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Abstract. In this paper, we introduce and study the concept of nearly a—boundedness on
arbitrary L—subsets in L—topological spaces, which depends on the notion of a—regular closed
remoted neighborhood system. Several characterizations of nearly a—boundedness in terms of
convergence theory of a—filters, a—molecular nets and @—ideals are obtained. We prove that the
concept is a good extension, productive, and topologically invariant.
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1. Introduction

Boundedness, as a natural generalization of relative compactness, was considered by
several authors (see [1] and [2]). In 1949, Hu [3] introduced the notion of boundedness in
general topological spaces and studied the closure, interior, base, and relativization of
boundedness. In-depth analysis of boundedness and its various weaker forms was done
by Lamprinos in [1] and [4]. A subset A of a space X is said to be bounded if every open
cover of X has a finite subfamily that covers A. The concept of a bounded set is useful
in investigating non-regular topological spaces, since bounded sets in regular spaces are
compact.

In 1968, Chang [5] presented the concept of fuzzy compact. Since then, it has been a
very important topic to define proper fuzzy compactness. Many authors have written on
this problem and various kinds of fuzzy compactness have been presented [6, 7]. In 1984,
Li [8] introduced the fuzzy Q ,—compactness based upon the concept of Q—neighborhoods.
In 1992, Wang [9] generalized the Q ,—compactness to the L—fuzzy topological spaces.

In 1997, Georgiou and Papadopoulos [10] gave a characterization of fuzzy nearly
compactness by using the notion of fuzzy weakly 6—upper limit of fuzzy nets. Also,
he studied new fuzzy compactness and fuzzy boundedness in fuzzy topological spaces.
Recently, Georgiou and Papadopoulos in [11, 12] extended the concept of a bounded
set to fuzzy topology; and introduced the notion of fuzzy boundedness using the fuzzy
compactness given by Chang [5], which is not a good extension of ordinary compactness;
the Tychonoff product theorem does not hold, and it contradicts some kinds of separation
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axioms. Hence, the notion of fuzzy boundedness in [10] is not a good extension of ordinary
bounded, and so it is unsatisfactory.

In 2003, Nouh [13] introduced the concept of N-boundedness on an arbitrary L—
subset in L-topological spaces, and he gave new characterizations and properties of
N-boundedness in terms of the convergence theory of a—nets, a—filters, and a—ideals.
He proved that the concept of N—boundedness is a good extension, productive, and
topologically invariant.

Since there are not enough studies on the concept of boundedness in L-topological
spaces. So in 2023, Alsaedi [14] introduced the concept of nearly Q-boundedness on
an arbitrary L—subset in L—topological spaces by using the notion of Q—upper limit of
Q-nets.

In this paper, we generalize the nearly Q-boundedness to nearly a—boundedness,
where we will study this concept on arbitrary L—subsets in L—topological spaces along
the line of nearly Q,—compactness defined by Wang [9] and a—regular closed remoted
neighborhood due to Zhao [15]. Then we give new characterizations and properties
of nearly a—boundedness in terms of the convergence theory of constant a—filter, a—
molecular nets, and a—ideals. We prove that the notion is a good extension, productive,
and topologically invariant.

2. Preliminaries

Throughout this paper L = (L, <, A, V,") denotes a completely distributive complete
lattice with a smallest element 0 and a largest element 1 (0 # 1) and with an order—
reversing involution on it. An « € L is called a molecule of Lifa # 0 and 0 <vVy <«
implies v <y or y < v, for all v,y € L. The set of all molecules of L is denoted by M (L).

Let X be a nonempty set. LX denotes the family of all mappings from X to L. The
elements of LX are called L-subsets on X. LX can be made into a lattice by inducing the
order and involution from L. We denote the smallest element and the largest element
of LX by Ox and 1y, respectively. If @ € L, then the constant mapping ax : X — {a} is
L-subset [16].

An L-point (or molecule on LX), denoted by x,, @ € M(L) is a L-subset which is

defined by
a :x=y
x"(y):{o X FYy

The family of all molecules of LX is denoted by M(LX) [17]. For u € L* and
a € L we defined the set pye = {x € X : u(x) > a}, which it is called weak a—
cut of u. The set use = {x € X : u(x) £ a}, it is called strong a—cut of u and
Supp(u) = {x € X : u(x) > 0} is called support of u [18]. For any A1 € LX and
@ € M(L) with o’ > @, we have (1,,4)" € (1)wae. For ¥ C LX, we define 2(Y) by the set
{¢ C ¥ : ¢ is finite subfamily of ¥}.

An L-topology on X is a subfamily 7 of LX closed under arbitrary unions and finite
intersections. The pair (X, 1) is called an L-topological space (or L—ts, for short) [19].

If (LX,7) is an L-ts, then for n € LX, cl(n),int(n) and n’ will denote the closure,
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interior, and complement of . A mapping f : LX — LY is an L-valued Zadeh function
induced by a mapping f : X — Y, iff f(u)(y) = V{u(x) : f(x) =y} for every u € LX and
every y € Y [17].

An L-ts (L%, 1) is called fully stratified if for each a € L, @ €t[18]. If (LX,7) is an
L—ts, then the family of all crisp open sets in 7 is denoted by [7] i.e., (X, [7]) is a crisp
topological space [20].

Definition 2.1 [21]. If (LX,7) is L-ts, then u € LX is called a regular open set
iff u = int(cl(u)). The family of all regular open sets is denoted by RO(LX, 7). The
complement of a regular open set is called a regular closed set and satisfies u¢ = cl(int(u)).
The family of all regular closed sets is denoted by RC(LX, 7).

Definition 2.2 [21]. The L-valued Zadeh mapping fr : (LX,7) — (LY, A) is called
Almost L—continuous iff fL_l(n) e 7’ for each n € RC(LY,A).

Definition 2.3 [9]. Let (LX,7) be an L-ts and x, € M(LX). Then A € 7’ is called
an remoted neighborhood (R-nbd, for short) of x, if x, ¢ 4. The set of all R—nbds of x,
is called remoted neighborhood system and is denoted by Ry, .

Definition 2.4 [15]: Let (LX,7) be an L-ts, u € LX and @ € M(L). ¥ C 7’ is called
an:

(i) a-remoted neighborhood family of u, briefly a-RF of y, if for each L—point x, € u
there is 4 € ¥ such that 1 € Ry, .

(ii) a-remoted neighborhood family of u, briefly a-RF of y, if there exists y € 8*(a)
such that ¥ is a y-RF of u, where 8" (@) = 8(a) N M(L), and B(a) denotes the union of
all the minimal sets relative to a.

Definition 2.5 [22]: Let (LX,7) be an L-ts, u € LX and @ € M(L). Then ¥ c
RC(LX, 1) is called an a-regular closed remoted neighborhood family of u, briefly - RCRF
of u, if for each L-point x, € u there is A € ¥ such that 1 € R,

Definition 2.6 [21]. Let (LX,7) be an L-ts, u € LX and o’ € M(L). Then the family
Y C 7 is called an:

(i) a—cover of u, if for each x € u,, , there is A € ¥ such that A(x) £ a.

(ii) Nearly a—cover of y, if for each x € p,, , there is A € ¥ such that int(cl(2))(x) £ a.

Definition 2.7 [17]. Let (L, 1) be an L-ts and u € LX. Then x, € M(L¥) is called
the 6—adherent point of u and write x, € 6cl(u) iff u £ cl(int(4)) for each 4 € R,,. If
u=08cl(u), then u is called a 6—closed L—subset. The family of all 6—closed L—subsets of
X is denoted by 6C (L%, 1) and its complement is called the family of all 5-open L-subsets
and denoted by 60 (L%, 7).

Definition 2.8 [23]. Let (LX,7) be an L-ts, u € LX and @ € M(L). An a-RF
Y ={n; :j€J} of uis called a directed if 51,72 € ¥ there is n3 € ¥ such that
n3 =M1 A12.

Definition 2.9 [9]: Let (D, <) be a directed set. Then the mapping S : D — LX and
denoted by S = {u, : n € D} is called a net of L-subsets in X. Specifically, the mapping
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S : D — M(LYX) is said to be a molecular net in LX. If u € LX and for each n € D, S € u
then § is called a net in u.

Definition 2.10 [9]: Let (L*,7) be an L-ts and S = {S(n) : n € D} be a molecular
net in LX. § is called a molecular a-net (a« € M(L)), if for each y € 8*(«) there exists
n € D such that V(S(m)) = y whenever m > n, where V(S(m)) is the height of the
molecular S(m). If V(S(m)) = a for each m € D, then {S(m) : m € D} is called a constant
molecular a-net.

