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1. Introduction

L. Zadeh [1] was first to propose the concept of fuzzy set in 1965. Fuzzy set theory
includes the ordinary set theory as a special case. Membership degree of an element in
fuzzy set is described by a real number from the unit interval as opposed to conventional
set theory where it is 1 or 0.

There is evidence that the concept of distance measurement is fuzzy instead of clas-
sical. Improving this idea, Kramosil and Michalek [2] introduced the notion of fuzzy
metric. Fuzzy metric is generalization of probabilistic metric. George and Veeramani
[3] modified Kramosil’s definition of fuzzy metric and proved that every metric induces
a fuzzy metric. The idea of fixed point in fuzzy metric space (]:Qﬁg) has been studied
and explored by several authors. In 1988, Grabiec [4] proved fuzzy version of the well
known Banach contraction principle. Gregori and Sapena [5] presented the concept of
fuzzy contraction and proved a fixed point theorem in F2US in the sense of George and
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Veeramani. In [6] existence and uniqueness of fixed points in modified intuitionistic fuzzy
metric spaces is studied. V. Gupta at al.[7] established coupled fixed point theorems on
V -fuzzy metric spaces, while in [8] authors studied new results on modified intuitionis-
tic generalized fuzzy metric spaces. Nidiban [9] initiated fuzzy b-metric space (F,20S)
extending FWS. Mehmood etal.[10] generalized fuzzy b-metric by coming up with the
concepts of extended fuzzy b-metric space(EF,20S) and fuzzy rectangular b-metric [11].
Rome et al.[12] introduced p-extended fuzzy b-metric space (u€Fp20S) and generalized
several fixed point results to this newly introduced fuzzy space. It was M. Geraghty [13]
who first replaced the condition of Cauchy convergence for a contraction, in a complete
metric space, by an equivalent functional condition. J Martinez-Morenoet al.[14] obtained
some new common fixed point theorems for Geraghty’s type contraction mappings using
the monotone property with two metrics. Ashraf et al.[15] established some fixed point
results for Geraghty-type contraction in fuzzy b-metric space.

The aim of this paper is to explore Geraghty-type contractions in the setting of
ué’fbﬂﬂg . Besides Banach contraction principle some well known fixed point results are
generalized to p&F0S. To demonstrate validity of the main work, a supporting example
and a couple of applications to the existence of solution to non-linear fractional order
differential equation and integral equation are provided.

2. Preliminaries

In the following some specific definitions and terms are recalled which are essential
for main work of this paper. R and N will be used to represent sets of real numbers and
positive integers respectively. & will represent a non-empty set.

Definition 1. [16] A binary operation *, mapping [0,1]? onto [0, 1], is called continuous
t-norm, if for all >, x and Z in [0,1], it satisfies:

(t1)s sy =y * 3;

(t2)(se % x) % 2 = sc% (X * Z);

(t3) = is continuous;

(t4) » %1 = 5 for all 5 € [0, 1];

(t5) s % Z < x * W whenever x < x and Z < 0.

Below are some instances of the continuous t-norm in usage: s*yx = max{sx+x—1,0},
wxp x = »xx and  #); x = min{s, x}, are respectively called Lukasievicz, product and
minimum ¢-norm.

The relation among these t-norms is:
x)7 = *p = #7. In the sequel, * will stand for an arbitrary continuous ¢-norm.

Definition 2. [2] A 3-tuple(S,20, %) is called a FAS, if W is a fuzzy set on S2z[0, +00)
satisfying the following conditions for all s,4,%2 € X and ¢,s > 0:

(Fm1) W (5,9,0) = 0;

(Fm2) W (5,9,¢) =1 if and only if » = y;

(Fm3) W (>, 9, ¢) = W(Y, »,¢);
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(Fm4) W(5,5,¢) » W(F, 2,5) < W(3x,2,¢ + 5);
(Fmb) W (s, 9,-) : [0, +0) — [0,1] is left continuous.

Definition 3. [9] For a given b € [0,+0), the fuzzy set W: &2 x [0, +w) — [0,1] is
called Fp0 if for all s2,7,Z € &,(,§ > 0 it satisfies:
#,9,0) =0;
7,7,C) =1 if and only if » = y;
#,9,G) = (Y, »,0);
%) * an(y, 2, b) an(% Z,C+ 5)
-) 1 (0, 4+00) — [0,1] is continuous and lim 2,(s,9,¢) = 1.

n—+00

(
(
b(5, 7,
(>, 7,
(5, 9,
Remark 1. F20S becomes FS for b = 1.

Remark 2. [17] Generally speaking, a Fp208 is not continuous.

Example 1 demonstrates that it is not necessary for a F;20 on & to be a F on G.

