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1. Introduction

In December 2019, it was reported that Wuhan, China, has been severely impacted
by a new type of virus called Corona [1, 2]. The International Committee on Taxonomy
of Viruses designated it as SARS-CoV-2 (severe acute respiratory syndrome coronavirus
2) in February 2020, as stated by [3-6]. First, the aforementioned virus struck Wuhan,
China, and eventually spread to practically every city in the world as a result of the
outbreak. Millions of people died as a result of it worldwide. It is difficult to pinpoint
a single theory regarding the origin of the aforementioned virus. Some theories include
the seafood market, human migration from one location to another brought on by animal
transmission, or human-to-human contact. This virus has taken all the countries of the
world in its grip. Virtually every aspect of life has been negatively impacted, including
social life, health, the economy and education. Health researchers, national policymakers,
and the medical community are at a loss as to how to contain this lethal outbreak. They
are all watching the scenario from different points of view. They are making a lot of effort
to at least reduce the number of fatalities brought on by this outbreak. Individuals who
contract this pandemic often have mild respiratory symptoms. The signs of this condition
include fever, fatigue, a dry cough, and a throat infection. A sore throat, pain, and a sinus
infection are possible symptoms.

In response to COVID-19, World Health Organization (WHO) played a vital role in
the disease control. During pandemic WHO stay focused on surveillance, vaccination, and
strengthening healthcare system. Their efforts provide a crucial framework for ongoing
global cooperation to manage and control COVID-19 pandemic. For more detail regarding
efforts of WHO for COVID-19 control, see [7, §].

Mathematicians played a vital role during COVID-19 pandemic. They provide best
predictive mathematical models to help medical researcher and policy makers in controlling
the spread of the disease. For more detailed study, see [9-12]. Recently, non-integer order
and nonlocal derivatives of fractional order have been added to the modelling domain [13—
16]. The dynamics of the spread of a particular disease are understood using mathematical
models, which can be useful and provide a hand to save individuals from getting lost. By
using the instruments indicated and this technique, you may create a plan to stop the
disease from spreading or completely eradicate it. A number of models for COVID-19 have
recently been constructed by numerous authors under various fractional calculus concepts.
Very helpful models have been developed in this area; some of these are referred to as
[17—20]. Since fractional-order systems are more thorough in examining real-world issues
related to global dynamics, finding precise analytical solutions to fractal-order systems is
becoming a challenging task.

Some recent work cited as [21] where the authors developed a fractional order math-
ematical model for Tuberculosis (TB) with incomplete treatment using the Atangana-
Baleano-Caputo (ABC) derivate. Another useful work where the authors developed a
fractional order mathematical model for the investigating the dynamics of tumor-immune
cell interactions using fractional calculus, is cited as [22]. A model for dengue fever trans-
mission incorporating the key factors like reinfection, vaccination, therapy, and asymptotic
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carriers analyzed by the authors in [23] using fixed point theorem to prove the Ulam-
Hyers stability. The authors analyzed a fractional order mathematical model for chronic
myelogenous leukemia (CML) by proving existence, uniqueness, and Ulam-Hyers stability
employing Banach and Schaefer fixed point theorems in [24]. For fractional order mathe-
matical model of Human Immunodeficiency Virus (HIV) infection using Caputo-Fibrizio
derivative the article [25] is cited hare for more information about application of fractional
calculus to study mathematical models infectious disease.

Incidence rates, a unique function included in epidemic models, describe the method
of the disease’s transmission within a community or among a host. Numerous forms of
mathematical models of infectious diseases, such as linear, bilinear, concave incidence rate,
etc., were extensively employed. A convex incidence rate is one type of incidence rate that
is defined as

F(S,I) = KS(BS +1).

Where K and 8 are some constants that are positive, and S represents the susceptible
compartment and I = I; + I5 the infected compartment. The greatest rate of disease
transmission brought on by two exposures over a brief period of time is known as the
convex incidence rate. Whereas K SI? results in a double infection, K ST leads to a single
occurrence. The aforementioned idea will also be applied to our work.

