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Abstract. In this paper, we present a numerical solution for an open-loop Nash differential game
modeling competition between two firms. Using the fourth-order Runge-Kutta method, we com-
puted the numerical solution and analyzed the stability of the open-loop Nash equilibrium. Addi-
tionally, we examined the uniform convergence of the solution. Finally, an illustrative example is
presented to clarify the results, accompanied by figures to illustrate the findings.
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1. Introduction

Differential games are a branch of game theory that focus on studying and develop-
ing optimal control strategies for dynamic systems influenced by the decisions of multiple
players [1]. An open-loop Nash differential game is a specific type of differential game in
which the strategies of the players depend solely on time (¢) rather than the current state
of the dynamic system. In other words, players predefine their strategies at the start of the
game and do not update them based on subsequent observations or system states. In game
theory, differential games are used to model and analyze conflicts, such as competition,
within dynamical systems. Differential equations play a key role in many applications in
physics, engineering, and the modeling of natural phenomena [2].

An effective approach for solving differential games is through numerical methods. For ex-
ample, Dehghan Banadaki and Navidi [3] studied open-loop Nash differential games using
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the Legendre Tau method combined with the fourth-order Runge-Kutta method. Ku-
vshinov and Osipov [4] investigated Stackelberg solutions for linear positional differential
games by applying the polyhedron method. Megahed et al. [5] studied an open-loop Nash
differential game and employed the Picard method to approximate the solution of a model
describing competition between two firms, incorporating market share, advertising efforts,
and advertising costs. Megahed et al. [6] studied a zero-sum differential game for model-
ing coronavirus dynamics, solving it using the homotopy perturbation method combined
with a new iterative approach. The Stackelberg differential game of E-differentiable and
E-convex functions was applied to combat terrorism, considering government actions [7].
Hemeda [8] introduced the Integral Iterative Method (IIM), a modification of the Picard
method, as a numerical technique for solving nonlinear integro-differential equations and
systems. Megahed et al. [9] investigated an open-loop Nash differential game, where they
derived the necessary conditions for equilibrium and analyzed the existence and uniform
convergence of the solutions using the Picard method. Illustrative figures were provided
to demonstrate applications in economic, financial, and industrial contexts.

Kassem et al. [10] discussed a Nash-collaborative approach for a differential game involv-
ing multiple governments and terrorist organizations, analyzing government cooperation
and the role of each government in counterterrorism. Youness [11] introduced a differ-
ential game termed “Nash coalitional,” which extends the traditional Nash equilibrium
framework by incorporating partial cooperation among players, enabling them to achieve
mutually beneficial outcomes while still accounting for individual objectives. Youness et
al. [12] examined the necessary conditions for determining optimal strategies in fuzzy
continuous differential games under Nash equilibrium. Sun et al. [13] introduced a lin-
ear—quadratic stochastic two-person nonzero-sum differential game with both open-loop
and closed-loop Nash equilibria. Engwerda [14] analyzed the open-loop Nash equilib-
rium in a linear-quadratic (LQ) differential game. Min-max differential games with fuzzy
objectives and controls, as well as large-scale differential games, have been discussed in
[15, 16]. Megahed [17] analyzed terrorism dynamics through a two-player differential game
involving the International Terrorism Organization (ITO). Youness et al. [18] examined
a min-max differential game whose state trajectory is governed by a Cauchy initial value
problem (CIVP). They provided both analytical and approximate numerical solutions us-
ing the Picard method, demonstrating the model’s effectiveness in dynamic optimization
contexts.

In this paper, we present the numerical solution of an open-loop Nash differential game
using the fourth-order Runge-Kutta method [19]. The system dynamics, representing
competition between two firms in the market, are modeled by differential equations. Each
player aims to optimize their objective while accounting for the impact of both their own
actions and those of the other player. Section 2 formulates the dynamical system of the
problem and derives the necessary conditions for an open-loop Nash equilibrium. Section 3
presents the numerical solution using the fourth-order Runge-Kutta method and discusses
its convergence. Section 4 analyzes the stability of the numerical solution, and Section 5
concludes the paper.
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2. Problem Formulation