Definition 4. [10] The ordered triple (&,2,, *) is called EFUS by function o : S xS —
[1,400), where We : & x & — [0, +0) is fuzzy set which for all »,7y,Z € & satisfies the
conditons:

(Febml) me(%a Q,O) = 0;

(Febma) We(s2,9,¢) =1, for all > 0 if and only if § = ;

(Febmi’)) Qne(%a Y, C) W, (y, %, C)

(Febmy) We(se, 2, (52, 2)(C + 8) = We (52,4, C) * We(y, 2, §), for all s,{ > 0;
(Febms) We(s,7,.) : (0,+0) — [0,1] is continuous and Clirilwﬂﬁe(%,g, ¢)=1.

Definition 5. [12] Let a,pu : & x & — [1,+00) be bounded functions. A fuzzy set
W, : 6 x 6 x [0,40) is said to be pEFAV if for all »,3,Z2 € &, the following con-
ditions are satisfied:

(ne1) Wy(5,7,0) = 0

(pnea) Wy (s2,7,¢) = 1, for all ¢ >0 if and only if 3 =7;

(/1’63) H(% :g C) (yv%a C)v

(nea) Wy(s, Z, s, Z)C + (5, 2)g) 2 Wy (4,9, Q) = Wy, 2, 9), for all 5,¢ > 0;

(pes) 20,,(5,9,.) : (0,400) — [0,1] is continuous and Clim W, (»,9,¢) = 1. Then
—400

(6,20, *,a, ) is called pEFAS,

Remark 3. It is important to note that Fo20S and EF20S are specific forms of ,ué’]:bwg
when o(s,7) = u(s, ) = b, for some b =1 a(s,y) = u(s,7), respectively.

Example 1. [18] Let 2(s¢,3,¢) = e *79P/C where p € (1,+0). Then W is a F20S
with b = 2P~1,

(6,920, %) in the above example is not a FWS for p = 2.
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Example 2. [12] Let & = [0,1] and 2,,(5¢,9,{) = e < , forall x5 e &. It can
be readily confirmed that (6,20, *, o, ) is a G-complete ,uS}"bQBS with mappings a, i :
S x & — [1,+m0) defined by as,y) = 1 + sy and p(s,9) = 1+ » + g, respectively and
continuous t-norm * as usual product.

Definition 6. Let {54} be a sequence in (&,20,,*, o, 1), then:
(1) {5am} is called G-convergent to », € S, if

lim 20, (5w, %,() = 1 for all { > 0.

m— 0
(2) {sem} is G-Cauchy if

lim 20, (sm, #m4p,C) = 1 for all ¢,p > 0.

m—+00

(3) & is G-complete, if every Cauchy sequence converges to some point of &.

3. Main results

Let Fj, denote the collection of all mappings 5 : [0, +00) — [0, %) , that satisfy the
following condition:

1
B(n) — 3 implies (4 — 0 as n — +00, for a given real numberd > 1. (3.1)

Our main results make use of the following Lemma.

Lemma 1. [19] Let (&,20, ) be a complete FRUS and W (¢, §, kC) = W(se,,¢) for all
x,J€&. With ke (0,1) and { > 0, then s = g.

Theorem 1. Let (6,20, #, o, ji) be a G-complete u€ FQBS with mappings a, i : & x S —
[1,400). Let g be a self mapping satisfying

W, (g1, gre2, B(Wy (221, 222, ())C) = W, (501, 32, C),  for all »21, 300 € & with B € Fy
and
max {ilzlll) ml_l)r}rlooa(%m, Hatp)s 2121;1) mETwM(%m’ %mﬂ))} <b, mpeN.

Then g has a fized point.

Proof. Set s»eqqy1 = g2m, where m = 0,1,2,--- | and s € G is fixed.
W, (#4m, #ms1,C) (3.2)
= wu (g%m—_h g%m, C)

¢
ﬂ(mﬂ(%m*la Hm, C))

= wu(}fm—l, Am,

)
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¢
> m# (%mz, Hmon ﬁ(wu(}fm—la A, C))ﬁ(wu(%m—u Am—1, C)))
¢
= QB/L (%ms, Hm—2, H?:l ﬁ(m#(%m—i; Htais C)))

: )
=W, | o, 1, .
M( o 1—[1;1:1 /B(Qnu(%mfia Am+1—i5 C))
implies W, (%4, #ms1,C)
: )
=W, | 2o, 51, . 3.3
a < Hznzl B(m#(%m—ia Hm+1—is C)) ( )
For any p € N, writing ¢ = FC = % + % + -+ %, and applying (u4) repeatedly, we have
QUu(%m, Hmtp, C)
= wu(%m7%m+l7<> *mu<%m+17%m+27 C > ook
pa(%m, %m+p) p,u(%m7 %erp)Oé(%erla %erp)
Qﬂlt <%m+(pl)7 Hm+p, C >
P 2mp ) (Pt 2mtp) - (St (p—3) > 2mtp) A (P (p—2)5 Zmetp)

using inequality (3.2), we get

mu(%my Hm+p, C)

= QU//, <%07 1, m C > *
pa(%ma %m—i-p)l_[i:l B(mu(%mfia Amt1—is C))
C )

