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Abstract. In this article, we introduce the Modified Laplace-type transform, develop convergence
properties, and obtain fundamental formulas of some elementary functions such as power functions,
sine, cosine, hyperbolic sine, hyperbolic cosine, and exponential functions. We derive translation
theorems and a scale-preserving theorem and also show the relationship between the modified
Laplace type transform and the modified degenerate Gamma function. This integral transform
is applied to solve linear ordinary differential equations with constant coefficients and a Volterra
integral equation of the second kind.
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1. Introduction

A transformation is a mathematical technique that changes one function into another.
An integral transform maps a function from its original function space into another func-
tion space by using integration as a tool to solve differential and integral equations. Its
motivation comes from some classes of problems that are difficult to solve in their original
representations. An integral transform takes a function from its original domain into an-
other, which may make solving the equation much easier than in the original domain. The
transformed function can generally be mapped back to the original function space using
the inverse transform. An integral transform T is of the form

(Tv)(t) = /xz (@)@, 1) dz,

1

where v is the input function, Tw is the output function and k(z,t) is the kernel of the
transform.

Numerous useful integral transforms have been defined; see for example [1-20]. Each
is specified by a choice of the kernel function k£ of two variables. Perhaps the most well-
known integral transform is the Laplace transform. Besides mathematics, it is utilized
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in other fields of study wildly as engineering, physics, astronomy, etc. For example, it is
used to solve differential equations occurring in the analysis of electronic circuits. Laplace
transform is defined by

Flu) = L{f(t)} = /0 ety de (1)

provided that the integral converges [10].

There are many integral transforms in the Laplace class and most of them have been
named after the mathematicians who introduced them. Some of these are the Sumudu
transform [21], the Natural transform [22], the Elzaki transform [23], the Aboodh trans-
form [24], the ZZ transform [25] and the Polynomial integral transform [26]. The Sumudu
[21] and Elzaki transforms [23] are defined respectively as

t

S = SU@} = [ e rw &)
and

E(u) = B{f()} = u /0 T et . 3)

Recently, the Laplace-type integral transform is introduced by Kim in [27] as

Falu) = Galf(1)} = u® /0 Tt ar, (4)

where f(t) be an integrable function on [0.00), u > 0 and « € Z.
The modified degenerate Gamma function defined in [28] as

T%(z) = / L1+ A)"xdt, A€ (0,1)and Re(z) > 0, (5)
0
and satisfies the properties that

(O p—— Ti(a),

In(1+4+ A
>\n+1n!
n+1 y T
In""(1+A)

Degenerate versions of existing integral transforms have also been studied in the last
few years. For example, Kim and Kim introduced the degenerate Laplace transform [29]
and Upadhyaya gives further results for the degenerate Laplace transform [30-32]. Cam-
pos et al. defined degenerate Laplace-type integral transform and gave its properties [3].
Also, Duran defined the degenerate Sumudu transform [33] and Kalavathi et al. defined
the degenerate Elzaki transform [34].

Motivated by the above-mentioned research, in this paper we proposed the modi-
fied Laplace-type transform. The mentioned transform is indicated by the operator G,

Ti(n+1) = =1,2,.... (6)
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through this research. We define the modified Laplace-type transform and provide some
of their properties and relations, and derive the modified Laplace-type transform of some
functions such as power functions, sine, cosine, hyperbolic sine, hyperbolic cosine, ex-
ponential function, and function derivatives. Moreover, we attain relations between the
Laplace-type transform and the modified Laplace-type transform and also give a rela-
tion between the modified Laplace-type transform and the modified degenerate Gamma
function. Also, we give some operational properties of modified Laplace-type transform.

2. The main results

In this section, we present the modified Laplace-type transform GZ’ y» give sufficient
conditions for the existence, and calculate the modified Laplace-type transform of some
frequently used functions.

Definition 1. Let A € (0,00), o € Z, u > 0 and f(t) be an integrable function defined for
all t > 0. Then the integral
* o > —L
Goalf®} = [N @

1s said to be the modified Laplace-type transform G;)\ of f(t) provided that the integral in
(7) exists.
Since the function G}, \{f(t)} is depend on the variable u, it can be denoted as F ,(u).

