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Abstract. In this paper, we incorporate the bivariate Fubini polynomials with Gould-Hopper
polynomials to introduce new polynomials called Gould-Hopper-based bivariate Fubini polynomials
by modifying the classical generating function of the bivariate Fubini polynomials. Also, properties
such as addition formula, explicit formula, implicit formula, recurrence formula and symmetric
identities are obtained. Moreover, some relations between the Gould-Hopper-based bivariate Fubini
polynomials and some of the other special polynomials and numbers, such as the 2-variable Gould-
Hopper polynomials and the Stirling numbers of the second kind were investigated.
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1. Introduction

In 1975, Tanny introduced the classical Fubini polynomials F},(y) which are defined in
[1] by:

Fu(y) =) kIS(n, k)y", (1)
k=1

where S(n,k) is the Stirling numbers of the second kind. These polynomials can be

generated by

1 - tr
1_3/(615_1)_7;)1%(9)7“- (2)

Note that when setting y = 1, gives F,,(1) = F,, the classical Fubini number. One

calls these numbers the Fubini numbers, ordered Bell numbers, or geometric numbers. In
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2017, Kargin defined the bivariate Fubini polynomials F,(z,y) (see[2]), by the following

generating function
xt

= " e
nz:OFn(x:y)n! S0y (3)

Another well-researched special polynomial are the Hermite polynomials introduced by
French mathematician Charles Hermite in the mid-19th century, which are deemed to be
the most beneficial orthogonal special functions during the classical period. The Hermite
polynomials H,,(z) defined in [3], are given by

e—t2+2t:c — Z Hn(l‘)g (4)

n>0
Later on, it was then generalized by Appell and de Fériet [4] as follows:

rn2r

(@) = nlz r'(nm 2r)! (5)

which are now well-known as the 2-variable Hermite Kampe de Fériet polynomials. These
polynomials exponentially defined by the following generating function:

> tm iyt
S Hala)y = et ©)
n=0 ’

Then in 2019, another type of Hermite polynomials involving Fubini polynomials was
introduced by Khan et al [5], which was the Hermite-Fubini polynomials. They defined
the 3-variable Hermite-Fubini polynomials by means of the following generating function

;tt+yt2
1—zet—1 ZHny7

For y = 0 in the above equation, they obtain the bivariate Fubini polynomials. They also
investigate some properties of these polynomials and then establish summation formulas
and derive symmetric identities.

Recently, researchers have studied and investigated another type of special polynomial
called Gould-Hopper polynomials. These polynomials sometimes also called higher-order
Hermite or Kampe de Fériet polynomials. In 1962, Gould and Hopper [6] defined the
( /)

(

Gould-Hopper polynomials H,'’(x,y) by means of the following generating function

) > mn
; .
ettt _ ZH’(LJ)(x’y)E' (7)
n=0
These polynomials are represented by the series:

["] = ]kyk
HD (z,y) —n'zm (8)
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When setting j = 2, Héz)(x,y) = H,(z,y), where Hy,(x,y) is the 2-variable Hermite
Kampe de Fériet polynomials.

In this paper, the authors introduced the Gould-Hopper-based bivariate Fubini polyno-
mials which we define in parallel to the definition of 3-variable Hermite-Fubini polynomials

described in [5]. We use j instead of 2 making it a generalization of Hermite-Fubini poly-
nomials and investigate some of its properties.

2. Preliminaries

Definition 1. [3] The n falling factorial of order k, denoted by (n), is defined as

:n(n—l‘)...(n—k—i—l), if k>1; (n)=1.

Theorem 1. [7](Newton’s Binomial Theorem) For all real numbers r,

(1+2)" = i <:>xl

=0

<r> 1 if i=0,
il r(rfl)..l:!(rfﬂrl) f P> 0.

Remark 1. The following series arises in the Binomial theorem where 7 is any positive
real number,

where

(2 ty)" = Z(—l)i(r tis 1)xy (ly] < Jz]).

; 1
=0

Example 1. Consider the expression [1 —y(et — 1)] -1 By applying Remark 1, we have

1—ye -1 = (-1 (1 s 1) W)y — 1)

X 1
=0

s . .
= D Y - 1)
=0
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Definition 2. [8] Geometric series are series of the form
o0
a—l—ar+ar2+'--—|—ar”_1—l—---ZZar”_’" (9)

in which @ and r are fixed real numbers and a # 0. The series can also be written as
Yoo ar™. The ratio r can be positive or negative.

