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Abstract. In this article, we will investigate the commutativity of the factor ring /P, where P is
a prime ideal of any ring R. This investigation will be carried out using generalized P-derivations U
and IT associated with P-derivations x and o, respectively, that satisfy specific functional identities
linking } to P. Moreover, we will discuss some related results. Finally, to reinforce the importance
of our assumption regarding the primeness of P, we will provide some examples.
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1. Introduction

Throughout this article, the symbol R denotes an associative ring with center Z(R).
A ring R is said to be a prime ring if for any elements v, p € R the condition vRp = {0}
implies that at least one of the elements v or p must be zero. A prime ideal is a proper
ideal P of a ring R such that if v C P, then at least one of the elements v or p
must be belong to P. A ring R is said to be an integral domain if it is a commutative
ring with unity and has no zero divisors. Every integral domain is a prime ring, but
the converse is not true in general. For all v,p € R, the symbols [v,p] = vp — pv
and (v o p) = vp + puv denote the commutator and anticommutator, respectively. For a
subset © of R, a mapping x : © — R is said to be centralizing (or commuting) on © if
[x(v),v] € Z(R) (or [x(v),v] =0) for all v € O.

By definition, a derivation is an additive mapping x from R to itself that satisfies
X(vp) = x(v)p + vx(p) for all v,p € R. A generalized derivation, on the other hand,
is an additive mapping U from R to itself that satisfies U(vp) = U(v)p + vx(p) for all
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v, p € N, where y is the associated derivation with OU. It is evident that every derivation
is a generalized derivation, but the converse is not true in general. Another special case of
a generalized derivation occurs when y is restricted to be zero. This is called a multiplier,
=, defined as an additive mapping Z :  — R by the rules Z(vp) = =Z(v)p and =(vp) =
vE(p) for all v, p € N. These are referred to as left and right multipliers, respectively.
If = is both a right and left multiplier, it is simply called a multiplier. Examples and
counterexamples of these concepts can be found in the literature.

The mapping y : R — R is called P-additive if it satisfies x(v+ ) — x(v) — x(p) € P
for all v, p € N. A P-additive mapping ¥ is called a P-derivation if it satisfies the relation
x(vp) — x(v)p —vx(p) € P for all v, p € R. A P-additive mapping U : § — R is called
a generalized P-derivation associated with a P-derivation y if it satisfies U(vgp) —U(v)p —
vx(p) € P for all v, p € R. Additionally, assuming x is a P-trivial (i.e., x(®) C P) in
the last relation gives us a P-left multiplier concept, defined as Z(vp) — E(v)p € P for
all v, p € R. The P-right multiplier is defined as Z(vp) — vE(p) € P for all v,p € R.
Moreover, = is considered a P-multiplier if it is both a P-left and P-right multiplier. It
is clear that every generalized derivation is a generalized P-derivation, and that every left
multiplier is also a P-left multiplier, but the converse may not be true in general. For
examples and counterexamples regarding the existence of these concepts, refer to [1].

Derivations are a crucial area of study in algebraic structure theory. They have their
origins in analytic theory, invariant theory, and Galois theory. Derivations play a vital
role in both physics and mathematics. Many researchers have presented derivations of
various algebraic structures such as rings, and near rings. Based on derivations in rings,
Posner proved in [2] that if a non-zero derivation y centralizing on a prime ring R, then
R becomes commutative. Recently, several authors have proven the commutativity of
semiprime and prime rings by utilizing appropriately restricted additive mappings that
act on these rings or on suitable subsets of them. These mappings include derivations,
automorphisms, generalized derivations, multipliers, and others. For more details, one can
refer to [3], [4], and [5].

Inspired by previous studies, the commutativity of rings has been discussed in a more
expansive way. For instance, the consideration of whether the ring ¥ is prime or semiprime
has been omitted, and instead the focus has shifted to analyzing the behavior of a factor
ring R/ P, where P is a prime ideal of R. These studies involve the utilization of additive
mappings that satisfy certain identities when acting on appropriate subsets of the ring .
For further details, please refer to references [6], [7], [8], [9], and [10].