We note that

lim G5 (1)} = Gal (1), ®)
lim G\ {/(6)} = B{S(1)} )
a=1
and
lim Go{f(O)} = S{f()}. (10)
a=—1

Now we give sufficient conditions for the existence of the new integral transform.

Theorem 1. (Existence property of G7 ) Let f(t) be a piecewise-continious function on

every finite interval [0, a] and of exponential order ast goes to infinity with | f(t)| < Mer

for t > L, where and k,L, M are constants and M > 0. Then GZ,)\{f(t)} exists for

1 N
w N

Proof. We can write
o0

o0 t L t t
ua/ (l—l—)\)wf(t)dt:uo‘/ (1+/\)Mf(t)dt+ua/ (14 N5 () dt. (1)
0 0

L



I. Ege / Eur. J. Pure Appl. Math, 18 (2) (2025), 5986 4 of 20

Since the function f(t) is continuous on the interval [0, L], there exist an M > 0 such that
|f(t)] < M. Tt gives that

Mo+t

gl (1N ] <o

L L
ua/ (1+)\)utxf(t)dt§Mua/ (1+X\) wx dt =
0 0

Hence the first integral on the right-hand side of equation (11) exists. Also, since

_ln(l+)\)
(14 X)" 85 F(6)] < M(1 4 A)"ineht = Memin ke — ppet(+-05)

we have
ua/ (14 X)) wxf(2) dt‘ gua/ e~ ux N | £(¢)| dt
L L
h _In(142) M Ay +1 _In(142)
t( -t L( k=20t
= M @ 1‘ ( uA > = uX >
Ry = T+ 0 —Fur© =
for k < M Then we proved that the integral
ua/ (14+ N5 (1) dt (12)
0

exists, and the result follows.

Theorem 2. The modified Laplace-type transform of the function f(t) =t", n=1,2,...

s given by
n|)\n+1 a+n+1

t"} =

andt"} = "1+
Proof. By considering the Definition 1 for f(t) = ¢", leads to
o0 t h t
oy = ua/ (14 A) 5 = u® lim [ (14 N) £ dt.
0

h—o0 0

Using integration by parts, we have

Go{t"} =u” hm
h—o0

— (14 A)ax [P
In(1+4\)

nuUA h 1 —¢
"L N)u d| .
o In(1+X) /0 ( ) ]

>

, , R uA(1 + X)wx
1
Since for o5 > 0 we have limj,_, o W =0, then
nuA -1
tn . * tn ,
)\{ } (1 + A) a,)\{ }
and so ( D
G {t" 1 = G {t" ).

In(1+A)
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Hence, we get

n(n — 1)u?\? _9
G* tn — G* t?’L .
Oé,)\{ } ln2(1 + )\) Oz,)\{ }
Continiuting this process we get
—1)...2u"\"

* ny __ TL(TL *
Ga,)\{t }_ hln(l-l-)\) Ga,)\{l}'

Also by taking f(t) = 1 in the Definition 1, we have

G: {1} = a/m(1+A)’3dt— o h(1+A)*%dt— Autt?
oA - 0 - hLHC}O 0 _1n(1+)\)7

and the result follows.
Note that, from the Theorem 2 we have
n!)\n+1ua+n+1

li * M = —pnl a+n+1 =G, "
A Gon ™y = lim 2y~ Gall")

forn=0,1,2,....
Also note that, by using the equation (6) we give the relation between the modified Laplace-
type transform and the modified degenerate Gamma function I'} for A € (0,1) as

fafi"} = T30+ Dt
Theorem 3. The modified Laplace-type transform of the function f(t) = e, is given by

Ao+ In(1+ \)
< - @7

Gha{e} = o for u

A+ N —an Y and a € R.

—tIn(14X)
Proof. Using the equation (7) for f(t) = e® and writing (1 + )\)_ﬁ — e we
obtain
h t<a_ln(1+>\)
e

GZ,A{eat} = Ua/ (1+ A)’ﬁe“t dt = u® lim Xu ) dt
0

h—o00 0

= lim Aut? "
 hoo adu — In(1 + )

(a=GE) 1| = At
In(1+ ) — alu

for a < ln(/l\z)‘), and the proof is completed.