In this section, we discuss the solution of an open-loop Nash differential game between
two firms over the time interval ¢t € [0,7]. The system dynamics can be expressed as

follows:
dzx

- = ()1 = z(t) — ua(t)z(t), (1)

where t € [0,7], x(0) = xo, subject to the constraint
0<a(t) <L (2)

where z(t) denotes the market share of Firm 1 at time ¢, and 1 — z(¢) represents the
market share of Firm 2. The control variables u;(t) and uy(t) are defined as follows: wu (t)
corresponds to the advertising efforts of Firm 1 at time ¢, while ug(t) corresponds to the
advertising efforts of Firm 2 at time ¢. For Firm 1, the number of customers increases due
to its own advertising efforts, whereas the advertising efforts of Firm 2 decrease the number
of customers of Firm 1. The state dynamics and the payoff functionals are described as
follows:

T
Ji(ul(t),ug(t)):/o Ii(z(t), wi(t), ua(t), ) dt, i=1,2. (3)

The payoff functionals of the two firms in problems (1) and (2) are defined as follows:

T
(s (1), us (1)) = / e dra(t) — Crua ()] dt,
; (4)
To(un (), us(t)) = /0 e [$a(1 — (1)) — Cous(t)] dt.

where 7; is the interest rate of Firm i, ¢; is the fractional revenue potential of Firm ¢,
and Cj(s) denotes the advertising cost function. We assume that

C'l(s) = %52, P>0, 1=1,2.
fla(t),ur(t), ua(t), t) = ur (t) (1 — 2(t)) — ua(t)z(t),
Li(z(t), ur (), uz(t),t) = ra(t) — C1(ur(t)) = o1 a(t) — By (t)?, (5)
I(x(t), ur (1), ug(t),t) = ¢a (1 — 2(t)) — Co(ua(t)) = g2 (1 — 2(t)) — Zua(t)?.

Theorem 1. Let f(z(t),u1(t),ua(t),t) and L;(x(t),ui(t),ua(t),t) be continuously differ-
entiable functions on R™, i = 1,2. Specifically,

fx(t),ur(t),uz(t),t) : R" x R* x [0,T] = R, feCt
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N . .
where s = Zj:1 sj, 1 # j, and
Li(x(t),u(t), ug(t),t) : R x R* x [0,T] - R, LeC! i=1,2.
Ifuz(t), 0 <t <T, is an open-loop Nash equilibrium solution, and xz*(t), 0 <t < T, is

the corresponding state trajectory. Then, there exist two costate vectors \i(t) : [0,T] — R”
and two Hamiltonian functions .

Hi(N(t), 2 (), ur (), uz(t), t) = Li(x(t),ur(t), ua (), t) + X () T f (2 (), ur (), ua(t), t), i=1,2.

(6)
such that the following necessary conditions hold:
dx*(t . N N %
"0 ), ui (o). w30, 1) 2" (0) = 20,
dAj(t) _ OH1(M(t), 2% (1), ui(t), us(t), 1)
dt Ox ’
dxs(t) _ OHp(Ma(t), 2*(1), ui(t), u3(t), t)
== ) (7)
dt ox
aHl (Al(t% m*(t)7 ui(t)a u;(t), t) -0
Gul -
O (Na(t), 2" (0). i (1), u5(0).t) _
aUQ -
with initial and terminal conditions
x¥(0) =xz9, M(T)=0, X(T)=0. (8)

The proof of this theorem is presented in [20].

3. The Numerical Solution by Using the Fourth-Order Runge-Kutta
Method

3.1. Existence and Convergence of the Solution
Existence of the Solution

After applying the necessary conditions for an open-loop Nash equilibrium differential
game, the problem (1)—(5) is reduced to the following Hamiltonian functions.
For Player 1, the Hamiltonian is defined as

Hi(Aw(t), 2(t), ur(t), ua(t), 1) = ¢1m(t)—%Uf(t)+A1(t)T ur () (1= (t)) —uz(t)z(t)|. (9)
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And for Player 2, the Hamiltonian is

Ho (v (1), (1), (1), (1), ) = 62 (1—(0)) — -2 (1) +-da(0)” [ (1) (1 —2(0)) —wat)r (1)

. (10)
= =u () (1 —2() = ua()x(t),  2(0) = =0,

di}t(t) = M (8) [ () +u2(t)] — ¢, M(T) =0,

d)‘;;t) = Xo(t) [ur(t) + ua(t)] + d2,  Mo(T) =0, 1)
w0 = 24 (1 - a(0),

o) = - 2200,

(Ci)n = %(u?)n, i=1,2.