In [10], Mouhssine et al. discuss the behavior of a factor near ring X/P when a near
ring X admits an («, 7)-P-derivation x that satisfies certain identities, where P is a prime
ideal of N. In 2023, [11] Oukhtite et al. examined the effect of specific differential identities
involving P-multipliers on a factor ring /P, where P is a prime ideal of any ring . In
the same year, Sandhu et al. [1] investigated the commutativity of a factor ring /P
by exploring certain identities involving a mixture of a generalized P-derivation and a
P-multiplier, where P is a prime ideal in R.

In this article, we will further investigate the commutativity of a factor ring R/P.
We will accomplish this by assuming that the arbitrary ring R admits generalized P-
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derivations (U, x) and (II, x) that satisfy any of the following identities for each v, p € R:
(1) [x(v), x(9) £, TI(w)] € P, (i) x(v)ox()Elp, T1(v)] € P, (iid) [B(v), x(p)]£pol(v) €
P, (iv) [0, 11(p)] £ B([v, ¢]) € P, (v) B([v, o)) + B(p) 1L (v) € P, (i) B([v, g]) + B(v) 1I
(p) € P, (vit) [v,0(p)] £ U(p) I (v) € P. Furthermore, we will present several related
consequences and provide examples to illustrate the significance of the assumptions in our
theorems.

2. Preliminaries

In this section, we will exhibit some important preliminaries that will be used repeat-
edly to develop proofs of our main theorems.

Lemma 1. [12, Lemma 2.4] Let R be a ring with a semi-prime ideal P, and let /P be
2-torsion free. If x is a derivation on R such that [x*(v),v] € P, then x is P-commuting
on R.

Lemma 2. [1, Lemma 10] Let R be a ring that admits a generalized P-derivation U
associated with a P-derivation x, where P is a prime ideal of R.

(i) If [v,0(p)] € P satisfies for every elements v,p € R, then R/P is an integral
domain or B(R) C P.

(13) If vo U(p) € P satisfies for every elements v, p € R, then R/P is an integral
domain with char(R/P) =2 or G(R) C P.

Lemma 3. Consider a prime ideal P of an arbitrary ring R. If ® admits a generalized
P-derivation U associated with a P-derivation x such that [v,0(v)] € P for all v € R,
then either /P is an integral domain or x(R) C P.

Proof. The proof can be easily derived from Lemma 2 (i), so it may be skipped as it
would not result in any significant changes.

The following corollary is a special case of the previous lemma when U = y.

Corollary 1. [1, Lemma 1] Consider a prime ideal P of an arbitrary ring . If R admits
a P-derivation x such that [v,x(v)] € P for all v € R, then either R/P is an integral
domain or x(R) C P.

3. Main Results

For brevity, let (U, x) and (II, ) symbolize two generalized P-derivations associated
with P-derivations y and o, respectively. The symbol idy designates the identity map
idg : X — R defined by idy(v) = v for all v € R. In their work, Sandhu et al. [1, Lemma
10] discussed the behavior of a factor ring /P under the influence of a generalized P-
derivation satisfying certain algebraic identities involving a prime ideal P of any ring R.
In the following three theorems, we will expand upon those results under the influence of
a pair of generalized P-derivations alternating between commutator and anticommutator.
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Theorem 1. Let R be a ring equipped with a P-derivation x and a generalized P-derivation
(I, ) such that char(R/P) # 2. Then, [x(v),x(9)] £ [p,L(v)] € P for all v,p € R if
and only if one of the following is true:

(7) R/ P is an integral domain;

(ii) x(R) C P, and 11I(R) C P.