Note that, from the Theorem 3 we have

. )\ua-i-l ua+1 .
li ax{e®}t =1 = = Ga{e”}.
50 Goale™} e In(1+A)—a\u 1-—au Gale™}

Theorem 4. The modified Laplace-type transform of the function f(t) = sin at is given

by
a>\2ua+2

In?(1 + A) + a2X2u2’

Go{sin at} = (13)
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- . . eiat_efiat
Proof. By writing sin at = “—7—

. . o 00 . N o} —tln(14A) ei(zt _ e—iat
Ga)\{snl at} = U (1 —+ )\) ux SIn at dt = U e o 27 dt
0

, we obtain

0 2
@ h In(14+)) 1n(1+,\)
o Ui lim |:€t<>‘“ fm) e <m+ >:| dt
QZ h—oo 0
a In(14)) -
g [ (s
20 h—oo |iadu — In(1 4+ ) In(1+ A) —iadu
e _ ln(l )
L fim |- Au et =52) | Ao
20 h—oo | iaAu + In(1 + /\) In(1 4+ A) + iadu
Autt 1 1 aX2ut?
2 [ln(l +A) —iadu  In(1+ )+ ia)\u] CIn?(1 4+ N) + a222u2
for ia — (1+>‘) < 0 and ia + IH(H)‘) > 0. Also since (H’\) > 0, we get the result.
Note that, from the Theorem 4 we have
AZ a+2 a+2
11m Ga adsin at} = lim @t d = = Go{sin at}.

350 I2(1+A) + a2\ 1+ a?u?

Now, we give the transform of the mathematical construct Dirac’s delta function ¢

defined as
t= o0
5(t) = {*OO’ o / 5(t) dt = 1.

0, otherwise —0o
Theorem 5. The modified Laplace-type transform of the Dirac’s delta function is
Gaafot —a)} =u(1+ 1) "%, a>0.

Proof. Let
1
+ a<t<a+h
t—a)=<" "= =
I ) {0, otherwise.
Then we have,
o0
Gonlfilt =)} =ut [ (4Nt - a)d / (14 2 dt
0
)\uaJrl

= AT 1+ 075 —1] .

Since 0(t — a) is the limit of fj, as h — 0 we get
Goalo(t —a)} = lim G5\ {fa(t —a)} = u* (1 +A) >
by L’hospital rule, and the result follows.

Note that, from the theorem 5 we have

lim G5\ {6(t —a)} = lim u®(1 4+ A) "3 = u% u = Go{d(t —a)}.
A—0 ? A—0
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3. Some operational properties

In this section, we present some useful operational properties of the modified Laplace-
type transform. Firstly, the modified Laplace-type transform satisfies the following linear-
ity property.

Theorem 6. (Linearity) Let i = 1,2,...n. If fi(t) is a function whose modified Laplace-
type integral transform exists, then for any constant c; we have

A {Zaifi } Zaz )\{fz (14)
=1

Proof. Let f;(t) be any function whose modified Laplace-type integral transform exists
fori=1,2,...n. Then

A {Z aifi(t)} =u® /oo (1+A)7w Zaifi(t)] dt
i=1 0 =
- Zal S ACERVEVIOTED SRXCNFAGH
=1

and the result follows.

Theorem 7. The modified Laplace-type transform of the function f(t) = sinh at is given
by

aX?uot? In(1+ M)
G} \{sinh at} = for u < ———=.
oz,>\{ } 1n2(1 + )\) — a2)\2q2 a\
at e—at
Proof. By using the equation sinh at = — and the linearity properity (14) we

get
1
G;)\{sinh at} = 5 [GZ’/\{eat} — Gf;’/\{e*at}] )
Now, using the Theorem 3 the result follows.
Note that,
a)\2ua+2 aua—l—Q
1 * h at li = = Gu{sinh at}.
) Go{sinh at} = A0 Tn? (14 X)) —a2X2u2 1 —a?u? a{sinh at}

Theorem 8. (Transform of Derivatives) If f(t), f (t),... f®D(t) are continious func-
tions on the interval [0, L] and of exponential order as t goes to infinity for t > L while
f(t) is piecewise-continious on the interval [0, L], then
. " In"(1+X) ., o I (1))
Ga,)\{f( (1)} = /\(nnGa M@} —u Wf(o)
o "L D) o pln—
—u e 1 (0) = = u fOD(0), (15)

where f(t) = gt—zf(t) andn =1,2,3,....
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Proof. Using the Definition (1) and the integration by parts, we have

0o h
G;/\{f/(t)}:ua/o L+ N wxf (t)dt =u® lim | (1+X\) "o f (¢)dt

h—o00 0

h
In(1+4+ A
L@+

t h t
07|+ =5 e dt] (16)

=u® lim
h—o0

0

o In(1+X)
= e p0) + 2 N s,
u
and the equation (15) follows for n = 1.

