size h = 0.0001.

Table 6: The numerical results for problem 3 using FRK4 method with ug = 0.25, h = 0.1.

1 3 =096 =1
Uapprox  Uexact ETT 0T gps Uapprox  Uezxact ETTOT gps
0 0.2500 0.2500 0 0.2500  0.2500 0

0.1 0.2605 0.2595 1.9586x10~10 0.2595 0.2595 1.1411x1010
0.2 0.2714 0.2692 6.0238x10~* 0.2691 0.2692 2.2664x10~10
0.3 0.2825 0.2792 1.4551x1073 0.2790 0.2792 3.3717x10°10
0.4 0.2939 0.2893 2.4901x1073 0.2892 0.2893 4.4531x10~10
0.5 0.3055 0.2997 3.6755x1073 0.2995 0.2997 5.5068x10~10
0.6 0.3174 0.3103 4.9920x1073 0.3101 0.3103 6.5295x10~10
0.7 0.3296 0.3211 6.4259x1073 0.3208 0.3211 7.5182x10~10
0.8 0.3420 0.3321 7.9661x1073 0.3318 0.3321 8.4701x10~10
0.9 0.3546 0.3433 9.6030x1073 0.3430 0.3433 9.3832x10710
1 0.3674 0.3547 1.1327x1072 0.3543  0.3547  1.0256x107?
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Table 7: The numerical results for problem 3 using FRK4 method with ug = 0.25, h =
0.01.

1 3—0.96 F—1
t Uagppror  Uexact ETTOT abs Uappror  Uezact ETTOTgbs
0  0.2500 0.2500 0 0.2500 0.2500 0

0.1 0.2616 0.2595 1.0373x1073 0.2595 0.2595 1.1546x10~14
0.2 0.2736 0.2692 2.7344x1073 0.2692 0.2692 2.2871x10~
0.3 0.2859 0.2792 4.7370x1073 0.2792 0.2792 3.4084x 10~
0.4 0.2985 0.2893 6.9745x1073 0.2893 0.2893 4.4964x 10~
0.5 0.3115 0.2997 9.4118x1073 0.2997 0.2997 5.5567x10~
0.6 0.3247 0.3103 1.2026x1072 0.3103 0.3103 6.5892x 104
0.7 0.3383 0.3211 1.4799x102 0.3211 0.3211 7.5884x10
0.8 0.3521 0.3321 1.7715x1072 0.3321 0.3321 8.5487x10~14
0.9 0.3661 0.3433 2.0760x10~2 0.3433  0.3433 9.4702x 10~
1 03804 0.3547 2.3917x102 0.3546  0.3547 1.0347x10713
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Figure 10: (a) The exact and numerical solution of problem 3 using FRK4 method with
ug = 0.25, h = 0.1, 8 = 1. The numerical solution shows good agreement with the exact
solution. (b) The exact and numerical solution of problem 3 using the FRK4 method with
ug = 0.25, h = 0.1, 8 =0.96. The slight lag observed in the numerical solution suggests
that decreasing 3 delays convergence to the equilibrium point, which is characteristic of
populations under limited growth conditions.
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Figure 11: (a) The approximate and exact solution of problem 3 using the FRK4 method
with uyg =
with the exact analytical solution, demonstrating the accuracy of the proposed method.
(b) The approximate and exact solutions of problem 3 using the FRK4 method with
ug = 0.25, h = 0.01, 8 = 0.96. With a smaller step size of h = 0.01, the approximate
solution shows slightly greater deviation.
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The numerical results are in excellent agreement

(b)

Figure 12: (a) The numerical solutions of problem 3 using FRK4 method with uy =
0.25, h = 0.1 using different fractional orders 8. (b) The numerical solutions of problem
3 using FRK4 method with ug = 0.25, A = 0.01 using different fractional orders 5. Lower
B values result in slower growth toward the equilibrium. The smaller h in Figure (b)
produces smoother solutions, indicating higher accuracy.
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Figure 13: (a) The errorg,s of FRK4 for problem 3 with ug = 0.25, h = 0.01 and orders
B = 1. (b) The errorys of FRK4 for problem 3 with uy = 0.25, h = 0.0001 and orders
B = 1. The profiles indicate that the error further reduced with A = 0.0001, demonstrating
the robustness of the method.

