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1. Introduction

Mathematical inequalities are now widely recognized as one of the most valuable and
applicable branches of mathematics. Their versatility and effectiveness have been demon-
strated in various scientific and engineering disciplines, with significant applications in
information theory, economics, finance, and engineering. The theory of inequalities plays
a fundamental role in nearly all areas of pure and applied mathematics. The study of
convex functions has been instrumental in advancing inequality theory, tracing back to
the pioneering work of Jensen in 1905-1906. Many modern analytical inequalities stem
directly from the properties of convex functions. In addition, convex functions and vari-
ous forms of convexity serve as powerful tools to derive numerous important and practical
inequalities. Due to its expanding range of applications, the study of inequalities remains
one of the most actively researched fields in mathematical analysis.

The broad spectrum of applications of fractional calculus [1] in domains such as fluid
dynamics, mathematical biology, and mathematical physics has made it an essential field
of ongoing research [2-5]. In order to validate various solutions in theoretical and prac-
tical contexts, numerous researchers have generated fractional integral inequalities using
fractional operators [6, 7]. Recent research has explored fractional integral inequalities in
extensive detail, examining their various manifestations and possible uses. These studies
have tremendously broadened the discipline and provided new tools and insights.

A notable advancement in this field is the formulation of integral expressions that
include special functions. Fractional integral operators that utilize particular kernel func-
tions are essential in many fields of study [8, 9]. The Bessel-Maitland function, first
proposed by Daniel Bernoulli, is related to the linear differential equation. The fractional
calculus, with its extensive applications, extends its scope. Mathematical analysis and
fractional theory have greatly benefited from its extensions. More research and develop-
ment in the topic is being motivated by quick developments in fractional calculus, which
have brought attention to the need for creative transformations and generalized fractional
operators.

Convex analysis plays a crucial role in variational analysis, as it encompasses a gener-
alized differentiation theory applicable to mathematical models that do not require differ-
entiability assumptions. Convex optimization is well known to be just one of many areas
in which convex analysis has demonstrated its significance. The convexity of a problem
allows for the development of efficient numerical algorithms to solve convex optimization
problems, even in the presence of non-differentiable data, while also enabling an in-depth
study of the qualitative properties of optimal solutions. The impact of convex analysis
and optimization continues to expand across various mathematical disciplines and practi-
cal applications, including estimation, control systems, communications, networks, signal
processing, data analysis, electrical circuit design, finance, statistics, economics, and math-
ematical modeling.Inequalities have applications as tools in various fields of mathematics,
such as differential and integral equations, and these ideas serve as a basis for their anal-
ysis. One of the most well-known inequalities is the Hermite-Hadamard inequality, which
was first introduced by Charles Hermite and Jacques Hadamard and describes how con-
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vex functions behave and is used extensively in mathematical modeling, optimization, and
numerical analysis. In recent years the researchers have extended the classical convexity
into h-convexity, h-Godunova-Levin convexity, s-convexity and (11, 72) convex functions
etc. For s-convex functions, the integral identities linked to Hermite-Hadamard inequality
were first presented by Barsam et al. [10].

Sattarzadeh and Barsam [11] discovered the Hermite-Hadamard type problems with
fractional integrals for functions that are uniformly convex. It is meant to explore the
HermiteHadamard type inequalities involving fractional integrals due to the numerous
applications of fractional calculus [12-16] and Hermite-Hadamard type inequalities [17—
21]. The inequalities of fractional integral by convex functions with respect to increasing
functions was obtained by Mohammed [22]. Abdeljawad et al. [23] proposed new Simpson-
type inequalities for (s, m)-convex functions . Some inequalities for s-convex functions
with fractional integrals were presented by I scan [24]. Trapezoid type inequalities for s-
convex functions involving generalized fractional operators established by Usta et al. [25]
. Butt et al. [26] introduced integral identity; by using that identity, new inequalities were
obtained via a general form of fractional integral operators. Agarwal et al. [27] proposed
Hermite-Hadamard type inequalities for generalized k-fractional integrals.

In our present work we use the s-convex function for the class of first odder deriva-
tives and second order derivatives and modified the Hermite-Hadamard (H-H) integral
inequalities by utilizing the Bessel-Maitland function as its kernel.

2. Preliminaries

In this section, we discuss the basic definitions which will help us to understand our
main work.

Definition 1. [28, 29] Let ¢ : R — R be real valued function, is said to be convex if the
following inequalities holds:

P(pa+ (1 - p)w) < pd(a) + (1 - p)d(w), (1)
where p € [0,1] and V w,a € R.

Definition 2. [30] Let ¢ : R — R be real valued function, is said to be s-convex function,
if the following relation holds:

d(pa+ (1 -p)w) < p°¢(a) + (1 - p)°d(w), (2)
where a,w € R and p € (0,1) and s € (0,1].

