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1. Introduction

It would be fair to say that the concept of metric fixed point theory started with the
famous contraction mapping theorem of S. Banach [1]. This theory has seen rapid de-
velopment in the past nineteenth and twentieth centuries. In the overlaps made in these
centuries, while metric spaces and normed spaces developed, the domains were only taken
as value regions with single variables and real positive numbers. In other words, new
metric spaces are produced by taking the domains X, X2, and X?3. However, bipolar met-
ric space is defined as a new space by going beyond the conventional definition of metric
spaces that have been defined for years. At the same time, this theory has been applied
to real life and various fields of science, namely engineering, economics, medical sciences,
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and computer, etc.

In the sequel of generalisation of contractive conditions, Jungck proposed a very differ-
ent type of generalization of the contraction condition introduced by Banach for a pair of
compatible maps in metric spaces. (see [2]). The concept of compatible mappings of type
(A) was described in [3] on complete metric spaces. The common fixed point theorems
have been proved for the compatible mappings of type (A). This type (A) was shown to
be equivalent to the context of compatible mappings defined by Jungck, with some restric-
tions (see [3]). Valerie Popa demonstrated fixed point theorems for compatible mappings
satisfying an implicit relation in [4].

In [5], the (E.A.) property in metric space was defined, which generalizes the concept
of non-compatible mappings, and some common fixed point theorems were proved.

Later, in 2016 Mutlu and Giirdal [6] introduced the concept of a bipolar metric space
which is the generalization of a metric space. They have proved some generalizations of
Banach Fixed Point Theorem [1] in bipolar metric spaces. Given the theorem proved
herein, it is highly demanded to recall the most basic definitions and properties in bipolar
metric spaces.

Subsequently, in the recent past, various authors have reported fixed point results in

the setting of bipolar metric spaces using various contractive conditions. For more details,
[7-16].

Inspired, in this article we aim to prove common fixed point theorems with the con-
cepts of maps of type (A) and property (F.A), and implicit relations in bipolar metric
spaces, which generalizes some famous well-known results, namely Kannan [17], Reich [18]
and Gaba [16].

The rest of the paper is organized as follows: In Section-2, we review some basic
preliminaries and monograph. We present our main results in Section-3, establishing the
fixed point results and generalising various fixed point results proven in the past. The
derived results have been supported with suitable examples. Finally we conclude the
manuscript presenting the scope for further research by presenting some open problems
for future research.

2. Preliminaries

The following are required in the sequel.

Definition 1. [6] Let X and Y be two non nonempty sets and d : X x Y — [0, +00) be
a function. Then the triplet (X,Y,d) is called bipolar metric space and d is called bipolar
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metric on (X,Y), if the following conditions holds:

(BP1) d(x,y) = 0 if and only if x =y where (z,y) € X XY,

(BP2) If x,y € X NY then d(z,y) = d(y, x),

(BP3) d(x1,y2) < d(z1,y1) + d(x2,y1) + d(x2,y2) for all x1,22 € X and y1,y2 € Y.

Definition 2. [6] Let (X,Y,d) be a bipolar metric space. A sequence {uy} is said to be
convergent to a point t if and only if {u,} is a sequence in X, t is a point in Y and

lim d(upn,t) =0; or {u,} is a sequence in Y, t is a point in X and lim d(t,uy) = 0.
n——+0oo n——+oo

A sequence {(xn,yn)} in X XY is called a bisequence on (X,Y). This sequence is simply
denoted by (n,yn). If both the sequences {x,} and {y,} converge, then the bisequence
(Tn,yn) is said to be convergent. If both the sequences {x,} and {y,} converge to a same
point uw € X NY then (xn,yn) is called biconvergent. If lim  d(xn,ym) = 0 then the
n,m—-+00
bisequence (xyn,yn) is called a Cauchy bisequence.

In a bipolar metric space, every convergent Cauchy bisequence is biconvergent. A bipolar
metric space is called complete, if every Cauchy bisequence is convergent, hence biconver-

gent.

Remark 1. Limit of a convergent sequence in a bipolar metric space need not be unique,
but if a limit is in X NY, then it is the unique limit of the sequence.