Example 2. For positive integers a and b. Consider the geometric series

az_lebt". (10)
Note that -
btze”m Z () [(1) 4+ W) + W+ + (1))
= [0+ W) + @) + -+ (1))
ebtzebtn Zebt”:[ ()2 +(ebt)3+---+(ebt)a}

- [1 +ebt ()2 4+ (e”t)a—l]

a—1
Zebtn (ebt _ 1) :(ebt)a 1
n=0

So,
bt -1

b
Z tn: ebt—l : (11)

Theorem 2. [9] The following formula holds

Zf(m—i—n—'y—' Zf “y . (12)

m,n=0

Theorem 3. [10] Let A(t) = Y00 gant; and B(t) = Y0 (byL; be the exponential gen-
erating function for the sequence (a,) and (by), respectively. Then A(t)B(t) is given by

(Sl ) (S0) = 535 (1ol w

=0 n=0 k=0

Theorem 4. [3] The Stirling numbers of the second kind S(n, k) have a vertical generating
function given by:

H(et —1)F=>"5(n, B) . (14)
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Definition 3. [1] The classical Fubini polynomials or geometric polynomials
F,(y) are defined by

= zn: S(n, k)kly*, (15)
k=0

where S(n, k) are the Stirling numbers of the second kind.

Setting y = 1, we obtain the n*" Fubini number F),, defined by
Fp=> S(n,k)k!. (16)
k=0

Theorem 5. [1] The Fubini polynomials satisfy the following generating function

F —_ =
| — t_
= n!  1—y(et—1)

Specializing to the case y =1 yields

oo

£ 1
ZFHE = > (18)

n=0

Definition 4. [2] The bivariate Fubini polynomials F,,(z;y) are defined by the fol-
lowing generating function

T @) ZF xy (19)

Theorem 6. [2] The bivariate Fubini polynomials satisfy the following
yEn(z+1,y) = (1 +y)Fu(z,y) — 2" (20)

Definition 5. [11] The Gould-Hopper polynomials H,Sj ) (z,y) are defined by the fol-
lowing generating function

0o
) ) tn

P =3 Y (o) (21)
n=0 ’

Theorem 7. [11] The Gould-Hopper polynomials Y (z,y) satisfy the following generat-
ing function

rnyr

xy—nzr'n_jr (22)

Setting j = 2 gives H;LQ) (z,y) = Hp(z,y), where H,(x,y) is the 2-variable Hermite
Kampe de Fériet polynomials.
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3. Gould-Hopper-based bivariate Fubini polynomials

Definition 6. Let j € N,j > 2. The Gould-Hopper-based bivariate Fubini poly-
(j)(

nomials, denoted by g F,’" (z,y; z), are defined by the following generating function

0 ) n prttzt?
nZ:OHFnJ (x,v; z)m = m, (23)
where |t| < 2m, if yyﬁ =1, and [t| < )111 (ﬁ) , if ﬁ £ 1.
Observe that when j = 2,
t” eTttzt?
ZHF (x,y; 2 T Il —1) e — 1) ZHF T,Y; 2 ., (24)

which are the 3-variable Hermite-Fubini polynomials. Furthermore, when z = 0,

i~ ) tm eTt i~ m
N HFED (2,y:0) - = ————— =S"F v 25
n:OH n (:Cu Y; )n' 1_— y(et — 1) i n(xa y) n!v ( )

which are the bivariate Fubini polynomials. When z = z = 0,

2 OO0 = ey = L =

which are the classical Fubini polynomials. And when x =2z =0,y = 1,

(i)
nFY(0,1;0) = 2_€t ZFn 5

which is the nth Fubini number.
Theorem 8. Forn > 0,
HED (x4 u,y; 2 +v) = <r> aFED (2,y;2)HY (u, v). (27)
r=0

Proof. By Definition 6,

%) " n e(x+u)t+(z+v)tj
FU ; o=
;%H S (:n—i—u,y,z—i—v)n! e
_ gtttz . gut-+otd
1—y(et —1) '

Then again by applying Definition 6 and Definition 5 to the right-hand side of the above
equation, we have



R. G. Bago, N. S. Abdulcarim / Eur. J. Pure Appl. Math, 18 (2) (2025), 5957 7 of 25

tn o0 ) tr
ZHF ) (z 4 u, y,z—l—v ZHF Y3 2) ZHﬁj)(“vv)ﬁ- (28)
n=0 r=0

Moreover, applying Theorem 3 to the right-hand side of equation (28) we get

S uEP (@t gz o) =Y (Z (0)nF s o v>> Y

n=0 ’ n=0 \r=0

n

t
Comparing the coefficients of yleld (27). O

Remark 2. Setting j = 2 in Theorem 8, the following formula involving Hermite- Fubini
polynomials holds:

n

n
HEa(z izt ) =3 () HFa s (2,5 2) Hy (1,0).

r=0

Setting z = 0 in Theorem 8, a relation between the Gould-Hopper-based bivariate
Fubini polynomials, bivariate Fubini polynomials and Gould-Hopper polynomials were
established in the following corollary.

Corollary 1. For n > 0, the following equation holds:

n

. n i
nF ety = 3 () Far o) HO (0, 0),

r=0

Setting j = 2 and z = 0 in Theorem 8, a relation between the 3-variable-Hermite
Fubini polynomials, bivariate Fubini polynomials and 2-variable Hermite polynomials will
be established in the following corollary.