Definition 3. [29, 31-33] The Hermite-Hadamard type inequality for convexr function
¢ : R — R, is defined as follows;

¢(‘”“>s [ oloap < A7), 3)

2 w— 2

where a,w € R, a0 < w.
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Definition 4. [34] The gamma function in integral type is defined for R(t) > 0, as follows

I'(t) = / et le % dr. (4)
0
Definition 5. [3/] The Pochammer’s symbol is defined as follows:

1, form=0,0#0
(5)n—{3(5+1)...(6+n—1), forn>1, } ©)

Forn € N and 0 € C Here, is some relations of gamma functions.

_ T(p+n)
() = W7
O =

where I' being the gamma notation.

Definition 6. [35] The beta function is defined for R(m) > 0 and R(n) > 0 as follows:

1
B(g.,h) = /0 01— ),

I'(g)L'(h)
T(g+h)

Definition 7. [36] The extended form of beta function is define for R(g) > 0, R(h) >0
R(p) > 0 as follows

B,(g,h) = /01 29711 - z)h_lexp(dl_ifz))dz. (7)

Taking the value of p = 1, the extended beta function becomes the classical beta function.

Definition 8. [37] The Bessel-Maitland function is defined for ¢,y,v,x,w € C and
R(¢) > 0,R(5) > 0,R(v) > 0,R(x) > 0,R(@) > 0,p,n,m >0 and m,n > R(¢) + 1 ;

wv,xw = ( y)p
Yo (¥ pzwpwwl)( oo a

Definition 9. [38] The extended version of Bessel-Maitland is defined for p,&,(, s, ¢, k1 €
C,R(p) > 0,R(§) > 0,R(C) > 0,R() > 0,R(k1) > 0,p,m,n >0 and m,p > R(p) + 1, as
follows

L, 0,110,1], C
Je o (FsD)

5 (C+ pn, e — Q) (eon) (K1) )
- e ®
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Definition 10. [39] The left and right sided of extended version of Bessel-Maitland func-
tion is defined for the same assumption of definition (9), as follows:

(meems ) = [ -0t - orsn o (10

q
(Eg;g;?g;;_ f) (2,7) = / (= @) TELTN (e (t — )5 7) (). (11)

Remark 1. If we replace r = 0,k = 0, and £ = £ — 1 in the definition (10), we obtain the
left-and right-sided Riemann fractional operators.

3. Applications of differentiable function with the refinements of
Hermite-Hadamard (H — H) inequalities

Here, we discuss the refinements of Hermite-Hadamard type fractional inequalities with
the differentiable functions by implementations of extended version of fractional operators
for s-convexity.

Lemma 1. Let ¢ : I CR — R be a differentiable mapping on I° and w, ™ € I1° withw < T.
If ¢ € Llw, 7], and p,&,(,5,¢,m1 € C,R(1) > 0,R(E) > 0,R(C) > 0,R(<) > 0,R(r1) >
0,p,m,n >0 and m,p > R(u) +n, then following integral equality holds;

1 1

+
o — W a—T

] = (€ +un)
1

e (B 0) )

SQ)EL L (o) [

1
[W (Eggi?fﬁ o) (w, k1) +

1 ! ! 1 /
= /O O BELT (kg p)o (9o + (1 — p)wdp +/ CELLII (ol p) (pa + (1 — p
Proof. Consider the integral

m?n’

LI (R p)¢ (pa+ (1 — plwdp

_ L, (CH o= Oeon) 50 o [ & )
Zﬁc‘,c— ;m+§+1)(g)mn( K) /0 T (pa+ (1 — plwdp

=~
c\
>
)
Fas)
m%
~%

o(C+ pn, ¢ — Q) (con) (K1)mn . pﬁ-‘run . e
Z’BC’C_ Mn"'gp‘}'l)(@inn( ) [/0 a—w P(pa+ (1 —-p) ‘0

/O €M it g 4 (1 = p)wdp}

n,c— C)(con) (K o / n [ty
_Zﬁp (C+p Q) (cpn) (K1) nn (_H)n[ﬁb( ) S tunu /0 o TF Lo (oa + (1 — p)wdp| . (12)

(G e—= QO (un + &+ 1)(S)mn

o — W o — W
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Using substitution pa + (1 — p)w = x in equation (12), we get

_ () pmae ¢ +pn HaPy 7)€
L= o — w &GSk (#,p) — (o — w)§/+1 (EE,C&,m,aJF )(w7"€)‘ (13)

Now, consider the integral Is, we have
1, /
Ir = /0 o EZ??Z? “(kpt;p)o (pa+ (1 — p)Tdp.

Proceeding same as I; and we get the result,

() wppme 5/ +pun opym,C
2= a— TJE,C&M (k) = (a — 7)€+ (E&C,c,mw* ¢)(w, ) (14)

By combining equation (13) and (14) we get the required result.
Corollary 1. If we replace p = 0,k = 0, and £ = £ — 1 in the Lemma (1), we have a
result [19].