Definition 3. [6] Let X1,Y1, X2 and Ys be four sets. A function f: X;UY] — XoUYs is
said to be a covariant map if f(X1) C Xo and f(Y1) C Ys and is denoted as f : (X1,Y7) =
(X2,Y2). In particular, if (X1,Y1,d1) and (Xo,Ya,d2) are two bipolar metric space then
we use the notaion f: (X1,Y1,d1) = (Xa,Ya,ds) for covariant map f.

A function g : X1 UY1 — Xo UYs is said to be a contravariant map if g(X1) C Y2 and
g(Y1) C X5 and is denoted as g : (X1,Y1) = (X2, Ys).

Definition 4. Let (X1,Y1,d1) and (Xa,Ya,d2) be two bipolar metric spaces. A covariant
map f: (X1,Y1) = (X2,Y2) is continuous at v if and only if {un} converges to v on
(X1,Y1,d1) implies {f(un)} converges to f(v) on (Xa,Ya2,d2).

A contravariant map g : (X1,Y1,d1) = (Xo,Ya,da) is continuous if and only if it is
continuous as a covariant map g : (X1,Y1,dy) = (Yo, Xo,ds), where dy is defined as
do(y, ) = da(z,y), for all (y,x) € Ya x Xo.

Definition 5. [7] If S and T are covariant or contravariant maps on X UY, then
(i) uwe X UY is called fized point of T if and only if Tu = u.
(1)) uw € X UY is called common fized point of S and T if and only if Tu = Su = u.

(i) uw € X UY is called coincidence point of S and T if and only if Tu = Su.

Popa [4] studied a new type of contraction condition by employing the implicit function
to obtain fixed points. In the sequel, we are also going to prove a few fixed-point theorems
by employing implicit relations in a bipolar metric space.
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3. Main Results

The concept of maps of type (A) was introduced initially by Jungck, Murthy, and Cho
[3] in a metric space. Now we are ready to introduce the same concept in a bipolar metric
space. The definition follows:

Definition 6. Let (X,Y,d) be a bipolar metric space. Also, let T : (X,Y,d) = (X,Y,d)
be a covariant map and S : (X,Y,d) = (X,Y,d) be a contravariant map. Then
(i) S and T are said to be compatible mappings of type (A) with respect to X if and
only if lim d(SSun,TSu,) =0 or lim d(TTup,STu,) =0, whenever {u,} be a
n—-+o0o n—-+o00

sequence in X such that

lim Su, = lm Tu, =t
n——+oo n—-+00

for somete XNY.

(ii) S and T are said to be compatible mappings of type (A) with respect to Y if and
only if EI—P d(T'Suy, SSu,) =0 or ll)I_’I_l d(STuy, TTuy,) = 0, whenever {u,} is a

sequence in Y such that

lim Su, = lm Tu, =t
n——+oo n—-+00

for somete XNY.

(17i) S and T are said to be weak compatible mappings of type (A) if and only if Tu = Su
for some u € X NY, then TSu = SSu (or equivalently, STu = TTu.)

Example 1. Let X = NU{0}, Y = [0, 1] and the metric d is defined by d(z,y) = |x — y|,
where N is the set of positive integers. Then (X,Y,d) is a bipolar metric space. Let T

1
(covariant) and S (contravariant map) are defined as S(n) = e foralln e N, S(y) =1,
forallyeY, T(n)=2n, forallneX —{1},T1=0

1
—= f —<y<l1
5 5 <y
then the maps S and T' are compatible of type (A) with respect to X vacuously as there is
no sequence {x,} in X such that lim Sz, = lim Tz,=1€ XNY or lim Sz, =

n—-+00 n—-+00 n—-+00
liI_P Tz, =0 € X NY, but it is not compatible of type (A) with respect to Y as the
n—-+0oo
sequence {% - ﬁ} 'Y has the following property

ngr—il-loo Syn - ngr—il-loo Tyn =1

but nll)l_‘l_loo d(T'Sypn, SSyn) = d(0,1) # 0 and nEToo d(STyn, TTy,) = d(1, 5) # 0.
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Now we extend the definition of property (E.A.) [5] to bipolar metric space.