Corollary 2. Forn > 0, the following equation holds:

n

HFa(w+u,y;0) = (Z) Foor (i, y) Hy (u, 0).

r=0

Theorem 9. Forn > 0,
. " /n ;
HFD (@ +u,y;2) = ( >xanF££)(u7 Y; 2)-

Proof. By Definition 6,

J
eut—i—zt

oo tn
E () : — et
gk (x—i—u,y,z)n!—l_y(et_l) e™.
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Then, again applying Definition 6 to the right-hand side of the above equation and ex-
pressing e?! in its series form, we have

[e%S) ) tm ) m
n=0 m=0 n=0

Moreover, applying Theorem 3 to equation (30) we get

L FO) A S (S (e, mO () |
S aFP ) =3 (Z (1) <u,y7z>> -

n=0 n=0 \m=0

n

t
Comparing the coefficients of — yield to the desired result. [
n!

Setting 7 = 2 in Theorem 9, a formula involving 3-variable-Hermite Fubini polynomials
will be established in the following corollary.

Corollary 3. Forn > 0, the following equation holds:
“/n
HF (24, y; 2) = zjo <m> 2" g Fr(u,y; 2).
m=

Setting z = 0 in Theorem 9, a formula involving bivariate Fubini polynomials will be
established in the following corollary.

Corollary 4. For n > 0, the following equation holds:
" /n
Fn 9 = nimFm ) .
(¢ +u,y) T;)(m>w (u,9)

Theorem 10. For n > 0, the following formula for Gould-Hopper-based bivariate Fubini
polynomzials holds:

yrFD (x+ 1,y;2) = 1+ y)uF9 (2,y;2) — HY (2, 2). (31)

Proof. Using Definition 6,

0o J
) n ye(:r:+1)t+zt
FO(z+1,y2)— =
2 by = )
eTttat! _ xttat! + yezt+ztj _ yea;t—I—ztj + ye(z-i-l)t—i—ztj
a 1—y(e = 1)
_ ea:tJrzt] 4 yext+ztj _ e:thrth (1 _ yet 4 y)
1=yl — 1)
_ 6xt+zt7 yewt—i—ztj B emt+ztj

=y —1)  1—yl@—1)
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Then, by using Definition 6 and Definition 5 to the right-hand side of the above equation
we have

n

) ‘ p
> ynF @+ 1y2)
n=0 ’

= ZHFéj)(xay;z)m + ZyHFéj)(:Uay;z)m - ZHS)(I'?Z)H
n=0 n=0 n=0

_ I G TPRIRLANIR o S P
- (1+y)ng0HFn] (xvyvz)n! nZ:OHn] (:E’Z)n!

= Z [(1 + y)HFT(Lj)(x,y;z) — Hﬁbj)(x,z)] %
n=0 ’

tn
Thus, comparing the coefficients of — in the above equation we get (31). [
n!

When we set j = 2 in Theorem 10, a relationship between 3-variable Hermite-Fubini
polynomials and 2-variable Hermite polynomials will be established in the following corol-
lary.

Corollary 5. Forn > 0, the following equation holds:
yaFn(z+1,y;2) = A +y)uFa(z,y;2) — Ho(z, 2).
Remark 3. Setting z =0, Theorem 10 reduces to Theorem 6.

Theorem 11. Forn > 0, the following formula for Gould-Hopper-based bivariate Fubini
polynomials holds:

HYI (2,2) = gFI (2,y;2) — yuFY (@ + 1,y; 2) + ya 9 (2, ; 2).
Proof. Note that

ext+ztj _ 1 - y(et — 1) . ext—i—ztj
1—y(et —1)
_ ea:tJrztj _ yet( e:ttJrztj) + y( e:ct+ztj)
1—y(er —1)
pxt+zt! ela+1)t+zt) N pxt+zt!
T iyl -0 Ty Ty -1y

Then, applying Definition 5 to the left-hand side and Definition 6 to the right-hand side
of the above equation we have

o0 . £ 0 . £ ° , m e . tm
Z)HT(L])(%Z)M = Z)HFT(L])(%Z’J;Z)M - yz:OHFT(LJ)(UC + 171/;/2)5 + yz:OHFéj)(wy?ﬁ Z)m
NG () . G ]
- Z HFn (ZL‘,y,Z)—yHFn ($+1ay7z)+yHFn (l’,y,Z) E
n=0 ’

n
Therefore, comparing the coefficients of = yields to the desired result. [
n!
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Theorem 12. For n > 0 and y1 # yo, the following formula for Gould-Hopper-based
bivariate Fubini polynomials holds:

(J)(Cb“l + z2,y2; 21 + 22) — ylHFr(Lj)(Jfl + 22, y15 21 + 22)

n FTL
Z (k>HF( )k(ﬂfhyhzl)HF( )(x%y?%z?) =24
k=0

Y2—U
Proof. Using Definition 6
tk €x1t+21tj ez‘zt+zztj

B 1—y(et—1) 1—ya(ef—1)

ZHF;(LJ)(:CMZ/H 21)5 ZHFlg (22,25 22) —
n=0 —

Then, applying Theorem 3 to the left-hand side of the above equation we get

o0 n ) ) m 6w1t+z1tj 6x2t+zztj

SN <k>H i@y ) mEy (w2, y2522) | L—yi(et—=1) 1—yalet —1)

n=0 \k=0

(32)

