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1. Introduction

In 1966, Hartman and Stampacchia [1] introduced variational inequality theory as a
method for studying partial differential equations with applications, primarily in mechan-
ics. The variational inequality problem has a wide range of applications in some practical
problems arising in economics, transportation, network and structural analysis, elasticity,
engineering and mechanics, supply chain management, finance and game theory. In recent
years, many authors discussed variational inequality problems in the context of Banach
and Hilbert spaces [2-7]. To solve environmental projects concerning the transmission of
pollution in different kind of media we need to transfer pollution along certain bounded
surface areas. These restrictions lead to many boundary value problems on manifolds.
To overcome, this situation in 2003, Nemeth [8] introduced the variational inequalities in
Hadamard manifolds.
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A constrained optimization problem, where the constrained set is the solution set of
another optimization problem, is known as a bilevel programming problem. Over the past
thirty years, there has been extensive research on these challenges due to their relevance
in domains such as mechanics and network design. If the first level problem is one of
variational inequality and the second level problem is a collection of fixed points of a map-
ping, then the bilevel problem is known as a hierarchical variational inequality problem.
Stated otherwise, a variational inequality problem defined over the set of fixed points is
a hierarchical variational inequality problem, sometimes referred to as a hierarchical fixed
point problem.

In 2006, Moudafi and Mainge [9] introduced the hierarchical fixed point problem in
the setting of Hilbert space

Find ¢ € F(H) such that (( — G(¢),{ —v) <0, for all v € F(G). (1)

Here G, H are nonexpansive mappings defined on a Hilbert space M. Later in 2010, Xu
[10] extended his work in the context of uniformly smooth Banach spaces. After that the
viscosity method was developed by a number of researchers to solve variational inequali-
ties defined on the set of fixed points of nonexpansive mapping in the context of Hilbert
or Banach spaces. These researchers replaced contraction mapping with weaker forms of
contraction mappings, such as pseudo-contraction mapping and weakly contraction map-
ping [3, 4, 11-14].

In 2020, Al-Homidan, presented a viscosity approach to solve the hierarchical fixed point
problem in the context of Hadamard manifolds defined on the set of fixed points of nonex-
pansive mapping and involving a nonexpansive mapping and another ¢-contraction map-
ping. There are many authors who presented a viscosity approach for hierarchical varia-
tional inequality problems in the context of Hadamard manifolds [9, 15], and references
therein.

Motivated by the above works, the purpose of this paper is to introduce and analyse
a new algorithm for solving hierarchical variational inequality problems in the framework
of Hadamard manifolds. In this paper, we present a new algorithm to solve hierarchical
fixed point problem and present convergence result for a finite family of S-strict pseudo-
contractive mapping in Hadamard manifolds.

The manuscript is presented as follows: Section 2 contains basic definitions and facts.
Section 3 has the hierarchical variational inequality problem and the proposed algorithm
and its convergence analysis. Section 4 has some numerical examples which illustrates the
result presented in the manuscript.

2. Preliminaries

Now, we present some basic facts and definitions which are related to Hadamard man-
ifolds.
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Let us consider, I' is the differentiable and finite dimensional manifold. We write
the tangent space of I', for all ¢ € I' as G¢I'. This G¢I' is also a vector space and its
dimension is same as the dimension of I'. Also, the tangent bundle of I" is denoted by

GT = | G¢I'. If we define an inner product R¢(-,-) on the tangent space G¢I" then it is
¢er
said to be a Riemannian metric defined on G¢I'. If I' can be endowed with a Riemannian

metric R¢(+,-) then we say I' is a Riemannian manifold. We denote the corresponding
norm for the inner product on the tangent space G¢I' by || - ||¢. A Riemannian manifold is
a manifold, which is differentiable endowed with a Riemannian metric R(-,-). The length
of piecewise smooth curve T : [0,1] — T joining ¢ to n (i.e. Y(0) = ¢ and Y(1) = n)

1

is given by L(Y) = [||Y"(1)||dp. The Riemannian distance p(¢,7) is the minimal length
0

over the set of all these curves joining ¢ to 1, which includes the original topology on I'.