Proof. According to the given hypothesis, for every v, o € R, we have

x(v), x(p)] + [, I(v)] € P. (1)

Replacing o by ph in Equation (1) and applying it, we obtain

x(©)[x(v), Al + [x(v), pIx(h) € P for all v, p,h € R. (2)

Taking v = p = h in Equation (2), we obtain

X(W)[x(v), vl+[x(v), vix(v) = x*(V)v=x(V)vx(V)+x(V)vx(V)—vx*(v) € P for all v (6 ;R
3
From Equation (3), we conclude

[XQ(U),’U] e P forallveR.

By using Lemma 1, we obtain [x(v),v] € P for all v € R. Therefore, Corollary 1
implies that either /P is an integral domain or x(R) C P. Assuming that x(®) C P,
then Equation (1) reduces to [p,I(v)] € P for every v, p € R. By using Lemma 2 (i), we
can conclude that either /P is an integral domain or II(R) C P.

The following corollary directly results from replacing II by idsy in the previous theorem
and following arguments similar to those used.

Corollary 2. Let R be a ring equipped with a P-derivation x such that char(R/P) # 2.
Then, [x(v), x(p)] £ [p,v] € P for all v,p € R if and only if R/ P is an integral domain.

Theorem 2. Let R be a ring equipped with a P-derivation x and a generalized P-derivation
(IT, ) such that char(R/P) # 2. Then, x(v)o x(p) * [p,H(v)] € P for allv,p € R if and
only if one of the following is true:

(1) R/ P is an integral domain and x(R) C P.

(73) x(R) C P and LI(RN) C P.

Proof.
For each v, p € R, given the hypothesis

x(v) o x(p) + [p, H(v)] € P. (4)

By substituting ¢ with ph in Equation (4) and applying it, we obtain

[x(v), plx(h) — x(p)[x(v),h] € P for all v, p,h € R. (5)
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Replacing p by kp in Equation (5) and applying it, we get
X(v), klpx(h) — x(k)plx(v), il € P for all v, 9, h, K € R. (6)
Setting k = x(v) in Equation (6), we get
2(0)p[x(v),h] € P forall v, p,h € R. (7)
Replacing g by hgp in Equation (7) and comparing the result with Equation (7), we obtain
[X*(v), Blp[x(v),h] € P for all v, p,h € R. (8)

This implies that [x%(v), A]R[x(v),h] € P for all v,h € R. The primeness of P yields
either [x%(v),h] € P or [x(v),h] C P forall v,h € R. Suppose [x%(v),h] € P for all
v, h € R. In particular, we have [x?(v),v] € P for all v € R. Using Lemma 1, we find that
[x(v),v] € P for all v € R. This leads to either ®/P is an integral domain or x(R) C P,
by using Corollary 1. If x(R) C P, Equation (4) reduces to [p,II(v)] € P for all v, p € R.
Thus, Lemma 2 () implies that either ®/P is an integral domain or II() C P.
Assuming R/P is an integral domain, Equation (4) becomes 2x(v)x(p) € P for all v, p €
R. Since char(R/P) # 2, then x(v)x(p) € P for all v,p € R. By replacing p with ph
in the previous equation and using it, we arrive at x(v)Rx(h) C P for all v,h € R. By
utilizing the primeness of P, we can conclude that x(R) C P. The proof is complete.

To prove the theorem for the identity x(v) o x(p) — [p,H(v)] € P for all v,p € R,
simply repeat the previous arguments to obtain the desired result.

The following corollary can be derived immediately from the previous theorem by
replacing 11 by idgy.

Corollary 3. Let R be a ring equipped with a P-derivation x such that char(R/P) # 2.
Then, x(v) o x(p) £ [p,v] € P for all v,p € R if and only if R/ P is an integral domain
and x(R) C P.

Theorem 3. Let R be a ring equipped with generalized P-derivations (U,x) and (I, x)
such that char(R/P) # 2. Then [O(v), x(p)] £ p o (v) € P for all v,p € R if and only
if one of the following satisfies

(i) R/ P is an integral domain and II(R) C P;

(ii) O(R) C P and 1I(R) C P;

(791) x(R) C P, and II(R) C P.