227 (ﬂo, 1, n *

: pﬂ(%ma %m+p)a(%m+1; %m-i-P)Him:t 5(an(%m—i7 Amt1—iy C))

: )

2 <%07%17 Hoeek

g pﬂ(%ma %erIJ),u(%erl? %m+p)04(%n+27 %m+p)1_[?:;2 (mu(%m—ia Hmt1—is C))

¢
Qﬂu (%0, 1, m+(p—1) .
p 1—[1 1 /L(%n—&-t 1 %m+p) (%IH-(p—z)v %m+p)1_[i:1 6(mu(%m—ia Hm+1—iy C))

The hypothesis max {sup lim a5, mip)s sup lim ,u(%m,%m_p)} < b,along with (3.1), gives

p=1 m—-+00 p= m——+00

bmfl bmfl bmfl
lim 20, (sm, #mip, C) = mu<%o,%17€p> *m,u<%07%17 ¢ 0 ) *"'*%y<%o,%1,g b >

m——+400
Therefore lirf W, (5, #msp, ) = 1 1 .. %1 = 1. Therefore {544} is Cauchy. The com-
n——+40o

pleteness of matric space (&, 20, *, «, 1) guarantees the existence of some Z in (&, 20, *, a, 11),

such that lim 3¢, = Z. Thus we have
m——+00

o . ¢ . ¢
> 9 Y N/ ~ ~\ YAy N 7~ ~\
2W,(9%,%,¢) 200, <gz grm 2a(g7 7 # | grtm, 2 e
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| i ¢ -
) o
> lim 20, (Z (g%, 2) B, (G %m») * 2 ("“‘“’ e é))

Hence gz = Z is fixed point. For uniqueness assume that g5 = § # Z = gZ, for some 5¢S,
then

wu(§)27g) :wﬂ(g§7g27g)

> 20,,(5, 2,

That is 20,(5,2,{) =1 as m — 40o0.
Thus § = Z and hence fixed point is unique.

Letting B(2,(51,522,()) = k for some k,€[0,7). The following Theorem’s corol-
lary, which generalizes the widely known Banach contraction theorem in the context of
HEFAS, is obtained.

Corollary 1. Let (6,20, *, a, 1) be a G-complete ,uE}"bQI]S' with mappings o, 4 : GxG —
[1,+00). Let g be a self mapping satisfying

0, (g1, greo, kC) = W, (501, 522, C), for all s, 20 € Swhere € Fy,.
Then g has a fized point.
An example will be provided for the aforementioned Theorem in order to validate it
Example 3. Let G = [0,1], Let 2, : xS x[1,+w0) — [0, 1], defined by W, (51, »02,¢) =

—lx1—200|

e ¢ (6,2, a,pu) is pEFLS with b=2. Consider the mapping g : & — & defined
by g(») = 1—%%, and (3 : [0,1] — [0, %) as B(¢) = %. obviously 8 € Fy. For all 11,00 € S,
¢ > 0, we have

—|gse1 —gra|
W, (g1, g2, (W, (521, 222, ())C) = ePBul122.00
—1= g —(1= )l
X
= e 4
—|— g1+ &l
x¢
= e 4
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6"‘1 sl
205, —
3 |26 =]
= e ¢

=121 =20

= e

This implies that

wu(g%la g, IB(QB,U«(%L 2, C))C) = QB,U«(KM 2, C)

And g(%) = g. Consequently, g s an unique fized point of g. Since Theorem 1 criteria
are all fulfilled.

Theorem 2. Consider a G-complete pEF20S, (6,2, *, ov, 1) with mappings o, i : S x
S — [1,+m).
Let g be a self mapping on & such that

W, (g1, gre2, B(W,u (321, 322, C))C)

> min {mu(%b%z,C)amu(%bg%l,C)amu(%2,9%2,C),
2, (501, goe2, (a(5e1, 202) + pu(221, 322))C) * Wy (322, g1, (521, 222) + M(%l,ﬂﬁz))C)},

for all 51,5090 € &. Then there is unique fized point of g in &. Here % = #y,.
Proof. Beginning in the same manner as in Theorem 1, we have
mu(%my Hm+1, C)
= mu(g%mfla g, ()

> min {Qﬂu <%m1, M,

) 2 (J{ml gHm—1 ¢ >
B(mu(%mfly%mao) B ’ 7 ﬁ(mu(%mfla%maO) ’

QUU (”mag%m, C )))’mﬂ <%m179%m, (a(%mil’%m) +M(%m1,%m))§> *

B(Qn,u(%mfla Am, C
(a(3em—1, 2m) + (1(5m—1, %m>)o> }
B (am—1, am,C))

> min {QUM <%m—1, Y,

ﬂ(mu(%‘m*la M, C))

20, (Kma 9¥m—1,

SR T A
ﬁ(mu(%mfla%mao) e 7 ,B(mu(%mfla%mao) ’