Theorem 1. Let ¢ : [w, 7] — R be a positive function with0 < w < a < 7 and ¢ € L|w, 7].
If ¢ is s-convex function on |[w, 7], and u,&,(,s,c,k1 € C,R(u) > 0,R(E) > 0,R((C) >
0,R() > 0,R(k1) > 0,p,m,n > 0 and m,p > R(u) + n, then we get the following
inequality

(BELT e d)wn)  (BELTDS ) (w, m)

(a — w)f’-‘run-‘rl (a _ T)§’+un+1
< G(@) T (1, p) [BE + pn+ 5 +1,1) + B(€ +5,1)]
+[o(w) + ()] TELT (1, p)BE + 1,5+ 1).

Proof. From definition of s-convexity of ¢,
P(pa+ (1= p)w) + d(pa + (1 — p)7) < p°¢(a) + (1 — p)°¢(w) + P d(a) + (1 — ) d(7)

Multiplying both sides with ¢ Eg’f’g;?’c(mp“;p) and integrate w.r.t p on [0, 1]

1, 1,
| o B e oton + (- o) + [ o BELLI (e o0 + (1= )7
1, 1,
S/o ot TR (ke p)d(a) +/0 of ELLTI (g obs p) (1 — 0)°lw) +
1, 1
| o rmen o mote) + [ o B e (1= )0(7) (15)
Now, solving the following integral

1T, s m,n,c —+ o . . 1, .
B ) =3 e e [

S—
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_ ¢(a) H.psmn,C
5, + Mn + S + 1 fv{acvnl

= G()ILLI (1, p)BE + pn 4 5+ 1,1). (16)

(,p)

Similarly, we resolve another fractional integral

1 , ,
/O O BT s p) (1 — 9)°6(w) = () LT (e, p)B(E +pn+ 1,5 +1)  (17)
1 , ,
/0 o€ BT (w0 p) () = G()TELT (e, p)B(E + i+ 5,1) (18)

1 , ’
| F BT e 1 = 91°0(0) = LTI pBE + L5+ D) (19)

Putting the values (16), (17), (18) and (19) in equation (15), we have

1, 1,

/0 " EelT (ks p)d(pa + (1 — p)w) + /0 " BELT (kg p)d(pa + (1 — p)7)
< ()ILL (1, p) [BE + i+ s+ 1,1) + BE + pn+5,1)] +

[$(w) + O(r)] T e, p)B(E + pm + 1,5 +1). (20)

By substitution pa + (1 — p)w = z, and pa + (1 — p)7 = £ in left side of equation (20),
and then simplify, we have the required result.

Corollary 2. If we replace p = 0,k = 0, and & = £ — 1 in the Theorem (1), we have a
result [19].

Theorem 2. Let ¢ : I C R — R be a differentiable mapping on I° and w, 7™ € I° with
w< a <7 suchthat ¢ € L{w,7]. If\d\ is s-convex function on |[w, 7|, and u, &, ¢, s, ¢, K1 €
C,R(n) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and m,p > RN(u) + n,
then we have the following integral inequality in result

‘qﬁ(a)Eg‘,’fv’ﬁg?’c(fs,p) [a2s + azs] = (€ +pm) [1(E

7p7m7777c 1 u7p7m7777c
(a—w)€ T Cssyk1,0t ¢) (w, ) + (a—7)¢ 1 (EfaC:Cv’ﬂﬂ'_ gb) @, KJ):| ‘

W
57
< 2|¢ (o) [JELT (1, p)B(E + pm+ s+ 1,1) + [|¢ ()] + |@ (D[ Ik, p)BE + pn+ 1,5+ 1)
Proof. Using Lemma 1
¢(a)E“"”m’”’c(n p)[L 4 L] _ (5’ + un) é(Eu,p,mm,c ¢) (w, k1) + ;(Eu,p,mm,c ¢) (w, 1)
€)<7<»Hl ’ a—w a—T (a_w)§l+1 £7C7§1K)170‘+ ? 1 (a_7)§,+1 £7C7§7K/177-7 ’ 1

1 ¢ ’ 1 ¢ ’
= Jo 9 BELT (et p)|¢ (pa + (1 — p)w|dp + [y ° BELT (ko p) |6 (pa+ (1 — p)7|dp
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Utilizing the definition of s-convex function on |¢'|, we have

= ﬁp(c +pn,c— C)(C n)(/{l) n n / by un—+s ¢ ! 5/ unq _ \s
< 2 [5G, e TG+ €+ DS ") l [} oo ] [ o - orag] +
> n,c — C)(con) (K1) , o , T,
Z ﬂfz(itz)f(#na(gi)l()(lg))n (_K)n |:|¢ (a)|/0 @5 +,un+sdp + ‘qb (T)‘ /0 pﬁ —HML(l . @)Sdp:|
n=0 ’ mn

< ¢ (@) TEL (e, ) BE + pn+ s+ 1,1) + [¢ (W) | TEET (1, p)BE +pn+ 1,5 +1) +
|6 () |JELT 1 (k, p) BE + pm+ 5, 1) + | () [TELT (1, p) BE + pm + 1,5 + 1)

<2

¢ ()| T2, p) BE + pn+ s+ 1,1) + [|@ ()] + [@ (1) [ TELT (1, p) B(E + pm + 1,5 4 1)

The proof is completed.