Proof. From the given hypothesis for each v, p € R, we have
[B(v), x(p)] + poll(v) € P, for all v, p € R. 9)
Replacing p by ph in Equation (9) and applying it, we get

X(©)[6(v), h] + p[0(v), x(h)] + [O(v), pIx(h) + [h, L(v)] € P, for all v, p,h € R. (10)
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Taking o = kp in Equation (10) and using it, we get
X(k)p[O(v), ] + [O(v), klpx(h) € P for all v, p,h, Kk € R.

Letting £ = h, we obtain x(h)p[0(v), h] + [B(v), Alpx(h) € P for all v, p, h € R. There-
fore, we can deduce that x(h)p[O(v),h] € P and [O(v), hlpx(h) € P for all v, p,h € R.
That is, x(R)R[O(v), k] C P for all v, h € R. The primeness of P implies either x(h) € P
for all h € R or [U(v),h] € P forallv,h € R. In the second case, Lemma 2 (i)
forces either R/P is an integral domain or U() C P. Let’s examine the case when
G(R) € P. This reduces Equation (9) to g o II(v) € P for all v,p € R. Using the
hypothesis that char(R/P) # 2 together with Lemma 2 (i), we find either R/P is an
integral domain or II() C P. Now, assuming R/P is an integral domain, Equation (9)
reduces to 2pR 11 (v) C P for all v, p € N. By using the primeness of P and the fact that
char(R/P) # 2, we can conclude that II(R) C P.

On the other hand, if x (%) € P for all & € R, then Equation (9) becomes polIl(v) € P
for all v, p € N. By repeating the previous discussion, we arrive at the required conclusion.

To prove the theorem for the identity [U(v), x(p)] — g o II(v) € P for all v,p € R,
simply repeat the previous arguments to obtain the desired result.

In [13], Quadri et al. discussed the behavior of a prime ring R that admits a generalized
derivation (U, x) satisfying Olv, p] — [v, ] = 0 for all v, p € T, where Y is a nonzero ideal
of ®. In the context of two generalized derivations, Rehman et al. [14] discussed the
behavior of a 2-torsion free *-prime ring with the identity [v,II(p)] — O([v, p]) = 0 for all
v,p € A, where A is a nonzero square closed *-Lie ideal of . Bouchannafa et al. [15]
studied the relationship between a factor ring /P and a generalized derivation (U, x)
satisfying Ulv, p| — [O(v), p] € Z(R/P) for all v, p € R, without imposing primeness on a
ring or char(R/P) # 2, where P is a prime ideal of f. Building on these previous findings,
it is natural to inquire about the situation of a factor ring ®/P when R admits generalized
P-derivations (U, x) and (II, ) that satisfy the identity [v,II(p)] £ O([v, p]) € P for all
v, p € R. To address this question, we will now present the following theorem.

Theorem 4. Let R be a ring equipped with generalized P-derivations (U, x) and (11, x)
such that [v,1(p)] £ O([v,p]) € P for all v,p € R. Then, R/P is an integral domain or
(IT+ U)(R) C P.

Proof. Our initial hypothesis states:
[v,(p)] £ O([v,p]) € P, forall v,pe R (11)
Substituting p with ph in Equation (11) and applying it, we get

() [v, Al+plv, < (h)]+[v, p] oc (h)£0(p)[v, hjlxpx([v, A))£[v, p]x(h) € P for all v?(pjf)i € R
12
Taking v = h in Equation (12), we get

plv, o (V)] + v, p| x (V) £ v, p]x(v) € P for all v, p € R. (13)
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By replacing g with kp in Equation (13) and comparing it with (13), we obtain
[v, K]R(oc (v) £ x(v)) € P forall v,k € R.