Definition 2.11 [9]: Let S = {S(n) : n € D} and T = {T'(m) : m € E} be molecular
nets in (LX,7). Then T is said to be a molecular subnet of S if there is a mapping
f : E — D that satisfies the following conditions:

() T=Sof
(ii) For each n € D there is m € E such that f(I) > n for each l € E, [ > m.

Definition 2.12 [21]: Let (LX,7) be an L-ts and A = {u,, : n € D} be a net of
L-subsets in (LX, 1) and x, € M(LX).

Then:
(i) xo is called the §-limit point of A (or §—converges) to the point x,, in symbols

A R Xq if for every n € R, there is an n € D such that for every m € D and m > n then
Un ¢ cl(int(n)). The union of all §—limit points of A are denoted by 6.lim(A).

(ii) x4 is called a §—cluster (6—adherent) point of A, in symbols A & Xq if for every 7 € Ry,
and every n € D there exists m € D such that m > n and u, ¢ cl(int(n)). The union of
all o—cluster points of A are denoted by §lim(A).

If 6lim(A)=6lim(A) = u, then we say that u is the 6—limit of A, or we say that A
d—converges to u, in symbol §.1im(A) = u.

The ¢6-limit and é—cluster points of a molecular net are defined similarly in [16].

Definition 2.13 [17]: Let (LX,7) be an L-ts and S be a molecular a-net in LX.
Then x, € M(L¥) is called the §-limit point of S, (or S d—converges to x,) in symbol

S i Xq if for every u € Ry, there is an n € D such that for each m € D and m > n we
have S(m) £ cl(int(u)). The union of all limit points of S is denoted by §.1im(S).

Definition 2.14 [17]: Let (LX,7) be an L-ts and S be a molecular a—net in LX.

Then x, € M(LX) is called a §—cluster point of S, in symbol S & Xq if for every pu € Ry,
and every n € D there is m € D such that m > n and S(m) ¢ cl(int(u)). The union of all
0—cluster points of S is denoted by dadh(S).

Theorem 2.15 [22]: Assume that S = {S(n) : n € D} is a molecular net in an L—ts
(L%, 7) and x, € M(LX). Then the following results are true:

(i) S & Xq iff there exists a subnet T of § such that T 2, Xa-
(i) If S N Xq, then T N xo for each subnet T of S.
Definition 2.16 [8]: Let (L*X,7) be an L-ts, u € L*. Then u is called nearly

Q »—compact (or NQ,—compact) in (LX, 1) if for each @ € M(L) and every a~RF ¥ of u
there is ¥, € 2(¥) such that ¥, is an @~ RCRF of u.
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If 1y is nearly Q,compact, then (LX, 1) is called a nearly Q,compact space.

Definition 2.17 [23]: An L-ts (L%, 1) is said to be:
(i) LTy-space iff for any x4,y, € M(LX), x # y there is A € Ry, such that y, € 1.
(ii) LTy-space iff for any xo,y, € M(LX), x # y there is 1 € Ry,, n € Ry such that
AVvn=1x.
(iii) LTQ%fspace iff for any xq,yy € M(LX), x # y there is 1 € Ry, n € Ry such that
int(Q) Vint(n) = 1x.
(iv) LRy-space (regular space) iff for all @ € M(L), x € X and for each A € R, there is
ne€Ry, pet suchthat nVvp=1x and A A p =0x.
(v) LSRo—space (Semi-regular space) iff for all x, € M(L¥X) and for each 1 € R, there is
n € R, such that A < cl(int(n)).
(vi) LTs—space iff it is LRy—space and LT;—space.

Theorem 2.18 [8]: Let (L, 7) be an L-ts and u € LX. Then the following properties
are true:

(i) Every set with finite support is nearly Q,—compact.

(ii) Every nearly Q,—compact set in a fully stratified and LT>-space , then it is
o0—closed.

Theorem 2.19 [8]: Let (LX,7) be an L-ts, a € M(L) and u € LX. Then u is
NQ ,—compact iff for each constant molecular a—net S contained in u has a d—cluster
point with height @ in u.

Theorem 2.20 [21]. If L-ts (LX, 1) is LRy-space, then it is LSRy-space.

Theorem 2.21 [21]: An L-ts (L%, 1) is LSRy-space iff for any u € LX, cl(u) = 5cl(u).

Corollary 2.22 [19]. If L-ts (LX,7) is LSRy-space, then a closed L-subset is a
6—closed L—subset and hence 6cl(u) is a 6—closed L—subset.

Definition 2.23 [15]: The nonempty family ¥ c LX is called an L-filter if the
following conditions are satisfied, for each u1, uo € LX
(i) Ox ¢ F
(ii) If gy < po and py € F, then ps € F.
(iii) If p1, pu2 € F, then puy A ps € F.

Definition 2.24 [15]: A filter ¥ in LX is called an afilter (a € M(L)), if for every
A€ F, ViexAx) = a.

Definition 2.25 [15]: Let (LX,7) be an L-ts and ¥ be an L-filter in LX.

Then x, € M(LX) is called the d—cluster point of F, in symbol F & xgq if for each
AeF andeach u e R, A € cl(int(u)). The union of all 6—cluster points of ¥ is denoted
by sadh(F).

Definition 2.26 [27]: The nonempty family I ¢ LX is called an L-ideal if the
following conditions are satisfied, for each p1, uo € LX

(i) 1x ¢ 1

(ii) If gy < po and pg € I, then py € 1.
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(iii) If p1, puo € I, then pq V g € 1.

Definition 2.27 [27]: Let I be an L-ideal in an L-ts (LX,7) and @ € M(L). Then I
is said to be an a—ideal, if V,,exn(x) < a for each n € I.

Theorem 2.28 [22]: Let ¥ be a L-filter in an L-ts (LX,7) and S(F) be the
L-molecular net induced by ¥. Then dadh(F) = adh(S(F)).

Theorem 2.29 [22]: Suppose that S is a L-net in an L-ts (LX,7) and F(S) is the
Lfilter induced by S. Then dadh(S) = Sadh(F (S)).

Theorem 2.30 [22]: Suppose that I is an L-ideal in an L-ts (L%, 1), and S([) is
the L—molecular net induced by I. Then dadh(I) = dadh(S(1I)).

3. Nearly a—Boundedness in L—topological spaces

In this section, we introduce the concept of nearly a—bounded sets in L—topological
spaces. Then we obtain several characterizations of nearly a—bounded sets.

Definition 3.1. Let (LX,7) be an L—ts, u € LX and @ € M(L), then u € LX is called
a nearly a—bounded (Na—bounded, for short) set in (LX, 7) iff for each @ — RF ¥ of 1y,
there exists ¥, € 2(*) such that ¥, is an @ — RCRF of u.

Theorem 3.2. Suppose that f; : (LX,7) — (LY,A) is a L—continuous and u € LX is
a Na-bounded L—subset in (L%, 1), then fi (u) is a Na—bounded L-subset in (LY, A).

Proof. Let u be a N.a-bounded in LX and let ¥ c A’ be an a-RF of 1y (a € M(L)).
To begin with, let us show that fL_l(‘I’) = {fL_l(/l) : 1€ ¥} is an a—RF of 1x. Since fr
is a L—continuous, then fL‘l(‘I’) c 1. Let x € X, then fr(x4) = (f(x))e € fL(1x) and
by ¥ Cc A" is an a-RF of 1y there exists 4 € ¥ with 1 € R(f(x)),, i-e, (f(x))o ¢ 4 or,
equivalently, A(f(x)) # @. By the definition of inverse mapping, f; LA (x) = A(f(x)) # «a,
hence x, ¢ fL_l(/l). It follows that fL_l(/l) € R,,. Therefore fL‘l(‘P) is an a—RF of
1x. From the N.o-boundedness of u there exists ¥, € 2(¥) such that fL‘l(‘Po) is an
a—RCRF of u, that is, for each x, € u there exists 1 € ¥ such that fL_l(/l) € Ry,, ie.,
fL‘l(/l)(x) 7 a. Hence A(y) = A(f(x)) # a and so for each y, € fr(u), there exists x, € u
and A € ¥, satisfying y, = fr.(xo) € 4. Hence A(y) # @, i.e., 1 € R,,. This implies that
¥, € 2 is an @~ RCRF of fr(u). By Definition 3.1, we have f; (u) is a N.a—bounded
L-subset in (LY, A).

Theorem 3.3. Let (LX,7) be an L-ts and o’ € M(L), then the set u € LX is
Na—bounded iff for every a—cover ¥ C 7 of 1x there exists ¥, € 2%) such that ¥, is a
nearly a—cover of u.