While cross-immunity and co-infection have been taken into account in studies on the

dynamics of two viral infections [26], other investigations characterized the impact of two
competing strains with cross-immunity [27]. According to reports, the number of strains
actually grows logarithmically.
The mean mortality rate and the maximum number of afflicted persons [28]. Among the
main obstacles in the current COVID-19 pandemic are reinfection (perhaps brought on
by declining immunity) and numerous virus strains [29]. The significance of integrating
mutations and evolutionary adaptations into epidemic models was highlighted by Yagan
et al. [30] due to the belief that certain COVID-19 strains are more transmissible than the
original strain. Vaccination was not included in other research using the multi-strain epi-
demic model for COVID-19 [31-33]. For numerical simulation, the NSFD scheme has been
employed. This approach is a practical and effective way to solve many nonlinear problems
numerically. For example, this technique has been applied by numerous researchers to the
numerical simulation of numerous bathetical models [34, 35]. On the other hand [36] used
fractional numerical simulation to discussed COVID-19 dynamics. Among the approaches
discussed, the NSFD method is one of the most effective at estimating solutions to the
fractional-order models; see [37, 38| for more information.

The idea about two strains also originate from the article [39], where the authors de-
velop a biologically realistic deterministic models of the transmission dynamics for multi-
strain pathogens like influenza. Based on the genetic distance between strains, the authors
modeled cross immunity and showed this affects the disease dynamics. A temporary broad
(strain transcending) immunity which reduces infection prevalence and strain diversity
were added to extend the model. The authors concluded that stochastic effects are impor-
tant to fully capture the influenza evolution. Another article cited as [40] also plays a very
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important role in our model. Where the authors formulated multi-strain model that links
immunological and epidemiological dynamics across scales. Using a viral load dependent
parameter, they showed that the strain with the highest reproduction number dominates
the scales and Lyapunov function were used to prove the global stability. The article [41]
provide useful information for optimizing testing strategies. About the key hosts in the
evolution, resentment of swine influenza virus, and more about multi-strain pandemics,
see [42-44]. About extension of model to account for multiple pathogen mutations and
intervention policies, see [45].

In this paper, we constructed a mathematical SEI1Io HRD model to discussed the
dynamics of COVID-19 under convex incidence rate. We formulated the model in seven
equations, where S represent susceptible, E exposed, I; strain one infected, Iy strain
two infected, H hospitalized R recovered and D death compartment individual. For basic
reproduction number Ry sensitivity analysis is done to find out the most sensitive variables
which increase or decrease basic reproduction number Ry.

This paper aims to model the evolution of COVID-19 pandemic for two strains and
complex transmission patterns using both integer-order and fractional-order derivatives
using especially the convex incidence rate. The model capture memory and hereditary
effects in the disease transmission which provide more realistic representation of how in-
fection and immunity evolve over time compared to integer-order model. Using two strains
allow the model to simulate variant competition which is very important for understanding
the appearance of new variants COVID-19 virus. Using the convex incidence rate provide
better saturation effects as compere to simple linear incidence rate. It is also evident that
using convex incidence rate provide more realistic responses in case when infection level
rises. Furthermore, integer and fractional-order model provide flexibility in theoretical
frame work, that is, integer-order part where memory is negligible but fractional-order
part is used in case where long term memory is important. No doubt the fractional-
order mathematical model is more realistic but incorporating fractional calculus we may
be facing with complex mathematics and computation. Moreover, simulating fractional-
order models especially using convex incidence rate is computationally expensive and time
consuming.

This study provides a frame work for the policy makers to understand the dynamics of
the disease transmission, propagation and recovery under various intervention scenarios.
By incorporating and understanding the behavior of each parameter, the model can better
simulate the potential impact of public health strategies. This results identifies the critical
parameters that are responsible for the spread and control of the disease and also evaluates
the effectiveness of the intervention strategies by looking at the values of the recovery rates
~v1 and 9. This study offers a decision support tool and helps the authorities to prepare
for the reinfection due to loss of immunity.

The results in this paper are organized as follows: Model formulation is discussed
in Section 2. Mathematical results, local and global stability is discussed in Section 3.
Numerical simulation through NSFD scheme and fractional order is in Section 4. The last
Section is summarization of the results.
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2. Model Formulation

Owing to the novel COVID-19 variations strainl and strain 2, individuals there were
once again subject to a number of limitation, including the need of stick to SOPs religiously,
keep social distance, wear facemasks, etc. A number of nations have prohibited travel to
other countries due to the novel COVID-19 strains that is rapidly spreading. We develop
a new mathematical model to comprehend the dyanimics of infection using strains /; and
I,. The whole population is taken to be M(t) = S+ E+ Iy + Is + H + R+ D where
I =1 + Ir. We formulate the model using the following equations:

45 = bp— KSI(BI +1) —doS + TR,

4B = KSI(BI +1) — (do + 1+ ¢)E,

4 = ¢E — (v + hi +do + e1) 11,

L2 =nE — (ya +ha +do + ) I, (1)
4 = b1y + hols — hoH,

% =yl + vl + hoH — (T‘ + do)R,

b cl1 + cols.