A Riemannian manifold I' is said to be complete if for all { € I, all geodesics starting
from ¢ are defined for all 4 € R. A geodesic joining ¢ to n is said to be minimal in T’
if the length of the geodesic is equal to p(¢,n). The Riemannian manifold I' having the
Riemannian distance p is also a metric space (T, p).

Definition 1. Let us consider that I' is a complete Riemannian manifold. We define the
exponential map exp. : G I' = T' at point ¢ € I' by expe v = Yy(1,Q) forallv € G¢I', where
Yy (+, Q) is the geodesic with the velocity v and starting from the point  i.e. Y.(0,{) =v
and 1,(0,¢) = ¢ [16].

We also know that for all 4 € R the exponential map exp, puv = Ty (u, (). Here we
can also see for all zero tangent vector, exponential map exp.0 = 1,(0,() = ¢. The
exponential map exp, is differentiable on T¢I" for all ¢ € T" and p(¢,n) = || expg1 7| for all

Gnel.

Definition 2. A Riemannian manifold of non positive sectional curvature is said to be a
Hadamard Manifold if it is complete and simply connected.

Lemma 1. [17].
(1) For all w,u,s,n,,z €, 0<u<1, following hold:
plexp, (1 — p)exp, ' s, 2) < pp(n, z) + (1 — p)p(s, 2);
p*(exp, (1 — p)exp, ' ¢, 2) < pp*(n, 2) + (1 — w)p*(s, 2) — u(1 — p)p* (1, 5);
plexp, (1 — p)exp, " s, exp, (1 — p) exp; ' ) < pp(n,u) + (1 — w)p(s, €).

(2) Let Y :[0,1] — T be a geodesic joining points n to . Then

p(Y(p1), Y(p2)) = |1 — p2lp(n,s) for all py, ps € [0,1].
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Proposition 1. [18]. exp, : G¢:I' — T is said to be a diffeomorphism for all ¢ € T, any
pair of points (,n € I', there exists a unique normalized geodesic Y : [0,1] — T" joining the
points ¢ = Y(0) ton="(1), in fact it is a minimal geodesic defined by

T(p) = expc,uexpc_1 nforall0 <pu<1.
Definition 3. The map G : B — B is called as

(i) monexpansive
p(G(s), G(n)) < p(s,n) forall ¢,n € B,

(ii) firmly nonexpansive, if for all ¢,n € B, function ¢ : [0,1] — [0, +oc] defined by
o(t)y=0p (exp77 texp;1 G(n),exp, texpg_1 G(g)) forall 0 <t <1
is nonincreasing [18].

(11i) B-strict pseudocontractive if there exists 5 € [0,1) such that
P*(G(0),G(<)) < (1<) + Bl Py expg ' G(s) — exp, ' G(n)||?, for all 1, € B.

Note that the mapping G is nonexpansive if and only if it is 0-strict pseudocontrac-
tive.

Suppose B is a geodesic convex and closed subset of the given Hadamard manifold
I". The projection map onto the geodesic convex and closed sets can also defined in the
setting of linear metric spaces. A projection mapping Pg(-) : I' — B is given by for any
Cel
Ps(¢) ={w € B: p(C,w) < p(C, p), for all u € B},

Proposition 2. [19] Suppose B # () be closed and geodesic convex subset of T'. Then we
have:

(1) Pg is a single valued and firmly nonexpansive mapping;
(2) for all ¢ € T,w = Pg(C) if and only if R(exp,' (,exp,d) <0, for all ¥ € B;
(3) if Pg is firmly nonexpansive.
P2 (w,v) + p*(w,¢) < pX(¢v), for all ( € T,w € B,
here w = P(().