Proof. Let u € LX be a N.a~bounded set and let ¥ C 7 is any a—cover of 1x. Let
=¥ ={1' : 2 € ¥} and let v = @’. One can see that ¢ is an y—RF of 1x. Since
1x(x) > y for each x, € 1y, i.e., x € X for each x, € 1y, there exists 1 € ¥ satisfying
A(x) # @ =7y, this equivalently, there exists A’ € ¢ with y £ 4’(x), and so A" € Ry,,. This
implies that ¢ is an y~RF of 1x. Being u is N.a—bounded, then there exists ¢, € 2(¥)
such that ¢, is an y-RCRF of u. We assert ¢/, € 2(¥) is a nearly a—cover of u. In fact,
for each x, € u there is A’ € ¢, satisfying cl(int(1")) € Ry, that is y £ cl(int(1'(x))),
equivalently, for each x € u,,, we have 4 € ¢, with int(c/(A(x))) = (cl(int(4))(x))" £ a.
Therefore, ¢/ is a nearly a—cover of u.
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Conversely, suppose that the condition is satisfied and let that ¥ is an y—RF of 1x.
Put ¥ = ¢ and y’ = a, then ¢ is an a—cover of 1x, and then there exists ¢, € 2(#) such
that ¢, is a nearly a—cover of u. Evidently, ¢/, € 2(*) is an y-RCRF of u. Hence u is a
N.a—bounded.

Theorem 3.4. Let (LX,7) be an L-ts, u € LX is a a-bounded [23], then u is a
Na—bounded.

proof It follows directly from the fact that RC(LX, 1) C 7’.

The following example shows that the converse is not true in general.

Example 3.5. Let L = [0,1], X = N and let 7 = {Ox,x5,1x}. Then (LX,7) is
L—ts. Firstly, we show that 1x is not @—bounded set. In fact, we suppose that constant
0.5-net S ={x5:x € X} in 1x, Let yo.3 € M(LX), x # y, then Ry, , = {0x,x0.5}. Since
S(n) = x05 < x0.5 € Ry,,. So yo.3 is not cluster point of § in 1x. On account of the
arbitrariness of y it follows that the S has no cluster point in 1x with height 0.3. Thus u
is not a—bounded set.

Now, we show that 1x is Na—bounded set. Let S = {x, : x € X, € L} is any constant
a-—net in 1x.

(i) If @ > 0.5 then Ry, = {Ox,x05}, where cl(int(xp5)) = x05. Since S(n) = x, ¢
Ox VYneN, Va>0.5 Hence, x, is 6—cluster point of S with height @ in 1x.

(ii) If @ < 0.5, then Ry, = {Ox} where cl(int(0x)) = Ox. Since S(n) =x, ¢0x Vne
N, VYa < 0.5. So x, is 6—cluster point of § with height @ in 1x. Thus 1y is
Na—bounded set.

Theorem 3.6. (The goodness of a—boundedness) Let (LXiwy (T)) be the induced
L-ts by the ordinary space (X,T), @ € M(L) and u € LX. Then yu is Ne—bounded in
(LY, wp(T)) iff oo = {x € X : u(x) > @} is nearly bounded in (X, 7).

proof Let u € LX be a Na—bounded and {U; : j € J} be an open cover of X in
(X,T). Then the family {1y, : j € J} is a a—covr of 1x in (L%, wr(T)). Since u is
Na-bounded, there is a finite subset J,, of J such that {1y, : j € J,} is an nearly a—cover
of u in (LXwy(T)) in line with Theorem 3.3, i.e, for each x € u,, there exists j < n
and 1y, € ¢, satisfying int(c/(1y;))(x) £ a. However int(cl(1y;))(x) = Lint(ci(v;)), and
so x € int(cl(U;)). This implies that U?zl int(cl(Uj)) D pwa- Hence py, o is a nearly
bounded in (X,T) for any @ € M(L).

Conversely, suppose that u. is a nearly bounded set for any @ € M(L) and ¢ is a
a—cover of 1x in (LXwy (T)). Then for any x € X, @ € M(L) there exists 17, € ¢ such
that ny(x) £ @. Put (x)sa = {y € X : nx(y) £ a}, then x € (17x)sa. Since nx € wr(T)
then (7x)sq € T. One can see that U = {(x)se : X € X} is an open cover of X in (X,T).
Since U e is a nearly bounded in (X,T), then there exists x1,xo, ...,x, € Use such that
Uop = {(nx,)sa 11 =1,2,...,n} is an nearly open cover of p,,. Thus there exists i < n with
x € int(cl((ny;)sa)) for each x € pyo. However int(cl((ny,)sa)) C int(cl((ny,;)))sa and so
x € int(cl((nx;)))sa, thus int(cl(ny,))(x) £ a. Hence ¢, ={ny, :i=1,2,...,n} € 2(9) is a
nearly a—cover of u. According to Theorem 3.3, u is Na—bounded in (LXi, wy (T)).
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Theorem 3.7. Let (LX,7) be a L—ts. and let u € LX. If n is Na—bounded and
u <n, then y is a Na—bounded.

Proof. Let n be a Na—bounded set and u < 7. Let ¥ C 7/ be an @—RF of 1x. Since
n is Na—bounded set, then there exists a finite subfamily ¥, € 2(*) such that ¥, is an
a—RCRF of n, since u < n, then ¥, is an a—RCRF of u and so u is a Noe—bounded set.

Definition 3.8. Let (LX,7) be an L—ts and x, € M(LX). If u € LX is closed and
Na—-bounded set, then y is called the NaB—remoted neighborhood of x, (NaeBR-nbd,
for short) of x4 if x4 € u. The set of all NeBR—-nbds of x, is denoted by NaBRjy.,, .
We note that [24] @BRy, € NaBRy, C Ry, Vxq € M(LX).
The following example shows that the converse is not true in general.

Example 3.9 Let L = [0,1], X = 0 and let 7 = {Ox, x5, 1x}. Then (LX,7) is L—ts.
Firstly, we show that u = x4 € LX is not a a—bounded set. In fact, we suppose that
constant 0.3-net S = {x3:x € X} in u. Let yo € M(LX), x # y, then Ry, = {0x,x5}.
Since S(n) = x3 < x5 € Ry,. So y2 is not cluster point of S. On account of the
arbitrariness of y it follows that the S has no cluster point in 1x with height 0.3. Thus u
is not a—bounded set.

Now, we show that u is Na—bounded set. Let S = {x, : x € X, < .4} is any
constant @—net in u. If @ < .4 then Ry, = {Ox}, where c/(int(0Ox)) = Ox. Since
S(n) = xo ¢ cl(int(Ox)) = 0xVn € N,Va < 4. If a = 4, then R,, = {0Ox} and
S(n) = x4 ¢ cl(int(0x)) = 0x. So x4 is the §—cluster point of S in 1x 1x. Thus u is a
Na-bounded set.

Example 3.10 Let X ={2,3,4,...}, L=[0,1],

pn(x>={0 =

1,1 .
sty X#n neN

Il
—
ST
I

x> 2

1 X=n

O'n(X)ZT]n(X)Z{ —% :x#n forne{3,4,...}

N —

Then we have :
(i) int(pn) =nn, Yn € X.
(ii) cl(int(p2)) = p2 V 0.
(iii) cl(int(p3)) = p3 V oo, cl(int(pn)) = pn, Y0 > 4.

We show that ps € LX is not N.a~bounded set. Put ¥ = {p,, : n € X}, then then ¥ is
0.8-RF of 1x where @ =0.8 € M(L) = (0,1] (because Yx € X 31 = pg € ¥ 3 cl(int(pg)) €
Ry, ), where pg(x) =0 at x =6 and pg(x) = 0.6 at x # 6.
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But the family {c/(int(p,)) : n € X} = {p2 V 02, p3 V 03, pn : B = 4}. Then any finite
subfamily ¥, = {cI(int(p,)) : i < n} € 2(*) is not 0.8-RF of p5 (because xgg € p5 and
VA = pa we have pa € Ry, ,)-

Where cl(int(p2))(x) = po Voa(x) =1 at x =2 and cl(int(p32))(x) = p2 V 03(x) =
1 at x # 2. Thus p5 is not a N.a—bounded set, however p5 € Ry .

Thus NaBRy,; € Ry, -

Definition 3.11. Let (L*,7) be an L —ts and u € LX. Then x, € M(LX) is
called a N.a — bounded adherent point of u and write x, € NaBcl(u) iff u £ A for each
A€ aBRy,. If y=NaBcl(u), then u is called a NaB — closed L — subset. The family of
all NaB — closed L — subsets is denoted by NaBC(LX, 1) and its complement is called
the family of all NaB — open L — subsets and denoted by NaBO(LX, 7).

Theorem 3.12. Let (LX,7) be an L —ts and let u € LX. Then the following
statements are true: (i) u < cl(u) < NaBcl(u). Moreover, NaBcl(u) < aB.cl(u) [26]

(ii) If n € LY and u < n then NaBcl(u) < NaBcl(n).

(iii) NaBcl(NaBcl(u)) = NaBcl(u).