¢ (a(%mfb %m) + N(%mfla %m))c
mﬂ (Kma Am+1, 5(mu(%mih en, C)) ) ) wu (J{m—l’ Am+1, ﬁ(my(%m—l, o, O)

2, (s G )

. ¢ :
=2 min {wﬂ <%m_l’ m, ﬁ(ﬁﬂu(%mfl, Hm, C))) e (%m_l’ o B(Qﬂu(%m,l, #m;, Q) ) ’

>*
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¢ (a(stm—1, 2m) + p(>m—1, #m))
QB;U' (%m; A1, ﬁ(wu(}fm—l, s C)) ) ) mﬂ <%m17 A1, B(mu(%m—l, Y, C))

. ¢ ¢
= min {m# <%m1, s B(mu(%mfh Hm, C))) ’ wu (J{m’ Hmetas 6(mﬂ(%mfla A, C)) > ’
(a(3am—1, 2m) + 1(5m—1, %m))c> }
B(mu(%mfla Hm, C))

wu (J{ml» Hm+1,

) P G )
5(wu(%m<1, P C))) * 2 <%m’ P B(wu(%mcl, . g))) } (34)

> min {Qﬂu <%m_l, M,

Smu <%m—17 Hm,

If

min {Qﬂu (%m_l, M, <

B(2W,. (%m 1, 24m, o)) 2 (”‘“’ T 6@%(%:_1, S, <>>) }

) ¢
= QI]M (%ma Hm+1, 5@3#(%"‘—1’ A, C))>7

then inequality (3.4) implies that

mu <%m7 %m+la C) > QBM <%m7 %erlv /B(mju(%mcl’ %m, ())>,

the remaining part of the proof is the consequence of the Lemma 1.
If

. ¢ ¢
min {wu (%m—la Hm, ﬁ(mu(%m—lg o, C))) ) wu (%ma Hm+1, B(mp(%mfla o, O)) }

)
=W, | »m—1, #m,
//4( e " ﬁ(mu(%mfla%maé))
then from (3.4) we have

¢
QUN (%m, Am+1, C) = Q:Uﬂ <%m—la s B(mu(%mfh Hm, C))> 7

continuing in this way, we get

¢
Wy (%m’ S C) g <%0’ “ 1—[:1121 5(mu(%m—i’ Hm+1—i O)>

The same method employed after inequality (3.2) in Theorem 1 can be used to finish the
proof of this result.

Lettlng min {mu(%la 2, C)) mu(%h g, C)a wu(%% g2, C)?
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(mm(%l, goea, (0(oe1,22) + a(oer, 52))C) % 0B, (322, g, (et 22) + o, %2>><>) }

= Qnu(%h 2, C)
We have deduced the following corollary from Theorem 2, which reduce the above theorem
to Theorem 1.

Corollary 2. Let (&,20,, %, a, i) be a G-complete n€ Fp2BS with mappings o, ji : Sx S —
[1,400). Let g be a self mapping satisfying

W, (g1, 972, B(Wpu (321, 222, ())C) = W, (3e1, 32, C),  for all se1, 520 € & whereP € Fy,.
Then g has a fized point.

Theorem 3. Let (6,20, *,a, u) be a G—completeyé’fbﬁﬂg with mappings a, pu: G x G —
[1,+0) and g : & — & be a mapping satisfying

W, (g1, g2, B(W,. (31, 222, C))C)
> min {Qﬂu(g%hgxz, ), W, (51, g1, (), W (522, 9322, C), W, (3e1, 322, C)}7

for all 51,300 € & and B € F,. Then there is a unique >y in S such that g(3¢) = .
Proof. Beginning in the same manner as in Theorem 1, we have
mu(%my A1, C)

= Qﬁu(g%mfl, g, C)
¢ ¢

> min {QUM <g%m—1, 9%m,

) 2 o))
B(mu(%mfla%mao) R T ﬁ(w#(%m*la%maC))
. ¢ ¢
= min {QUM <%m’ Hmta B(Qﬂu(%m,l, M, C))>79ﬂu (%m_l’ o 5@3#(%111*17 M, C)))j
) )
B(wu(%mfla%mvo) R T 5(mu(%mfla%ma0)

. ¢ :
- {w“<”‘“’ T B, G, <>>>’w“ (”‘“‘” T B, e, <>>> }

QU m—1 m—1
ﬁ(mu(%mla%m»o)>’ M<% 97 B(Qﬂu(%m,l,%m,g

wu (Kma g%m,

wu (ﬂma Hm+1,

employing the identical method as applied in Theorem 2 subsequent to the inequality
(3.4), the existence and uniqueness of fixed point can be shown.