4.2. Problem 4

Here we consider the quadratic fractional logistic growth model.
c b 1
oDy u(t) = Su(t)(1 —u(?)), (4.4)

with the initial condition
ug = 0.5.

t
The exact solution of the problem for 3 = 1 is given as u(t) = —& - Using Theorem

the exact solution of the given problem for non-integer value of 8 will be of the form

B
o \20(BTT)

u(t) = (t/B—

2 (B+1) ) + 1

The results obtained using the FRK4 method for fractional orders 8 = 1 and 5 = 0.96,
with ug = 0.5 and h = 0.1, are presented in Table Additionally, Table [9] presents
the results for the same fractional orders with ug = 0.5 and a finer step size h = 0.01.
Figures and show the plots of numerical and exact solutions for § = 1 and
B = 0.96, respectively, using ug = 0.5 and A = 0.1. Similarly, Figures and depict
the corresponding plots for h = 0.01. Figure illustrates the approximate solutions
for various values of 8 with ug = 0.5 and h = 0.01, while Figure shows the same for
h = 0.1. The absolute error error,ys for Problem 4 with § = 1 is plotted in Figure
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for h = 0.01, and for Problem 3 in Figure with A = 0.0001.
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Table 8: The numerical results for problem 4 using FRK4 method with ug = 0.5, h = 0.1.

1* 5 =0.96 =1

t Uagpprox  Uexact ETTOT qbs Uagpprox  Uexact ETTOT gbs
0 0.5000 0.5000 0 0.5000 0.5000 0

0.1 0.5139 0.5125 7.0019x10~ 11 0.5125 0.5125 4.0700x10~!!
0.2 0.5278 0.5250 7.5967x10~* 0.5250 0.5250 8.1672x10~
0.3 0.5417 0.5374 1.7850x1073 0.5374 0.5374 1.2327x10710
0.4 0.5555 0.5498 2.9711x1073 0.5499 0.5498 1.6584x10~10
0.5 0.5693 0.5622 4.2652x1073 0.5622 0.5622 2.0971x10~10
0.6 0.5829 0.5744 5.6335x1073 0.5745 0.5744 2.5520x1010
0.7 0.5964 0.5866 7.0516x1073 0.5867 0.5866 3.0260x10~10
0.8 0.6098 0.5987 8.5003x1073 0.5988 0.5987 3.5216x10~1°
0.9 0.6230 0.6106 9.9637x1073 0.6107 0.6106 4.0412x10~10
1 06360 0.6225 1.1428x1072 0.6226 0.6225 4.5866x10~1°

= 0.01.

Table 9: The numerical results for problem 4 using FRK4 method with ug = 0.5, h
1* 5 =0.96 8=1
t Uapproxr  Uexact ETTOT abs Uappror  Uexact ETTOT gbs
0 0.5000 0.5000 0 0.5000 0.5000 0
0.1 0.5153 0.5125 1.3430x1073 0.5125 0.5125 3.8858x10715
0.2 0.5305 0.5250 3.4389x1073 0.5250 0.5250 7.8826x1013
0.3 0.5457 0.5374 5.7867x1073 0.5374 0.5374 1.1879x10~4
0.4 0.5608 0.5498 8.2751x103 0.5498 0.5498 1.6098x10~ 14
0.5 0.5758 0.5622 1.0845x1072 0.5622 0.5622 2.0428x10~
0.6 0.5907 0.5744 1.3456x102 0.5744 0.5744 2.5091x10~
0.7 0.6053 0.5866 1.6078x102 0.5866 0.5866 2.9754x10~14
0.8 0.6199 0.5987 1.8687x1072 0.5987 0.5987 3.4750x 10~
0.9 0.6341 0.6106 2.1262x102 0.6106 0.6106 3.9746x10~14
1 0.6482 0.6225 2.3785x1072 0.6225 0.6225 4.5408x10~
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Figure 14: (a) The approximate and exact solutions of problem 4 using the FRK4 method
with ug = 0.5, h = 0.1, § = 1. The approximate solution is nearly indistinguishable
from the exact solution. (b) The approximate and exact solutions of problem 4 using the
FRK4 method with ug = 0.5, h = 0.1, 8 = 0.96. The Figure shows a minor deviation
for beta = 0.96, reflecting memory effects that slow growth, highlighting the FRK4’s
effectiveness in capturing fractional dynamics.
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Figure 15: (a) The approximate and exact solutions of problem 4 using the FRK4 method
with ug = 0.5, h = 0.01, § = 1. The approximate and exact solutions are in good
agreement. (b) The approximate and exact solutions of problem 4 using the FRK4 method
with ug = 0.5, h = 0.01, 8 = 0.96. A smaller step size h leads to a slightly greater
deviation in the approximate solution, as observed in the numerical results.
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Figure 16: (a) The numerical solutions of problem 4 using the FRK4 method with ug =
0.5, h = 0.01 for different fractional orders 5. (b) The numerical solutions of problem 4
using the FRK4 method with uwg = 0.5, h = 0.1 for different fractional orders 5. Similar
to previous cases, lower § values in this problem slow the convergence to equilibrium.
Additionally, the smaller step size h in Figure (b) results in a smoother approximate
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Figure 17: (a) The errorys of FRK4 for problem 4 with ug = 0.5, h = 0.01 and orders
B = 1. (b) The errorgs of FRK4 for problem 4 with uy = 0.5, h = 0.0001 and orders
B = 1. The errors are extremely low and are further reduced with A = 0.0001. The stable
error profiles validate the precision of FRK4 for integer-order cases, establishing it as a
reliable method for solving quadratic logistic models where high accuracy is essential.