Where
I=1+ 1.

A flowchart known as the compartment diagram illustrates how the population dynamics
of various compartment have changed through time.

do 71

b KSI(BI+1)
—>

Figure 1: Flow chart of parameters of the model (1).

In the above flow chart, the compartment S represent a group of individuals that
are not infected with a disease but are at risk to be infected. The individuals that are
infected but not yet infectious moved from susceptible to exposed by a force of infection
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KSI(BI+1) and are represented by E. I; and I» represents two strains of infection. Group
of individuals that are died due to infection are represented by D. Moreover, H represents
the individual that are admitted to a hospital who have developed severe symptoms from
infection. The individuals that gaining immunity both temporary or permanent and so
recovered from the disease is represented by R.

The birth rate b sustains the susceptible population and so prolonging the epidemic.
The natural death rate dy reduce the population size and indirectly reduces the transmis-
sion by shrinking the population at risk and the group of individuals that contributing in
spreading the infection. The convex incidence rate K.SI(/5I 4 1) shows that the infection
force depends on the contact rate 5 and infectious individuals /. The progression rate ¢
from E to I; accelerate the emergence of new infection while 7 the alternate infectious
pathway basically making changes in the disease distribution. ¢; nad co reduces the size of
the infected compartments I; and I5. h1 and he represents the movement of the infected
individuals from I; and I to hospitalize compartment. High hospitalize rates may indi-
cates severe disease burden but a good isolation. The recovery perimeter hy represent the
rate of recover individuals from hospitalized compartment to recovered compartment R
which reduce the pressure on healthcare system and policy makers. The most important
parameters are the recovery parameters v, and s which reduces the infectious population.
Larger the value of these parameters shift individuals to the recover class which lead to
controlling and limiting the outbreak of the disease. Moreover, the value of r is most
important for the reinfection dynamics. Greater value of r leads to the multiple waves of
infection.

3. Fundamental analysis of model (1)

This section investigates the properties of the equilibrium point and the local and
global stability of the system (1). We also investigate the general analysis of the system
and the properties of the equilibrium.

Lemma 1. The plane S+ E+ 1+ Ib+ H+ R+ D = % has invariant manifold of model
(1), which is in first octant.

Proof. By adding all vectors of model (1) and assume M (t) = S+E+11+I,+H+R+D,
we have

dM

g b—doS —doE — doly — dols — doH — doR

=b—do(S+E+L+ 1+ H+R).

Implies that

dM
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From (2), we get the solution is M (t) = %.

For any M (ty) > 0, the general solution of (2) is

M(t) = dlo[b (b — doM(tg))ePt10)].

Thus
lim M(t) = —

t—o0 0
Which follow conclusion.

Form above lemma, we can see that model (1) is well-posed mathematically and the
following is feasible region for dynamical analysis.

b
®=(S.E.I;,Ip, H.R.D) :0< S, E.I;, [p, LR.D.S+ E+ i+ b+ H+ R+ D < .
0

3.1. Uniqueness and Existence

We look to find uniqueness and existence of system (1). For more detailed information,
see [46, 47]. To accomplish this, we provide the model (6) in the manner specified by

& = f(t,8,B, 11,1, H,R, D),
€ = f(t,8 B I, I»,H,R,D),
4L = f3(t,8,E, I, Iy, H,R, D),
% = fu(t,S,E, I, I, H, R, D), (3)
A f5(t,8,B, 11,1, H,R, D),
B = f5(t,S, B, 11, I»,H,R, D),
D = f;(t,S, B, 11,1, H,R,D).

Norm is define as
[[X[|oc = sup. (4)
tex

Where x € [0,7]. We supposed that S, E, I, I, H, R and D are bounded in [0, 7] and
there exist ky, ko, ks, k4, k5, k¢ and ky for any t belong to [0, 7], such that:

15]loe < K1,
1Bl < k2,
Hfloo < k3,
H2[loo < ka, ()
1 Hloo < ks,
1R]loo < ke,
1D]oo < k7,
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and k = k1 + k2. Now, we have to prove (1) is bonded

|f1 (t,S,E,Il,IQ,H,R,D)‘ :|b—KSI(,BI+ 1) —doS—{—T‘R‘,
<b+ [SIK[I|(BII] +1) + do| S| + r|R],
<b+ sup |S|Ksup |I|(Bsup || + 1) 4+ dpsup|S| + rsup |R], (6)
M M M M M

<b+ [[S]|oc Kl (B[l ]oc + 1) + do|[Sloo + 7| R|oo;
<b+ lek(ﬁk + 1) + dok1 + rkg < 0.