(iv) NaBcl(u) = AM{n € LX : n € NaBC(LX, 1), u < n}.

Proof. (i) Let x, € M(LX) such that x, ¢ NaBcl(u), then there exists 1 € NaBR,,,
such that u < A. Since NaBRy, € Ry, and so 4 € Ry, and hence x, ¢ cl(u). Thus
cl(u) < NaBcl(p).

(i) Let xo, € M(LX) such that x, ¢ NaBcl(y), then there exists 1 € NaBR,, such
that 7 < A. Since yu < 7, then u < A and so x, ¢ NaBcl(u). Thus NaBcl(u) < NaBcel(n).

(iii) Suppose x, € M (LX) such that x, € NaBcl(NaBcl(u)). According to Definition
3.11, we have NaBcl(u) £ A for each 1 € NaBR,,. Hence, there exists y, € M (LX) such
that y, € NaBcl(u) with y, ¢ A and so u £ A, that is, x, € NaBcl(u). This shows that
NaBcl(NaBcl(u)) < NaBcl(u). On the other hand, u < NaBcl(u) follows from (i) and
so NaBcl(u) < NaBcl(NaBcl(u)). Therefore, NaBcl(NaBcl(u)) = NaBcl(u).

(iv) On account of (i) and (iii), NaBcl(u) is a NaB — closed set containing u, and so
NaBcl(u) > AM{n € LX : n € NaeBC(LX, 1), u < n}. Conversely, in case x, € M(LX) and
Xq € NaBcl(u), then u £ A for each 2 € NaBR,,. Hence, if 7 is an NaB — closed set
containing u, then n £ A, and then x, € NaBcl(n) = n. This implies that NaBcl(u) <
AMne LX :ne NaBC(LX,7), u < n}. Hence

NaBcl(u) = AN{n € LX : n € NaBC(LX, 1), u < n}

From Theorem 3.12, one can see that every NaB — closed L — subset is a closed
L —subset, but the inverse is not true since every closed L —subset is not a N.a —bounded
set in general, as the following example shows.

Example 3.13. By Example 3.10, let p € LX be a L-subset, define as follows:

1 :x=3,4,5,...
p(x) =19,
G I)C:Q

We note that p is a closed L—subset because p € v’ where 7’ is a L-topology with a
subbase {u,,,n, : n € X}, and we have:
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ng(x):{o ‘x>3

% x <3
And so
, 1 :x>3
= X)) =
P 773() {% x <3

Therefore p € v’. Now, the family ¥ = {u, : n € X} is O—cover of 1x. Since
a=0€Pr(L)=1[0,1) (Vxe X A1 €¥ > A(x) > 0) which has no finite subfamily ¥, of
¥ such that {int(cl(uy)) : i < n} is a 0—cover of p (since ¥, = {u2 V 02, y : n > 4} is not
a 0—cover of p). Hence p is not a N.a—bounded set.

Theorem 3.14. Let (LX, 1) be an L—ts. The following statements hold:
(i) Ox, 1x € NaBC(LX, 7).
(ii) If g1, 2, ..ot € NaBC(LX,7), then /%, u; € NaBC(LX, 7).
(iii) If {u; : i € I} € NaBC(L*,7), then A,;c; ;i € NaBC(LX, 7).
(iv) Every Na—bounded and closed set is NaB—closed.
(v) u € LX is NaB—closed iff there exists 1 € NaBR,, such that u < A for each x, € M (LX)
with x, ¢ u.

Proof. (i) Obvious.

(ii) Let p1, o, ..., un € NaBC(LX,7) and x, € M (LX) such that x, € NaB.cl(\V%, w),
then for each A € NaBR,, we have \/I_; u; £ A and so y; £ A for some i = 1,2, ...,n.
Hence x, € NaB.cl(y;) for some i = 1,2,...,n. Since y; is a NaB—closed set, then
NaB.cl(u;) < p; for some i =1,2,...,n and so x, € y; for some i = 1,2, ...,n and hence
Xo € VI i Thus NaB.cl(V, pi) < Vi i - (%)

Conversely, since py; < NaB.cl(y;) then \/! | u; < NaB.cl(\V, i) ... (x%).
Hence from () and (+*) we have NaB.cl(\/y pi) = Vy i Thus V2, wi € NaBC(LX, 7).

(iii) Let w1, 42, ..., 4n € NaBC(LX,7) and x, € M (LX) such that x, € NaB.cl(\;c; pi),
then for each 4 € NaBR,, we have A;c; i £ A and so y; £ A for each i € I. Hence
Xo € NaB.cl(u;) for each i € I. Since y; is a NaB—closed set, then NaB.cl(u;) < y; for
each i € I and so x, € p; for each i € I and hence x4 € Aje; pti- Thus NaB.cl(N;er pi) <
Nier Hi -+ (%).

Conversely, since y; < NaB.cl(y;) then A;cf pi < NaB.cl(Njey i) - .. (5%).
Hence from () and () we have NaB.cl(A;es i) = Njeg Mi- Thus A;e; ui € NeBC(LX, 7).

(iv) Let u € LX be a Na—-bounded and closed set and let x, € M(LX) such that
Xq & U, since u is a Ne—bounded and closed set, then u € NaBRy,. Since u < u, then
Xq € NaBcl(u) and so NaBcl(u) < u. Therefore pu is NaB—closed set.

(v) Suppose that u is a NaB—closed set, x, € M(LX) and x, ¢ u. By Definition 3.11,
there exists 4 € NeBR,, with u < A. Conversely, provided that the condition is satisfied.
If u is not a NaB—closed set, then there exists x, € M(LX) such that x, € NaBcl(u)
and x, ¢ u. Hence pu £ A for each 4 € NaBR,,,. It conflicts with the hypothesis, and so
u is a NaB—closed set.
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Theorem 3.15. Let (LX,7) be an L —ts and u € LX. Then the mapping NaBcl :
LX — LX is called a closure operator of Na—boundedness iff it satisfies:

(i) Na’BCl(Ox) = Ox.
(ii) u < NaBcl(u).
(iii) NaBcl(u vV n) = NaBcl(u) vV NaBcl(n).
(iv) NaBcl(NaBcl(u)) = NaBcel(p).

A closure operator of Na—boundedness NaBcl generates L—topology Tnope; on LX
as: TNepel = { € LX : NaBel(y') = u'}.

Proof. It follows directly from Theorems 3.12 and 3.14.

Theorem 3.16. Let (LX,7) be an L —ts. Then:

(i) TaB S TNa@B < T.
(i) If (LX, 1) is a—bounded (resp. Na—bounded space), then 7 = 7,5 (resp. T = Ty aB).
(iii) If (LX,7) is LRy—space, then T4p = TnaB-

Proof. (i) Let u € 145, then aBcl(y’) < p’. Since NaBcl(y') < aBcl(y’) hence
NaBcl(u') <y’ and so u € Tvep. If 4 € Tnep, then NaBcel(u') < u’ and so u € 7. also
if u € Tvap, then NaBcl(u’') < y’. Since cl(u’) < NBcl(u’), hence cl(u’) < ' and so
HET.

(ii) We note that 74p < 7 from (i). Now, let u € 7 then p’ € v’. Since 1x is a Na—bounded
and y’ < 1x, ¢’ is Ne—bounded. By Theorem 3.7 and by Theorem 3.14 (iv), we have y’
that is a NaB—closed set and so u’ € Tyop. Thus 7 = N 45.

Definition 3.17. Let (LX,7) be an L —ts, u € LX and NaB.int(u) =Vv{p e LX : p
NaBO(LX,71),p < u}. We say that NaB.int(u) is the NaB—interior of u.

The following Theorem shows the relationships between NaB—closure operator and
NaB-interior operator.

Theorem 3.18. Let (LX,7) be an L —ts and u € LX. Then the following are true:
(i) p is NaB-open iff u = NaB.int(u).

(ii) (NaBcl(u)) = NaB.int(u') and (NaB.int(u))’ = NaBcel(y').
(iii) NaBcl(p) = (NaB.int(u'))’ and Naint(u) = (Nacl(u'))'.
(iv) NaB.int(u) < aB.int(u) < int(u) < u.

(v) If n € LX and p < n then NaB.int(u) < NaB.int(n).

(vi) NaB.int(NaB.int(u)) = NaB.int(u).

Proof. (i) Let u € LX be an NaB- open set, then NaB.int(u) = V{p € LX : p €
NaBO(LX,7),p < u} = u and so u = NaB.int(u).

Conversely, let u = NaB.int(u), since NaB.int(u) = V{p € LX : p € NaBO(LX,71),p <
u} = u. Therefore u is NaB—open set.

(ii) It follows directly from Theorem 3.12 (iv) and Definition 3.17.

(iii) It follows directly from (ii).