Kamran et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5944 26 of 32
4.3. Problem 5
we consider the SEIR model defined in (2.4) with the parameter values given as

b =0.001555,p = 0.8,¢ = 0.95,7 = 0.05,7 = 0.05, § = 0.002,~v = 0.003, d(N) = 0.0000140.000007 N
(4.5)
with the initial conditions

S(0) = 140, E(0) = 0.01, I(0) = 0.02, N(0) = 141. (4.6)

The given model is solved with A = 0.01, and final time ¢t = 2500 we observe that the
results presented in the Figures (18aH21]) are in good agreement with the results in [42]

160 : . : . . 30
=1
4-0.95| |
$=0.90 251

B=1
3=0.95
£5=0.90 |

>
S

=} N
S =3
T

Suspended
2]
o

60

40

20

T 1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
t t

(a) (b)

Figure 18: (a) The plot shows the numerical solution for the susceptible population S for
the problem defined in with parameters values and initial conditions given in
(4.6). (b) The plot shows the numerical solution for the exposed population E for the
problem defined in with parameters values and initial conditions given in .

In Figure [I8a] the susceptible class is expressed which has shown a sudden decrease in
the population. The dynamics of the population is illustrated for three different fractional
orders 1, 0.95 and 0.90. All these results have shown closer behavior in simulations with
same pattern. A slight variation in the dynamics can easily be observed showing the
impacts of the variation of the fractional order. For the least fractional order 0.9, we have
observed that a more abrupt fall in the population has occur in the susceptible class in the
early 500 units of time. This fall in the population is converted to the exposed population
and can be seen in the Figure [I8B] For the 0.90, the most early growth in the population
of the class has been observed but has the same pattern of the dynamics as that for the
order 1. While, after 250 to 500 units of time, the rise in the population is fallen down and
have shifted to the infected population as shown in the Figure There are variations
in the dynamics of the infected class for the different fractional orders but have kept the
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same pattern for all the three fractional orders. The stability in the population is observed
after 500 for the order 0.90, after 750 for the order 0.95 and after 1000 units of time for
the order 1. These three classes have finally grown to the recovered class where the same
pattern in the population for the different orders can be observed in Figure 20} The total
population of almost remains stable with a slight fall after infection which have increases
the death tol in the population given in the Figure 21}
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Figure 19: The plot shows the numerical solution of infected population I for the problem
defined in (2.4) with parameters values (4.5) and initial conditions given in ([4.6).
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Figure 20: The plot shows the numerical solution of the recovered population R for the
problem defined in ([2.4)) with parameters values (4.5]) and initial conditions given in .
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Figure 21: The numerical solution N of the problem defined in (2.4]) with parameters
values (4.5)) and initial conditions given in (|4.6)).

5. Conclusions

In this article, we successfully developed and applied the FRK4 method to fractional
differential equations (FDESs) arising in fractional logistic growth and SEIR models. The
results demonstrate that the FRK4 method is a reliable and effective tool for approximat-
ing solutions to FDEs in complex biological systems. By employing the Caputo derivative
to describe fractional dynamics, we effectively captured the memory and hereditary char-
acteristics inherent to such systems.

The method proved particularly advantageous due to its high accuracy, flexibility in
handling different types of fractional derivatives, and strong numerical stability, even in
nonlinear contexts. However, these benefits come with an increased computational cost,
especially when higher accuracy is sought through finer step sizes or more evaluations. This
is primarily due to the non-local nature of fractional derivatives, which require integration
over the entire history of the solution.

Despite this computational overhead, our numerical experiments confirmed the ro-
bustness and superior convergence properties of the FRK4 method compared to existing
numerical approaches. This study not only validates the applicability of the FRK4 method
to fractional logistic and SEIR models but also provides a solid foundation for its extension
to a broader range of problems involving fractional dynamics.
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