Corollary 3. If we replace p = 0,k =0, and & = £ — 1 in the Theorem (2), we have a
result [19].

Theorem 3. Let ¢ : I C R — R be a differentiable mapping on 1° and w,7 € I° with
w < a < 7T such that ¢ € Llw,7]. If |¢'|%(q > 0) is s-convex function on [w,7], and
w,€,¢,s,e,k1 € C,R(p) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and
m,p > R(u) +n, then we have the following integral inequality in result;

1

+
o — W o —T

B2 6) (w, k) +

£/+1 ( §,¢55,K1 7a+

'¢<a>E§;§;m<n,p>[ | = € +m)|

(@ —w)

1 m,n,c
(a—7)f (B C o ®) (@, n)] ‘ <
LT @) , , .
P51, 1,C - q 1 1
Je o (H,p)<§/+/m+1> [<§'+/m+s+1 + | (w)|*B(E +pn+s+1, )) +

1

"(a)|? , , a
¢ (o) + o (1)]"B(¢ +;m—|—s—|—1,1)> ]

<€'+;m+s+1

Proof. By using Lemma 1
N = @ B2 ) [ + 5] = (€ )| (BT 6) ) +

1 P51y, C
or (A2 6) )

(a—T)

1 ¢ ’ 1 ¢ '
< o 98 BELTI (ks p)|¢ (o + (1 — p)wldp + [y 8 BELT (ke p) | (pa+ (1 — p)7|dp
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Applying Power mean inequality;
R < Z

/ 7% 1 / 7 q
[(/ o° *“"dp> (/ ot T (pa+ (1 — @)w\qdp> ] +
0 0

ple + o ¢ = )y [(/01 @5,+“"d@> o (/01 o T (o + (1 - p)TW@) q}

(¢ = QT (un + €+ 1)(S)mn
(o)

C"’ pn Cc— C)(Cpn)(/‘il)nn (_/{)n
;e — O (pun 4+ €4 1)($)mn

-

As ‘gb/ ‘q is s-convex function;
¢+ pn ¢ — Q) (pn) (K1)

R = §: = TG €4 1))

‘/ € tun(q _ )dp>

¢+ P" ¢ = C)(cpn)(K1)nn
;= O (pn + &+ 1)(S)mn

+\¢'(T)\q/0 pf Fhm (1 — p)sdp> é]-

After simplification, we have
1 ’ 1
1 T ¢ ()| ) / g
N < H,P,1m,1),C _ i q 17 1

+J“’p7m7nyc(“ )[<1)1;< gb/(a)‘q +’¢I(T)’q5(§/+ n+s+1 1))31]
gGom P\ e m 1 € +pun+s+1 H ) :

Now, the final result is obtained as follows

(=r)"

L,
qb(a)\q/o Pt THtsdo 4

1

R < Jeme( )<1>1_"[< SO BE + s 1 D)’
=2tCem WP E4+un+1 E+un+s+1 a ’

’ q 1
+<§/+|TZTEO‘[:’S+1 |¢ }qﬁﬁ +pn+s+1, 1)) }

Corollary 4. If we replace p =0,k =0, and £ =& — 1 in Theorem (3), we have a result
[19].

Theorem 4. Let ¢ : I C R — R be a differentiable mapping on 1° and w,7 € I°
with w < « < 7 such that ¢ € Llw,7]. If |¢'|7 is s-convex function on [w,T], and
w,€,¢,s,¢,61 € C,R(p) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and
m, p > R(u) +n, then following fractional integral inequality holds;
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B [ ] € ) | (B ) o
+(Q_1T)g+1 (el omnn-9) (w, "“)}
1 1
<32z (oot ) (W@ g+l )
1
(g @ S+l )|
Proof. According to Lemma, 1
N—Lﬂ)EﬂTﬂ%mpMa_w aiT]—@“+mw&a_iﬁqug?ﬁz+)wﬁo+

1
(oo Belomr0)wn)
(o= 7)¢

1 1
< /O ¢ B LT (ke p)| ¢ (pa + (1 — p)wl|dp +/ ¢ B2 (ks p)| ¢ (pa + (1= p)7|dp.
Applying Holder’s inequality;

R < Z

(C+ pn ¢ = C)(con) (K1)

)" [(/01 p”g*p“"d@) : </01 |6 (0o + (1 - @)w\qd@> ;]

e OTGan €+ )
[ate i e[ [ 7 man) ([ 1660 0 ortas)']