Utilizing the primeness of P, we can conclude that either /P is an integral domain or
x (v) £ x(v) € P for all v € R. Let’s examine the case when

x (v) £ x(v) e P forallveR. (14)

This reduces Equation (13) to p[v,x (v)] € P for all v,p € R. The primeness of P,
along with Corollary 1, forces either $t/P is an integral domain or oc (R) C P. If xx (R) C P
for all v € R, then Equation (14) becomes x(v) € P for all v € R. Hence, Equation (12)
reduces to (II(p) £ O(p))[v,h] € P for all v, p,h € R. For any 7 € R, replacing v by
uT in the last equation and using it, we get (II(p) £ O(p))R[r,h] C P for all 7, p,h € R.
Again, the primeness of P gives either /P is an integral domain or II(p) + G(p) € P for
all p € R. Therefore, (I £ U)(R) C P.

Now we are prepared to gather several corollaries as applications of Theorem 4 as
follows:

Corollary 4. Let R be a ring equipped with P-derivations x and o such that [v,x (p)] +
X([v,9]) € P for allv,p € R. Then R/P is an integral domain or (x £x)(R) C P.

Corollary 5. Let R be a ring with char(R/P) # 2. If R is equipped with a generalized
P-derivation (U, x) such that [v,0(p)] + O([v, p]) € P for all v,p € R, then R/P is an
integral domain or G(R) C P.

By setting I = idy, we obtain a generalization of [16, Theorem 1] as shown in the
following corollary:

Corollary 6. Let R be a ring equipped with a generalized P-derivation (U, x) such that
O([v, p]) £ (v, p]) € P for allv,p € R. Then R/P is an integral domain or (Uxidy)(R) C
P.

By setting U = x, we get a generalization of [17, Theorem 3] as shown in the following
corollary:

Corollary 7. Let R be a ring equipped with a P-derivation x such that x([v, p|)*[v, p|] € P
for all v, € R. Then R/P is an integral domain.

The following example is devoted to explaining the significance of the primeness hy-
pothesis of P in the previous theorems.

Example 1. Let & = C[v] x Ma(V), where C[v] is the polynomial ring of complex numbers
with determinant v, and let ¥ be any ring. Let P = {(0,0)}. Define (U, x), (II,x) : § —
R by

B(#(w), 9) = x(H0), 9) = ((0) < v? >,0),
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and
H(t(v), ) = (H(v),¥) = ('(v) < v* >,0).

It is easy to verify that U and 11 are generalized derivations of R associated with deriva-
tions x and o, respectively. It can also be verified that R satisfies the identities in The-
orems 1, 3 (i), and 4. However, neither /P is an integral domain nor x, U, I and
O+ map R to P. It is important to note that P is not a prime ideal of RN, since

v 0 0 0 ) v 0 0 0
(0, (0 0))(0, (O p>) € P, but neither (0, (0 O>) € P nor (0, (0 p)) c P. There-

fore, the primeness condition in Theorems 1, 3 (i), and 4 is essential.

Rehman et al. [12] found that either x(R) C P or /P is an integral domain when
admits generalized derivations (U, x) and (II, ) that satisfy the identities O(vp)+ U(v) 11
(p) € Por U(v) I (p)+ [v,p] € P for all v, p € N, where P is a prime ideal of R. In the
upcoming theorem, we will explore how the identities (i) U([v, p]) £ U(p) I (v) € P and
(73) O([v, p]) £ O(v) I (p) € P for all v, p € R, affect the relationship between a factor
ring R/ P and generalized P-derivations.

Theorem 5. Let R be a ring equipped with generalized P-derivations (U, x) and (11, x)
such that one of the following identities holds for every v, p € R:

(i) B([v, 9]) + B(p) 11 (v) € P,

(71) O([v, p]) £ 0(v)(p) € P. Then either < (R) C P and R/ P is an integral domain,
or B(R) is a subset of P.