Lemma 2. [20] Suppose A(C1, (2, (3) is a geodesic triangle in I' then there exists a triangle
A((r, G, G3) in R? for A(Gr, Co,C3) such that p(Giy Giv1) = |G — Givtll, indices are taken

modulo 3; and it is unique upto an isometry of R2.



P. Patel, R. Shukla / Eur. J. Pure Appl. Math, 18 (2) (2025), 5951 5 of 15

Proposition 3. [18] Suppose A((1,(2,(3) be a geodesic triangle in I'. Then

P(Gr Go) + 7 (Gar G3) — 2R (expg) Goexpl! ) < p2(Ga ), (2)
and
P2(C1:G2) < R (expg,! Gayexpy! Go) + R (expg Govexpy! 1) - 3)

Moreover, if 0 is the angle at (1, then we have
R (eXlel Co, expy,! Cs) = p(C2,€1)p(C1, G3) cos(6).

Lemma 3. [20] Suppose A(C1, (2, (3) be geodesic triangle in T, A(C1, (o, (3) its comparison
triangle.

(1) Suppose a1, s, a3 and oy, &z, gz be the angles of A(C1, (o, (3) and A((1, 2, (3) at the
vertices (1, (2, (3 and (1, Co, (3, respectively. Then

a1 <ag,ay < az and ag < a3.

(2) Suppose p be any point on the geodesic connecting C1, G2 and [t its comparison point in
interval [C1, Go]. If p(C1, p) = [|Cu =Rl and p(C2, p) = [|C2—FRl| then p(Cs, p) < [|Cs =Tl

Proposition 4. [21] Suppose B # () be a geodesic convex subset of a Hadamard manifold
I and G : B — B be a B-strictly pseudocontractive mapping with $ € (0,1]. Then G(¢) =
exp¢ )\expg1 G(¢) is a nonexpansive mapping for every A € (0,1 — f3).

Remark 1. If G and Gy are same as above proposition then F(G) = F(G,). It follows
from the following equivalence

Let ¢ € F(G))

implies ( = GA(() < ¢ = exp, )\expc_1 G(Q)

& 0=exp; ' G(C)

(= G(Q)

Throughout the article we write the set of all single valued vector fields £ : ' — GI’
as Z(I") such that f(¢) € G¢I' for all ( € I'. Let ¥(I') denote the set of all multivalued
vector fields V : T' — 26T such that V() C G I for all ¢ € I', and we denote the domain
of Vby D(V)={CeT:V() # 0}.

Definition 4. [22] Any vector field F € Z(T') is monotone if it satisfies

7z(fxgyexpgly)4-R(f(yyexp;1<)§(x;mrau4;u611
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Definition 5. [23] A multivalued vector field V € ¥(T') is said to be monotone if for all
C,ve D(V)

R (u,expc_1 1/) < R(w, —exp, 1 ¢), for all ,u € V(¢),w € V(v);
and mazimal monotone if it is already monotone, for all € T', u € G,
R (u,expc_1 y) < R(w, —exp, ' (), for all ;v € D(V),w € V(v) implies u € V(¢).

Definition 6. [22] Suppose G : T' — T is a mapping and vector field F € E(T") is defined
as
F(¢) = —exp; ' G(Q), forall ( €T,

is the complementary vector field.

Theorem 1. [22] The complimentary vector field I = —exp ' G defined for any nonex-
pansive mapping G : I' — T" is always monotone.