Theorem 4. Let (S,20,, =, a, 1) be a G-complete /u‘:]-"b‘,mg with mappings a, i : Gx G —
[1,+0). Let g : & — & be a mapping satisfying

131, 52, ¢)
max {Qﬂu(%bg%l, C)amu(%%g%% C)}

mu(g%h g2, ﬁ(mu(%la 2, C))C) =
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where n (521, 32,t) = min {Qﬂu(gm,gm,C)ﬂﬁu(m, %2,0,317#(%1,9%1,C)mu(%mg%%O}a
for all 31,29 € &, and 8 € Fy,. Then there is a unique sy in S such that g(32) = ..
Proof. Arguing as in Theorem 1, we have

mu(%ma Hm+1, C)

= QI]u(g%mfla g, O

¢
n(%n7 Am+1, ﬁ(mu(%m—u”fmﬂ)) )

> (3.5)

k
max {QBH (%m_h g>m—1, /B(QUM(%mC—u”‘m’O) ) ’ Qﬂ“ (%nh g%m; ,B(QZ]H (%mc—l»%my@) ) }

Now,

¢
77<%n, Hma B(my(%m—la Hm, C)))
. ¢ ¢
- {m# <g%m17 gm /B(Qnu(%m—la Hm, O)>Qn‘u <%m17 s /B(Qnu(%m—la Hm, C)) > ’
¢ ¢
/B(QB,LL(%m—la Hm, C)))mu <%m’g%m7 /B(Qnu(%m—l, Hm, O)) }
. ¢ ¢
- {m# <%m’ Hmes B(mu(%mfh Hm, C)))mu <%ml’ o 5(%17“(%,“,1, Hm, C))) ’
¢ )wu (J’fma%erl» ¢ >}
ﬂ(mu(%mﬂ,%m,éb)) 5@1]“(%]“717%%0)

¢
77<%m>%m+l’ B(2,,(56m 1, %m,O)>

_ ¢ ¢
=B (Kml’ Hm 5@1]#(%111717 M, C)))wu (%m’ ot 5@1]#(%111717 M, C))) (3.6)

By substituting (3.6) in (3.5), we get

20, (%mb g¥m—1,

wu <%m17 Hm,

Qﬁ#(%m, Ymt1,()

¢ q
QBPL (%ml’ %m’ B(Qﬂu (%mfly%mvo) > QH'U' (%m’ %erl’ B(mu(%1“17%m7<))>

> .(3.7)
max {Qﬂu (%m—l, Hm, ﬁ(wﬂ(%lf,l,zm,c‘)) ) y m# (%m, A1, 5(@“;{‘5717%%()) ) }
If
max {my (%mfu Hm, ¢ )a 20, (%ma Hm+1; ¢ ) }
5(21]# (37111—17 Hm, <)) B(Qnu(%m—b %n,C))

) ¢
= QUM (%m—l, Hm, ﬁ(mu(%mfl’ Hm, C))>’
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as inequality (3.7) implies that

R St e o]

then there is nothing to prove by the assertion stated in lemma 1.
If

¢ ¢
ﬁ(mu(%m—lv A, C)) ) ’ QHM (%m’ Hmty ﬂ(mu(%m—ly %n,C)) ) }

. ¢
= QB# <%mlv Hm, 5(31]#(%‘“—1’ A, C))) ’

then from inequality (3.7) , we have

max {QIIM (%m_l, M,

¢
mu(%m, Am+1, C) = mﬂ (%mla Hms B(wﬂ(%mfld A, C)))

¢
= m# <%m27 Hm—s B(mu(%ﬁl*l) M, C))-/B(m,u(%mfm Am—1, O))

\%

27, (%0,%1, ¢ >
B, (sam—1, 5m, ())-B(Wpu (56m—2, 3m—1,C)) - - - B(Wpu (50, 71, ()

The theorem can be proven using the same method as demonstrated in Theorem 1. After
considering inequality (3.2), we are able to demonstrate the fixed point’s existence and
uniqueness.

Theorem 5. Let (6,20, *, «, 1) be a G-complete /1,5]-'1,52175’ with mappings a, i1 : xS —
[1,+00). Let g be a self mapping satisfying

2, (g1, g2, B(W,u (521, 522, C))C) = A(5e1, 322, Q) * 7y (3¢1, 222, (),

where
A(511, 32, ) = min {wu(g%lag%%C)amu(%hg%hC)amu(%%g%%()’mu(%la%27<)}
v(3e1, 52,() = max {Qﬂu(%hg%z,oﬂ%(g%h%270}7

for all 521,090 € G, and B € Fy. Then there will be a unique fized point of g in S.