Note that the right-hand side of equation (32) can be expressed as

eT1tt+z1t) eT2t+zat! e(@1tz2)t+(21+22)t) Yo — U1
L—yi(et —1) 1—ya(et—1)  (IT—yi(el = 1)1 —yalet = 1)) 42—

B y2€($1+$2)t+(21+22)tj _ yle($1+12)t+(z1+z2)tj

(1 —y2(e’ = 1))(1 —yi(e! — 1)) (y2 — y1)
yoelErtaa)tt(aitaa)tl . o(er+a2)tt (a1 422)t) 1
N < L—yp(et—1)  1-yi(ef—1) > (ya—y1>'
(33)

Thus, applying Definition 6 to the right-hand side of (33) we have

- : " - tr 1
(Z v B (1 + 29,2521 + 22) 7~ S yiuFP (@1 + w2, y1521 + 22)— ) ( >

n=0 : n=0 Y2—Wn

_ i v B (1 + 22,925 21 + 2) — yua B (w1 + w2, 121 + 22) 1
Y2 — n!’

n=0

So that,
ex1t+z1tj 61‘2t+22tj

L—yi(et—1) 1—ya(et — 1)
> FY (21 + w2, y25 21 + 20) — yrar B (w1 + o, y1; 21 + 22) | 17
:Z Y2H L0 (X1 2,Y2;21 T 22) —Y1HLn (X1 T T2, Y1521 T R2) | U0

. (34)
_ !
"0 Y2~y n:

Moreover, equating the left-hand side of (32) and the right-hand side of (34) we get

oo n tn
Z <Z < > 7 ( :L‘1,y1,21)HF( )(xQ,y2;22)> -

n=0
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Z (ZJQHF (1 + T2, Y23 21 + 22) — ylHFéj)(

Y2 — Y1 nl’

T1 + T2, Y1521 +22)) r

n
Furthermore, comparing the coefficients of — yields the desired result. [
n!

In the next theorems, we derive some explicit formulae for Gould-Hopper-based bivari-
ate Fubini polynomials.

Theorem 13. For n > 0, the following formula for Gould-Hopper-based bivariate Fubini
polynomzials holds:

B ) ) LU HCS) (3)

m=0
Proof. By Definition 6,
. Tk extJrztj 1 .
FO (g 2) = — Tttat! 36
2 ) = T T Ty %0

Then by applying Theorem 5 and Definition 5 to the right-hand side of the equation (36),

we get
"

o0

n=0 " m=0

H()( )m

Moreover, applylng Theorem 3 to the above equation we have

S nFD ) =3 (Z (2) an<y>H7sz><x,z>) o
n=0

n=0 \m=0

n

t
Finally, comparing the coefficients of — yields to the desired result. [
n!

Remark 4. When j = 2 in Theorem 13, the following formula involving Hermite- Fubini
polynomzials holds:

WFaryiz) = 3 (0 )Foen ),

m
m=0

Theorem 14. For n > 0 and p,q € R, the following summation formula for Gould-
Hopper-based bivariate Fubini polynomials holds:

n [5]

aF9 (pz,y; q2) ZZT, F (a,y:2)(p — D7 (g — 1) 2"ab=0m(37)
=0r=0
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Proof. By applying Definition 6

) 4 ep:ct-&-qzﬂ

by (px,y;92) = ——7—

nz% n! 1—y(et —1)
emt—l—ztj

- | Datt(g-1)atd
1—y(et —1)

Then, applying Definition 6 again and Definition 5 to the right-hand side of the above
equation we have

n . t"
Z uFY (pz,y; qz Z nFD (@, y;2) Y HP((p =)o (g =1)2) . (38)
n=0 n=0
Note that, by applying Theorem 7
S — " = U (¢ =1)2)"((p = D)7 t"
HY)((p—1 —12)— = ! -
nz% W (=D (=125 ;)” - r(n—jr)! n!

nl((g = Dz)"((p — Da)" " "

v s rl(n — jr)! n!’
Substituting this to equation (38), gives
s = S e eyt S S llg < Dy
J cax) L — J S : v
ZHFTL (P%y,qz)n, _ZHFTL (‘T’yaz)n' Z r'(n—]r)' n!
n=0 n=0 n=0 r=0

Thus, by applying Theorem 3 to the right-hand side of the above equation we get

n

> , t > n ; El((g—1)2)"((p—1)z)k— | t»
ZHFY(/)(pw,y;QZ)E = ) ZZ(k)HFéj_)k(xu%Z) g 70)!(3{;(_(];70)!)) o

n=0 ' n=0 \ k=0r=0

> n! El((g—1)2)"((p— 1)z)k=Im | t»
SR PR T e e b

n=0 \ k=0 r=0

n! j —1)2)"((p— D)a)k=ir | t»
HFT(L—) (x,y;z)((q )r!)(k<(—pjr)!) ) n!

oo
n=0

3 - (4= D) (0= D)7 |
> kzor:o(nnHF,E”k(x,y;z) = -
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|: n
Z ZZT. _ﬂ, () Ly 2)(p— 1)F I (g — 1) 2 ek %

n=0 \ k=0 r=0

n

t
Comparing the coefficients of — yields (37). O
n!