3. Main Results

Suppose I' is a Hadamard Manifold, G;, H; : I' — I' be two countable family of S-
strict pseudocontractive mappings with g € (0,1] and the set of common fixed points of
mappings H; and G; are given by (), F'(H;) and (); F/(G;). We define the hierarchical fixed
point problem as follows

Find ¢ € ﬂF(HZ) : R <exp<_1 GM(C)’@XPC_I y) <0, forallve ﬂF(HZ) (4)
If F(H;) # 0, then using Proposition 2 (2) the above problem defined as
Find ¢ € I such that ( = PﬂF(HJG)\l(C)a (5)

here P p(g,) is the metric projection of I' onto () F'(H;). We denote the set of solution

(2
of (4) as ® = {CT el:¢t= PmF(Hi)G,\i(CT)} :
Hierarchical Variational In;quality Problem: Suppose B # () is a geodesic convex,

closed subset of I" and F : B — HI' be the monotone vector field. The problem is to find
CeB:

R <F(C),exp<_1 1/) >0, for all v € B. (6)

Suppose G; : I' = I" be a countable family of S-strict pseudocontractive mappings. Then
the complimentary vector field of the corresponding family of mappings G, is monotone
by Theorem 1. Now, we can reduce the problem (4) as:

Find ¢ € ﬂF(Hl) 'R (F(C),expg_1 1/) >0, forallv e ﬂF(HZ) (7)
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Where f = —exp~ ! G, is the complimentary vector field of G,. In the context of normal
cone the set (| F(H;), we can easily see that problem (7) is equivalent to the following
i

Find ¢ € (| F(H;) : 0 € —exp; ! Gy (¢) + Ny piany) (€): (8)

Here N p(m,) is normal cone onto set (| F((H;) at ¢ € () F'(H;), and defined as

NOF(Hi)(C) = {u €H),I':R <,u,expg1 1/) <0, forall v e ﬂF(HZ)}

Now, we present a new algorithm to approximate the solution of the problem (4). Suppose
I" be a Hadamard Manifold and G;, H; : I' — I' be two countable family of S-strict
pseudocontractive mappings with 5 € (0,1]. Assume that (; € I' and By = T', we can
generate sequences {(,} and {¥,} as follows:

Iy = eXpG)‘i(Cn)(l — 6n) eXpaii(Cn) Hy, (Cn),
B = {v € By p(Un,v) < p(Gu, )}, ©)
CnJrl = P8n+1 (Cl), for all n > 1.

Here, G, (¢) = ech)\eXpC_1 Gi(Q), Hy,(Q) = expc)\expgl H;(¢), {6n} € (0,1) satistying
0<61<6,<dy<1land lim 6, =0.

n—-+o0o

Theorem 2. Suppose T, G;, H; are same as defined above and 11 = ® (" F(G;) # 0. For

By =T the sequence generated by (9) converges to Pr((1).

Proof. Since ® = F <Pﬂ F( Hi)Gi) # (), it can be easily seen that ® is geodesic convex

and closed and F(G;) is also geodesic convex and closed. Therefore II is also geodesic
convex and closed, indicating that Pp(¢q) is well defined. Now we prove that the set B,
is closed and geodesic convex subset of I' for all n > 1. We prove this by mathematical
induction. If B; = I', then it is geodesic convex and closed. Now, let us assume that B,
is geodesic convex and closed subset in I" for some n > 2. Then we need to prove that
B+1 is a geodesic convex and closed subset of I". Since v — p((,v) is a convex geodesic
function, we can easily say that B,11 is a closed and geodesic convex subset of I'.

Next we prove that II C B, for all n > 1. We can easily see that Il C By = I'. Now we
prove that TI C B, for all n > 2. If ¢ € II, then ¢ € ® and ¢T € N F(Gy,). Now let
i

for a fix n € N, A(Gy, (), Hy, (Gn),CT) C I be a geodesic triangle with vertices G, (Cn),
Hy,(¢n) and ¢f, and A(G), (Cn), Hy, (Gn),¢T) € R? a corresponding comparison triangle.