(iv) It follows directly from (ii) and Theorems 3.12 (i).
(v) It follows directly from (ii) and Theorem 3.12 (ii).
(vi) It follows directly from (ii) and Theorem 3.12 (iii).

Theorem 3.19. Let (LX,7) be an L —ts. The following statements hold:
(i) Ox, 1x € NaBO(LX, 7).

(ii) If p1, 2, ..os ftn € NaBO(LX, 1), then A", u; € NaBO(LX, 7).
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(iii) If {u; : i € I} € NaBO(LX,7), then \/;c; u; € NaBO(LX, 7).
Proof. It is similar to the proof of Theorem 3.14.

Definition 3.20. Let (LX,7) be an L-ts and S be a molecular net in LX. Then
Xo € M(LX) is called a Na—bounded limit point of S, (or S NaB-converges to x,) in

symbol § LLZR Xq if for every u € NaBR,, and there is n € D such that m € D and
m > n we have S(m) ¢ u.
The union of all Na—bounded limit points of S is denoted by NaB.lim(S).

Definition 3.21. Let (LX,7) be an L-ts and S be a molecular net in LX. Then

Xo € M(LX) is called a Na—bounded cluster point of S, in symbol § Ng®? Xq, if for every
1 € NaBR,, and every n € D there is m € D such that m > n and S(m) ¢ u.
The union of all Na—bounded cluster points of S is denoted by NaB.adh(S).

Theorem 3.22. Suppose that S is a molecular net in (L%, 1), u € LX and x, € M(LX).
Then the following statements hold:

(i) xq € NaB.lim(S) iff § Nab, Xa-

Xo € NaB.adh(S) iff § "&° x.,.

lim(S) < NaB.lim(S).

)
)
(iv) adh(S) < NaB.adh(S).
) NaB.lim(S) and NaB.adh(S) are NaB—closed in LX.
)

Xq € NaB.cl(u) (resp. xq € 6cl(p) [9]), iff there exists a molecular net S in g such
that S is NaB—converges (resp. d—converges) to xg.

Proof. (i) Let x, € NaB.lim(S) and let 4 € NaBR,. Since xo, ¢ A, then
NaB.lim(S) ¢ A. Therefore there exists y, € M(LX) such that y, € NaB.lim(S)
and yy ¢ 1. Then 1 € NaBRy,, and so there is n € D such that for each m € D and m > n

we have S(m) ¢ A, but since 1 € NaBRy,_, so S NaB, xq. Conversely, let S NaB, Xo, then
by Definition 3.20, we have x, € NaB.lim(S).
(ii) Let xo € NaB.(S) and let A € NaBR,,. Since x, € NaB.(S), then every n € D

there is m € D such that m > n and S(m) ¢ A, hence S NP Xo. Conversely, let S NP Xa,
then by Definition 3.21 we have x, € NaB.(S).
(iii) Let x4 € lim(S) and let n € NaBRy,,. Since NeBR,, C Ry, then n € Ry,. And since
Xq € lim(S), then, for each A € Ry, there is n € D such that for each m € D and m > n,
we have S(m) ¢ A and so S(m) ¢ n. Hence, x, € NaB.lim(S). So lim(S) < NaB.lim(S).
(iv) Let xo € adh(S) and let n € NaBR,,,. Since NeBR,, C Ry, then n € R,,. And
since xo € adh(S), then, for each A € Ry, and for each n € D there exists m € D such that
m > n we have S(m) ¢ . And so S(m) ¢ n. Hence x, € NaB.(S). So adh(S) < NaB.(S).
(v) Let xo € NaB.cl(NaB.lim(S)), then NaB.lim(S) £ A for each 4 € NeBR,, and
then there exists y, € M(L¥X) such that y, € NaB.lim(S) and y, ¢ 1. Then for each
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u € NaBRy , there is n € D such that for each m € D and m > n we have S(m) ¢ y, and
so S(m) ¢ A. Hence xo € NaB.lim(S). Thus NaB.cI(NaB.lim(S)) < NaB.lim(S) and so
NaB.lim(S) is a NaB—closed set.

Similarly, one can easily verify that NaB.cl(NaB.(S)) < NaB.(S).
(vi) Let xo € M(LX) such that x, € NaB.cl(u), then u £ A for each A € NaBR,,,. Since
i £ A then, there exists a(u, ) € M(L) such that x4, 1) € 4 With x4 a) ¢ 4. Since the
pair (NaBRy,, >) is a directed set so we can define a molecular net S : NaBR,, — M (LX)
as follows S(1) = xq(u,a) for each 1 € NaBR,,. Hence § is a molecular net in u.

Now let n € NaBR,, such that A <7, so we have there exists S(17) = Xq(u,,) € 7 and
s0 S(17) = Xq(u,n) ¢ A. Hence S is NaB-converges to x,.

Conversely, let S be a molecular net in g such that S is NaB—converges to x4, then
for each A € NaBRj, there is n € D such for each m € D and m > n, we have S(m) ¢ A.
Since S(n) € u for each n € D,m € D. So S(m) € p and u > S(m) > A hence u £ A for
each 1 € NaBRy,. This means that x, € NaB.cl(u).

Definition 3.23. Let (L%, 1) be an L-ts and I be an ideal in LX. Then x, € M(L¥X) is
called:

(1) limit point of I [25], (or I converges to x4) in symbol I — x, if Ry, € I. The union of
all limit points of I is denoted by lim([).

(ii) NaB-bounded limit point of I, (or I NaeB—converges to x,) in symbol / Nab, Xq if
NaBRy, C I. The union of all NaeB-bounded limit points of / is denoted by NeB.lim(I).

Definition 3.24. Let (L%, 1) be an L-ts and I be an ideal in LX. Then x, € M(L¥X) is
called:

(i) Cluster point of I [25], in symbol I o« x, if for every u € Ry, and every A € I, AV u # 1x.
The union of all cluster points of I is denoted by adh([).

(ii) NaB-bounded cluster point of 7, in symbol I NP Xq if for every u € NaBR,,, and
every A € I, AV u # 1x. The union of all NeB-bounded cluster points of I is denoted by
NaB. adh(1).

Theorem 3.25. Suppose that I is an ideal in (LX,7), u € LX and x, € M(LX).
Then the following statements hold:

(i) xq € NaB.lim(I) iff I Nab, Xa-

(ii) xo € NaB.adh(l) iff 1 & xq.
(i) lim(/) < NaB.lim(I) < aB.lim(I).

(iv) adh(/) < NeB.adh(I) < aB.adh(J).

(v) x4 € NaB.cl(u) iff there exists an ideal I in LX such that / NaB, Xq and u € 1.

(vi) NaB.lim(I) and NaB.adh(I) are NaB—closed set in LX.
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Proof. (i) Let x, € NaB.lim(I) and let 1 € NaBRy,,. Since x, ¢ A and x, € NaB.lim(/),
then NaB.lim(/) £ A. Therefore there exists y, € M (LX) such that vy € NaB.lim(I)
and y, ¢ 4. Then A € NaBR,, and so NaBRy, € NaBRy, C I hence NaBRy, C I.

Thus 1 X%, Xq- Conversely, let [ NeB, Xq, then by Definition 3.23 (ii) we have
Xq € NaB.lim(I).

(ii) Let xo € NaB.adh(I) and let 1 € NaBR,,,. Since x, ¢ A and x, € NaB.adh(1),
therefore NaB.adh(I) £ A and so there exists y, € M(L¥X) such that y, € NaB.adh(I)
and y, ¢ A hence 1 € NaBRy, and so NaBRx, € NaBRy, and u Vv A # 1x for each

u € I hence [ Ng? Xq- Conversely, let [ NgP Xa, then by Definition 3.24 (ii) we have
Xo € NaB.adh(I).

(iii) Let x4 € lim(/) and let € NaBRy,,. Since NaBR, C Ry, then n € Ry,. And
since x, € lim(7), then R, C I so for each n € Ry,, n € I and since n € NaBRj,, so
NaBR,, € I. Hence x, € NeB.lim(I). So lim(/) < NeB.lim(I).

Let xo € NaB.lim(/) and let n € BRy,. Since aBR,, € NaBR,,, then n € NaBR,,, .
And since x, € NaB.lim(I), then NaBR,, C I so for each n € NaBR,,, n € I and
since n € aBRy,,, n € I and since n € aBR,,,, so aBR,, C I. Hence x, € aB.lim(/). So
NaB.lim(/) < aB.lim(I).

(iv) Let xo € adh(/) and let n € NaBRy,,. Since x, € adh([), so foreach A € Ry,,, 1 € ]
and since n € NaBR,, son € R,,. Hence x, € NaB.adh(I). So adh(/) < eB.adh([).
Similarly, one can easily verify that NaB.adh(I) < aB.adh([).