Definition 7. Let (X,Y,d) be a bipolar metric space and let T, T : (X,Y,d) = (X,Y,d)
be covariant maps and S1,S3 : (X,Y,d) = (X,Y,d) be contravariant maps. We say that

(i) T1 and Sy satisfy the property (E.A.) if there exists a sequence {x,} in X and

a sequence {yn} in'Y such that lim,_, - S1z, = lim Tz, = lm Sy, =
n—-+00 n—-+00
lim Tyy, =t for somete XNY
n——+oo

(i) Tv and Sy satisfy the weak form of property (E.A.) if there exists a sequence {uy}
mn X orY such that lim Siu, = lim Tiu, =t for somete X NY

li
n——+00 n——+o0o
(iii) the quadruple (S1,T1,S2,T5) satisfies the property (E.A.) if there exists a sequence

{zn} in X and a sequence {y,} inY such that ngrfoo Si1z, = nll}rfoo Tiz, = ngrfoo Soyn =

lim 7oy, =t for somete X NY
n—-+0o
The following proposition gives the connection between compatible mappings of type
(A) and a weak compatible mappings of type (A).

Proposition 1. If S and T' are mappings of type (A) with respect to X orY, then they
are weak compatible mappings of type (A).

Proof. Let S and T are compatible mappings of type (A) with respect to X or Y with
Su = Tu for some u € X NY, then the proposition can be proved easily by taking u, = u
in the definitions of compatible mappings of type (A) with respect to X and Y.

We now introduce the following class of implicit functions:
Let ¥ be the collection of all real-valued function 1 : [0, +00)* — R satisfying the following
conditions:

(a): If ¢(a,b,a,b) <0 or ¢(a,b,b,a) <0 then there exists k£ € [0, 1) such that a < kb.
(¢p): If ¥(a,a,0,0) > 0 for all @ > 0.
Remark 2. by definition of v, it is clear that the following implications hold:
e Y(a,a,0,0) <0 implies a = 0.
e (a,0,0,a) <0 implies a = 0.
e Y(a,a,a,a) <0 implies a = 0.
Example 2. The following functions are members of V.

o Y1(a,b,c,d) = a—kib— koc —kad, ki, ko, k3 >0,k +ky+k3 <1

ke + k ki + k

If 1 (a,b,a,b) = a—kib—koa—ksb < 0 then a < ( 11+ 3) b with 0 < 11 +1<;3 <1.
— 2 — Rh2

If 1 (a,b,b,a) = a—kib—keb—ksa < 0 then a < (’“11 +:2> b with 0 < ]T +:2 < 1.
— N3 — 3

takek:max{k1+k3 k1+k2}

1—ke  1—ks
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e o(a,b,c,d) =a—k max{b,c,d}, k €0,1)
e Ys3(a,b,c,d) =a— kib— ke max{c,d} ki, ko >0,k +ky<1
e Yy(a,b,c,d) =a—k; max{b,c} —kod ki,ko >0,k1 +ka<1

e Y(a,b,c,d) = a — kF(max{b,c,d}) where F' : [0,4+00) — [0,+00) is a function
satisfying the condition: F(t) <t, for each t € (0,+00) and k € [0,1).

Now we consider a super class of ¥ which will be denoted by ® and it is the collection of
all real valued functions ¢ : [0, +00)* — R satisfying the following condition:

¢(a,a,0,0) >0, for all a > 0.

Now we prove a lemma that will be used in proving our theorems.

Lemma 1. Let (X,Y,d) be a bipolar metric space and (xn,yn) s a bisequence in X XY
satisfying the following condition:
There exists k € [0,1) such that
d(Tni1,Yn1) < kd(Tni1,yn) and
d(xn+1, yn) S kd(ﬂi‘n, yn)

for alln € NU{0}.
Then the bisequence (y,yn) is Cauchy bisequence.