We have p(G, (Gn) = Hx, (G1) = [ G (G) = Hx, (@) p(Ga (60): ¢1) = [[GnGa) = ¢
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p(Hy, (¢n), ¢T) = HHM(CH) - EH Suppose U, = 6,G,(Cn) + (1 — 6,)Hy,(¢n) is the com-

parison point of ,,. Using the nonexpansiveness of Gy,, Hy, and Lemma 3 (2), we get
P (U, C1) = [0 — CF?
R —
(G =T+ 1= 60)
= 81 = 80) [ G160 Ha )

= 6up? (G0, (G),C1) + (1= 8)0% (H (Go). 1)
— 0 (1 — 5n)p2 (GAZ-(Cn)a Hy, (Cn))

< oy

[5G - |

< 5n/02(Cn7 CT> + (1 - 5n)p2(gnv CT> - 571(1 - 571)92 (GM(Cn)a HAz(gn))
< p%(Gs €1) = 8n(1 = 82)0% (G, (Ga) Hni(Gn)) (10)
< pQ(Cnvd)'

We can say (T € B,y for all ¢t € II and hence II C B, for all n > 1. Thus B, is a
nonempty, geodesic convex and closed subset of I' and Il C B,+1 C B, for all n > 1.
Hence sequence {(,} is well defined.

Now we prove that liril p(Cn, (1) exists and the sequence {(,} is bounded. Since we have
n——+0o0

(n = Pg,(¢1) and using the fact that IT C B,4+1 C B,, we get

p(CnsC1) < p(¢T, ), for all ¢T e T n > 1. (11)

Hence, we get the sequence {(,} is bounded. Since (,+1 € Bny1 C B, and we get
P(Gn: G1) < p(Gr1, G1) and hence lim  p(Ga, G1) exists.

Next using Proposition 2 (3) we get

P (G Cnt1) < P2 (Cnr1, G1) — P2 (Gns G1)- (12)

Applying summation on (12) and using (11), we have

N

N
Z P2 (Cn-{—lv Cn Z Cn—‘rla Cl (Cna Cl))
n=1

n=1

< p*(Cv41,G) — P7(C, C1)

< p*(¢ ),
N
and it gives us Y. p?((ni1,Cn) is convergent and hence
n=1
i p(Gat1,Ga) = 0. (13)

n——+00



P. Patel, R. Shukla / Eur. J. Pure Appl. Math, 18 (2) (2025), 5951 9 of 15

Since from (9) we have (41 = Pg,,,((1) € By+1, so using the definition of B,, 1 we have
PO, CGot1) < p(Cny Cnt1). Using the above equation, we have

lim p(0n, Cus1) = 0. (14)

n—-+o0o

Now
p(ﬁm Cn) < p(Un, Cn—i-l) + P(Cn—i-la Cn)s

applying limit n — 400 and using (13) and (14), we get

lim p('ﬂm gn) =0. (15)

n—-+0oo
Using (10), we will have

01(1 = 82)p* (G, (Gn)y Ha, (Gn)) < 0n(1 = 62)p° (G, (Gn)s Hx, (Cn))
< p*(Cn, C1) = P2 (0, ¢1)

< C1p(Cn, Un). (16)
Where C; = sup{p(Cu, ") + p(9,,¢")}. Using (15), we get
n>1
i (G, (G). H, () = 0. (17)

Next we prove that the {(,} is a Cauchy sequence in I" and {(,} converges to ¢ € II. Since
Pg, is firmly nonexpansive, ¢, = Pg, ((1) € B, C B, for any n,m € N and m > n. If we
take B = B,,, ( = (1 and ¥ = (;,,, we get

p* (P, 1) = p°(Cns Cm) < 0(C1, Cm) — 02 (G C1),s

Applying limit n, m — 400 and using proposition 2 (3), we get

lim  p(Cn, ) — 0.

n,m—-+00
It gives us that the sequence {(,} is a Cauchy sequence and since I' is complete we can
assume that lim (,=(e€Tl.

n—-+0o

Now we prove that ¢ € II. From (9) we have

,0(19”, le(gn)) = 5n/0(G>\i(<n)a H}w((ﬂ)) < 52P(G/\i(<:n)7 H&(Cn))