Where M =t € [0,7]. Similarly with the same procedure we have

|fo (t,S,E, 11,15, H R, D) | |[KSI(BI+1)— (do+n+¢)E|,

< Kkk(Bk+1) + (do + n + ¢)ky < 0. (7)
|fa(t,S,E, 11,1y, HLR,D)| = |pE — (y1+ h1+do+c1)l],

< ko + (71 + h1+do + c1)ks < oo (8)
|fa(t, S, B, 11, I, H,R,D)| = [nE — (v2+ ha +do + c2) 2],

< ka4 (y2 4+ ho 4+ do + c2)ks < 0. 9)
|f5 (¢, 8, E, 1,12, H, R, D)| = |hil1 + hols — hoH],

< haks + haks + hoks < oo, (10)
‘fﬁ (t, S, E.I,I,b,H R, D) ’ = ”)/1]1 + volo + hoH — (T‘ + do)R|,

< ks + ek 4 hoks + (1 + do) ke < o0o. (11)
|f7(t,S,E, 1,15, HR,D)| = |c1l1 + cals],

< c1k3 + coky < 00. (12)

Thus S, FE, I, Is, H, R and D are bounded and there exist K1, Ko, K3, K4, K5 and Kg such
that
SupM‘fl t757E7[17127H7R7D ‘ < K17

( )
supys | f2 (¢, S, E, I1,I2, H, R, D) | < K,
supys |f3 (¢, S, E, I, I, H R, D) | < K3,
SupM|f4 (t, S,E,Il,IQ,H,R,D)‘< Ky, (13)
sup s ‘f5 (t, S,E,Il,IQ,H, R, D) ‘ < K5,
supy | f6 (¢, S, E, 11,12, H, R, D) | < Kg.
supy, |f7 (¢, S, E, I1,I,,H R, D) | < K7.

Next, we have to prove

b— KSI(BI+1)—doS+7TR
—(b—KSI(BI +1) — doS +rR)|
< (KI(BI+1)+do)|S2 — S

< p1]S2 — S1.

‘fl <t7‘917E7II7127H7R7D) _fl (t7527E7I17I27H7R7D)‘ =

(14)
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Where p; = (KI(BI 4+ 1) + dp). Similarly with the same method, we have

(|f2(t,S,Ey, I, Iy, H R, D) — fo (t,S, Ey, I, I, H R, D) | < pa|Ey — E1],
|fs (t,S,E, I,, I, H R, D) — f3(t,5,E, I,, I, H R, D) | < ps|I1, — I, |,
|fa(t,S,E, I, Io,,H R, D) — f4(t,S,E, I, I5,, H R, D) | < p4|lo, — I, |, (15)
|fs (t,S,E, 11,12, Hy, R, D) — f5(t,S, E, 11,1, Hy, R, D) | < ps|Hy — Hy],
|fe (t, S, B, 11, I2, H, Ry, D) — fo (t,5, E, I, I, H, Ry, D)

| < p6|R2 — Rl’-
Where

p2=do+ ¢ +mn,

p3 =71+ h1+do + e,
pa =172+ he +do+co,
ps = ho,

P =1 + dp.

Thus model (1) has a unique set of solutions as indicated by the uniqueness and existence.

3.2. Disease Free Equilibrium Points DFEP:
DFEP of model (1) is represented by P° = (8°,0,0,0,0,0). Where

b
P = <,0,0,0,0,0>.
do

3.3. Endemic Equilibrium points EEP
We obtained EEP for our model (1) as

gt b(r+do)+r[(y1-+h1)I; +(v2+ho)I5]

- (r—i—do)(KI*(,BI*—i-lf—i-do) ’
FF— KI*(B1*+1)(b(r+do)+r[(vi+hi)I7+(v2+h2)I3])

(r+do)(do+¢+m) ’