Proof. First, we observe that the given condition implies the following condition

A(Tpi1,Yns1) < K2d(xp,yn) for all ne NU{0}
d(l‘n-i-lv yn-i—l) S k2(n+1)d(£07 90)7

taking limit as n — 400, we get

lim d(zy,yn) =0. (1)

n—-+o0o

Let n,p € N, then by (BP3) and given condition, we have

d(Zn, Z/n+p) <d(@n, Yn) + d(Tpy1,Yn) + d(Tpy1, yn+p)
<d(wp, yn) + kd(zy, yn) + d(Tn11, yn+p)
=1+ k)d(zn, Yn) + d(Tn11, yn+p)
<(1+ k)E*"d(z0, o) + d(Tn+1, Yntp)
<(1+ k) (K> 4 20D L 2042 o 208D d (0 0)
+ d(xn—&-pa yn+p)
<1+ k) (K2 k20D L 204D L d(20, 10) +d(Znsps Yntp)
(L4 B)E™ (14 B + k4 - )d(0, y0) + K" d(x0, y0)
(1+ k)k*

=2 Uzo,y0) + KCr ) d (0, 4o).
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This implies
lim d(zpn,Ynt+p) = 0. (2)

n——+o00

Now to prove that 11111 d(Zp4p, yn) = 0, consider the inequality (by property (BP3))
n—-+0o0

A(Zntps Yn) < d(Tntp, Yntp) + d(Tny Yntp) + d(@0, Yn)
and take the limit as n — +oo and use (1) and (2). Hence (z,,y,) is a Cauchy sequence.

Our first main result is the following.

Theorem 1. Let (X,Y,d) be a complete bipolar metric space and let Ty, Ty : (X,Y,d) =
(X,Y,d) be two covariant maps and S1,S2 : (X,Y,d) = (X,Y,d) be two contravariant
maps satisfying the following conditions:

(i) The mappings S, T1 are compatible of type (A) with respect to Y.
(i) The mappings S1, To are compatible of type (A) with respect to X.
(i3) S1(XUY)CTi(XUY) and S2(XUY) CTh(XUY).

(iv) All the four mappings S1,S2,T1 and Ty are continuous.

(v) There exists ¢ € ¥ such that

Y(d(Sa2y, S1z), d(Tox, Try), d(Tex, S1x), d(S2y, T1y)) < 0, (3)

for all (z,y) € X x Y.
Then the functions Sy, S2,T1 and Ty have a unique common fixed point.

Proof. Let x¢g € X and choose z1 € X and y; € Y such that Syxg = Tiy1 = vp and
Soy1 = Tex; = wy. This can be done since S (X UY) C T3(X UY) and Sa(X UY) C
To(X UY). In general we can choose (z,,,y,) € X XY such that Six,, = Thyn+1 = v, and
Soynt+1 = Tawnt1 = upt+1  for all n € NU{0}. Now putting z = z,,4+1 and y = yp41 in
(3), we get

Y(d(S2Yn+1, S1%n41), A(Toxni1, Tryns1), d(Totn g1, S12n41), d(S2¥Ynt1, T1Yny1)) <0
w(d(unJrla Un+1)> d(un+17 vn)» d(un+17 vn+1)7 d(un+17 Un)) <0.
So by property of 1, there exists k € [0, 1) such that
d(Un+1,Vn+1) < kd(Uni1, vn). (4)
Again putting z = x,, and y = y,41 in (3), we get
Y((d(S2yn+1, S170), d(Toxn, Tiynt1), d(Town, S120), d(S2yni1, Tiynt1)) <0
¢(d(un+1a Un)a d(una Un)v d(un7 Un), d(un-i-la Un)) <0.
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So by property of 1, we have
d(Uunt1,vn) < kd(tp, vy). (5)

By (4), (5) and Lemma 1, the sequence (uy,,v,) is Cauchy bisequence and since given
bipolar metric space is complete, hence the sequence (u,,v,) biconverges to a point ¢ €
XNY. So

lim Siz, = lim Tiy, = lim Sy, = lim Tyx, =t (6)
n——+0o n——+o0o n—-+00 n—-+00

By using compatibility of type (A) with respect to Y of mappings Se and 77 and (6), we
get

lim d(Tlszn,SQSQyn) =0 or lim d(SQlen,Tllen> =0.
n—-+00

n—-4o0o

By continuity of mappings Sy and T3, we have

d(Tht,Sqot) = 0
Tit = Sot. (7)
Similarly by using Compatibility of type (A) with respect to X and Continuity of mappings