Setting p = 1 and ¢ = 1 in Theorem 14, the following corollary involving Gould-
Hopper-based bivariate Fubini polynomials holds.

Corollary 6. For n > 0, the following equation holds:

x Y2 ZZT' (]) (x i 2 ) T k=i

k=0 r=0

In the subsequent theorems, we give the symmetric identities for Gould-Hopper-based
bivariate Fubini polynomials.

Theorem 15. For integers a,b and n > 0, the following symmetric identity for Gould-
Hopper-based bivariate Fubini polynomials holds:

ZX?NMT EY (b, y;b72) g B9 (ax, ;.07 2)
r=0

r
= Z (Z) a'bt" "y éj) (ax,y; a? 2) g F9 (bx, y; ¥ 2). (39)
r=0

Proof. Consider the function
(eabxt+aj bI zt7 )2

(1 —yle® —=1))(1 —y(e - 1))

eb:c(at)+bjz(at)j eax(bt)+ajz(bt)j

— : . 4
0yl 1) (1 y(@ 1) (40)

Then, by applying Definition 6 to equation (40) we have

A(t) =

At) = ZHFU (bx y,bjz (at)" ZHF ax,y; a’ z)(bt)

|

= n!

00 o

= Za HF(J) bx y,b72 Zb"HF ax,y;ajz)ﬁ
n=0

Thus, applying the Theorem 3 to the equation above we get

- — (n r on—r ] j j j "
A(t) = Z (Z <r>b a HFr(L]_)r(bx,y;b]z) g FY9) (az,y; a%’)) T (41)

r=0
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Note that, A(t) can also be expressed as follows

ax(bt)+al z(bt)? ebx(at)+bjz(at)j
L=y —1)) (1 —yle—1))

A(t) = (42)

Applying Definition 6 to equation (42), gives

s A . in = A e
= Z v g B (ax, y; ajz)m Z a"y FY) (b, y; bjz)ﬁ
n=0 n=0

We then apply Theorem 3 to the equation above and obtain

<= (1 v . . o\
A(t) = Z (Z (7") b" T(L]) (az,y;0’2) - a HF#”(b:v,y;lﬂz)) oy

n=0 \r=0

r n:

n=0

Furthermore, equating equations (41) and (43) yields

Z <Z< >br n=r F(j) (bx,y;bjz)HFﬁj)(ax,y;ajz)> %

n=0

n
n!

Z <Z< > a" b " F(j) Llaz,y; ajz)HF,gj)(ba:,y;bjz)> !
n

n

t
Finally, comparing the coefficients of — we get (39). O
n!

Theorem 16. For positive integers a,b and n > 0, the following symmetric identity for
Gould-Hopper-based bivariate Fubini polynomials holds:

a—10b—1
Z( ) ZZbkan k F(] o (bx + gi + 1,; 17 2) Fy (au, y)
k=0 i=0 1=0
a—10b—-1
<Z> akbn kg ] Vi (az + bi—l—l,y; a? 2) Fy(bu, ). (44)
=0 =0

Proof. Consider the following function:

eab(z+u)t+al bl zt) ( eabt _ 1)2

(1 —y(e® = 1))(1 —y(e — 1))(e®* — 1)(e” — 1)
eabxt—i—ajbjztj (ebt)a -1 (eat)b -1 eabut

:1—y(e“t—1)' et —1  eat—1 1—ylett—1)

B(t) =
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By using Example 2,

-1

bt __

Z - 8bt_ 1’ (46)
and

b—1 at\b

atl __ (6 ) -1
> e =T (47)
=0

Substituting equations (46) and (47) to equation (45), we get

j j - b—1
B(t) _ bz (at)+b’ z(at)? Z bti eatl au(bt)
1—yle —1) & = 1—y(ett —1)
B ebaz(at)+bjz(at)j . a—1b-1 z+l 6au(bt)
T 1 t_ bt _
e 1>ZMO —y(@ 1)
E bac+ Zit+)at+b? z(at)’ eau(bt)
. 48
1 —y(eat — 1) 1 —y(ett —1) (48)
Then, by applying Definition 6 and Definition 4 to equation (48) we have
o a—1b-1 b m
:ZZZ@”HFS bx—i—fz—i—ly,lﬂz Zb”F auy—' (49)
n=0i=0 =0

Thus, by applying Theorem 3 to equation (49) we get

00 n a—1b—-1

50 =3 (32 (3) S S turtlats D) e ) &
n=0 \k=0 =0 [=0
a—1b—1

n

. b ,
va" kg FY, (bx + it ly; b’z)Fk(au,y)> - (80)

S (20)