The existence of a solution to system (11) is discussed in [9].

Uniform Convergence of the Solution

Now, we apply the fourth-order Runge-Kutta method to discuss the uniform conver-
gence of the solution. The scheme is given by

h
Tpyl = Tn + 3 (I)l<xn7 )\1,717 A2,n7 tn)7

At = An + § @220, Ao, Azn, 61, 80), (12)
A2l = Ao + & @3(wn, My Aoy B2, ),
where
Q1 (n, My Aons tn) = Kig + 2Kop + 2K3, + Ky,
DPo(Tny Ans A2y P15, tn) = K, + 2Kox, +2K3), + Ky, (13)
@3(Tn, My Ao, B2, tn) = K, + 2Koy, + 2K35, + Ky,
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The Runge-Kutta variables k; are defined as

h K
le:hFx(xn’tn)’ Koy = hF, <.’En+2,tn+ 21x> >
h K
Ks, = hF, (xn+2,tn+ 22»’0) , Ky = hFy (xn + hyty, + Ksg),
h K
Kl)\1 - hF)‘l (l’n,tn), K2>\1 = hF)\l <$n + 5’ tn + ;Al> )
h K
K3y, = hF), (xn + §)tn + ;’“) ) Ky, = hF\, (zn + bty + Ksy,) ,
h K
Kl)\Q - hF)\Q (%n,tn), KQ)\Q = hFx\Q (.%'n + §atn + ;A2> s
Ky, = hF by Kox _
3hy = hliy, xn+§7tn+ 5 ) and  Kyy, = hE\, (X + h,ty, + Ksy,) -
(14)

The sequence 41, A\ n+1, and A2, 41 can be written as the finite series

n

Tp+1 =20+ Z (Tj41 —z5),

i=0

At = Ao+ Y Ay —Aug), (15)
i=0

A2nt1 = A20 + Z (A2, 41 — Az) -
i=0

If 241, M nt1 and Aoy are convergent, then the infinite series

o o0 [e.9]
S —z), D> (g = Ag) D ((Azgrn — Azy))
§=0 §=0 j=0
are convergent, and the solution will be z, Ay and As.
nh_{go LIp+1 = T,
nh_{go Mgl = A1, (16)

lim Agpq1 = Ao.
n—oo
Assume that

1. The functions
O, R"XR"xR"x[0,T] - R, i=1,2,3,
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are continuous, and there exist positive constants M; such that

|®;| < M;, i=1,2,3.

2. Each function ®; satisfies the Lipschitz condition with Lipschitz constants L;, where
0<L;<1,9=1,2,3, such that

\@i(zl) — (131(22)| < Li”Zl — 22”, Vzl,ZQ e R" x R® x R™ x [O,T]

In particular,

|@1(m, A1, A2, ) — @1(y, A1, Ao, t)| < Lalz — ), (17)
|(I)2(l', )\1, )\Q,t) — @2($,O&, )\2,t)| < L2|)\1 — Oé’, (18)
|(I)3(l‘,)\1,)\2,t)*(I)g(l‘,)\l,’y,t” <L3|>\2*’y|. (19)

If the three series converge, then the three sequences x,y1, A1 41 and Ao, will
converge to x, A1 and A, respectively. To discuss the uniform convergence of x,,11, A pt1
and A2 41, we consider the following three associated series:

Z(:CnJrl - CCn),
n=0
Z(/\l,n—i-l - A1,n)7 (20)
n=0
Z()\2,n+1 — X2.n)-
n=0

h
Forn=0, x1—x9= E(I)l(xny Ay A2ns ),

>

|I’1 - 530’ = ‘(I)l(xna)\l,m )\2,7’Lat) ) (21)

(@)

h
\xl — J}o’ S ng.

h

Similarly, |A11 — A1l < EM%
h

[A2,1 — A2 0] < EMS'