S1 and Ty and (6), we get
Tyt = Sit. (8)

Now Putting x = y =t in (3) and using (7) and (8), we get

W(d(Sat, Sit), d(Tat, Tyt), d(Tat, Sit), d(Sat, Tit)) < 0
¥(d(Sat, Sit), d(S1t, Sat),0,0) < 0.
So by property of 1, this implies that Sat = S1f. Hence we get
Sgt = Slt = Tgt = Tlt =Uu (say)

that is ¢ is a coincidence point of Sy, 59,71 and T5.
By Proposition 1 the pairs (S2,71) and (S1,7%) are weak compatibility of type (A). So
we get 1759t = 5259t and 1551t = 5151t. This implies

Tiu = Sou and Thu = Sju. (9)
Now putting x = y = w in (3), we get

P(d(Sau, S1u), d(Tou, Thu), d(Tou, Siu), d(S2u, Thu)) < 0
Y(d(Sau, S1u), d(S1u, Sou),0,0) <0
d(Sau, Siu) = 0 (by property of )

Sou = Shu. (10)
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By (9) and (10), we get
Tiu = Tou = Siu = Syu.

So u is also a coincidence point of S7,S2,T1 and 1.
Now Putting y = v and z =t in (3), we get
¢(d(52u, Slt), d(Tgt,Tlu), d(TQt Slt) (SQU Tlu)) S 0
W(d(Sau, ), d(u, Sou),0,0) <0
Y(d(Sau, ), d(Sau,u),0,0) S 0
(SQU u) =

Sou = u.

So w is a common fixed point of all the given four mappings. Now we prove that the fixed
point is unique. For this let us assume that u is another common fixed point then putting
y=wuand z = u; in (3), we get

w(d(Sgu, Slul), d(Tgul, Tlu), d(Tgul, Slul), d(SQU, Tlu))

<
Y(d(u,uy),d(ur,u),0,0) <

0
0

By Remark 2, this implies

So u is the unique common fixed point.

Now we prove some corollaries derived from Theorem 1

Corollary 1. Let (X,Y,d) be a complete bipolar metric space and let T : (X,Y,d) =
(X,Y,d) be a covariant map and S1,S2 : (X,Y,d) = (X,Y,d) be two contravariant maps
satisfying the following conditions

(i) S2 and T are compatible of type (A) with respect to Y.
(i) S1 and T are compatible of type (A) with respect to X.
(117) S1 (X UY)CT(XUY) and S2(XUY)CT(XUY).
(iv) All the three mappings Si,S2 and T are continuous.

(v) There exists ¢ € U such that

?/)(d(sﬂh SlZL‘), d(T{L‘, Ty)v d(T{E, Sl.’L‘), d(52y7 Ty)) < 07 (11)

for all (z,y) € X x Y.
Then the functions Sy, S2, and T have a unique common fixed point.
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Proof. Take Th1 = T5 = T in Theorem 1.
Corollary 2. Let (X,Y,d) be a complete bipolar metric space and let T : (X,Y,d) =

(X,Y,d) be a covariant map and S : (X,Y,d) = (X,Y,d) be a contravariant map satisfying
the following conditions:

(i) S and T are compatible of type (A) with respect to X orY.
(i) S(XUY)CT(XUY).
(i1i) S and T are continuous.

(iv) There ezists ) € U such that

Y(d(Sy, Sx),d(Tz, Ty),d(Tz, Sz),d(Sy, Ty)) < 0, (12)

for all (x,y) € X x Y.
Then the functions S and T have a unique common fixed point.

Proof. Take Ty =T =T and S; = Sy = S in Theorem 1.

Corollary 3. Let (X,Y,d) be a complete bipolar metric space and let S : (X,Y,d) =
(X,Y,d) be a contravariant map satisfying the following conditions:

(i) S is continuous.

(ii) There exists ¢ € ¥ such that

P(d(Sy, Sx), d(x,y), d(x, Sz), d(Sy,y)) <0, (13)

for all (z,y) € X x Y.
Then the function S has a unique fized point.

Proof. Take Th = T = I and S; = S9 = S in Theorem 1, where [ is the identity
mapping.