I — SKI*(BI*+1)(b(r+do)+r[(v1+hi)I7+(v2+h2)I3])
1 (r+do)(do+¢~+n)(y1+h1+do+c1) ’ (16)
I* — nKI*(BI*+1)(b(r+do)+r[(vi+h1) ] +(v2+he)I5])
2 (r4do)(do+¢+n) (y2+ha+do+-c2) ’
H* hll +h2[2

)
R*— (’Y1+h1)11 (v2+h2)I5
- r+do

3.4. Effective Reproduction number %,

The effective reproduction number, or %, is a terminology in epidemiology that de-
scribes how diseases are managed and spread. %, provides information about the preva-
lence of the disease in the population as well as the most effective measures for defending
the local population against the fatal virus. By using the concept of next generation
matrix for finding Zy.
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Let x = (E,I1,1I5), then form system (1), we have

dx
~=W-U
dt ’

where

KSI(BI+1)
W = 0
0

and
(do+n+¢)E

U=| —¢E+(m+h+do+c)hy
—nE + (2 + ha + do + c2)Iz

Jacobian of W for the disease-free equilibrium is

0 kSO kSY
W=|0 0 0
0 0 0

and for the DFE Jacobian of U is given

(do+n+¢) 0 0
U= —¢ Y1+ hi+do+c 0
-1 0 Yo + ho + do + c2
0 KS° KS° q(y1 +h1+do+c1) 0 0
0 0 0 ¢(v2+he+do+c2) q(v2+he+do+c2) 0
0 0 0 n(v +hi+do+c1) 0 q(y1+h1+do+c1)

WU ! =

(q(y1 +h1+do+c1)(y2 + ha+do +c2)

Where ¢ = do + n + ¢, and WU™! is the next generation matrix. The non-negative
eigenvalues are

P Kb
o1 do(do + & +n)(v2 + ha + do + ¢2)
Kb
Hoo2 = ¢

do(do + ¢+ n)(y1 4+ h1+do +c1)

o1 represent the effective reproduction of first strain of COVID-19 and s represent
the effective reproduction of second strain of COVID-19. Hence

%() = max [%01,%02] . (17)
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4. Stability Analysis

This section investigates the properties of the equilibrium point and the local and
global stability of the system (1). We provide references to relevant papers as [48, 49]
where a known or standard result has been used as a basis for our proofs.

4.1. Local Stability

In this section of our study, we go over the system’s local stability (1). The follow-
ing theorem is present to obtain the necessary conclusions while employing the Jacobian
matrix.

Theorem 1. [rgb/1.00,1.00,1.00“ When effective basic reproduction number %1 < 1 or
Ho2 < 1, the DFEP “P7 is stable locally asymptotically. ”

Proof. Jacobian Matrix as

—dp 0 0 0 0 0
0 —(do+ ¢ +n) 0 0 0 0
0 ¢ —(m+hi+do+c1) 0 0 0
J0 = 0 n 0 —(y2+hea+do+c2) O 0
0 0 hi ho —hg 0
0 0 0%l V2 ho  —(r —dp)
0 0 C1 (&) 0 0
and
A —T°%Q)| = 0.
Hence
)\1 — _d()a

A2 =—(do+¢+n),

A3 = —(72 + ha +do + c2),

Ay = —(71 + h1 +dy + 61),

As = —(r +do),

Xe = (72 + ha + do + c2)(%Zo1 — 1),
A7 = (m+hi+do+c1)(Zo2 — 1).

Hence A1, Ao, A3, \g, A5 are strictly negative, but A\¢ and A7 are negative whenever Zy; < 1
and Zp2 < 1. Which conclude conclusion.

4.2. Global Stability

In this section of our paper, we calculated global stability of system (1) at DFEP “P”.
To study global stability, we constricted a function called Lyapunov. We need to show
F = —kF, where k is a constant.

OO OO OO 3
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Theorem 2. [rgb/1.00,1.00,1.00“When effective basic reproduction number %o1 < 1 or
Ho2 < 1, the DFEP “P7 is stable globally asymptotically.”

Proof. Consider the function
F =K1 + k1o, (18)

where ki and ko are some constants. Since I1,Is > 0, then F' > 0 and F attains zero at
I, =1, = 0. Now, our goal is F' < 0.

dF dly dIy
R T ) 1
at = e TRy (19)
Putting values of I; and I from (1) in (19), we get
dF
a = ki (pE — (’)/1 + hi +do+ 01)11) + ko (77E —(v2+ha+do+ 02)12) . (20)

By putting k1 = ko = , and rearrange (20), we get

kb
do(do+¢+n)

dF

i (v +h1+do+c)ly (Zo1 — 1) + (y2 + ha +do + c2)I2 (Zon — 1) (21)
By using “LaSalle’s invariant principle”, ‘il—lz =0 iff I; = I, = 0. Furthermore %‘ <0
whenever Zp1 < 1 and Zy2 < 1, which follow conclusion.