Now, we will get an estimation for(x,+1 — @), (A1 nt1 — A1,n) and (Agp+1 — A2pn)
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h
‘xn—I—l - mn‘ = (mn - xn—l) + 6 ((I)l,n - (I)l,n—l) s

h
‘xn—l—l - xn‘ < ’xn - xn—1| + 6 ’(I)l,n - q)l,n—1’ 5

(23)
h
‘xn—l—l - mn‘ < ’xn - xn—1| + 6 |L1(xn - xn—1)| )
h
‘xn—l—l - xn‘ < (1 + ng) |xn - xn—1| .
.. h
Similarly, [Atng1 — Al < (1+ 5L2) A — A1l
; (21)
A2 1 — Agpn| < (14 ELs) A2 — Aan—1]-
h
Atn=1, |zz—a1[<(1 +L15) w1 — o
(25)
o — 21| < M+ L Y
2 —m| < oMy 1g):
h
At n =2, ‘xg—x2’§(1+L16)’x2—.%'1‘,
(26)
h hey
|z —zo| < —Mi(14+ Li—)~.
6 6
h
Atn=3, |zq—a3 <(1 +ng) |25 — @2,
(27)
h he
|.%'4 — .%‘3’ < fMl(l + Llf) .
6 6
h h
And soon  |xpi1 — xp] < EMl(l + ng)". (28)
- h he,
Similarly,  [A 41— Ain| < M2(1+ L),
2 2 (29)
[A2.n+1 — Agpn| < gMz(l + ng)n-

Since L; <1, M;<land h<1 i=1,23.
Then the series > 07 (Znt1 — Zn) s D opeo A1 — M) s Doneo (A2n41 — A2,n) , and the
SeqUENces Tpy1, A\ n+1,A2,n+1 are uniformly convergent .

Since Ly < 1, M; < 1, and h < 1 for i = 1,2,3, the series > 7 ((zp41 — Zn),
oo oA imt1 — M), and Y07 ((Aamt1 — A2n), as well as the sequences @pi1, Ain+1,
and A2 41, are uniformly convergent.
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3.2. Numerical Solution

We now apply the fourth-order Runge—Kutta method to obtain the numerical solution
for the problem (11). By substituting the controls u; and ug into the state and costate
equations, we obtain:

dx )\1 )\2 2

i Fl(l —z)* 4 Ex , z(0) = xo,
2
dA;t(t) = 2(1 —z) - Al;z(t)x —¢1, M(T) =0, (30)
2
dA;t(t) _ Al?jl(t) (1-2)— ;\)za: Fdn M(T) =0,
Then, the system becomes :
Fy(xn, tn) = ()\1](3?)” (1 —za(t)? + (>\2](DZ))TL$%’
Fyi(Tn, tn) = ()‘15?2)”(1 ~ () — (Al(t))nP(AQ(t))nxn(t) — 4y,
1 22 (31)
Fao(n, tn) = (Al(t))"P?Q(t))” (1 a(t)) - “21(_?)”3:”@) + s,
bi

(ci)n+1 = 5(”12)71—1—1; 1=1,2.
with the initial and terminal conditions:
z(0) =zo, (A)o=0, (A(T))o=0.

The general form after applying the Runge-Kutta 4th-order method is as follows,

h
Tptl = Ty + E(le + 2K, + 2K3a: + K4z);

h

Mgl = A + 6( 1\ 2Ky, + 2K3), + Kuy,), (32)
h

A2l = Ao + E(Kl)\g + 2Ky, + 2K3y, + Kyy,).