Applying limit n — +oo and using (17), we get

lim p(ﬁna GM(Cn)) =0. (18)

n—-+00

And
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Applying limit n — +oo to the above equation and using (18) and (15), we get

lim  p(Ga,(Ga): o) = 0. (19)

n—-+4o0o

Similarly,

P(H, (Cn)s Cn) < p(H,(Cn), Ga;(Cn)) + p(G A, (Cn), Cn)-
Applying limit n — 400 to the above equation and using (18) and (19), we get

lim P(HA (Cn)y Gn) = 0. (20)

n—+oo
Since H),, nonexpansive so it is demiclosed at 0 and hence ¢ € [ H;, further from (19)
i
we can also say ¢ € [|G;. Next we prove that ( € ®. Suppose (* € [ H; is arbitrary

such that ¢ # (*. Let the triangles A(Gy,(Gn), Ha, (Gr),C%), A(G,(C*), Hy, (G),C*) and
A(G), (Cn), G, (C*), Hy,(¢n)) then there exist comparison triangles A(G), (¢n), Hy, (¢n), CF),
n);

A(Gx,(¢7), Hy,(Cn), €7) and A(G),(Gn), G, (CF), H, (Cn)) such that
PG (Go) i, (G)) = HGA (Co) — Hy, (@H PG, (Gn): ¢ HGA (€)= G- ol (6 ) =
|7 -, p(GA (€):¢7) = ||[Ga (€ = &, o, <<n> =[G - & and
(G, (Cn), Gy, (CT)) = ‘ Gy, (Gn) — Gy, ({*)H Suppose 6 be the angle at ¢* in the triangle
A(Gy,(¢*), H ( ), C*) and 6 be the angle at (* in the comparison triangle
A(G),(¢*), Hy,(¢n), C*). Then § < 0, and thus, cos(f) < cos(d). Since ¥, = 5,G,((n) +
(1 —0p)Hy, (Cn) the comparison point of 9,,. Using Proposition 3 and Lemma 3 (2), we
have

P (W, ) < |00 =

nGor,(Ga) + (1= ) (Go) = &
=32 |[anG -7 + -6 A -
+ 2601 = 00) (G, (Go) = & H, (Go) = &)
= &||ent@ &+ 0o [ -7
+26,(1 = 8a) (G (G) = Ga(C), Hn (Ga) = ) + (G (0) = &y (G) - 7))
<@ | + 0 -2 - 7|
+ 20,1 = 82) (||, G) - G| | )
+ [ entc - & ||En G - & cos(®)
< 8207 (G, (Gu)s €)=+ (L= 80)%2 (HD, (G1). )

2
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2601 = 5)p (G, (Gr): G, (€)) p(H (G1): €
2601 = 82)p (G, (7). C7) p(H, (Ga), C*) cos(6)

P2 (0, ) < 620" (G (6n) €) + (1= 62)29° (Gns €F) + 260 (1 = 6,)p?(Gn, CF)
+28,(1 - 6,)R <expg,} G, (C), expy! HAi(Cn)>
= 6202 (G,(Cn), C*) + (1= 62)p° (Gns C¥)
+26,(1 = 6)R (expi G, (), expt H (Go)
= 0P (G (Gn), €) + P (Gnr €)
+26,(1 - 6,)R (expgj G, (¢7), exp! HAZ.(Cn)> ,
and we get
0 < 020G, C7) + P*(Gns €)= (9, C)
+20,(1 - 0,)R (expg} G (¢7), exp! HAi(gn))
< 8202 (Ga,(6): €°) + CoplGus ) + 20(1 = 5)R (exp! G, (1), expg! Hi,(Gu) )
<

