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1. Introduction

Stronger and weaker forms of open sets in topological spaces such as semi-open sets,
preopen sets, a-open sets, B-open sets, §-open sets and f-open sets play an important
role in the research of generalizations of continuity. By using these sets many authors
introduced and investigated various types of continuity. The notions of (A, sp)-open sets,
s(A, sp)-open sets, p(A, sp)-open sets, a(A, sp)-open sets and B(A, sp)-open sets were stud-
ied in [1]. Viriyapong and Boonpok [2] investigated several characterizations of (A, sp)-
continuous functions by utilizing the notions of (A, sp)-open sets and (A, sp)-closed sets.
Dungthaisong et al. [3] introduced and studied the concept of 9(m,n)-continuous func-
tions. Duangphui et al. [4] introduced and investigated the notion of almost (u, u')™™-
continuous functions. Moreover, some characterizations of almost (A, p)-continuous func-
tions, almost strongly 6(A,p)-continuous functions, weakly (A,b)-continuous functions,
0 (x)-precontinuous functions, (A, p(*))-continuous functions, x-continuous functions, 6-.#-
continuous functions, almost (g, m)-continuous functions and pairwise weakly M-continuous
functions were presented in [5], [6], [7], [8], [9], [10], [11], [12] and [13], respectively. The
concept of f-continuous functions was introduced by Fomin [14]. Noiri [15] studied some
properties of #-continuous functions. Furthermore, the present author [16] investigated
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several characterizations of f-continuous functions. Arya and Bhamini [17] introduced the
notion of #-semi-continuous functions. Jafari and Noiri [18] investigated several character-
izations of #-semi-continuous functions. Noiri [19] introduced and investigated the concept
of @-precontinuous functions. Baker [20] introduced and studied the notion of weakly 6-
precontinuous functions. Noiri and Popa [21] introduced the concept of #-M-continuous
functions as functions from a set satisfying some minimal conditions into a set satisfying
some minimal conditions and investigated some characterizations and several properties
of #-M-continuous functions. In particular, Noiri and Popa [21] defined and studied the
notion of strongly 0-M-closed graphs. Noiri and Popa [22] introduced the concept of 6-
m-~continuous functions as functions from a set satisfying some minimal conditions into a
topological space and obtained several characterizations of such functions. Long and Her-
rington [23] investigated some characterizations of strongly f-continuous functions. Jafari
and Noiri [24] introduced and studied the notion of strongly #-semi-continuous functions.
Noiri [25] introduced and investigated the concept of strongly 6-precontinuous functions.
Pue-on and Boonpok [26] introduced and studied the concept of §(A, p)-continuous func-
tions. Quite recently, Thongmoon and Boonpok [27] introduced and investigated the
notion of strongly (A, p)-continuous functions. On the other hand, the present authors
introduced and studied the concepts of (71, 72)-continuous functions [28], almost (7, 72)-
continuous functions [29], weakly (71, 72)-continuous functions [30] and quasi 0(71,T2)-
continuous functions [31]. In this paper, we introduce the concept of 6(71, m2)-continuous
functions. We also investigate several characterizations of (71, 72)-continuous functions.

2. Preliminaries

Throughout the present paper, spaces (X,7,72) and (Y,01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a bitopological space (X, 71,72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respectively,
for i = 1,2. A subset A of a bitopological space (X, 7i,72) is called Ti72-closed [32]
if A = 7-Cl(72-Cl(A)). The complement of a 717m»-closed set is called 7i72-open. The
intersection of all 7172-closed sets of X containing A is called the 7172-closure [32] of A
and is denoted by 7172-C1(A). The union of all 7172-open sets of X contained in A is called
the mo-interior [32] of A and is denoted by 7172-Int(A).

Lemma 1. [32] Let A and B be subsets of a bitopological space (X, T1,72). For the T172-
closure, the following properties hold:

(1) A C 1i1p-Cl(A) and T72-Cl(Ti12-Cl(A)) = Tim2-Cl(A).
(2) If A C B, then Ti12-Cl(A) C my12-Cl(B).

(8) Ti12-Cl(A) is TiT2-closed.

(4) A is TiT2-closed if and only if A= Ti12-Cl(A).
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(5) mme-Cl(X — A) = X — 7y7a-Int(A).

A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)r-open [33] (resp.
(11, 72)s-open [34], (11, 72)p-open [34], (11,72)B-open [34]) if A = 7i7o-Int(r72-Cl(A))
(resp. A C m1o-Cl(1i72-Int(A)), A C mimo-Int(7172-Cl(A)), A C 71 79-Cl(7172-Int (71 72-C1(A)))).
The complement of a (71, 72)r-open (resp. (711, 72)s-open, (71, 72)p-open, (11, 72)B-open)
set is called (71, 72)r-closed (resp. (11,72)s-closed, (11, 72)p-closed, (T1,7T2)B-closed). A
subset A of a bitopological space (X, 7i,72) is said to be «(11,72)-open [35] if A C
T172-Int (71 72-Cl(7172-Int(A))). The complement of an «a(r,m)-open set is said to be
a(11,9)-closed. Let A be a subset of a bitopological space (X, 71, 72). A point z € X is
called a (11, 72)0-cluster point [33] of A if T79-Cl(U) N A # () for every 7i19-open set U
containing x. The set of all (71, 72)0-cluster points of A is called the (71, 72)8-closure [33]
of A and is denoted by (71, 72)0-Cl(A). A subset A of a bitopological space (X, 7y, 7) is
said to be (71, 72)0-closed [33] if A = (71, 72)0-Cl(A). The complement of a (71, 72)6-closed
set is said to be (71, 72)8-0open. The union of all (71, T2)#-open sets contained in A is called
the (11, m2)0-interior [33] of A and is denoted by (71, 72)0-Int(A).