Where
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h K,
Klm:th(l'n»tn)a K2z:th <l‘n+2atn+ 21 > s
h Ko,
KSx:hFx(xn+2’tn+ 22 >a K4x:hFx(xn+h’tn+K3x)y
h K
Kl)\l = hF)\l (xnytn); KQ)\l = hF)\l (xn + iatn + ;Al> 5
h K
Ksx, = hE), (x o tn ?) : Kin, = hFx (2n + bt + Ksp,),
h K
Kl)\g = hF)\g(l‘mtn)a K2>\2 = hFAg <xn + §atn + ;AQ> s
_ h Koy, _
Kg)\Q —hF)\2 Ty + §,tn+ 9 , and K4)\2 = hF)\2 ($n+h,tn+K3)\2).
(33)
At n=0,
h
T = 2o+ E(le + 2K2;B + 2K333 + K4a:) (34)
Where
Aot Ao (t
Kz = hFy(zo,t0) = h L0l )(1 — 20(t))* + Mm% =0,
Py Py
h, | K Mi(to + 532) hig | Halto +53%) hio
Ko, = hF, —.t =h|——=(1 — — =
: <x0—|—2 o+ 2) [ ) R
Koo = hE, (@0 4+ 0 g+ B20) =y [Pallo + 557 Kgm)(l ~ (mo+ 4 220t K%)( L0y
3 — z | o 27 0 9 - Pl Zo 2 P2 Zo 2
A (t K3, Mo (to + K3y
Kig = hF, (20 + b, to + Ksg) = h [1(0;“)(1— (zo + h))% + 2( OP & )( o+h)2]
1 2
(35)

Then X = xg.
h
()\1)1 = ()\1)0 + E(Kl)\l + 2K2)\1 + 2K3)\1 + K4>\1) (36)
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Where
A (t)? Apo(t)(Aa(t
Ky, = hF)\l(Io,to) =h M(l — ) — MCEO@) — 1| = —her,
Pl PQ
Ky 2
ho K M (to+ 75 )
ax = hEy, ($0+2,to+ 5 ) h{ P, zo+ 3
(o 55 )x (0 55) o
e P (1) o]
Koy, 2
h KQ)\ >\1 (t0+ 2 ) h (37)
an = hEy, <$0+2,to+ 5 ) h[ P, zo+ 5
K K.
A (to + 22*1> A2 (to - 22*1> b
B P, <fc0 + 2> - ¢>1] = —h¢n,

A (to + Kay, )?
Py

(wo 4+ h) — ¢>1} = —h¢1.

K4)\1 :hF)\l ($0+h,t0+K3)\1):h|: (1—(1‘0+h))

_ A (to + Kg)\l) Ao (t() + K3)\1)
Py

Then A1 = —h2¢1

h
)\2’n+1 = )\2777, + E(Kl/\Q + 2Koy, +2K3), + K4)\2) (38)

h K
K2)\2 = hF)\Q (xn + §7t’n + ;A2> )
39
B h Koy, (39)
K3/\2 _hF/\Q xn+§7tn+ 2 )

K4)\2 = hF)\2 (Jin + h,tn + Kg)\Q) .
Where
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Ky, = hFy,(z0,t0) = h[)\l’o(t)]({\?(w)()(l —x9) — )\%’O(t)

12 of 22

K
N A (to+ 552
Ksy, = hF), $0+§,to+T =h

2

% (1o +552) h h

- P2 <fI,'0 + 2> + ¢1:| - ¢27
K. K.
K3\, = hF +ht+K2’\2 —h)\l(t0+ 2;2))\2(1504_27&) 1
3o — A2 Zo 27 0 2 == Pl

2

A2 (to + Ko

- ) <$0+Z>+¢1]:h¢2,

P

A (to + Ksp,) X2 (to + K.
K4>\2:hFA2($0+h,t0+Kg)\2):h[ (o + 3A23312(0+ 3%)

_ deto+ Kpy)®

72l oo 1) 4] = hon

Then )\le = h2¢)2

A

U= (1—m) 2 (1 — o),

A h2¢2
Up] = ——o = —
21 Py Py

p1 p1 WP

C1,1 = ?uil B ( P1 (1 — (1}0))2,
P2 p2  h2po

€21 B %71 2( 7, x)Q.