Now for proving the equation (15), we use induction method on n. The equation (15) is
true for n = 1. By using the equation (16) we can write

oA lf ) = Gl ey = 2SN 6 W) - o)
n nk nk—l
_ 1 (a\;‘)\) 1 )(\iqj]—c)\)G;A{f(t)}_ua %f(())—...—uaf(k_l)(()) _uaf(k)(())
In* (1 + A In®(1 + A In(1+ A
N Gty - U poy e RO pamn ) e g0 ),

This proves that the equation (15) is true for n = k + 1 and the equation (15) follows.
Note that, by using the Theorem 8 we have

lim G5\ (/) (1))
In"™(1 A 1 n—1 1 hY
= WGZAU@)} —u? n)\n—l(un—tl)f((]) el ()
1 1 ,
= u—lnGa{f(t)} - 1 f(())ua _ un_zf (O)ua . uaf(n—l)(o)
= Go{f™ ()}
forn=1,2,3,....

Corollary 1. The modified Laplace-type transform of the function f(t) = cos at is given
by

An(1 + \)uot!
In?(1 + \) 4+ a2\2u2’

G icos at} = (17)

Proof. Let f(t) = 1 sin at. Then f'(t) = cos at and f(0) = 0. Now using the linearity
property (14) and the equation (16) we get

In(1+X)

AAU

Aln(1 4 M)yt

* {cos at} = )
a’)‘{ } 1n2(1 + A) + a2 %u?

and Gy, \{sin at} =
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Corollary 2. The modified Laplace-type transform of the function f(t) = cosh at is given
by

An(1 4+ M)yt or U < In(1+ X)
In%(1 4+ \) — a2X2u2 a\

Proof. With the similar proof of the Corollary 1 we get the result.

Gg{cosh at} =

Note that, from the Corollaries 1 and 2 we have

Aln(1+ A)uott ot

I £} = lim - ~ G, £,
o Gaafeos at} 250 In2(1 4+ A\) 4+ a2X2u2 14 a?u? Gafcos at}
An(1 4+ A)uott uott
hm Gy alcosh at} = /\ao (11 A aBn =T = Go{cosh at}.

Let F, » be the modified Laplace-type transform and F, be the the Laplace-type
integral transform of f(t), G \{f(t)} = Fi,(u) and Lo{f(t)} = Fu(u). Besides the
relation limy_,0 G% \{f(t)} = Ga{ f(t)} we give the following equation relation between
the modified Laplaée—type transform and the Laplace-type integral transform. Since

G f(B)) = u® /O (14 A) 5 f () dt = u® /0 B p (1) e

() ()

In(1+ A
A

Example 1. Suppose we want to find G?, ,{cos at} using the relation by the equation (18).

Let G \{f(t)} = F2 ,(u) and Lo{f(£)} = Fa(u). Since
a+1

this implies that

Now replace u by u in the equation (18) we have the relation

u

LQ{COS at} = Fa(u) = m,

we get

Giafcosat} = (1(1;”) Fa ( 1)\+ A))

- 1+A 1 A1+ Aurt?
N In( 1 + ) 1 a?Xu?  In?(1+ A) +a2X2u?’

_|_
In?(1 4 )
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Theorem 9. (The First Translation) Let Go{f(t)} = Fo(u). Then

« a ~ (In(14+X) —aru\“ Au In(1+ )
Ga”\{e tf(t)} N < A ) Fa <1n(1 +A) — a/\u) foru < CoaN

Proof. By using the equation (7) we have

In(1+X)

G;A{eatf(t)} =u® /000(1 + )\)_utﬁe“tf(t) dt = u® /000 e_t(T “)f(t) dt

t
A\

=u” A (I +N) —adu\T [T AN = o
- <1H(1+/\)—a/\u> < A\ > /0 e In( ) f(t)dt

- <ln(1 +i\?)1_ a)\u>a Fa {ln(l +§1)L— a)\u}

A
for (i + /\1; o > 0, and the result follows.