5. Sensitivity Analysis

We present the sensitivity analysis in this section to take into consideration the vari-
ables that have a major impact on the fundamental reproduction number. For more de-
tailed information about sensitivity analysis, see [50]. Sensitivity analysis is recommended
in order to determine the relative significance of the various factors impacting the preva-
lence and transmission of sickness. It is imperative to regulate the variations in the model
(1) parameters in order to get Zp1 and Zp2 < 1, as well as to stop the spread of diseases.
The ratio of a variable’s change to a parameter’s change is known as the sensitivity index,
and it may be calculated using the formula. The model’s parameters’ sensitivity indices
for Zp1 < 1 and Zyo < 1 are given in Table 1 using normalized sensitivity index defined
by

o) = 22,
0 0y
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’ Parameters ‘ Sensitivity Index ‘ Parameters ‘ Sensitivity Index
f(b) 1 f(n) 0.8737
f(K) 1 f(y2) 0.6978
f(hy) —0.00124 fler) —0.00103
f(ha) —0.00124 f(e2) —0.0015
£(do) 0.9674 f(n —0.1044
f(o —0.9895

13 of 27

Table 1: Sensitivity indices of %, with respect to model parameters .
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Figure 2: Sensitivity indices of %y with respect to model (1) parameters.

(1) and (2) make it evident that the disease transmission rate of strain 2 7, contact
rate K, death rate dy, infection rate of strain 1 ¢ and rate of recovery individuals ; and
~v2 are the parameters of the model (1) that are most sensitive to Zp1 and Zp2. As the
value of infection rate of strain 1 ¢ decrease, so does the value of %p;. When infectious
rate K, death rate dy decrease. As a result, Zy; and Zys rises infection rate of strain 1 ¢
and infection rate strains 2 i decline. Clearly, fig. 1 shows that contact rate K, death rate
dp, birth b rate, and rate of recovery of individuals v; and 5 are positive, so an increase in
their values increased %1 and Zp2. On the other hand, the values of infection rate of strain
1 ¢, infection rate of strain 2 7, strain 1 hospitalization rate hi, strain 2 hospitalization
rate ho, death rate of strain 1 ¢;, and death rate of strain 1 co are negative, so their
increased show decreased in %y, and Zps. It is clear that a lower value of %y and %o is
a contributing factor to the decline in infection incidence. We need to preserve parameters
with negative indices while lowering the effectiveness of parameters with positive indices to
a basic reproduction number in order to completely remove the infection from the system.
Therefore, health officials need to carefully consider any preventative steps that would
lower the infection burden in order to reduce future outbreaks. We found that the control
parameters, such as rate of recovery individuals vy and -, etc., which are adversely linked
with Zp1 and %2, should be implemented with adequate hygiene and efficient health care
services.
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6. Numerical Results and Discussion

Here, we present simulations of model (1) to confirm the analytical analysis. We used
NSFD [51, 52] for simulation. The first equation of model (1) is rewrite in difference as

% —b— KSI(BI + 1) — doS + rR. (22)

By using the none-standard finite difference method, we decomposed as

Sj+1 = 5

A Zb—KSjIj(ﬁIj—i-l) —ngj—i-T'Rj. (23)

Like (23), we decomposed other equations of model (1) by using none-standard finite
difference method

By =Ej+ h<KSjIj(5fj +1) = (do+n+ ¢)Ej),
Doy =Ly +h{ SE; — (v + hi +do + cl)Ilj>,
Iy, =Ip; +h{nEj — (2 +ha+do+ 02)—73'),
Hj1=Hj;+ h(hlhj + hals, — hon>,

Rj1=Rj + h<7111j +72l, + hoHj — (r + dO)Rj)»

DjJrl = Dj + h(lelj + C2]2j> .

By using NSFD scheme, we simulate the model (1) by using numerical values given in
Table 2 taking the values from [4].