(v) Let xo, € M(LX) such that x, € NaB.cl(u). The family I = {p € LX : 1 €
NaBR,, > p < A} is an ideal in LX. Now we show that u ¢ I. Since x, € NaB.cl(u),
then for each 4 € NaBRy,, u £ A. So by definition of I we have u ¢ I. Finally, we

show that I —<5 x,. Let 1 € NaBRy,, since A < A, then A € I. So NaBR,, C I. Thus

NaB
I — x,.

Conversely, let I be an ideal in LX such that I NeB, xq and u ¢ I. Then for each
A€ NaBRy,, A €l. Sincedel, pu¢l, u£Aandsox, € NeB.cl(u).

(vi) Let xo € NaB.cl(NaB.lim(I)), then NaB.lim(/) £ A for each 1 € NaBR,,
and then there exists y, € M(LX) such that y, € NaB.lim(/) and y, ¢ A. Since

A € NaBRy, and I NaB, Xq then n € I for each n € NaBRy,. Since y, ¢ A then
A €l But A€ NaBR,, and so x, € NaB.lim(I). Thus NaB.c/(NaB.lim(l)) <
NaB.lim(I) and so NaB.lim(I) is a NaB—closed set. Similarly, one can easily verify that
NaB.cl(NaB.adh(I)) < NaB.adh([).

Theorem 3.26. Suppose that S is a molecular net in L-ts (LX, 1), u € LX. Then:

(i) NaB.lim(S) = NaB.lim(I(9)).
(i) NaB.adh(S) < NaB.adh(I(S)).

Proof. (i) Let x, € M(L¥) such that x, € NaB.lim(S), by Theorem 3.25 (i),

we have S NaB, Xq then for each 4 € NaBR,, there is n € D such that for each
m € D and m > n we have S(m) ¢ A, and hence by the definition of I(S) we have
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A € I(S) for each 1 € NaBR,, and so NaBR,,_, C I(S). Thus x, € NaB.lim(I(S)), i.e.,
NaB.lim(S) < NaB.lim(I(S)).

Conversely, let x, € NaB.lim(I(S)), then A4 € I(S) for each 4 € NaBRy,_, and then
there is n € D such that for each m € D and m > n we have S(m) ¢ 1. Therefore x, €
NaB.lim(S). Thus NaB.lim(I(S)) < NaB.lim(S). Hence NaB.lim(S) = NaB.lim(I(S)).

(ii) Let xo € NaB.adh(S), then for each 4 € NaBR,, and for each n € D such
there is m € D and m > n we have S(m) ¢ A. If u € I(S), then there is n € D
such that for each m € D and m > n then S(m) ¢ u. Thus u v A1 # 1x for each
n € I(S) and for each A € NaBR,,, that is, x, € NaB.adh(/(S)). This implies that

NaB.adh(S) < NaB.adh(I(S)).

Theorem 3.27. Let (LX,7) be a L—ts. and let u € LX. Then:
(i) If 1x is NQo—compact iff 1x is Na—bounded.
(ii) If p is NQ —compact, then yp is Na—bounded.
(iii) If p is NQ o—compact and u < n, then p is Na—bounded.
(iv) If ui, po, ..., um are Na—bounded sets, then \/!"; u; is Na—bounded.

Proof (i) Let (LX,7) be a NQ,—compact space and let ¥ = {1; : i € I} C 7’ be
an @—RF of 1x. Since (LX, 1) is a NQ,—compact space, there exists a finite subfamily
W, = {A; : i =1,2,..,m} € 2 such that ¥, is an a—RCRF of 1x and so 1lx is
Na—-bounded set. Conversely, let 1x be a Na—bounded set and let ¥ = {; :i eI} C 1’
be an a—RF of 1x. Since 1x is a Na—bounded set, then there exists a finite subfamily
W, = {A :i=12,..,m} € 2 such that ¥, is an a—RCRF of 1x and so 1x is a
NQ ,—compact set.

(ii) Let u be a NQ,—compact and let ¥ = {4; : i € I} € 7/ be an «—RF of 1x
and so ¥ is an a—RF of u. Since u is a NQ,—compact set, then there exists a finite
subfamily W, = {1; : i = 1,2, ...,m} € 2¥) such that ¥, is an a—RCRF of u and so u is a
Na—-bounded set.

(iii) Let n be a NQ o—compact set and u < n. Let ¥ ={A; : i € I} € 7’ be an a—RF
of 1x and so ¥ is @a—RF of 5. Since 7 is a NQ ,—compact set, then there exists a finite
subfamily W, = {A; : i =1,2,...,m} € 2(¥) such that ¥, is an a—RCRF of 5, since u <7,
then ¥, is an a—RCRF of u and so u is a Nae—bounded set.

(iv) Let p1, 4o, ..., uy be a Na—bounded set and let ¥ C 7/ be an @—RF of 1x. Since
U1, 12, ..., i are Na—bounded sets, then there exist W1, W2, .., ¥" e 2(") such that
vl w2 W are a—RCRF of py, pa, ..., ftn, respectively, and so for each x, € u; there is
A1 € W! such that A; € Ry, , for each x, € ug, there is Ag € W2 such that Ay € Ry, ..., for
each x, € p, there is A, € W7 such that 4, € Ry,. Hence, for each xo € 1 V 12 V... V p,
we have x, € u; for some i € {1,2,...,n} and so there is A; € \/I_; ! such that A; € Ry,
and hence \//_; ¥ is an «—=RCRF of p1 V ua V ... V pt,. Thus ¥, = Vit W7 is a—RCRF of
ULV s V... .Vu, and so V{u; :i=1,2,...,n} is a Ne—bounded set.

The following Example shows that the converse of Theorem 3.27 (ii) is not true in general.
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Example 3.28. Let X = {x}, L =[0,1], and let 7 = {Ox,x1,xs, 1x}. Then (L, 7) is
19
L—ts and 7" = {Ox,x3,x1,1x}. Firstly, we show that y=x1 € M (LX) is Na-bounded
19 2

set. We suppose that S = {x, :x € X, < %} is any constant @—molecular net in u. If

a < %, we take x € X so that S(n) = x4 ¢ cl(int(1)) for each A € Ry, , = {Ox,x1}, where

9
cl(int(0x)) = Ox and c/(int(x1)) = Ox. Then x, is a d—cluster point of § in 1x. Thus

9
U =xg5 is a Na—bounded set.
Now, we show that u = xg5 € M(L¥) is not a NQ,compact set. Indeed, (L, 1) is

not LRy-space. Since there is xos € M(LX) and there is 1 = x3 € Ry, such that for

1
each n € Ry, y = {Ox,x1,x3} we have A £ int(n), where int(Ox) = Ox, int(x1) = Ox and
9 14 9

int(x3) =x1. Hence (L%, 7) is not a LRy—space, and so 4 = xg 5 is not a NQ ,—compact set.
1

l.
1

Theorem 3.29: Every L—subset with finite support is a Na—bounded set.

Proof. Let (L%, 1) be a L—ts. and u € LX with finite support. Then by Theorem 2.17
(i), we have u is NQ ,—compact and by Theorem 3.27 (ii) we have u is a Na—bounded
set.

Theorem 3.30. Let (L%, 7) be an L-ts and u be a Na—bounded set in (LX, 1), then
i is a Na—bounded set in (L%, 1y).

Proof. Let u be a Na—bounded set in (LX,7) and ¢ #Y C X. Let ¥ = {p; =n; A ly :
ni €v',i €I} C 1), bean a-RF of 1y. Hence W* = {n; :i € I} C 7’ is an @~ RF of 1x. Since
u is a Na—bounded set in (LX, 1), then there exists W* = {n; :m =1,2,...,n} € 2(¥7
such that ¥} is an @~ RCRF of u and so ¥, = {p;,, =1i,, Aly :m=1,2,...,n} €2 is
an a-RCRF of u. Hence u is a Na—bounded set in (LY, 1y).

4. a—Nets’ characterizations of N.a—Boundedness

In this section, we give several characterizations of N.a—Boundedness in terms of both
the upper 6-limit of nets of L—subsets and d—cluster points of constant molecular a—nets.

Theorem 4.1. Let (LX,7) be an L — ts, @« € M(L) and u € LX. Then u is
N.a—bounded iff for each constant molecular @—net S contained in y has d—cluster point
in X with height a.