Proof. Using similar arguments as used in the proof of Theorem 1, we have

wu(xma Amt1, C)
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= Qnu(g%m—la g¥m, C)

>\ <%m17 Hm,

5(23#(%51,%”,4))) *'7<%m1,%m, B(Qﬂu(%\fl,%n,g))) (3.8)

Now,

)\(%m_l M ¢ )
’ ’ /B(wu(%m—l7 Am, C))
= min {Qﬁu <g%m_l, G¥m,

S VA

B(wu(%m—lv%mac)) R 7 ’ B(mu(%m—h%mag))

. ¢ ¢

= mn {mjﬂ <%ma Hm+1, 5(Qﬂu<}fm—17 o <))> ) QH;L (”m—h Hm, B(wu(%m—lv e C)) ) )
S A

B(wu<%m—1a%mvc>) T 7 ’ B(Qﬂu(%m—lv%mvc))

)\ <%m—17 Hm, C >
ﬂ(gnu(%m—ly %n,c))

. ¢ ¢
B mm{m‘ (”“"”“‘“’ ﬁ(ﬂﬂu(%ml,%m,o))’m“ (”‘“‘“”‘“’ ﬁmwml,%m,c))) }'(3'9)

¢ ) 2 (%m—l g7 m—1 ¢ )
/B(w,u(%m—b%mvo) T ’ ,B(mju(%m—h%mvo) ’

Qnu <%m7 g%ma

wu <%ma Hm+1,

Also

¢
7<%m—17 Hms /B(QBM(%m—l7 Hm, C)))
S ——
5(93,4(%111—1,%1117()) T ’ 7/B<Qn,u(%m—17}fm?C))

(
. {mﬂ E%mh o S <>>>’m“ (”“" S <>>> }

) ¢
= max {QI]# Hm—1) Xm+1, B(Qnu(%m_l,%m,C))>’1}
¢

v (3tm—1, #m, B(wu(%m—l»%m’C))) = 1. (3.10)

Using equation(3.9) and (3.10) in inequality (3.8), we have

= max {QI]# M—1, G Hm,

mu(%my Hm+1, C)
= min {mu <%ma Hm+1,
wu(%m7 Hm+1, C)

> min {QUM <%m, A

¢ ¢
am %m—l7 %mv *
B, %m,o)) “( B, (2, %m,o))} !
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If

. ¢ ¢
i {wu (%m, Hm B(Qnu(%mfla Hm, C))) ’ wu (J{mb Hm B(mu(%mfla Hm, C))) }

B ¢
= QU,L (J'fma Hm+1, 5(Qﬂu(%m,l, Hm, C)))

Inequality (3.11) implies that

Qn,u(%ma Am+1, C) = m].u <%ma Hm+1) ﬁ(mu(%mg—l Hm C))) .

The remaining portion of the proof follows from Lemma 1.
If

ﬁ(ﬂﬂu(%mql, S, C)))’w“ (Km_l’ e B(Qﬂu(%mgl, S, C))) }

) ¢
= Qﬂu (%m—17 Hm, 5(wu(%m,l, M, C)))a

then from inequality (3.8), we have

min {QUM (%m, Mt

¢
ot ) s i )
¢
> wu (J{mb Hmn B(Qnﬂ(%mfla Am, O)B(mu(%mfza Am—1, g)) >

=0 (%0 51 ¢ >
a ' ’ /B(Qﬂﬂ(%m—l? Hm, C))/B(Qﬂu(%m—b Am—1, C)) cee ﬁ(m}u(%& M1, C))

Using the identical process as applied in Theorem 2 following the inequality (3.4), we can
show the existence and uniqueness of fixed point.

Theorem 6. Let (&,2,, %, o, 1) be a G-complete pEFS and b = 1. Let g be a self
mapping satisfying

/\(%1, 9, C) * ’}/(%17 2, C)
n (a1, 32, )

)

my(g%bg%% B(wu(%la 9, C))C) =
where

/\(%17 %27 C) = min {mﬂ(g%th{Qu C)w#<%17 %27 C)?int(%lvg%h C)mu(%279%27 C)}

(51, 562,¢) = max {wu(%hg%h Q)W (521, 9522, C), (W (522, 341, C))Q}
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(51, 52,¢) = max {mu(%hg%h (), 20, (2, gre2, C)}-

For all 51,300 € &, with B € Fy. Then g has a unique fixed point.

Proof. By utilizing the identical method as outlined in the previous Theorems, we
arrive at the same result.

w#(%m') %m-i-ly C)
= Qﬂu(g%m—l, g#m, C)

¢ ¢
A <%ml’ *m, ﬂ(mu(%ml,%m,m) * <”ml’ ;) 6(%(%«”,%70))

> (3.12)
77<%m1a <t /B(mxu(%n\cl,%mﬁ))>
Now
A (%m_l, m, ¢ )
B, (36m—1, #m, )
- {m <gm"““ 9 6(217“(%:_1, i o))% (”‘“‘” o B%ng—h m ¢ >>> |

GRS A e

B(wu(%m—lu%mag)) : ’ ’ 5(Wu(%m—1,%m,0)

. ¢ ¢

- {””<”‘“’ T B, g)))m“<”“““ ™ B2, (s 2 g)))’
< >QB (”m HAm+1 < >}

B(mu(%m—l7 #n,¢)) : ’ ’ ﬁ(wu(%m—la %, C))

Qnu (”m—h g7m—1,

Qﬂu (”m—h Hm,

)\(%m_l M ¢ )
7 7 ﬁ(fmu(%m—la Am, C))

_ ¢ ¢
=W <%m_l’ o BW . (sem—1, #m, C)))Qﬂu (%m’ P B, (sem—1, #m, C))) (3.13)