At n=1 )
To =T+ E(Kla: + 2Ko; +2K3, + K4:c)
Where

(1= (zo +h))

(40)

(41)

(42)
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A (t Aot
Kiw = hEy(er 1) = h| QXL g g2y Q2O ]
P Py
_ h Kip\ _, [M (i + 52) M\ Ae (i + 532) h\?
KQx—hFx(fE1+27t1+ 9 )—h|:P1 1- $1+§ JFT $1+§ ;
h Koy A (t+ B2=) M\ A (t+ Bz) h\?
Kgx—hFx($1+2,t1+ 9 >_h|:P1 1-— $1+§ +T 1514‘5 5
A (1 + Ksy Ao (t1 + K3y
Ky = hF, (1'1 + h,ty +K3$) = hl:l(lpg)) (1 — (1‘1 + h))2 + 2(1133)($1 + h)2].
1 2

(43)
Then

To = xo—l—}g Uill ((1—300)2—1—4(1—;1@0—Z)2+(1—xo—h)2> —Zﬁ; <(x0)2+4(x0+Z)2+(:co+h)2>} .

h
(A1)2 = A1+ g(Kul + 2Kay, + 2K3y, + Kay,) (44)

Where

i, = 1B o, 1) = [ QL gy QOO ],

Kix;\2
h Ky A1 (t + —51) h
KQ)\l:hF)\l <$1+2,t1+ 21>:h|:P12(1—(ZC1+2))
_ A1(ty + %)M(h + Kl;l)(x N Q) s
Kox{\2
h Ko At +—521) h
K3z, = hFy, (931 toht— 1> = h[P12(1— (1 -1-5)) (45)
BRI o U ) P
PQ 1 9 11>
Mt + K3y, )?
K4)\1 = hF)\l (331 =+ h,tl +K3x) = h|:1(1P13)‘1)(1 _ (1'1 +h))
A1(t1 + K3, ) A (t1 + K
A+ 3A1])32(1+ 3/\1)(x1+h)_¢1}
2
h6 2 h
Mo =—ho1+ & (‘iil) (1= 20) +4(1 =20 = 5) + (1 =20 — 1))

o ¢1¢2 (

2
f2) + ¢1h

2o + 4(xo + g) + (z0 + h))
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A1a(t A1(t) o1 (t
Ky, = hF\ (z1,t1) = h 81 >(1 —x1) — Mxl(t) — &,
Pl PQ
2
h Ky M (6 + 1A1) h
Hon =0 ( gt 21) - h[pl(l ~(@1+3))
>\t+”1)\t+”1 h
- 332( )($1+ 5) ~ ¢1}
P}
Koy
h Ko At + =2 h
K3>\1:hF>\1 <$1+2,t1—|— 21> :h|:P1(1—(J,’1—|—2)) (47)
sz\
A1 A 1 h
B ( 1)922( 2 )(xl"‘ ) ¢1}
At + K.
~hlbr KSMBDM 1+ o) (1 + h) — ¢1].
o)
Similarly,
102 h
)\22—h2¢2—€ Pr (@ xo)—l—4(1—$o—§)+(l—azo—h))
(48)
(¢2)? h )
+ P (9”0+4($0+§)+(900+h)) + ¢poh”.
2
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h
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cle = %(U%h

% ;1 1 - (azo+};4 Z((l—xo)2+4(1—zo—g)2+(1—xo—h)2)

- jjj(xg + 4(zo + 2)2 + (w0 + 1)?) )

- [hP¢1 + ]z: <(q;1)2 ((1—2o) +4(1 —z9 — g) + (1 =20 —h))

2

- ¢;j:2 (o + 4(zo + g) + (x0+h))> + o h?|| (50)

22 = %(U%)z
:% —;2 —h2¢2—f§<¢;?2((1—$0)+4(1—$0—Z)+(1—$o—h))
- (%2)2 (zo + 4(zo + g) + (20 + h))> + ¢2h2]

6

h
1+ = (Kig + 2Ky + 2K3, + Kuy)

2

Suppose that Firm 2 is already present in the market, with its market share represented

by 1 — x(t). Firm 1 enters the market to compete with Firm 2, and its market share at

time ¢ is represented by z(t). We assume that at the beginning of the competition, the

initial market share of Firm 1 is zg = 0. The parameters are set as follows: ¢; = 0.1,

¢2 = 0.3, P, =0.25, P, = 0.5, the time interval ¢ € [0, 1.5], and the step size h = 0.5.
Then we have a comparison between the two firms.

At n=0,
o — O, 1-— o — 1,
u10 =0, uso = 0,
1,0 2,0 (51)
c1,0 =0, co0 =0,
)\170 = O, )\2,0 =0.