Proof. Suppose that u is N.a—bounded and let S = {S(n) : n € D} be a constant
molecular a—net in u with height @. If S does not have any d—cluster point in X with
height @. Then for all x, € M(LX), x, is not a §—cluster point of § and so there exists
Ax € Ry, and ny € D such that for every m € D and m > ny, then S(m) € cl(int(1y)). Put
¥ ={1y:xe X and a € M(L)} is an a—RF of 1x. Since y is N.a—bounded, then there
exist ¥, = {cl(int(Ay)) :i=1,2,...,k} € 2¥) such that ¥, is an - RCRF of u. Hence,
for each i < k we have ny, € D when m > ny,, S(m) € cl(int(Ay,)). Since D is a directed set,
then there is n, € D such that n, > ny, (i =1,2,...,k). Hence S(m) € A\, cl(int(1,,))
whenever m > n,. This means that S(m) not have a—RCRF in ¥,, and so ¥, is not
a—RCRF of u. This contradicts the hypothesis that y is N.e—bounded. Thus § has a
o0—cluster point in X with height a.
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Conversely, suppose that u is not N.e—bounded. Then there exist @« € M (L) and
a family W which is an o RF of 1x, but for any family ¥, € 2(*), we have ¥, is not
an a—RCRF of y. Then there is a point x, € u with height @ such that x, < AY,
and x, is denoted by (x(¥,))q. Since 2(¥) is a directed set with relation <, then
S={x((¥,))a : ¥, € 2P} is a constant molecular @—net in u. Take an arbitrary point
Yo in X with height @, since ¥ is an a—RF of 1x, then there is A € ¥ such that 1 € R,,.
Hence, for each ¥, € 2*) such that cl(int(1)) € ¥,, there is (x(¥,))a < A¥, < cl(int(1)),
i.e., S < cl(int(1)). This shows that y, is not a é—cluster point of S in X with height «,
which contradicts the hypothesis. Thus u is a N.a—bounded.

Theorem 4.2. (Alexander’s subbase lemma) Suppose that (LX,7) is a L — ts,
@ € M(L), u € LX and ¢ is a subbase of 7. If for each a~RF ¥ of 1x consisting of
elements of &, there is ¥, € 2(¥) which is an a-RCRF of y, then p is a N.a—bounded set.
Proof. It is similar to Theorem 5.1 in [15].

Theorem 4.3. Let {(LXi,7;) :i € I} be a L-ts’s and u; be a Na—bounded set in
(L%, 1;) for each i € I, then the product set u = [[;c; 4 is a Na—bounded in the product
space.

Proof. Let @ € M(L) and let u; € L% be a Na-bounded set in (L%, 1;) for each
i €. Let the set & = {Pi_l(/li) :i€1,4; € 7/} be a subbase of the family of all closed sets
of the product space. To show that [[;c; u;i is a Na—bounded set, we only need to verify
that for each a—RF, ¥ C ¢ of the set [];c; X; there exists ¥, € 2(%) guch that ¥, is an
a—RCRF of the set [];cypi- Let W = VnEN{Pi_nl(/l) tAeR;, R, € Tl-,n}.

Now, we consider the following two cases:

(i) There exists i, € I such that no molecular with height @ is contained in p;, .
Then by the definition of a product set [[;¢; ; it follows immediately that no point no
molecular with height « is contained in [];c; u; and hence for each ¥, € 2*), we have
¥, is an a—RCRF of [],;¢; w; and so [];cr pi is a Na—bounded set.

(ii) For every i € I, X; contains a molecular with height @, x!, say. Then there
must be some n € N such that R; is an a-RF of X; . In fact, for each n € N, R;,
is not an a-RF of X;,, then there exists y» € X;, with y7 € 1x, A (AR;,). For each
i ¢ {i, : n € N} take y' = x'. Let y € [[;c; X; with projections y’ and i € I. On the
other hand, for each n € ¥, y, € 5. To see this, let n = Pl._nl(/U, where 1 € R; , then
n(y) = Pl.‘nl(/l)(y) = A(P;,(y)) = A(y™) > a. Since x' € 1 and y = (y™,y, ..., y™), hence
Yo € 1. However, this is impossible since ¥ is an a—RF of [];c; X;. Suppose that R;,
is an a-RF of [];e; Xi. By the Na—boundedness of y;,, there exists R; € 2Rin) such
that R; is an a-RCRF of p;,. Consider the ¥, = {Pl.‘n1 (cl(int(A))) : A € 9{:?"} which
is a finite subset of ¥, i.e., ¥, € 2% if x, € [Ties pi, then p;, (P, (x)) = p;, (x™) > @
so there is A € ‘J{fn with A € Rxg,, i.e., cl(int(A(x™))) = cl(int(A(P;, (x)))) # a, then
Pl.;l(cl(int(/l)))(x) % a and therefore Pl.‘n1 (cl(int(1))) € Ry, . This shows that ¥, € 2(¥)
is an a—RCRF of [];¢; u; and so [1;¢; pti is a Na—bounded set.

Theorem 4.4. Let S={S(n) :ne€ D} and T = {T(n) : n € D} be a molecular nets in
a L-ts (LX, 1) such that T(n) > S(n) for each n € D and x, € M(LX). Then the following
results are true:
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(i) It § 2%, x,, then T 225, x,.

(ii) It § & xg, then T & x,.

Proof. (i) Let x, € M(LX) such that S NeoB, Xq, then for each A € NaBRj,, there
exists n € D such that for each m € D and m > n then S(m) ¢ A. Since T(n) > S(n) > A,
and so for each 4 € NaBR,,, there exists n € D such that for each m € D and m > n then
T(m) ¢ A. This shows that T is NaB—converges to x,.

(i) Let x, € M(LX) such that S NP Xa, then for each 1 € NaBR,, and each n € D
there exists m € D such that m > n then S(m) ¢ 1. Since T(n) > S(n) for each n € D,
then T'(n) > S(n) > A. Thus for each 1 € NaBRy, and for each n € D there exists m € D

such that m > n then T(m) ¢ A. This shows that T NP Xo-

Theorem 4.5. Let {u, : n € D} be a net of closed L-subsets in LX such that
Hn, < Un, then §.1im(un) < A{un : n € D} iff ny < ny.

Proof. Let x, € 6.@(/1,0 and let x, € A{u,, : n € D} hence there is n, € D such
that xo € pn,. Let p = up,, then p € Ry,. Since x, € §.lim(u,) and p € Ry, there
isn e D, n > n, such that u, £ cl(int(p)), which contradicts the hypothesis that
Xq &€ AM{u,, :n € D}. Thus x4 € A{u, : n € D}.

Theorem 4.6. Let (LX,7) be an L-ts and u € LX. Then u is a N.a—bounded set iff
for every net {n, : n € D} of closed L-subsets in LX such that ¢ lim(#,)(x) < a, for each

x € X, there is n, € D for which n, A u = 0x for every n € D,n > n,.

Proof. Let u € LX be a N.o-bounded set and let {, : n € D} be a net of
closed L-subsets in LX such that 6.1lim(n,)(x) < a, for each x € X. Then for every
molecular x, € M(LX) there exists p, € Ry, and n, € D such that 5, < cl(int(py))
for every n € D, n > ny. Since py € Ry, for every x € X, then the family ¥ =
{px : x € X and @« € M(L)} is an a—RF of 1x. Since u is a N.a—bounded, there
exist ¥, = {cl(int(py;)) : i = 1,2,...,k} € 2¥) such that ¥, is an a-RCRF of pu.
Put p = /\ff:1 Px;, then cl(int(p)) € R.,. Since D is a directed set, there is n, € D
such that n, > ny, for every i = 1,2,...,k. Then for every n € D,n > n,, we have
N < cl(int(/\f.‘:1 pyx;)) and so i, < cl(int(p)), whenever n > n,. Since cl(int(p)) A pu = Ox,
then n, A u = 0x for every n € D,n > n,.

Conversely, suppose that u € LX satisfies the condition of the Theorem. We prove
that u is a N.a-bounded set. Let ¥ C 7/ be an @ RF of 1x. Let D = 2(¥) be the
set of all finite subsets of ¥ directed by inclusion, and let {ny : ¥ € D} be a net of
closed L—subsets in LX such that ny = A{cl(int(p)) : p € ¥}. Obviously, ny, < ny,
iff ¥, C W;. Hence by Theorem 4.5 it follows that 6.lim(ny)(x) < A{py : ¥ € D}.
Then A{ng : ¥ € D}(x) = A(A{cl(int(p)) : p € ¥})(x) < «a for each x € X. Thus
5.lim(ny)(x) < @ for each x € X. By assumption, there exists an element ¥, € D for
which ny A u = Ox for every ¥ € D, ¥ > ¥,. By the above we have ny, A 1 =0x and
so (Vxo € pu)(3cl(int(p)) € ¥,)(cl(int(p)) € Ry,). Thus ¥, € 2(¥) is an @ RCRF of p.
Hence u is a N.a—bounded.

Theorem 4.7. An L-ts (L%, 1) is a NQ,—compact iff for every a net {n, : n € D}
of closed L-subsets in LX such that lim(n,)(x) < a for each x € X, there is n, € D for
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which n, = 0x for every n € D, n > n,.