Moreover, note that B(t) can also be expressed as follows

1=0 [=0

eab(m+u)t+ajbjzt~7 (eabt _ 1)2

B(t) =

O = =y = D)1 = @ — D) — (e = 1)

eabxt+ajbjztj (eat)b -1 (ebt)a -1 eabut
_ . . . . 51
1—y(ett —1) eat—1 et —1 1 —y(eat —1) (51)

Again, by using Example 2
b—1
) (eat)b -1

Mt = et 1 (52)
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and

Substituting equations (52) and (53) to equation (51), we get

az(bt)+alz(bt)d  0—1 bu(at)

et (&
B t - @ . att btl s
O e Zz;e Ze y(eat — 1)

Zf;é ;l=0 e(bz+l)btea:p(bt)+ayz(bt) cbulat)

— 1-— (ebt — ]_) . 11— y(eat _ 1)

= elawt-§ittbt-+al (b)) bu(at)

Zz 0 l e

B 1 — y(ebt — 1) 1 _ y(eat _ 1) :

Applying Definition 6 and Definition 4 to (54), gives

a—1b—1

. " = tn
Z anHF ]) am—{— gz—kl Y, a Z) Za”Fn(bu,y)ﬁ
n=0 (=0 =0

We then apply the Theorem 3 to equation (55) and obtain

00 a—1b—-1 n
B(t) :Z (Z( );Zakbn k F(J (ax+2i+l,y;ajz)Fk(bu,y)> %

n=0 \k=0 1=0

Furthermore, equating (50) and (56) yields

00 n a—1b-1 ) N b ‘ m
Z <Z < > ZZb a"” F (b:r—i— az—I—l,y;Hz)Fk(au,y)) ]

= k=0 i=0 [=0

) n\ = 1b6-1 ) m

. kpn—k 7) J _

= Z (Z <k> a"b" "y (ax + bz+l y;alz )Fk(bu,y)> o
k=0 1=0 i=0

n

t
Finally, comparing the coefficients of — we obtain (44). O
n!

16 of 25

(53)

(56)

(57)

The following theorem is the recurrence relation for Gould-Hopper-based bivariate

Fubini polynomials in the coming theorem.

Theorem 17. The Gould-Hopper-based bivariate Fubini polynomials satisfy the following

recurrence relation:

n

n . .
ANCNEEDY (m) YD (@ + 1,53 2) Fu-(y) + 2 FY (3, 2)

m=0

+ 52 EY (@, y52).
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Proof. Note that

xt—i—zt]

1—y(el — 1) E:Hijy’

Differentiating both sides with respect to ¢, we have

d emt—l—ztj d "
B = F(J -
dt ll—y(et—l ] dt [ZH (w952 ']

= d , "
=> = [HF&)(:c,y;z)w} : (58)
n=0 ’
Now, for n > 1,
d tn tn_l
G [ ] = ED )" (59)

By substituting equation (59) to equation (58), we get

d ext+ztj i~ ) n—1
sl | _ J .

dt |1 —y(et—1) ZnHF” (z,4:2) n!
n!

t
=§:H,H1x%dn

(60)

Note that _
emt—&-ztj

1—y(et — 1)

Thus, using derivative of a product, we have

d ext—l—ztj
dt [1—y(et —1)
d

== |:€a:t+ztj(1 —ylet — 1))—1}

— ewt+zt]‘% [ =yl =) + (1= yle' = 1))~ (" @+ jz07)) . (61)

— extJrztj(l _ y(et _ 1))71

Observe that

S0 —ye — 1)) = ~10 - (e — 1) (—ef)
= (1 —yle' = 1)) (1 —y(e" = 1) (ye"). (62)
Thus, by substituting equation (62) to equation (61) gives

d

emt+ztj j ¢ _ t - t
dt L] =" (1 —y(e" 1)1 - y(e' - 1)) (ye")

—y(er —1)
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+ (1 -yt =1)7! <ext+2tj (x + jztj_1)>
=y [l D (1 (et 1) (1 yet - 1)
g {e:ct—ﬁ-ztj(l ~ylet - 1))—1]

+ jaztd ! {emHth(l —y(e! — 1))71} . (63)

Moreover, applying Definition 6 and Theorem 5 to the right-hand side of equation (63) we
have

d e:ct+ztj
dt | 1T—y(et —1)

) ' 4
=yZHF1§”(x+1,y, ZF +xZHFJ 2,952)

n=0

tTL
+ jati 1ZHF T,y 2)—.