Note that, by using the Theorem 9 we have

lim Gia{e” f()} = lim Kln(l o GAU>QFQ <ln( AU )]

A—0 A 1+ ) —alu
= (1 —au)® Fy { 1 _uau} - Ga{e“tf(t)}’
and since
. bua+2
Ga{sm bt} == m = Fa(u),
ua+1
Ga{COS bt} = m = Fa(u)
in [27], we get the following results:
bA2Ua+2

G \{eYsinbt) = ,
o J (In(1 + X\) — adu)? 4 b2A2u2

Mt (In(1 + A) — adu)
(In(1 + A) — adu)® 4+ 622202

Theorem 10. (The Second Translation) Let G}, \{f(t)} = F \(u). Then for a > 0 we
have

aa{e™ cosbty =

Gap{f(t—a)H(t —a)} = (14 X))~ Fy 5\ (u),
where H(t) is the Heaviside function, which is defined by H(t) =1 ift > 0 and H(t) =0
if t <0.
In particular, the modified Laplace-type transform of the Heaviside function is

A —a

A (1A et
(o)L T

Go{H(t —a)} =
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Proof. We have
Gonlf(t— (=)} = [~ (LX) 5 - aH (- ade
0
e /Ooa A — ) dt.

Now, using the change of variable t — a = y we get

(at+y)

it — a)H(t — a)} = u /0 TN ) dy

— (1) /0 TN B S dy = (14 N) B ES ()

and
Gr{H(t — a)} = u® / (1+\) S H(t—a)dt
0
=u” /00(1 + )\)7% dt = #(1 4 )\)77 atl
e T In(1+A) “

Note that by using the Theorem 10 we have
lim G\ {6 — ) H(t — )} = lim (1+X) 7 FY\(u)
— iR (u) = Gu{f(t—a)H(t—a)},  (19)
and

) . L A T B SIS
)1\1;1(1)(}'&7/\{H(t a)}—)l\lg[l) 71n(1+)\)(1+)\)k ur = wu =G {H(t—a)}. (20)

Theorem 11. (Transform of an Integral) Let f(t) be a piecewise-continious function for
t > 0 and integrable. Then if G}, \{f(t)} = F}; \(u) we have

{/ s } ln(liA) Faatw). (21)

Proof. Let g(t fo s)ds. Then by using the Theorem 8 we get

Ganlf0) = Ganl ) = " N o) - wrg0) = Ve g0y,

since g(0) = 0. Hence,
In(1+ M)
Y = ——"G} t
a,)\(u) \u a,/\{g( )}7

and the result follows.

Note that by using the Theorem 11 we have

b 008 - g - ).
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Theorem 12. (Change of Scale) Let G}, \{f(t)} = F}; \(u). Then

1

Go{flat)} = Fa A\ (au) for a > 0. (22)
Proof. Let at = w. Then
Ga’,\{f(at)} =u /0 (I+XN)" Mf (at)d / (1+X) A(au)f( ) dw
ue (au)a > ~ X(aw) _ 1 *
4 (au)® /0 (1+2A) 2w f(w) dw = WFOM(CLU)

for a > 0, and the result follows.

Note that by using the Theorem 12 we have

hm Goflat)} = hm Fy(au).

b gatl aalau) = e
Theorem 13. Let Gy, ,{f(t)} = F} \(u) and g(t) = f(t —a) for t > a and g(t) = 0 for
0<t<a,a>0. Then
Gafg®)} = (LX) 7w Fy \(u).
Proof. Let us write

GZ,A{g(t)}:uo‘/Ooo(l—{—)\)utAg(t)dt:ua/oo(l—f-)\)utAf(t—a)dt.

Now let t — a = y. Then we find

G {o(t)} = u /0 TN f () dy = (14 A) e /0 TN ) dy,

and the result follows.

Now, we give an example to illustrate the last theorem.

Example 2. For

we want to find G, \{g(t)}.