¢
’Y(Km—la Hm, B(wﬂ(%m_l’ Hm, C)))
= max {mﬂ (%m—lv 9*m—1, B, (#4m—1, #m, C)))w# (”m—l’g%‘“’ B (tn=1, 0, C)) >,
¢ 2}
<QBM <%m7 9¥m—1, B(Qﬂu(%m_l’ Hm, C)) > )

) max{w" (”‘“‘“”‘“’ 6<m<xm_l,%m,<>>>% (”“““”“‘“’ g(mu(%m_l,%m,g»)’

(m“ <”“" g ,6@11#(%:1, o <>>>>2}
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= max {Qﬁu <%mlv Hm, ﬁ(mu(%m—l, P C)) > m,u <%m17 Hm+1; B(mﬂ(%m_l’ A, C))) ’ 1}
¢ _
(s ) Y

¢
n(%m1> A, 5(m#(xm_l, A, C)))

) ¢
‘max{m“<”m“g”‘“l’5<m<%m_l,%m,o))’m“(”“"g"“"ﬁ(m %m 1 %) >>}
¢ }5

ﬁ(mu(%m—ly Hm, C))) ’ m# <%m7 Hm B(mju(%m 15 %rmC

Using equation (3.13),(3.14)and (3.15) in equation(3.12), we get

/\

= max {QBH <%m17 M,

wu(g%m—la g¥m, Q

¢ 9
QI];,L <%m—17 Hm, B(Qn# (%mfu%m,c)) > Q;UM (Km’ Hm+1, 5(%;1 (J’fmly%ﬂ‘lyc)))

3.16)
¢ 2 ¢
max {Qﬁu (ﬂm—b Hm, /3(%(%7"_1,%,,4))) ad” <”m’ Hmt1, ﬁ(m(nm_l,%m,o)) }

\%

If

B(Qﬁu(%mi,%m,@)>’m“ <%m’%m“’ ﬁ(ﬂﬁu(%mc_l,%m,o)>}

) ¢
=2, <%ml’ o /B(Qnu(%mfb Hm, C))>’

in inequality (3.16), implies that

Q{]M<%m,%m+l,g> = wu<%m,%m+1a 5@3“(%:1,%]“,0))’

then there is nothing to prove by Lemma 1.
If

max {Qﬂu (%ml, M,

B(Qﬁu(%mi,%m,@)>’m“ <%m’%m“’ ﬁ(ﬂﬁu(%mc_l,%m,é))>}

max {Qﬂ“ (%ml, M,

) ¢
=2, <%ml’ o /B(Qnu(%mfu #m;, ¢)) > ’

then inequality (3.16), implies that

¢
QIIM (%m, Am+1, (> = QUM (%m_l’ Hm, ﬁ(mu(%mfla Hm, C))> '
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Continuing in the same way, we get

¢
w#(%ma Hm+1, C) = QU/L <%m1a Hm, B(Qnu(%mfl, . C)))
¢
= Qn m—2y m—1
= “<” g ﬁ@mo%lﬁ%xmﬂmxmnbmnboﬁ

2?211 (%0 sl C )
P B (s, 24w, €)) B(Wu (32, -1, C)) - BWy (30, 541, C))

using the identical method applied subsequent to Theorem 1 right after the inequality
(3.2), we have the capability to demonstrate both the presence and exclusivity of a fixed
point.

4. Application to Nonlinear Fractional Differential Equations

In this section, existence of solution to a nonlinear fractional order differential equation
(NFDE) is investigated via the results established in this manuscript. The set S =

C([0,1],R), furnished with norm ||>¢| := sup |s(s)| is Banach space.
s€[0,1]
Consider

D, (4(¢)) = g(¢.a(Q)), Celo,1], (4.1)

with conditions
#(0) + #(0) =0, (1) + %#(1) =0,

here € S, ¢ €]1,2] and g : [0,1] x R — R is a continuous mapping.
Now sz € S will be a solution to (4.1) if it solves the following equation

(3) —1f(1 C AL = )g(F, (7))

S

1 f 1
—— | (1 =721 - 3)g(F, »(F df+j § — 7)1 g(F, 5(7))ar.
R ), (1 P e ) + gy | 6l ()
For further detail and comprehensive discussion of the problem setting, [20-23] should be
consulted. o }

Define an integral operator J : § — S by
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where S is an uEFS, 2, is a pEFpA with functions p = 1 + »(3) + §(5) and o =
1+ #(5)y(s), for all ¢ >0 and @,y5€S.