Hence, applying Theorem 3 to the right-hand side of the above equation gives

d ezt+ztj
dt [1—y(et —1)

tn 0 ) tn
—yz Z < >HF D@+ 1y 2) Faom(y) — + 2> n B (2,y52)
n=0m=0 ’ n=0
et n
P gJ—1 (4) N\
+]Zt ZHFn (x’yaz)n!' (64)
n=0
But note that,
n
jat!~ 1ZHF (z,y;2
t’rL—i—j—l
) ) ) tTLJrj*l
) m
=Jz Z(n)j+1HF,E )JH(»’UJJ; Z)ﬁ
n=0
0 m
=jz Z(n)j+1HFrE )j+1(x,y;z)a. (65)

n=0
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Substituting equation (65) to equation (64) yields

d ezt+ztj
dt [1—y(et —1)

n 0 ) L
—yzz( ) (a4 Ly V) 4 23w PP (390
n=0m=0 n=0
m

+jz(n)jn ZHFJJH .Y 7)

—ZZ< >yHF (@ + 1,55 2)Fum(y) + 2aFY (2, y; 2)

n=0m=0
) t"
—i—jz(n)jHHFqg )jH(m,y; z)ﬁ (66)

We then equate equation (60) and equation (66) and obtain

ZH 9 (@, 2 Z Z < >yHF (& + 1,55 2) Fom(y)

n=0m=0
() ’ () t"
+apF) (x,y;2) + jz(n)ju F,” (@ y2)

n

t
Finally, comparing the coefficients of — yields to the desired result. [
n!

In the next theorem, we introduced the partial derivative formulae for Gould-Hopper-
based bivariate Fubini polynomials.

Theorem 18. For n > 0, the following partial derivatives for the Gould-Hopper-based
bwariate Fubint polynomials holds:

0 -
i B (ye) = (0t DE (@, y:2), (67)
0
w5 g F (w3 2) = (n+5); u P9 (@3 2). (68)
Proof. Note that
S HED (@, 2) = = e (1 y(e! — 1), (69)
n.

Differentiating both sides with respect to x, we have

t” 0 j _
CHWELIEE !]—ax[em 1yt~ 1)

— text+ztj(1 _ y<et _ 1))—1
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But note that,

0 | = t tn
o [Z HFD (z,y; 2 ] Z o 9 L FD 2,y 2)—
n=0

Thus,
0 : t" ;
S Ly FD @, ys2) = = e (1 — (el — 1)) (70)
ox " n!
n=0
By applying Definition 6 to the right-hand side of equation (70) we get
o0 o0
0 . tn . tn—l—l
> g ED @ y2) = FD @,y 2)—
n=0 n=0
Differentiating both sides of the above equation with respect to ¢, we have
=9 : -t = : t"
n—= n—=

Reindexing the left-hand side of equation (71), we have

e e} 8 tn ] tn
§ = / E (4) )
Rt 8 n+1 :E ' Y5 )n‘ nzo(”"’ 1)HFn] (x,y,z) n

n

t
Comparing the coefficients of — p yields to (67).

Moreover, we will prove (68) analogously That is, differentiating both side of equation
(69) with respect to z gives us

ﬁ yFY) x,y;zt— :Q prtzt! 1—ylet —1))*
Oz |[&—=""" n! 0z
— tjext—l—ztj(l _ y(et _ 1))—1

But note that,

0 t"

n=0

Hence,

— 0 ) ¢ j xttzt? t -1

S o EY (i) = = 0 (L - y(e - 1) (72)
n=0 ’

Then, by applying Definition 6 to the right-hand side of equation (72) we get

E iy o C)) S — § : (4) .
~ aZI{-F‘I'n:7 (x7y3z)n! - HFn] ($7y7z) n| .

n=0
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Differentiating both sides of the above equation with respect to ¢, we have

0 0) A - () tnt
iy (¢ . — ; .
> oo E @ 2) oy = (4 ) E (i) (73)
n=1 n=0
Reindexing the left-hand side of equation (73), we have
n—
Again, differentiating both sides of the above equation with respect to ¢, we have
(4) 1 > . . () tnti—2
228fﬁaimym&n_wl:§§n+ﬁm+J—nHﬂﬂmwm>?ﬂ (74)
n—
Reindexing the left-hand side of equation (74), we have
t" = . . () gnti—2
238 Fy(@,y:2) =Y (n+ i)+ 7= DFY (e,y52)——
S ovr !
Continue doing this, until we arrive with
tnfl
Za RICT Qe
[ee] tn
Zn+1 (n+j—1)...(n+ DuFP (ey:2) (75)
Reindexing the left-hand side of equation (75), we have
Za rEZ yi2) 5 =Y (i) n+ 5= 1) (0 + D FD (0,y52)
’ n=0
o0 . m
= (n+4); uFY (z,y; )
n=0

n

t
Finally, comparing the coefficients of — yields to (68). O
n!

The subsequent theorem will established the integral formulae for Gould-Hopper-based
bivariate Fubini polynomials.

Theorem 19. For n > 0, the following formulae for Gould-Hopper-based bivariate Fubini
polynomials holds:

. : 1

1. /HF#)(J?,%Z)daU: n +1)HF7§J421(33 Y; 2), (76)
. 1

7 ) . S 7 )

i. /&ﬂﬂa%mu—(+ﬁHFﬂm%> (77)
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Proof. From (67), it follows that

0 1 () .
F J . — F(J) - 2).
Oz (n+ 1)H n—l—l(xaya Z) HL'y (x7ya Z) (78)

Integrating both sides of (78) with respect to x gives

1 : ,
(n+DHEgK%%2%=/HE@@wwMﬂ

Thus, we obtain (76).
Moreover, we will prove (77) analogously. By using (68) we obtain

o 1 () G) (o o
0z (n+j)jHFn+](x Y3 2) = o (2,9 2). (79)

Integrating both sides of (79) with respect to z gives

F(J)

So) — ) . )
(n+]) n+](x>y7z) /H n (:U,y7z)dz

O]

The next theorem will derive the implicit formula for Gould-Hopper-based bivariate
Fubini polynomials.