Here Cy = sup{p((n, ¢*) + p(9y, (*)}. Since 0 < §1 < 6§, < d2 < 1 we can have (% (%
n>1
Therefore above equation becomes
0.< 222G (G C) o plGar ) + (1= )R (exp G, (¢*),exp Hi, (G1)
2 n 2(5 ny ¥n n C i 9 C i n
on o -1 x —1
< — ) — ) )
Since ¢ € OF(H/\i)7 nEToo Cn = C and nll}gl_loo dn, = 0, and using (14), we get
R (eng*l G, (¢F), —expgt C) <0,
i.e.
R <expg,} G, (C7), Pee ¢ exp ! g*) <0, forall ¢* € (\F(Hy,). (21)

Since ¢ € (F(Hy,), (F(H,,) is geodesic convex, we get expctexpg1 p e (F(H)y,) for
any pu € (\F(H)y,) and t € (0,1). Replacing ¢* by u; = expctexpgl p € (F(Hy,) where
i i
we NF(Hy,) and t € (0,1), in the equation (21), we get
i

~1 ~1 ~1 ~1
R(expexpgtexpgluG,\i(expctexpc ,u),P%CexpC expg L exp; ,u> <0,
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which gives us

-1 ~1 ~1
R <expexp<texpclu G, (expctexpC ), Py, ct expy ,u) <0.

Since the map P is linear, we get

-1 -1 -1
R <expexp<texpcluG)\i (exp<te><pC ), Py, exp; u) <0.

Applying ¢ — 0 then u; — (. Since exp. 0 = ¢ for all ¢ € T, we get

R (expg1 G, (€), Pe¢ expc_1 ,u) <0.

Thus
R <exp<_1 GM(C),expEl ,u) <0, forall € ﬂF(HAZ) (22)

Hence, ¢ € @, and we have ¢ € II. Now finally we prove that the sequence {(,} converges
to ¢ = P(¢1). From ¢, = Pg, (1), using Proposition 2 (1), we get

R (expgn1 (1, expgn1 y) <0, forallve B,.
Using the fact that Il C B,,, we get

R (expg"1 (1, expgn1 V) <0, forall vell (23)
Applying limit n — 400 in the above equation, we get

R <exp<_1 Cl,expc_1 y) <0, forallvell,

ie. lim ¢, =¢ = Pu(¢1). Thus the proof is complete.

n—-+o00

4. Examples

In this section, we present a couple of examples which are not nonexpansive but does
satisfy strict pseudo-contraction. Later, we also present a nontrivial example which illus-
trates the Theorem 2.

Example 1. [24] Let T =R and G : R — R be a mapping defined as

sin(¢) + cos(()

6(0) = - (tan~1 () + 2%

), for all { € R.

The, mapping G is a B-strict pseudocontractive mapping with = 8, but it is not a
nonerpansive mapping.



P. Patel, R. Shukla / Eur. J. Pure Appl. Math, 18 (2) (2025), 5951 13 of 15

Example 2. [24] Let T = R? and G : T — T be a mapping defined as

G((1,¢) = (—2tan 1 (¢1), 2cot ™ (o)), for all ((1,¢2) € R

The mapping G is a B-strict pseudocontractive mapping with § = % but it is not a nonex-
pansive mapping.

Example 3. Define the inner product on R as
(9,¢) = —9(¢ for all ¥,¢ € R.

Define
H={CeR:(,¢) = -1}

Then this inner product induces Riemannian metric p, on tangent space T,H C T,R for
p € H defined by
p(¥9,¢) = cosh™1 (—(19, ¢)) for all ¥, ¢ € H.

Then (H, p) is the Hadamard manifold with sectional curvature —1 at any point.

Now, let T = H, G1(¢) = —2(,G2(¢) = —5¢ and H1(¢) = 3¢ + $sin¢, Ha(¢) =
—6C. Here mappings G1,Go are %,% strict pseudocontractive mappings, respectively.
And the mappings Hy, Hy are %,% strict pseudocontractive mappings, respectively. Also

2 2
N F(G;) N F(H;)® = {0}. It satisfies all the conditions of the Theorem 2, hence for
i=1 i=1
i =1,2 the sequence generated by (9) converges to Pr((1).
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