In the following corollary, we take 1 as a continuous function and S need not be
continuous.

Corollary 4. Let (X,Y,d) be a complete bipolar metric space and let S : (X,Y,d) =
(X,Y,d) be a contravariant map satisfying the following condition:

Y(d(Sy, Sz),d(z,y),d(z, Sz),d(Sy,y)) <0,

for some continuous function » € ¥ and for all (z,y) € X x Y. Then the function S has
a unique fized point.
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Proof. As in the proof of the previous corollary, we obtain a bisequence (Syy, Szy)
biconverging to a point t € X NY, where Sy, = z, and Sz, = yn4+1. In the given
condition, if we take y = y,, and x = ¢, then we get,

Y(d(Syn, St), d(t, yn), d(t, St), d(Syn, yn)) < 0,
taking limit as n — 400, we get
Y(d(t, St),0,d(t, St),0) <0

So by property of 1, we get d(t,St) = 0. This implies that ¢ is a fixed point of S.
Uniqueness can be proved as given in the previous corollary.

The contraction used in the following corollary is Reich-type contraction (see [18§],
[16]).

Corollary 5. Let (X,Y,d) be a complete bipolar metric space and let S : (X,Y,d) =
(X,Y,d) be a continuous contravariant map satisfying the following condition:

d(Sy, Sz) < kid(x,y) + kod(z, Sx) + k3d(Sy,v)),

for all (z,y) € X XY, where k1 + ko + ks < 1. Then the function S has a unique fized
point.

Proof. In Corollary 4, take ¢ (a, b, c,d) = a — (k1b + kac + k3d).

Corollary 6. Let (X,Y,d) be a complete bipolar metric space and let S : (X,Y,d) =
(X,Y,d) be a contravariant map satisfying the following condition:

d(Sy, Sx) < k(d(z,y) + d(z, Sz) + d(Sy,y)),
for all (x,y) € X XY, where k < % Then the function S has a unique fized point.
Proof. In Corollary 5, take k1 = ko = k3 = k.
In the following corollary, Kannan-type contraction (see [16, 17]) is used.

Corollary 7. Let (X,Y,d) be a complete bipolar metric space and let S : (X,Y,d) =
(X,Y,d) be a contravariant map satisfying the following condition:

d(Sy, Sz) < k(d(z, Sz) + d(Sy,y)),
for all (z,y) € X XY, where k < % Then the function S has a unique fized point.
Proof. In Corollary 5, take k1 = 0, ko = k3 = k.
In our next theorem, we do not require the continuity of maps.

Theorem 2. Let (X,Y,d) be a bipolar metric space and let T1,T> : (X,Y,d) = (X,Y,d) be
two covariant maps and Sy, 52 : (X,Y,d) = (X,Y,d) be two contravariant maps satisfying
the following conditions:
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(i) The pairs (S2,T1) and (S1,T2) are weak compatible of type(A).
(i7) S1(X) CTi(Y) or So(Y) C Tr(X).

(i13) (T2(X), T1(Y),d) or (S2(Y), S1(X),d) is complete.

(iv) There exists continuous function ) € ¥ such that

Y(d(Say, S1x), d(Tox, Try), d(Tex, S1x), d(S2y, T1y)) < 0, (14)

for all (x,y) € X x Y.
Then the functions S1,S%,T1 and T have a unique common fixed point.

Proof. Let the bisequence (z,, Y ) and (uy, v, ) be defined as in Theorem 1. By the same
argument as given in the same theorem, (uy, v,) is Cauchy bisequence in (7%(X),71(Y), d)
and (SQ(Y), Sl (X), d)

The following two cases arise

Case - I: If (T2(X),T1(Y), d) is complete, then the sequence (uy,, v,) biconverges to some point
in TQ(X) N Tl(Y).