This indicates that, initially, Firm 2
undertake any advertising efforts.
At n=1

was the only firm in the market and did not

Ir = O, 1-— Ir1 = 1,
upy = 0.1, ug1 =0,

1,1 2,1 (52)
01,1 = 0.00125, 21 = 0,
A1 = 0.25, A21 = —0.075.
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This indicates that initially, Firm 1 entered the market without holding any market
share. Consequently, it launched advertising campaigns to increase its market share, while
Firm 2 did not engage in any advertising. As a result, the number of customers for Firm
1 increased.

At n=2,
xo = 0.00989583, 1 — 29 =0.99010417,
ur,2 = 0.18533512, uz2 = —0.0001182685,
c1,2 = 0.004293638, o2 = 3.496865 x 1077, (53)
A1,2 = 0.04679687, 22 = —0.005976.

This indicates that initially, Firm 1’s market share increased, while Firm 2 began to
lose market share and experienced a decrease in sales. As a result of these losses, Firm 2
obtained a loan to finance its advertising campaigns.

At n=3,
3 = 0.0362395, 1 —2x3=0.96376,
u1,3 = 0.283165810, ug,3 = 0.010028594, (54)
C1,3 = 0.005976423, 23 = 0.00446470,
A1 3 = 0.0734531, A23 = —0.082457305.

Now, we present a comparison of the obtained numerical solutions for the two firms in
the following figures:

Figure 1 shows the market shares x and 1 — x, representing Firm 1 and Firm 2,
respectively, at time ¢. It is observed that Firm 1’s market share increases over time, while
Firm 2’s market share decreases. Figure 2 illustrates the controls u; and wueo, representing
the advertising efforts of Firm 1 and Firm 2, respectively. Initially, Firm 1 increased its
advertising efforts to attract more customers, while Firm 2 had no advertising. Over time,
Firm 2 gradually increased its advertising to reduce Firm 1’s market share. Figure 3
presents the advertising cost functions for the two firms, ¢; for Firm 1 and ¢y for Firm 2.
Firm 1’s cost is noticeably higher due to its stronger advertising intensity, whereas Firm 2
incurs minimal costs during the early stages of the competition. Figure 4 depicts the
costate variables A1 and Ao for Firm 1 and Firm 2, respectively. For Firm 1, the costate
variable starts at zero since it is new to the market and initially has no impact. It then
rises as Firm 1 gains influence and faces competition, and later decreases as it approaches
the optimal strategy, indicating a balanced state. Conversely, s initially starts at zero and
then decreases to negative values as Firm 2 loses market share due to Firm 1’s entry. The
negative values indicate that maintaining its market share becomes increasingly costly,
highlighting the competitive pressure imposed by Firm 1.
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Figure 1: Market shares of Firm 1 and Firm 2 at time t.
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Figure 2: The advertising efforts of Firm 1 and Firm 2 at time ¢.
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Figure 4: The costate variables of Firm 1 and Firm 2 at time ¢.
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4. Stability Analysis of the Fourth-Order Runge-Kutta Method Using
the Jacobian Matrix

In a system of differential equations, stability analysis is performed to determine
whether small perturbations around equilibrium points cause the system to return to
equilibrium (stable) or to diverge away (unstable). For a nonlinear system:

=2 (1= 4
@~ p TR
dh\i(t) A3 ) k()

= plmn) - TS o, (55)

dha(t) _ Aida(t) A3

1—z)- 2 :
dt p, L@ -t

Equilibrium points (or steady states) of the system are obtained by solving:

= — 1 — R — g
22 Mot
fo=pha—a) - 2220, g =, (56)
~ Aa(t) A3 _
fi= 221 —a) ~ Fatbo =0,

After solving the system (56) simultaneously, we obtain the equilibrium point (z*, A}, A3).
Next, we construct the Jacobian matrix, which is a square matrix of the first-order partial
derivatives of the system’s functions with respect to the state variables. The Jacobian
matrix J is defined as:

ofi 9fi Oh

ox (9)\1 8)\2
J = Jfa 2 Ofs

oxr
9fs  Ofs Ofs
Bm 6)\1 a)\g

Then the jacobian matrix evaluation,

—ON* 2NX )2 *)2
L(1—a*) + 222 (=) (")
P 5 p2 p1 P2
J— -2 A 2(1=2%) _ da(t), Azt
b1 b2 p1 2 p2
_A ()2 As(1—z*) AT(l—z*)  2Xj2*
p1 p2 p1 p1 b2

To analyze the stability at an equilibrium point (z*, A}, \5), the Jacobian matrix
J(x*, A}, A3) is evaluated at the equilibrium. The stability of the system depends on the
eigenvalues p; of J(z*, A}, \5). Stable Equilibrium: All eigenvalues satisfy Re(u;) < 0,
implying local asymptotic stability.