Since cos (t - g) = sint, we have
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Then by the Theorem 13 for f(t) = cost we have G}, \{g(t)} = (1 + )\)_ﬁF&i/\(u). Also,
since

An(1 + \)uett
In?(1 + \) + 2202’

afeosty = Foy\(u) =
by the equation (17) we have

o Aln(1 4 A)uett
G* t = 1 ‘I’ >\ 2u\ .
oty = ) In?(1 4 \) + A2u2

Theorem 14. (Multiplication of Powers of the Variable) Let Gy, \{f(t)} = F, y(u). Then

* n _ A" ani * _ A" n . o 2n—1 dn71 *
Ganlt" ()} = i) g e ln”(l—i—)\)(l) (@ = (n=1)u™ g Faa(®)

it (o) (@~ (= D)= (0= 22 )

A (M (a— (- 1D)a— (= 2)(a— (n— 3L )+
(11 A) 8 g3 Faalw) -

+(—1)"M(a— (n—1))(a— (n—2))...aw"F\(u) (23)

form=1,23,....
Proof. We use the induction method on n for proving the equation (23). Since

iF; \(u) = au® ! / (1+ )\)_ﬁf(t) dt +
du ) 0

« In A
= 2w+ 2C N e ey,

u®2In(

)\1 + ) /000(1 )T Ef () dt

the equation (23) is true for n = 1. Now suppose that the equation (23) is valid for n.
Since

LSO} = e /0 TN () de

et e e = 2o g 4 2EEY e cnrg,
Loy = Canatrrmy + 2 Ve i ).
Th
R ) = — L tmpm) - 2% o ) (24)
o T In(14\)du @ In(1+x) @A '

Now, by the inductive hypothesis, we get
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PN dn+1 n41 dm
* n+1 — 2n+1 * . o 2n+1 *
Ga,)\{t f(t)} 1nn+1(1 + )\) |:U’ dunt1! Fa,)\ (u) ( 1 ) (a n)u dun Fa,)\(u)]

AL n+1 g A7
_ — —(n—1 "— >
+ i () @ (o= = D S R )+
)\n—i—l

+ m [(—1)"“(& —n)(a—(n—-1)).. .au"HF*,)\(u)] .

Hence the equation (23) is valid for n + 1, and the result follows.

Example 3. We want to find G, ,{te'}.

By the Theorem 14 we can write

u?>  d Aau
t t - F* o 7}7*
/\{ e } (1 + )\) du a,)\(u) 111(]. n )\) a,)\(u)7
Auott In(1+ A
where I}, (u) = G, \{e'}. Since G}, \{e'} = ln(ljtm for u < n(;_)a then
a+1 a+1 2,042
Goalte't = 1,\ ! ( )\u )‘1/\1aux - = o z
n +>du In(1+\) — M BN I+ A) = A (In(1+ A) — Au)

Note that, we can find the same result for G¥ ,{te'} by using the Theorem 9 as the

following: Since
In(1+A) — du\“ Au
* t _
Guale't) = () A ()

where F,(u) = Go{t} and G, {t} = u*"? we get
A2yt
(In(1+X) = Au)*

Theorem 15. (Convolution) Let G}, \{f(t)} = F}; \(u), and G}, \{g(t)} = G, \(u). Then
the modified Laplace-type transform of the convolution is given as

GZ,A{tet} =

Gl * ) (D)) = - Fin@)Gin(w), (25)

where f * g is the convolution of two functions defined by

(=gt /f ot —2)d (26)

Proof. By the equations (7) and (26) we have

Gz,mf*g)(t)}:ua/o (L+A) (/f t—:r:da:)d
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_u// 1+ )" f(2)g(t — ) dt da.

Now putting t — x = w we have

Go{(fxg)(t —u// 1+ N % f(z)g(w) dwdz

= (v [T (o [TaenE @),

and the result follows.

Note that, the modified Laplace-type transform preserves the associative property
concerning the convolution operator:

G {((Fxg) x h)(1)} = G \{(f * (g% 1)) (1)}
Let G;\{f(t)} = F; \(u ) Then f(¢) is called as the inverse Laplace-type transform
of F; \(u) and defined by G, {F;‘ ROIEFIGE

Also note that, the inverse modified Laplace-type transform is linear. Namely, let a; € R,
Go{fi()} = F], \(u) for i =1,2,.... Then

{Zal o (U } Zaz {Fran(w)}.