Case - II: If (S2(Y), S1(X), d) is complete, then the sequence (uy,, vy,) biconverges to a point in
S2(Y) N S1(X). This implies that (uy,, v,) biconverges to a point in To(X) N T1(Y)
as SQ(Y) N Sl(X) - TQ(X) N Tl(Y)

So in both the cases, it converges to a point ¢ (say) in T2(X) N7T1(Y"). Hence, there exist
p € B and g € A such that
t= Tlp = T2q. (15)

Now putting y = y, and x = ¢ in (14), we get
U (d(S2yn, 519), d(Taq, Tryn), d(Taq, S1q), d(S2yn, Tryn)) < 0,

taking limit as n — 400, we get

Q/J(d(ta Sl(]), d(ta t)a d(t, Slq
w(d(t? SlQ)a 07 d(tv Slq

.0
.0

)

)

Again putting y = p and = = z,, in (14), we get
¢(d(52P, Slxn)u d(TQ«TTw Tlp)’ d(Tana Sll‘n)? d(52p7 Tlp)) < 07

taking limit as n — 400, we get

P(d(Sap,t),d(t,t),d(t, 1), d(Sap, t)) <
¥(d(S2p,1),0,0,d(S2p, 1)) <
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Sop = t. (17)

From (15), (16) and (17), we get
Tip = Toq = S1g = Sop = 1. (18)

Since the pairs (S2,71) and (51, T2) are weak compatible of type(A), equations (18) imply
that T1Sop = 5959p or SoT1p = T11Tip; and 1551q = 51519 or Si15q = T5T5q. So
Tit = Sot, Tot = Sit.

Now putting x =y = ¢ in (14), we get

W(d(Sat, Sit), d(Tot, Tyt), d(Tut, Sit), d(Sat, Tit))
W(d(Sot, Sit), d(Sht, Sat), 0,0)

d(Sst, Sit) = 0

Sot = Sit.

<0
<0

So we get
Tit = Syt = Tyt = Sit. (19)

That is, t is a coincidence point of 77, 55,715 and S;. Now we show that t is a common
fixed point of these four mappings. For this, substituting x = ¢t and y = p in (14) and
using (18) and (19), we get

Y(d(Sa2p, S1t), d(Tat, Tip), d(Tat, Sit), d(Sap, Tip))
Y(d(t, Sit),d(S1t,t),0,0)
S =t.

<0
<0

So t is a common fixed point of given four mappings. The uniqueness of a common fixed
point can be proved as in Theorem 1.

Our next theorem is about the common fixed point of four mappings and is a gener-
alization of the Theorem 1.

Theorem 3. Let (X,Y,d) be a complete bipolar metric space and let T1,T» : (X,Y,d) =
(X,Y,d) be two covariant maps and S1,S2 : (X,Y,d) = (X,Y,d) be two contravariant
maps satisfying the following conditions:

(i) S2 and Ty are compatible of type (A) with respect to Y.
(ii) S1 and Ty are compatible of type (A) with respect to X.
(iii) The quadruple (S1,Ts,Se,T1) satisfies the property (E.A.).
(iv) All the four mappings S1,S2,T1 and Ts are continuous.

(v) There exists ¢ € ® such that
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P(d(S2y, S1x), d(Tow, Try), d(Thx, S1), d(S2y, Thy)) < 0, (20)

for all (x,y) € X xY.
Then the functions Sy, S2,T1 and Ts have a unique common fixed point.

Proof. Since the quadruple (S1, 7%, S2,11) satisfies the property (E.A.), so there exists
a sequence {(Zn,yn)} in X X Y such that

lim Siz, = lim Thx, = lim Soy,= lim Ty, =t (21)
n—-+0o n—-+o0o n—-+o0o n—-+0o

This is the equation (6) in Theorem 1. The remaining proof of the theorem is the same
as the proof of the Theorem 1 with 1 replaced by ¢.

Like Theorem 1, many corollaries can be derived here also. One of the corollaries is
given below:

Corollary 8. Let (X,Y,d) be a complete bipolar metric space and let T : (X,Y,d) =
(X,Y,d) be a covariant map and S : (X,Y,d) = (X,Y,d) be a contravariant map satisfying
the following conditions:

(1) S and T are compatible of type (A) with respect to X orY.
(i) T and S satisfy the weak form of property (E.A.).
(i) S and T are continuous.

(iv) There ezists ¢ € ® such that

o(d(Sy, Sx),d(Tx,Ty),d(Tx,Sx),d(Sy, Ty)) <0

for all (x,y) € X x Y.
Then the functions S and T have a unique common fized point.