Unstable Equilibrium: At least one eigenvalue satisfies Re(u;) > 0, implying instabil-
ity.
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Marginally Stable Equilibrium: All eigenvalues satisfy Re(u;) = 0; stability cannot be
fully determined and the system may be marginally stable or exhibit oscillatory behavior.

To study the stability of the system (55), we first determine the equilibrium points by
solving the system (56). We obtain the following equilibrium points:

(z* A5)1 = (1.85786,0 — 0.6171787,0 + 0.2631771),
(3:* A5)2 = (1.85786,0 4+ 0.6171784,0 — 0.2631771),
(", A1, A5)3 = (—0.916188, 0 + 0.06402297,0 — 0.5601094),
(", AT, 05)4 = (—0.916188,0 — 0.0640229:, 0 4+ 0.5601097),
(a:* A5)5 = (0.391662,0.100038, —0.482684),
(z* A5)e = (0.391662, —0.100038, 0.482684),
Then the Jacobian matrix evaluation,
—2>\ 2NE _2*)2 +)2
s(l—a") + GEe _(10.25) (0.52
J = - N 2X* (1—a*) Azt
0.25 0.5 0.25 0.5
A g)? As(—zr)  Af(l—z*)  2X\a=”
0.25 0.5 0.25 0.25 0.5

The eigenvalues p; of the Jacobian matrix are computed,

J(z*, N5 A5 = (—2.23227 — 4.23449i, —2.23227 — 0.979014, —6.85728 x 10~ 1% — 2.279837i),
J(2*, N5, \)g = (—2.23227 + 4.23449i, —2.23227 + 0.97901i, —6.85728 x 107 1° 4+ 2.2798374),
J(x*, N5, 03)3 = (—1.04710 — 2.799904, —1.04710 — 0.792134, 8.88260 x 10716 — 1.07122i),
J(z*, N5, A5) 4 = (—1.04710 + 2.79990i, —1.04710 + 0.79213i, 8.88260 x 10716 + 1.071221),
J(z*, N5, \5)s = (—1.24304, —0.62152, —0.51276),

J(z*, N5, A5)e = (—1.24304, —1.24304, —0.62152).

From the computed eigenvalues of the Jacobian matrix, all eigenvalues have negative
real parts, indicating that the equilibrium point of the system is locally asymptotically
stable. This means that small perturbations in the market shares or advertising efforts
of either firm will decay over time, and the system will return to the equilibrium state.
Economically, this implies that both Firm 1 and Firm 2 can maintain stable market
shares under the given dynamics, and neither firm will experience unbounded fluctuations
in influence or costs.

5. Conclusion

In this paper, we discussed the numerical solution of an open-loop Nash differential
game using the fourth-order Runge-Kutta method. This approach allowed us to analyze
competition between firms in a dynamic market environment. We studied the convergence
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of the Runge-Kutta method to ensure the reliability of the numerical solution, and we
examined the stability of the solution to confirm that numerical errors do not amplify over
time. We also demonstrated that increasing advertising campaigns leads to higher market
participation for the firms. Finally, illustrative figures were presented to demonstrate the
effect of advertising campaigns on each firm’s market share. In future work, we plan to
expand this study in several ways. First, we aim to incorporate stochastic elements into the
model to analyze how uncertainty influences market behavior and firm strategies. Second,
we plan to include more firms, allowing multiple companies to compete simultaneously,
which increases the complexity of interactions and may reveal new patterns. Third, we
aim to allow strategies to adapt based on the current state of the system, using feedback
Nash equilibria, making the model more flexible and closer to real-world competition.
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