Proof. Let (L%, 7) be a NQ,compact. Then 1x is a NQ ,—compact and by Theorem
3.27 (i), we have 1y is a N.a—bounded. Let {n, : n € D} be a net of closed L-subsets in
L* such that 6.1im(1,,)(x) < @ for each x € X. Hence by Theorem 4.6, there exists n, € D
such that n, A 1x = 0x for every n € D, n > n, and so n, = Ox for every n € D, n > n,.

Conversely, suppose that 1x satisfies the condition. We prove that 1x is a NQ,—
compact. Let ¥ be an a-RF of 1x and let D = 2(Y) be the set of all finite subsets of ¥
directed by inclusion, and let {ny : ¥ € D} be a net of closed L-subsets in LX such that
nw = AMcl(int(p)) : p € P}

Obviously, ny, < ny, iff Yo € ¥;. Hence, by Theorem 4.6, it follows that

5.m(ﬂql) < A{ny :¥ € D}.

Then A{ny : ¥ € D}(x) = A{cl(int(p)) : p € P}(x) < «a for every x € X.and so
5.1lim(n,)(x) < @, for each x € X. By assumption, there exists an element ¥, € D for
which ny = 0x for every ¥ € D, ¥ > W,. Thus ny, = 0x and so x, € ny, = A{cl(int(p)) :
p € ¥,} for every x, € M(LX) and hence ¥, € 2") is an a- RCRF of 1x.Hence 1y is a
NQ ,—compact.

Theorem 4.8. If (LX 1) is fully stratified and LT;-space, then u € LX is a
NQ ,—compact set iff u is 6—closed and N.a—bounded.

Proof. Let u € LX be an NQ,compact, then by Theorem 2.18 (ii), we have y is
6—closed and by Theorem 3.27 (ii), we have y is N.a—bounded. Conversely, let u be a
o0—closed and N.a—bounded set and let S be a constant a—molecular net in u. Since u is
N.a—bounded, then by Theorem 4.1, we have S has d—cluster point, say x, in X with
height @. By Theorem 2.15 (j), then there is a subnet T of S such that T §—converges to
Xq and so xo € 6cl(u) by Theorem 3.22 (vi). Since u is §—closed, then dcl(u) = p and so
Xq € u, then by Theorem 2.19, we have u is a compact set.

Theorem 4.9. If (LX, 1) is LRy-space, then u € LX is a N.a—bounded set iff cl(u)
is a N.a—bounded set.

Proof. If §.cl(u) is a N.a—bounded set, then y is a N.a—bounded set (by Theorem
3.7). Conversely, suppose that y is N.a—bounded and ¥ = {n,, : j € J} is an a-RF
of 1x. Then for each x € X there is ny; € ¥ such that n,, € Ry,. Since (L%, 1) is
LRo—space, then there is Ax; € Ry, and there is Px; € 7’ such that Ax; V px; = 1x and
Px; Anx; = Ox. Then the family {dy; : xo € M(LX)} is an a-RF of 1x. Since u is
N.a-bounded, then exists finite subset Jo of J such that {1, : j € Jo} is an a—RCRF of
u. Since Ax; V px; = 1x, Xa & Ay, then x,, € Px;- Since Px; A1x; = Ox, then {ij :jeds}
is an @—RCRF of py;. Therefore u < p,, for J € J,. Since py; € 7" and (L%, 1) is
LSRy-space, then by Theorem 2.21, we have ¢.cl(px;) = px; and so {ny; : j € Jo} is an
a@-RCRF of 6.cl(px;) and since 6.cl(u) < 6.cl(px;), then {ny; : j € Jo} is an a~RCRF of
6.cl(u). Hence 6.cl(u) is a N.a—bounded set.

Theorem 4.10. If (LX, 1) is a LT3space, then u € LX is a N.a—bounded set iff u is
a L—subset of a NQ,—compact set.



N. A. Alsaedi / Eur. J. Pure Appl. Math, 18 (4) (2025), 5960 20 of 22

Proof. If u is N.a—bounded, then by Theorem 4.9, and Corollary 2.22, we have
ocl(u) is 6—closed and N.a—bounded set, hence by Theorem 4.8, we have dcl(u) is a
NQ ,—compact set.

Conversely, If u is a L-subset of NQ ,—compact set, then by Theorem 3.27 (iii), we
have u is a N.a—bounded set.

Theorem 4.11. Assume that S = {S(n) : n € D} is a molecular net in a L-ts (L%, 1)
and x, € M(LX). Then the following results are true:

(i) xo is a NaB-cluster point of S iff there exists a subnet 7 of S such that T is
NaB—converges to x.

(ii) If x4 is a NaB—cluster point of S, then T is a NaB—converges to x, for each subnet
T of S.

Proof. (i) Provided that S = {S(n) : n € D} and x, is a NaB—cluster point of
S, then for each 4 € NaBR,, and each n € D there is k € D such that S(k) ¢ A and
k > n. Taking k = g(n, 1), we get a mapping g : D X NaeBR,, — D with S(g(n,1)) ¢ 4.
Put E = D x NaBR,, and we define the relation < on E as follows: (n,4;) < (n2,12)
iff n1 < no and A; < Ao, then (E, <) is a directed set. For each (n,1) € E, we choose
T(n,A) =S(g(n,A), then T = {T(n,A) : (n,A) € E} is a subnet of S. Because: (*) There
exists mapping f : E — D define as follows f(n,A) =nand T =So f.

(**) Let ny € D, then there exists (n1,41) € E and (n1,41) < (n2,42) € E iff ny < ny
and A1 < A2, f(ne,43) = no > ny. Now we prove that T is NaB—converges to xo, let
A€ NaBRy, and n € D, so (n,4) € E. Therefore, for each (n,1) € E and (n,4) < (m,n)
then T(m,n) = S(g(m,n)) ¢ n and A < n, so T(m,n) ¢ A. Thus T is NaB—converges to x.

Conversely, it follows directly from Definition 2.12.

(ii) It follows directly from Definition 2.12.

Theorem 4.12. Let (LX,7) be an L-ts and u € LX. Then u is a N.a—bounded set
iff every a—filter ¥ containing u as an element has a d—cluster point in X with height «.

Proof. Suppose that y is a N.e—bounded and ¥ is a a—filter containing u as an
element (@ € M(L)), then A A u € F for each A € F, hence \ (1A pu)(x) > a for each

xeX

A € F and for each x, € M(LX) there exists a molecule X(1,a) € A A p with height a.
Put S(F) = {x(,0) : (A, @) € F xM(L)}. In F x M(L) we define the relation that
(A1, 1) = (A9, a2)if fA1 < A9 and a7 > ag. Then, F x M(L) is a directed set with this
relation, and S(F) is a constant molecular a—net in u. Since u is a N.a—bounded set,
then by Theorem 4.1, S(¥) has a d—cluster point in X with height «, say x,. So, by
Theorem 2.28, ¥ d—cluster to x, as well.

Conversely, suppose that the condition is satisfied and § = {S(n) : n € D} is a constant
molecular a—net in y. Let A, = \/(S(m)) for each m € D, n > m. Since D is a directed
set, then the family {A,, : m € D} can generate a filter F(S). Since S is a constant
molecular a—net, then for each @« € M(L) (3n € D)(Vm € D,m > n)(\/(S(m)) = @), hence
V(Adm(x)) = V(V(S))) = a,n = m and so \/(A,,(x)) = @. Since F(S) is produced by
{Am : m € D}, then for each 1 € F(S) contains some 4, and therefore V(1(x)) = a.
Hence F(S) is an a—filter. By assumption, #(S) has a §—cluster point in X with height
@, say xo. Thus, for each u € Ry, and for each 4 € ¥(S). In particular, 1,, we have



N. A. Alsaedi / Eur. J. Pure Appl. Math, 18 (4) (2025), 5960 21 of 22

Am £ u, and by Theorem 2.29, we have S has a d—cluster point x, and by Theorem 4.1,
we have y is a N.a—bounded.

Theorem 4.13. If a set u in a L-ts (L%, 7) is a N.a—bounded, then every a—ideal I
in LX and u ¢ I has a §—cluster point in X with height a.

Proof. Let I be an a—ideal in LX and u € LX be a Na-bounded with u ¢ I. Then for
each n € I we have V,cxn(x) < @, and then for each @ € M(L) there exists a molecule
S, @) =x(p,0) €1- Put D) = {(n,@) : x(;,a) € 4, n € I and x(;; o) ¢ n}.In D(I) We
define the relation that (1, 1) = (172, @2) iff 51 = no. Then (D(I), ) is a directed set
with this relation and S(I) = {S(n, @) = x(;,a) : (7,a) € D(I)} is a constant molecular
a—net in py. Since u is a Na—bounded set, then by Theorem 4.1, S(I) has a d—cluster
point in X with height a, say x,, by Theorem 2.30, we have x, is also a d—cluster point
of I.
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