Variable \ numerical values \ Variable \ numerical

S 60140000 o) 0.9566
E 62000 Y 0.8447
I 8000 Y2 0.6746
I, 100 1 0.0012
H 50 c2 0.0015
R 0 7 0.01010
D 0 b 2560

do 39% B 0.00231%
K 12% r 0.046
hy 0.0010 ha 0.0010
ho 0.0200 do 0.00004

Table 2: The parameters of the system are described and specified, with approximate real values (1).
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Here in figures 3-9, we simulate the results using the numerical values of Table 2. In
steady state, the number of stage one carcinoma patients with an initial condition drops
from 20 to 3 in three to four months of time. At stage two, it decreased to 4 from 14
in three to four months of time. Stage 3 decreased to 5 from 30 in three to four months
of time. In Stage 4, it decreased to 5 from 20 in three to four months of time. In the
recovered population, a rapid increase was seen, and cardiotoxic patients showed a great
increase from 10 to 29 in the first month under steady-state conditions.
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Figure 3: Plot of numerical solutions for the susceptible class of the proposed model (1).
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Figure 4: Plot of numerical solutions for the exposed class of the proposed model (1).
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Figure 5: Plot of numerical solutions for the strain 1 class of the proposed model (1).
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Figure 6: Plot of numerical solutions for the strain 2 class of the proposed model (1).
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Figure 7: Plot of numerical solutions for the hospitalized class of the proposed model (1).
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Figure 8: Plot of numerical solutions for the recovered class of the proposed model (1).
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Figure 9: Plot of numerical solutions for the death class of the proposed model (1).

Here, the dynamical behaviors corresponding to different initial data of each compart-
ment of the proposed model is presented in figures 3 to 9. With the help of treatment,
social distancing, and other intervention strategies, the susceptible population decreases
over time and finally reaching to an equilibrium position which also reduce the rate of
infection in other compartments, eventually the disease is going to be decline. Moreover,
the decline in susceptible class is shown in figure 3. Further, the decline in exposed com-
partment is shown in 4. Dynamical behaviors of strain one and two are shown in figures
5 and 6 respectively. In addition, the dynamical growth in, hospitalization, recovered and
death class has shown in figure 7, 8 and 9 respectively.

Table 2 provides the parameter values that were taken into consideration for this nu-
merical simulation. We select the time unit per day for this numerical simulation. figures
3 to 9 display the simulation results for model (1). The dynamics of the infected compart-
ments with varying values of the parameter K are depicted in figure 3 and its subgraphs.
As contact decreases, so does the number of infected people in each compartment. The
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numerical simulation indicates that minimizing contact between healthy individuals in-
fected with strains 1 and 2 is necessary to reduce the number of infected cases within the
community. Both strain 1 and strain 2 infected people can spread the infection to other
exposed people who show any symptoms of the disease. Owing to the strain 1 virus’s easy
and high rate of transmission from an infected person, it is thought to be more harm-
ful. The WHO'’s recommendations can help prevent infection by reducing the number of
instances of disease. The infected compartments and different values of the parameter
¢ are displayed in figure 5. As the ¢ value declines, the number of afflicted individuals
also gradually declines. To stop other healthy people from limiting the disease’s spread,
those who exhibit clinical signs should be admitted to the hospital. The spread of strain
1 infections among those who do not exhibit any clinical symptoms is the most critical,
and limiting the contacts of those who are infected with other members of the community
should be the first goal in order to prevent this spread. Figures 6 and 7 illustrate how the
parameters 1 and hg affect the model’s infected compartments. From the data shown in
Figs. 8 and 9, it is evident that as the parameters’ values decreased, so did the individuals’
infected compartments.

7. Numerical Analysis through Fractional Calculus

In this section of our work, we use fractional calculus to explore the COVID-19 model
(1). Here, we recall fractional derivative and integral [52] as:

Definition 1. A function S : [0,00) — R is define with fractional order integral x > 0 as
1 o S(a)
I7S(t) = / da,
SOZ50) o G

provided the integral exists at the right sides.
Moreover, by definition of Caputo, we have

1 /t o
—_— t—a) 7S (a)dn, 0 <y <1,
Dr.S(t) = 4 BL=7) ) (E— @S (@)dn
a 1T h

For fractional order

D/X(t) = H(t,X(t)),
X0) = X (24)
Where
X = (SaEv]:l’IZaH7R7D)

and
XO = (SO7E0711071207H07R07D0) .
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Then using the generalized form of Taylor series is follow

hY h*

afy + 1)DZX(t) - x(

TmD?%(t) + ... (25)