As ’gf) ‘ is s-convex function;
€+ Pn ¢ — ¢)(con) (K1)nn

Rs Z 7C_ Mn+§+1)(§)mn

+|¢>'(w)}q/0 (1- @)sd@> ;]

p(C + pn,c— C)(Cpn)(ﬁl)nn
(Ca c— C)F(,LM’L +&+ 1)(§)mn

=0
- p)ﬁdp);].

me 1 o
s ) () 9

1 ;
[(pﬁ' + pun + 1> (

(=r)"

1
¢ (a) \q/o pdp

[(M);Qmw / Lo

(=r)"

1
/ g 1 ]«
s+1+‘¢(w)’s+1] +
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1
’ 1 ’ 1 q

. 1
e A0 b el e

1
J () e |
Seor VA pe’ + pun + 1

The proof is completed.

Corollary 5. If we replace p = 0,k = 0, and & = £ — 1 in Theorem (4), we have an
inequality [19)].

4. Behavior of Hermite-Hadamard type fractional integral inequalities
for the class of twice differentiable function

In this section, we develop the lemma for twice differentiable s-convex function with
extended Bessel-Maitland function as a kernel which is helpful to prove our main results.

Lemma 2. Let ¢ : I CR — R be twice differentiable mapping on 1° and let, if w,7 € I1°
with w < o < T such that ¢ € Llw, 7], and 1, &,(,5,¢,k1 € C,R(p) > 0,R(E) > 0,R(¢) >
0,R(s) > 0,R(k1) > 0,p,m,n >0 and m,p > R(u) +n, then we get the following result;

) #Pmnc p)[¢<a>+¢(w)] + {(N”"‘l)(ﬂn) _ (€ +pn+1)(€ + pn)

( £,(,6,K1 9 2(a — w)Hn 2(a—w)§/+lm
( zzmw (00 + (BELTIE6) o)
2 1
- 2W) / p(1 — € JELLT (ot p) [ (pw + (1 — p)a+ ¢ (1 - p)w + pa) | dp.
0

Proof. Consider the integral

1
I= /0 p(1 — o YELLT (oot p) [ (o + (1 — p)a+ ¢ (1 — p)w + pa) | dy

1 4 "
= /0 p(1— O ELLT (ke p)d (pw + (1 — p)a)dp
1
+ /0 o1 — € YELLT D (s0tt p)6” (1= o) + pa)dp (21)

I=05L+ 1.
Consider the integral I

1
I :/O (1 — )Egé)fl”fc(w";p)qﬁ (pw + (1 = p)a)dp

n, C Con) (K1) rn 1
- Z ‘B ’é,cfp unc«i(g’;)f)(lg))ln(‘”)n/o (=9 6" (g + (1 = p)a)dy
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n,c Con )\K1)mm ! ! "
B Z 5(§(it [4)) (unﬁ(gi)f)(lg))ln(_“)n /0 ("t — ot " (pw + (1 — p)a)dp

- 3 p(C idi L C)(Cpn)(ﬁl) n n n " un ¢,(@UJ + (1 - @)Ol)
- Z « B(C e = QT (um + € + 1)(g)7znn(—’i) [(@“ L o untly -

—/01 ((,un—i—l) — (¢ +;m+1)pfl+fm> ¢ (pw + (1~ p)o) dgo].

w—«

1

0

After simplification, we have

PC+pnC C)(Cpn)(ﬁl)nn ) M 1 g (o e -
Zﬁc,c— ,m+§+1)(g)mn( ){a_w /0@”¢(p +(1-p) )dp}

n,c — C)(con)(K1)nn ' n Lo /
5 e et (€ [ 1 ]

L =13—-1y

Taking I3 from above equation

p C+pn C_C)(Cpn)(ﬁl)nn —IQn M 1 . " B N
Zﬂc,c— ,un—i—{—i—l)(g)mn( ){a_w /O@"¢>(p +(1-p) )dgo}

& B e — O epm) (51)m (un+1) [ m(pw+ (1 - p)a)
Zﬁ(@c—o TIET S { {@

—/Ol(un)p“”‘l¢(pw+(1_ 2 )de-

W —«

pC""pnC O(Cpn)("il)nn ) (MTL+1) . ¢(W) ! n nflgb(pw_k(l_@)a)
n=3 e G e o (G - 2 e ST

g [ D Ctm e Oleg))yn [ G + 1))
-zt [ (o )|+ X S G e o [

/01 " (pw + (1 - @)a)dp}

Use substitution pw + (1 — p)a = £ in above equation and after solving, we get the result;

= 3220 ) [ B (ot )|+ B e o)) (29

(a
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Now, solving I, from equation (22)

pC—l—pnc C)(Cpn)(ﬁl)nn AL (é—l—u—n—l—l) 1 f/+ n N o
Zﬁc,c— /m+§+1)(<)mn( )[ a—w /0p "¢ (pw + (1-p) )dp]