Proof. (i) According to the basic assumption, we have
O([v,9]) £B(p) T (v) € P for all v,p € R. (15)
Setting v = vh in Equation (15) and using it, we get
O(v)[h, p] + vx([h, ©]) + [v, plx(h) £ O(p)v < (h) € P for all v, p,h € R. (16)
By setting h = p, we have
[v, P]x(p) £ O(p)v x (p) € P forall v, p € R. (17)

Replacing v by pv in Equation (17) and utilizing it, we get U(p)pv x (p) — pU(p)v x
(p) = [O(p), plv o (p) € P for all v, p € N. This implies that [G(p), p|R x (p) C P for
all p € R. The primeness of P implies either [U(p), p] € P or « (p) € P for all p € R.
To complete the proof, we will discuss the following two cases:

Case (a): If [U(p), p] € P for all p € R, this implies that /P is an integral domain
or x(R) C P by using Lemma 3. If ®/P is an integral domain, Equation (17) yields
UO(p)R x (p) € P for all p € R. The primeness of P leads to either (%) C P or
x (R) € P. On the other hand, if x(R) C P, then Equation (17) gives U(p)R x (p) C P
for all p € R. Again, the primeness of P leads to either U(®) C P or < (R) C P. In
the scenario where o (R) C P, Equation (16) becomes U(v)[h, p| € P for all v, p,h € R.
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Replacing v by vk in the last equation yields G(v)R[h, p] C P for all v, p, h € R. Since P
is prime, either O(R) C P or /P is an integral domain.

Case (b): If  (R) C P, then Equation (17) becomes [v, p]x(p) € P for all v,p € R.
Substituting v with Av in the last expression and using it, we obtain [f, p|Rx(p) C P for
all h, p € R. The primeness of P implies either /P is an integral domain or x(R) C P.

In the second case, as discussed in Case (a), we conclude that either /P is an integral
domain or U(R) C P.

(73) To prove this part, simply reiterate the arguments used in the proof of part (7)
with some minor modifications to achieve the desired result.

Corollary 8. Let R be a ring equipped with a generalized P-derivation (U, x) such that
U([v, 9]) £0(p)O(v) € P for allv,p € R. Then x(R) C P and R/P is an integral domain,
or B(R) is a subset of P.

Corollary 9. Let R be a ring equipped with P-derivations x and  such that x([v, ]) £
x(p) o (v) € P for all v,p € R. Then < (R) C P and R/P is an integral domain, or
X(R) is a subset of P.

Example 2. Let R = Ky2 as in [18, Example 2.1], and let P = {0}. Define (G, x) : R —
R by

0 1 wv=0,¢

c if v=a,b.

It is easy to verify that U is a generalized derivation of R associated with derivation x. It
can also be verified that R satisfies the identity in Corollary 8. However, neither R/ P is
an integral domain nor O(R) C P. It is important to note that P is not a prime ideal of
R, since a¥c C P, but neither a € P nor ¢ € P. Therefore, the primeness condition in
Corollary 8 is essential.

Bouchannafa et al. [9, Theorem 4] investigated that the derivations y and o are sub-
sets of a prime ideal P, or the factor ring R/P is an integral domain. This occurs when
one of the following identities holds: U(v)U(p) £+ (vp) € Z(R/P), or [B(v), p| £ (vp) €
Z(R/P) for all v, p € T, where T is a non-zero ideal of R, (U, x) and (II, ) are general-
ized derivations in R. In the following theorem, we will examine the structure of a factor
ring R/ P under the influence of a pair of generalized P-derivations that satisfy any of the
following algebraic identities for every v, p € R: [v, U(p)] £ O(p) I (v) € P.

Theorem 6. Let R be a ring equipped with generalized P-derivations (U, x) and (11, x)
such that [v,0(p)] £ O(p) LI (v) € P for allv,p € R. Then one of the following is true:
(1) B(R) C P;
(73) x(R) € P and x (R) C P;
(7i1) o< (R) C P and R/ P is an integral domain.
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Proof. The initial hypothesis states:
[v,0(p)] £ U(p) I (v) € P for all v, p € R. (18)
Substituting v by vh in Equation (18) and using it, we get
v[h, O(p)] £ O(p)v  (h) € P for all v, p, h € R. (19)

Replacing v by pv in Equation (19) and comparing it with (19), we obtain [U(gp), p]R

(h) C P for all p,h € R. Primeness of P forces that [U(p),p] € P or « (h) € P for all
p,heR.