X(t+h)=X(t)+

By using fractional calculus results, we have D7 X = D] H(t,X) + H(t, X)D,H(t, X).
Used (25), and some rearrangements, we have,

hY hY
R h) = (1) + g HOX(0) + gy [Pl + PQ] : (26)
where
Py = H(tj, X;(t))), P2 = H(Q‘ + %7 X(tj) + %H(tmxj(tﬁ))-

Here we present the numerical illustration against fractional orders taken as 0.6,0.62, ..., 1.0
in figures 10-16 respectively

70

N W N o =)
=] S S =] =]

Population Density of Susceptible
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0 50 100 150 200 250
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Figure 10: Plot of numerical solutions for the susceptible class of the proposed model (1) for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 11: Plot of numerical solutions for the exposed class of the proposed model (1)for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 12: Plot of numerical solutions for the strain 1 class of the proposed model (1)for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 13: Plot of numerical solutions for the strain 2 class of the proposed model (1)for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 14: Plot of numerical solutions for the hospitalize class of the proposed model (1)for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 15: Plot of numerical solutions for the recovered class of the proposed model (1)for various fractional
orders as 0.6,0.62,...,1.0 .
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Figure 16: Plot of numerical solutions for the death class of the proposed model (1) for various fractional orders
as 0.6,0.62, ..., 1.0 .

Using the numerical values of the model parameters provided in 2, we consider the
fractional order model considered under the Caputo derivative to generate the graphical
results by the above-mentioned scheme. The results of applying the numerical technique
for the Caputo fractional order, as stated in equation (25) are displayed in figures 10 -
16. By taking into account the fractional-order values 0.6,0.62, ...,1.0, we plot graphical
results, where a rise was noted for the model’s infected compartments and a drop in
the fractional-order parameters was observed for the number of susceptible and recovered
people.

SEIR epidemic model consists only on Susceptible, Exposed, Infected, and Recovered
classes, while in our model, we split I into two strains I; and I3, and added D (death
due to corona) and H (hospitalized individuals). Incorporating these new compartments
allows the model to simulate disease progression more accurately. The hospitalized com-
partment is crucial for the analysis of hospitalized rate of infected individual and load on
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the healthcare departments. The compartment D accurately separates the death due to
corona from the natural death and allows evaluation of how treatment and other interven-
tion strategies reduce the number of deaths due to infection. Comparing to SEIR epidemic
model, our model offers a more realistic and flexible framework to better understand the
transmission and burden of COVID-19.

8. Conclusion

In this work, a novel mathematical model has been introduced to comprehend the two
strain variations of COVID-19 and show how exposed, asymptomatic, symptomatic, and
hospitalized persons interact with COVID-19. We developed the model and provided a
thorough explanation of the biological procedure used to model the two strains. In the
disease-free scenario, we found that the two-strain model is globally asymptotically stable
if Zo1 <1 or Zy2 < 1 and locally asymptotically stable if Zp; < 1 or Zg2. The two strain
model’s global stability suggests that the only way to contain the infection is to lower its
basic reproduction number %y or Zp2. Basic reproduction can be easily managed with
less than unity through social distancing, face mask use, frequent hand washing, staying
at home, and other practices. To identify the parameters that are most susceptible to
differences in %y, a global sensitivity analysis is conducted. According to the sensitivity
analysis, interaction between healthy individuals and strains 1 and 2 can spread the virus
throughout the nation. Therefore, in order to stop the strains from spreading to other
people, it is imperative that the WHO’s instructions are properly followed. Using the
values of the real parameters that are received from the data fitting, a unique numerical
approach is applied to generate the graphical result for the model. There were several
graphical representations of the model parameters and how they affected the elimination
of the diseases. It is evident from the stated outcomes that the disease can be eradicated
according to the World Health Organization’s (WHO) guidelines.

The model that investigated here in this article is useful for studying the dynamics
of two circulating COVID-19 strains both for integer and fractional order. The reason of
incorporating the convex incidence rate is to capture nonlinear transmission effect such
as behavioral changes and saturation, offering more realistic disease progression than tra-
ditional bilinear model. Moreover, the use of fractional calculus adds memory effects,
making the model specifically relevant for long-term behavior, delayed responses or linger-
ing immunity. Analytical and numerical results provide insight into strain competition,
persistence, and potential resurgence patterns.

Moreover, there are some limitations that affects its real world applicability. Critical
factors like vaccination, stochastic effects, ongoing strain evolution, testing, and demo-
graphic structure. These limitations provide direction for future research where these
factors can be incorporated to enhance the model accuracy.
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