1

PC+pnc C)(Cpn)(/fl)nn —k)" (gl—’_lu’n—l_l) {l n¢(@W+(1—p)Oé)
Zﬂc,c— TG 4 €+ D) )[ pr— {@ s

0
1 W — (6%
_/0 (5 _Hm)@& ﬂm_lqﬁ(p :(_10[ ) )de
p(C+proc = Qlepn)(5)n  a[(E +pnt+1) [ dw)
Zﬁcvc— Hn-#fp—kl)(g)inn( [ o —w { a—w
+/0 (€ + pn)ps +“"‘1¢(WZ(_1; p)a)dp}]

m,n,c (£,+[Ln+1) pC-f-pTLC C)(C n)(/‘@l)n n
] (o )]+Zﬁc,c— T € 1 (e )"

(@ —w)

, N1 ’ n 1,
[(g + u(a+_ C)u()ﬁ2 + pun) /0 Pt TH g (pw + (1 — @)Oé)d@]

Use substitution pw + (1 — p)a = £ in above equation and after solving, we get the result;

I, = JE0m e ) [<€+/~m+1> ( . Mﬂ J € am e DE - um) e

§650m1 (a0 —w)? (a0 — w)2HE +um €.Csom1wt

(b) (o, k1) (24)
Using equation (23), (24) in (22), we have
§

(0 —w)?

/

11:(

)JupmnC(K p)[¢(w)] + (EMP,m,?%c )(a,m) |:(Nn+ 1)(;“”) . (5 + un + 1)(5 JFHTL):|‘(25)

¢,k €,¢,s k1,0t (o — w)2trn (a0 — w)2He +un
Similarly, we solve Iy and get the result;

£

(0 —w)?

!

I = (

£,¢,8,K1 €,(,6,k1,0~ o

DL o)) + (B2 ) ) [ U ) (i )

Combining equations (25) and (26), then simplify, we have

m,n,c ¢a+¢w n+1 n f/—i- n+1 f/—i- n
1= (et A p 2y [Un e D) (Eam e D)

&,¢,6,k1,wt &,¢,8,k1,07

(B2 ¢) (o, k) 4 (B2 qﬁ)(w,ﬁ)}

Hence the required result is proved.
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Corollary 6. If we replace p = 0,k =0, and £ = £ — 1 in the Lamma (2), we have a
result [19].

Theorem 5. Let ¢ : I CR — R be twice differentiable mapping on I° and w, T € I° with
w < a<T such that ¢ Liw,7]. If \¢"\ is s-convex function on I, and pu,&,(, <, ¢, k1 €
C,R(n) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and m,p > RN(u) + n,
then following fractional integral inequality holds;

‘(5 )JgggnH?C(R7p)[¢(a)+¢(w)] + [(Hn-Fl)(Mn) B (& +un+1)& —I—Iun):| "

2 2(a — w)kn 2(a — w)g/ﬂm
a2z e+ ez o)

Z By ( C‘f‘Pn ¢ — Q) (epn) (K1)

B(C e = QT (un + &+ 1)(S)mn
+B(un+ 2,6 + s+ 1)]]

oz—w2
(|2

(1676 + 16" @) [3Gm + 2+ 5.6 +1)

Proof. By using Lemma 2

L,0,M,1),C () + p(w n+1)(un fl—i‘ n+1 fl—l—n
‘(5 )Jgéjg,{? (%, p)[M]+ Fg(a—z}()lin) = Qéla_w))g#unlu )] %

3:
(225 0) ) + (BT 6) w0
<

(a—w)* [ _ LpamTC (i, " _ "((1 -
;) ed O NELLTI (ot ) [6 (pw + (1 — pa+ ¢ (1 — p)w + pa)] |dp

(C+ pn c = C)(con)(K1)nn
;= QT (pn + &+ 1)(S)mn

; o N
LAWWHu—pwH¢@w+u—pw+¢<ﬂ—@W+p@”V@

(C+ P” ¢ = Q)(epn) (K1)nn
;¢ = QT (pn + &+ 1)(S)mn

[/01 pun+l(1—p§/)‘[¢ (pw+(1_p)a)”dp+/o

(=R)" =

(1 — o) [0 (1 = p)w + pa)] }] dp

"o, .
As ‘¢ ‘ is s-convex function;

[e.e]

3= |5

C+P” ¢ = C)(con)(K1)nn
o= Ql(un + &+ 1)(S)mn
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P (1 - o) [0°16 )] + (1 - 9)°1 () ] dp +

I
/g P (1= ] (1= 916" @]+ o710 (@] | ap

’

Since pgl > 0,6 €(0,1] and p € [0,1], we have —pgl <p= 1—p5/ <1l-p<(1—p)f

(¢ + pn, ¢ — Q) (con) (K1) (—k)" [’(b |/ ;m+1+s f )S dp +

(¢ e= QT (un + £+ 1)(<)mn
unJrl f +s ,un+1 { +s " un+l4+s1 _ \E
I/ dp +10" (w !/ — )" Tdp+ 1o (a)!/O P 1-p) dp]]