Example 3. Let a,d € R,0 # b € C with bb — ad > 0 , where C is the set of com-
plex numbers. Let us define two sets C(a,b,d) = {z € C : azZ + bz + bz +d = 0} and
L(b,d) = {z € C: bz+bz+d = 0}. It is clear that C(a.b,d) and L(b,d) represent a circle(if
a # 0) and a straight line respectively in a complex plane. Let X = {C(a,b,d) : a,d € R}
and Y = {L(b,d) : d € R}. HenceY C X. Let p : X XY — [0,+00) is defined as
p(C(a,b,d), L(b,dy)) = |a| + |d — d1| for all C(a,b,d) € X,L(b,d1) € Y. Then (X,Y,p)
is a complete bipolar metric space. Let T : (X,Y,p) = (X,Y,p) be a covariant map and
S:(X,Y,p) 2 (X,Y,p) be a contravariant map defined as follows:

S(Ca,b,d)) = L(b, £), S(L(,d)) = L(b, $), T(Cla by d) = € (‘L b d) ,

T(L(b,d)) = L @g) 305
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Then S and T are continuous mappings, S(XUY) =Y C XUY =T(XUY). The map-
pings S and T are compatible of type (A) with respect to 'Y, for let the sequence {L(b,d,)}
i Y satisfies the condition:

ngrfoo S(L(b,dy)) = ngrfoo T(L(b,dy,)) = L(b,dp) € X NY,
dn, dn, o
then — — dy and — — dy, so dg = 0, this implies that
p(T'S(L(b,dy)), SS(L(b,dy))) — 0 and p(ST(L(b,dy,)), TT(L(b,dy))) = 0. S and T satisfy

the following condition

P(d(Sy, Sx), d(Tz, Ty), d(Tx, Sx),d(Sy, Ty)) <0,

1
for all (z,y) € X x Y, where (a,b,c,d) = a — Z(b + ¢+ d). So all the conditions of

Corollary 2 are satisfied, so S and T have unique common fized point. In fact ,
L(b,0), (thatisbz + bz = 0) is the unique common fized point of S and T.

Example 4. Let X = (—00,0] and Y = [0,+00), then (X,Y,d) is a complete bipolar
metric space where d is defined as d(z,y) = |x — y|. Let maps Ty, T2, S1 and Sy be defined
as S1(z) = I—;C, Sa(x) = %x’ Ti(x) = g and Tr(z) = %, forall x € X UY. Then S1, 52
are two continuous contravariant maps and 11, Ty are continuous covariant maps. All
these maps satisfy the condition

Y(d(S2y, S12), d(Tox, Try), d(Tex, S1x), d(S2y, T1y)) < 0,

2 1 1
forall (z,y) € X XY where(a,b,c,d) = a—kib—koc—ksd with k1 = =, ky = oL ks = ITx

All the other conditions of Theorem 1 are also satisfied, so S1,S2,T1 and Ty have a unique
common fixed point.

Example 5. Let X = (—00,0] and Y = [0,+00), then (X,Y,d) is a complete bipolar
metric space where d is defined as d(z,y) = |x — y|. Let T (covariant) and S(contravariant
map) are defined as S(x) = —?x and T'(z) = g, for allx € X UY. Then S and T are

continuous functions, compatible of type (A) with respect to X and Y both, S(X UY) C
T(X UY), and satisfy the condition

Y(d(Sy, Sx),d(Tz, Ty),d(Tx, Sz),d(Sy,Ty)) < 0,

2 1 1
forall (x,y) € X XY where ¢¥(a,b,c,d) = a—k1b—koc—ksd with k; = g,k‘g =13’ ks = ITx
So all the conditions of Corollary 2 are satisfied, so .S and T have a unique common fixed
point.



P. P. Murthy et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5982 16 of 17

4. Conclusion

In the article, fixed point results in the setting of Bipolar metric space generalising
some famous results of Kannan [17], Reich [18] and Gaba [16] have been proven. Suitable
non-trivial examples have been provided in support of the derived results. It will be
an open problem to find some applications to examine the existence and uniqueness of
solutions to Differential equations, integral equations and also extend the proven results
using generalised contractive conditions.
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