To complete the proof, let’s discuss the following two cases:

Case (a): If [U(p),p] € P for all p € R, Lemma 3 gives x(R) € P or £/P is an
integral domain. Let’s examine x(R) C P. Then substituting p with pr in Equa-
tion (18), we deduce that [v, U(p)]k + O(p)[v, k] £ O(p)k I (v) € P for all v,p,x € R.
Right multiplying of Equation (18) by s and comparing it with the last equation, we get
U(p)[v, k] £ O(p)[k,(v)] € P. That is, O(p)R([v, k] F [LL(v),x]) C P for all v, p,k € R.
Primeness of P implies that U(p) € P or [v, k] F [II(v),k] € P for all v, p,k € R. From
the first scenario, we conclude U(R) C P. The second scenario with substitution k = kv,
yields [II(v),v]x € P for all v,x € R. Again, primeness of P with utilizing Lemma 3, we
conclude /P an integral domain or < () C P.

Now, if we consider the scenario when R/P is an integral domain, then Equation (19)
simplifies to U(p)v o (k) € P for all v, p,h € R, which implies U(p)R « (k) C P for all
p, h € R. Primeness of P implies U(R) C P or  (R) C P.

Case (b): If < (h) € P for all h € R, Equation (19) reduces to v[h,U(p)] € P for
all v, p,h € RN. Primeness of P forces that [h,U(p)] € P for all p,h € R. By using
Lemma 2 (i), we conclude R/P is an integral domain or O(®) C P. If ®/P is an integral
domain, then as discussed above the desired result can be obtained.

The following examples aim to emphasize the necessity of the primeness condition of
P in Theorems [1-6].

0 v p 000
Example 3. Let R={|0 0 4h || v,p,h€ Zg}, andlet P={|0 0 0|}. Defined
0 0 0 000
(U, x); (I, ) : R —> R by
0 v p 0 2v 0 0 v p 0 0 h
6|0 0 4] =10 0 O with x|{0 0 4a) =10 0 O
0 0 O 0 0 O 0 0 O 0 0O
and
0 v p 0 4p O 0 v p 0 0 v
mfo o 4r|=(0 0 O with x |0 0 4] =[{0 0 O
0 0 O 0 0 O 0 0 O 0 00
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It is easy to verify that G and 11 are generalized derivations of R associated with derivations
X and o, respectively. It can also be verified that R satisfies the identities in Theorems [1-
6]. However, neither R/ P integral domain nor x, x, U, II and U + I mapping R to P.

0 v O
It is important to note that P is not a prime ideal of R, since [0 0 0 € P, but
0 00

0 v 0
0 0 0| ¢ P. Therefore, the primeness condition in Theorems [1-6] is essential.
0 0 O

Example 4. Let & =T" x H[z|, where I' = {7y = vea1 + pes1 + 2hess | v,p,h € Zs} and
Z[v] is the polynomial ring of quaternions in determinate v, and let P = {(0,0)}. Define
(67X)7 (H,OC) R — R by

B(1,tv) = (2ve21,0)  with  x(3,tHwv)) = (—heay, 0),

and
II(y,t(v)) = (2pe21,0) with x (7,t(v)) = (—vesq,0).

It is easy to verify that O and 11 are generalized derivations of R associated with derivations
X and o, respectively. It can also be verified that R satisfies the identities in Theorems [1-
6]. However, neither R/ P integral domain nor x, <, O, Il and U+ 11 mapping R to P. It
is important to note that P is not a prime ideal of R, since (vear, 0)R(2pes2,0) € P, but
neither (veai,0) € P nor (2pes2,0) € P. Hence, the primeness condition in Theorems [1-
6] is essential.
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