4. Applications

In this section, we give examples to illustrate the use of the mentioned transform in
solving certain initial value problems described by ordinary differential equations and a
Volterra integral equation of the second kind.

Example 4. Consider the first order differential equation

d
d%fc +2 =0 with the condition x(0)=1. (27)

Applying the modified Laplace-type transform to both sides of the equation (27) and using
the linearity property we get

(o) + P G e+ aateo) = 0
Putting x(0) = 1 we have
Auott
Gofz®)} =

In(1+A) + M

Now, applying the inverse modified Laplace-type transform, and using the Theorem 3
gives the solution z(t) = e™*.
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Example 5. Consider the first order differential equation

d
d%f + 2 =3t with the condition xz(0)= 1. (28)

Applying the modified Laplace-type transform we have

) (14N ) 3ot
—uz(0) + TGQ,A{@"@)} +2Go\{z(t)} = (1N

Then by using initial condition and partial fraction we get

3)\3ua+3 )\ua-i-l
= +
I2(1+A) In(1+A) + ] In(14+X) + M
- 3)\ua+1 N 3/\2ua+2 N A\ t!
 In(IT4+A) 2142 In(T+A)+ A

Galz(t)}

Taking the inverse modified Laplace-type transform of the last equation and using the
Theorems 2 and 3 leads to the solution z(t) = —3 + 3t + 4e".

Now, we use the modified Laplace-type transform for solving a Volterra integral equa-
tion of the second kind.

Example 6. Consider the integral equation

t
x(t) =12 + / z(v) sin(t — v) dv. (29)
0
By the equation (26) we write the equation (29) as
x(t) = 2 + (z * sin)(¢).

Operating the modified Laplace-type transform on both sides to the last equation and
using the Convolution Theorem 15 we have

Goa{z(t)} = Go, [t} + Go{(a+sin) (1)} = G\ {7} + U%GZ,A{HE@)} Go{sint}.

Then,

. GZ \{sint} .
Gia{o (1)} (1 - e ) — Gy
Now using the Theorems 2 and 4 we get
2)\3ua+3 1
G t)} = @
oz,/\{x< )} 1113(1 + )\)u R )\2ua+2

In?(1 4 ) + A\2u2
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22303 In2(1 4 \) + A2u?

2)\3ua+3 2)\5uo¢+5

In3(1+A)  In?(1+N)

S (1N In° (14 A)

17 of 20

Lastly, taking the inverse modified Laplace-type transform of the last equation leads to

the solution z(t) = 2 +

1
—
12

Table 1: The modified Laplace-type transform of some elementary functions.

F(t) = G {Fz A (u)} Fro\(u) = G, {f ()}

Y ua+1
]_ -
In(1+4\)
)\2 ua+2
t 2
In“(1+A)

", (n=1,2,...)

n!)\n—i—lua—l-n—l-l
lnn+1(1 +)\)

. )\ua+1
¢ In(1+\) —alu
aNZy 02
21 t
i In?(1 4 \) + a2X2u2
Aln(1 + N)uaHt
cos at 3
In“(1+ A) + a®A\2u?
ANy 02
inh at
S In?(1 4 \) — a2\2u2
An(1 + MN)u*+!
h at
oS a In?(1 4 \) — a2X2u2
2, a+2
e sin bt bA"u 5
(In(1 + X) — adu)” + b2\%u?
AT (In(1 + ) — aX
e cos bt u (In(1+ ) — adu)

(In(1 4+ A) — adu)? + b2A2u2
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5. Conclusion

In the presented paper, we have considered the concept of the modified Laplace-type
transform and give relations between some integral transforms in the Laplace class such as
the Laplace-type, Sumudu, and Elzaki transforms. We have proved some properties and
derived the modified Laplace-type transform of power functions, sine, cosine, hyperbolic
sine, hyperbolic cosine, exponential function, and function derivatives. We give some
operational properties such as linearity, translations, and scale preserving. Besides these,
we have also examined the relation between the modified Laplace-type transform and
the modified degenerate Gamma function. We have applied the new transform to solve
some ordinary differential equations and a Volterra integral equation. In the future, the
presented transform can be used in many scopes, such as solving various complicated
problems by developing a mathematical model using some differential equations.
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