(—i—pn ¢ — ¢)(cpn) (K1)nn (=)

(o —w)?
= QO (pn 4+ €+ 1)(S)mn 2

a< Z

\¢@@WWn+15+s+¢»+wﬁmﬁWn+zé+s+1wwdhwmmn+2+a€+1ﬂ

@dﬂnwwn+2+aé+1%+

(C+ pn ¢ = ¢)(cpn) (K1) nn (a —w)?

ye— O (pn + €+ 1)(S)mn

(197 +16"@1 ) [8um + 24 +1)

(=r)"

+ﬂWn+Z§+s+Uﬂ

Corollary 7. If we replace p =0,k =0, and £ =& — 1 in Theorem (5), we have a result
[19].

Theorem 6. Let ¢ : I C R — R be twice differentiable mapping on I° and w,7 € I°
with w < a < 7 such that ¢ € Liw,7]. If \(ﬁ"\q(q > 1) is s-convex function on I, and
w,€,¢,s,c,61 € C,R(p) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and
m,p > R(u) +n, then we have the following fractional inequality

M@+¢Wﬁ+[wn+Dwm_}€+un+U@+um )
2 2o — w) 2o — w)e+um

[<E?£’Z”;ﬁz+¢><w> (o) )]
Bp(C€ + /m ¢ = ) (cpn)(K1)nn
23 B(Coe— O (an + €+ (<)o

(st 0416940 (F 2@ o

()TELl o)

(o — w)? x

(=r)"
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Proof. By using Lemma 2

¢(a) +¢(W)] + [(/er D(pn) (€ +pn+1)(E + pn) o

4= 2 2(a — w)kn 2 — w)&’ﬂm

()TELT o)

[meemre. o) o) + (B2 6) (e

< (o —w)? /1 o(1 — )E#Pmnc(ﬁpﬂ-p)} [¢" (pw+ (1 — p)a+¢ ((1—p)w+ pa)] |dg
= 9 0 £,(,$,K1 ?

| B¢+ prye = o) (K)m | n| (@ — w)?
2= Z ComOrGmrer D2
[ y[as’(pwu—maw”(a—p)wwa)]@dp
C+pn c— C)(CPTL)(KJ)U" (_K;)n (aiw)Q %

,C— ,U/rl+§+1)(§)mn

1 ,
[/ @“"*1(%@5 )| [¢" (pw+(1@)a)]|d@+/
0 0

Using Holder inequality,

1 / 1"
P = o) [8 (1= p)w + pa) }] dp.

<+P” c = C)(con)(K1)nn
,e—¢ (un+€+1)( Jmn

K/” ) ([ 11 o= >H) o+
([ mmasr) (116 0o sl aclao s

/

(a - w)?

Since, pfl > 0,6 €(0,1] and p € [0,1], we have —p€ Sp:l—pg <l-p<(1-p)f
C"i' pn c— C)(Cpn)(/ﬁl)nn (_H)n 5

= Z ye— O (un + €+ 1) (S)mn

K/IWHM_ >{</‘ ¢ (vt (1-p )Hq) dp+
(/ (= opo+ 9a)] )’ dp}} )

" .
As ’qﬁ ‘q is s-convex function;

X

1

1 ' 1 1 2
/ 16" (pw + (1 — p)o)] | dp < |6 (w) " / o dp+ |6 ()] / (1 - p)'dy
0 0 0
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_ ¢ @) +1¢" ()]
B s+1 (30)

1 1 1" 1 1" 1
/ [[¢ (1= p)w+ pa)]|’dp < ¢ (w)\q/ (1—p)dp+ | (a)\q/ p°dp
0 0 0

18 @)+ 16 (@)
B s+1 (31)
/ 1 !
Bump+p+1,Ep+1) = / e te(1 o) P (32)
0

(o —w)?

Substitute equations (30), (31),(32) in equation (29), then we get
C+Pn ¢ = ¢)(cpon) (K1) nn n
[ n (—Ii) 5

J< Z e OT G + €+ (<)

[(Bw+p+ Lea 1)>i { <r¢”<w>\:1¢”<a>\q>i . <¢’/<w>rzi|1¢"<a>rq>i}]

The proof is completed.

X

Corollary 8. If we replace p =0,k =0, and £ =& — 1 in Theorem (6), we have a result
[19].