_ sup TG

~ = ¢
m#(%a Y, C) =e€ sefo.1] )

Theorem 7. Define {gn} © S, by gms1 = J(gm), where m € N U {0} and g € S. Let

there be B(W,(5,7,¢)) € (0,7z), with k = limsup Q(gm,gn), for a bounded function
m,n—+0o0

Q:SxS— [1,+00) and the following conditions are satisfied:

o |g(, (7)) — (7, §(7)| < |5(7) = §(F)|, for all s2,5€ S

-3 -5 s¢ 77
. Cg%pl]{réﬂ) T F<s+1)} <B4 8,0) < 1

Then (NFDE) (4.1) has unique solution
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Proof.
- - 1—5 (¢
348) = 3506)] =g [, (170 el ) ~ (7] 07
—3 1
N F(lg_l) fo (1= 762 [g(F, (7)) — &(F, §(7))] dF
T | (5 1) [l (7)) — gl §(7)] &7
<t | =P et ) — g7 5 o
e ), (1= 7 etr () — g7 5
il (5 — P g(F, (7)) — gl 5(7)]aF
L=5 (M e i las
<F(£)L (1-7) |%(r) —y(r)|dr
e | =) — sl
+ F(lg)f (s — 77)5_1‘%(7“) — y(r)’dr
sup |»#(s) —§(s 1;§ 1 — ) laf 1-5 ' — M 247
gée[ol,)l]‘ () =51 )‘<F(§) Jo(l e rE-1) Jo S

+—I{Z)‘£f(§——F)5_ldf)

o 1-3 1-3 ¢
= sup <) ‘y<3)‘(r<s+1> T T )

— B4 5,0)) sup [#(5) — (5)],
5€[0,1]

where 3(20,(2,7,¢)) = T

1—35 +1—5 $&
(E+1)
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From the above inequality, it becomes apparent that

sup |J35(8) — I5(8)| < B(W,(5,75,¢)) sup |5(3) — 7(3)|

5e[0,1] sef0,1]
— sup [3(8) = JF(8)|  —BWL(>,7,Q)) sup [(3) — F(3)]
$€[0,1] > sel0,1]
B(W,u(5, 9, ¢))¢ B, (5,7, ¢))¢

— sup_ |50 -35(2)
se[0,1]

= e B(Wp (5,5,0))C = e ¢

= 2, (34,39, B, (.5, 0)C) > W, (3.0

— sup_|w(s)-35)
sel0,1]

Theorem 1 implies that J has a fixed point v € S, and as a result, the NFDE (4.1) has
a unique solution in S.

5. Application to Integral Equations

In this section, we use our established results to ensure that integral equations of the
type

¢
u(C) = g(0) + L H(C, 5 5(3))ds, ¢ < [0,b], (5.1)

have solution in C = C([0,b],R), being a Banach space, with norm || := sup |sx(s)|,
5€[0,b]
where b is some given positive real number.
Consider a complete p&F200S, (C,20,,, #p, o, 1) where

sup [5(3)—5(3)[2
5e[0,b]

3efo,

wu(%)ga g) =e ¢ )

for all s, € C and (2, (s,9,()) > 0, with t-norm #, and bounded functions p,a :
C x C — [1,+00). The existence of a solution to the integral equation of the form (5.1) is
ensured by the following theorem.

Theorem 8. Let I : C — C be an integral operator given by

¢
1()](C) = g(0) + L H(C, 5 5(3))d5, ueC, € [0,0].

Let {gm} < C, be defined by gm+1 = I(gm), m € N U {0}, for g € C. Suppose there exists
B(2W,(52,9,()) € (O,k%), with kK = limsup Q(gm, gn), where Q : C x C — [1,4®0) is a

m,n—+00

bounded mapping and let H € C([0,b] x [0,b] x R,R) holds the following condition:

[H(C, 8,2(5)) — H(C, 8,4(3))| < A/ B(Wu(, 4, Q) |2(7) — 5(7)|-

Then, the integral equation (5.1) has a solution u* € C.
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Proof. For all s,y € C, and B(2(s,7,()) > 0, we have

Csup 1G9 -[L@]1()I?
_ 7€[0,b]

QUN(I(%)’ I(@)? B(wu(%a ga C))C) = ¢ P (=300
sup | §§ H(3,7,5(7))di—§§ H(5,7,5(7))dF|?
7€[0,b]
= e B, (,5,0))¢

Csup §8 |H(3,7,5(7) — H(5,7,§(7))| 2 d7
7€[0,b]

> e B (5,5,0))¢
sup (8 W, e ) |se(F) — (7)) 2 dF
fes[opjb]so(«/ﬂ( 1G5, (7 =5 (7)])
> e BW . (.5.0)C
su §BQ}J 2,7, 3 (F)—G(7)| 2 dF
_;E[Or:b]So (W (52,5,6)) [3(F) =5 (F) |
> e B . (=5.0)C
_sup AW (54,5,0)) (7)) —5(7) 2
_ 7€[0,b]
> e B(W . (>,9,0))¢
_sup (7)) —3(7)|?
_ 7€[0,b]
= wu(%7g7C)'
= 0, (1(5), 1(9), B(W, (5, 7,0))¢) = Wu(s,9,¢).

As a result, the unique fixed point u* € C of I, is unique solution to the integral equa-
tion (5.1).
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