Theorem 20. For n > 0, the following implicit summation formula for Gould-Hopper-
based bivariate Fubini polynomials holds:

q,l

q\ (! r

urws) = Y (1)(1)w-orurd, o), (50)
p,r=0

Proof. Replacing t by t 4+ u in Definition 6, we have

oo n x(t+u)+z(t+u)’
Z_:HFn (LU,y,Z) n! 1 7y(et+u7 1) (81)

Applying Theorem 2 to the left-hand side of equation (81), we get

00
, t+u ﬁul

E HFr(L])(:U’:% E uk, q+l I’ yYs 2 'ﬂ' (82)

= q,l=0

Then, equating (81) and (82) gives
ex(t+u)+z(t+u)j

(J tq“ _
E%H%”xy PN AT =)
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1
Multiplying both sides of equation (83) by i Ve have
e
l 2(t+u)?
x(t+u) (J tq vu €
ZHFquy’ g1 T —yletu—1) (84)
q,l=0 ) Yy
Replacing = by w in equation (84), we get
l 2(t+u)?
w(t+u) J) . ﬁui _ e
Z HFqul wvyvz)q' I - 1 —y<6t+u— 1) (85)

q,l=0

1
Hence, equating (84) and (85) and multiplying both sides by ———— we have
e

w(t+u)
- tq ul 9 !
o—a(t+u) Z HFq(iz (z,y: 2 i w(t+u) Z HFq(il (w,y; Z)ﬁﬂ
ql 0 2,1=0 "o
tq u tq ul
Tolrrmen(thy Z HFq(il (52 g Z HFqi)l (w,y:2) o7
qz 0 q,l 0 ¢
tq u tq ul
—a(t+u)+w(t+u) Z HFq(il (z,y; 2 a7 Z HFqi)l w,y;z)—‘ﬁ
qz 0 q,l 0 ¢
tq u tq Ul
e(w=o)(t+u) Z HFq(il (@, y; 2 PN Z HFQ-Ji-)l w,y;z)aﬁ. (86)
0,1=0 ¢.1=0 o

Note that, expressing e(®~#)(t+4) ip its exponential form and applying Theorem 2 gives

o n
(w—z)(t+u) _ N (t + ’LL)
e nzzo(w x) p
R 9!
= ;(w )T (87)
q,!=0
Now, substituting (87) to (86) we find
o
£ 44! tq ul 9!
+1 (]) .
> (w=a)f g Z uk q+l (@432 PN Z aFa(w,ys2) o (88)
q,l=0 q,1=0 q,1=0 T

Thus, applying Theorem 3 to the left-hand side of equation (88) we get

Z Z (p) <7’> (w—z)P "y Fqil (@3 2) AT
q,!=0

p,r=0
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[ee)
=) HFq(fl(wa%Z)*,T,-
q,l=0 Ea
19 44!
Comparing the coefficients of a7 in the above equation we get (80). [
gl !
Setting I = 0 in Theorem 20, it will deduce to the following corollary.

Corollary 7. For n > 0, the following formula for Gould-Hopper-based bivariate Fubini
polynomzials holds:

q .
HFD (w,y;2) =) <Z> (w =) B2, (2, y: 2).

p=0

In the following theorem, a relationship of Gould-Hopper-based bivariate Fubini poly-
nomials with Gould-Hopper polynomials and Stirling number of the second kind will be
introduced.

Theorem 21. For n > 0, the following relationship holds:

HED (@, y;2) = Y <”)H¥2m<x,z> 3" Kyt S (m, k). (89)
m=0 m k=0
Proof. By Definition 6, we have
> . tn ; 1
£ N
n;QH n (‘Tﬂyvz)n! € 1—y(€t—1) (90)

Then, applying Definition 5 and Theorem 5 to the right-hand side of equation (90) gives
us

[eS) ‘ m [eS) ' 4 ) sm
S aFP (g2 = = Y HD(@2) = > Fnly) (91)
n=0 n=0 m=0

Hence, applying Definition 3 to the right-hand side of equation (91) we have

Z}HF%J)(@“’% 2= Z]Hé”(w, 2 D Y Sm k)Rt

m=0 k=0
o ) tn o0 m tm
=Y HP (@ 2) 5 Y D Ky S(m k) (92)
n=0 m=0 k=0

Thus, applying Theorem 3 to the right-hand side of equation (92), we obtain

9] ' " 3] n n 4 m m
G) (e B () k 7
;HFn] (x,y; 2) = 7;) (T;) (m) H (z,2) kZ:Ok!y S(m, k)) ol (93)

n

t
Comparing the coefficients of = yields (89). O
n!
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