Theorem 7. Let ¢ : I C R — R be twice differentiable mapping on I° and w, 7 € I°
with w < a < 7 such that ¢" € Llw,7]. If |¢"|%(q > 1) is s-convex function on I, and
w,€,¢ s, c,61 € C,R(p) > 0,R(E) > 0,R(C) > 0,R(s) > 0,R(k1) > 0,p,m,n >0 and
m,p > R(u) +n, then following integral inequality holds as a result;

"N\ TP, C (;5(04) + ¢(w) ( n -+ 1)( n) (gl + pn + 1)(5, + n)
'(é Weliw"(mp)] 2 I+ { g(oz —w)/fm - 2?@ —W)é'ﬂm'u ] )

etz e + gz o]

(@ —w)

o (C A+ pny e — Q) (con) (K1) n §
oS (
(un +2)(

(€ e = O (pn + £+ 1)(S)mn

ég/ 1—1
£+ pn + 2)> .

Q=

( W18 +s+2,€ +1) + 6" |a)B (;m+2,§'+s+1)> +

——

1

(<z> )9B(un + 2,6 + s+ >+|¢"\qﬁ(nn+s+2,f’+1))qH
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Proof. By using Lemma 2, we have

m,n,c o) + p(w n+1)(un gl—|— n-+1 5,4‘?7,
e R e L e

=

5 C §7H17w+

[ [P maTC ¢)(0‘7 K) + (E’gé_’g”ﬁ?; qb)(w,/i)}
a—w)? [t ! !
- ()/0 (1 — g€ ELET (0 )| [6 (g + (1 — o+ ¢ (1 — p)w + pa)] |dp.

2 £,(,S,k1
(C+pmc = lep)madgn (@ =)
Z e O e+ D)2

0 b 1 b
[ [ oo o (= g dg [ om0 o) [0 = b+ )]

Using Power mean inequality,

(€ + pn,c = Qlepn) (K1) (—k)" (o —w)? »
e — OT(m + €+ 1)(S)om >
1 / 1_% 1 ! " ‘
[(/0 (L - >) (/0 o1 = )6 (@w+<1—p>a>W) dp +

1-1

(/01 ) q</01 1= |6 (1 ot )] ) ] (33)

Using Modulus property, we have

(C+pnc=Q)Cpm) () \n
- = Z e NG+ e+ D6 2
1 S\ 1 C o
([omna=e)) ([ o=l e+ - o) o
1 L ‘
(/0 P L= o)[[¢ (1 - p)w + pa)] \q) d@}] (34)
Now, consider the integral
1 1 ’
n+1 n+1l §/+ n+1 . §
/O P (1 — pf )dp = /0 (9" p= T ) dp = S ICETE) (35)
Putting the value (35) in equation (34), we have
= G e =m0 el ¢ > .
2 (un +2)(§' + pn + 2)

3= |5

;= QO (pn + &+ 1)(S)mn
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1 1
" q
{( [ oma=o 0 @ity +16" @1 - orldp) " +
0

1 1" %
( /O P (1 = o )16 W)L — p)* + |6 <a>\qmdp) }] (36)
Since pSI > 0,& €(0,1] and p € [0,1], we have —gﬁ/ <p=1-— pfl <l—-p<(1- p)fl
Simplify;

1
/0 P — o) (167 (@)|70° + 6 () 7(1 — p)*)dp =
1 1 ,
16" (@)1 /0 (L ) dp (6 (@) /0 (1~ )€

= ¢ (w)|7B(un + s + 2,6 +1) + ¢ |%(c) B(un + 2,€ + s +1). (37)

Consider the integral
1
/0 P (1 — ) (|6 (@)1 — ) + |6 (a)|9p*)dp =

1 , , 1 ,
5@ [ o= o o8 @ [ o= oy
= |¢" (W)|"B(un + 2,6 + s+ 1)+ ¢ [9B(un + s +2,§ +1) (38)
Use equations (37) and (38) in (36) then we get;

3= |5

<+ pn c— C)(Cpn)(/fl)nn (_/{)n

(@ = w)? ¢ B
;= QO (pn + &+ 1)(S)mn 2 [((un+2)(§'+un+2)> .

{ <|¢” W)[9B(un +5+2,& +1)+ 18" |"()B(un + 2, + 5+ 1)) +

=

(16" CBm + 2.6 +5+1) + 16180+ 5+ 2.6 +1) "}
The proof is completed.

Corollary 9. If we replace p =0,k =0, and £ =& — 1 in Theorem (7), we have a result

[19].
5. Conclusion

This study introduced two innovative approaches to proving Hermite-Hadamard type
inequalities using the extended Bessel-Maitland function as a kernel within the frame-
work of s-convex functions. The first approach used differentiable functions and their
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first derivatives to derive a key identity that serves as the basis for establishing these
inequalities. Taking a more comprehensive perspective, the second approach employs the
integral of a second derivative as an alternative, yet equally effective, way to establish
the fundamental identity. Beyond proving these inequalities, we explore various appli-
cations, particularly in relation to different types of means. Furthermore, this approach
can be extended to other classes of convex functions, which enhances its broader mathe-
matical significance. Ultimately, this study deepens the understanding of convexity-based
inequalities and paves the way for further research in mathematical analysis.
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