Lemma 2. [33] For a subset A of a bitopological space (X, T1,72), the following properties
hold:
(1) If A is Toma-open in X, then T1712-Cl(A) = (11, 72)0-CI(A).

(2) (11,72)0-Cl(A) is Ti2-closed in X.

3. 0(r, 72)-continuous functions

In this section, we introduce the concept of 6(71, 72)-continuous functions. Further-
more, several characterizations of (71, 72)-continuous functions are discussed.

Definition 1. A function f : (X, 11,72) — (Y, 01,092) is said to be 0(71,72)-continuous at
a point © € X if for each o109-open set V of Y containing f(x), there exists a TiT2-open
set U of X containing x such that f(m1172-Cl(U)) C 0102-Cl(V). A function

f : (Xa 7_177—2) — (K 01702)
is said to be O(11, 12)-continuous if f is O(11, T2)-continuous at each point x of X.

Theorem 1. A function f : (X, 11,72) = (Y, 01, 02) is 0(11, 12)-continuous at x € X if and
only if for each o109-open set V of Y containing f(x), v € (11, 72)0-Int(f 1 (0102-CIV))).

Proof. Let x € X and V be any oj02-open set of Y containing f(z). Since f is
0(11, m2)-continuous at x, there exists a 7Tj7mg-open set U of X containing = such that
f(r1m2-Cl(U)) C 0102-C1(V). Then, we have z € U C 1172-Cl(U) C f~!(0102-C1(V)) and
hence € (1, 2)0-Int(f~1(o102-CL(V))).

Conversely, let V' be any o109-open set of Y containing f(z). Then, by the hypothesis
we have x € (11, 72)0-Int(f~1(0102-C1(V))). There exists a 7172-open set U of X such that
x €U C mme-Cl(U) C f~Yo102-Cl(V)); hence f(1172-C1(U)) C 0102-C1(V). This shows
that f is 6(71, 72)-continuous at x.
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Theorem 2. A function f (X, 11,m0) = (Y,01,02) is 0(71, 72)-continuous if and only if
7YV C (11, 72)0-Int(f = (o102-CU(V))) for every or02-open set V of Y.

Proof. Let V be any o109-open set of Y and x € f~1(V). Then, f(z) € V. Since f is
6(t1, T2)-continuous at x, by Theorem 1 we have x € (11, 72)0-Int(f~1(0109-C1(V))) and
hence f~1(V) C (1, 72)0-Int(f 1 (c102-Cl(V))).

Conversely, let x € X and V be any oj09-open set of Y containing f(z). Then, we
have z € f~H(V) C (11, 72)0-Int(f ~(0102-C1(V))) and hence

T € (7'1,7'2)9 Int(f (010'2 CI(V)))

By Theorem 1, f is 6(71, 72)-continuous.

Theorem 3. For a function (X, 71, m7) — (Y, 01,02), the following properties are equiva-
lent:

(1) § is O(r1, T2)-continuous;
(2) (11,72)0-Cl(f~1(B)) C f~(01,02)0-C(B)) for every subset B of Y';
(3) (11,72)0-Cl(f~1 (V) C 1(0102 CI(V)) for every oroa-open set V of Y;
(1) F-YV) C (1, 72)0-Int(f~(0109-CUV))) for every oras-open set V of Y';
(5) F((r1,72)0-CI(A)) C (01, 02)0-CI(f(A)) for every subset A of X;

(6) (11, m2)0-Cl(f~*(o109-Int((01,02)0-CI(B)))) C f~((01,02)0-CI(B)) for every subset
B ofY;

(7) (11, 72)0-Cl(f~(o102-Int(0102-CUV)))) C f~1(0109-CUV)) for every o102-open set
VoofY;

(8) (11,72)0-Cl(f~Y(o102-Int(K))) C f~1(K) for every (o1, 02)r-closed set K of Y;
(9) (11,72)0-Cl(f~(o102-Int(K))) C f~Y(K) for every o102-closed set K of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose that x ¢ f~!(o1,02)6-Cl(B)).
Then, we have z € f~1(Y — (01,02)0-Cl(B)) = f~((01,02)0-Int(Y — B)). Therefore,
f(z) € (01,02)0-Int(Y — B). There exists a o102-open set V' of Y such that

f(:C) eV C 0'10'2—01(‘/) CY - B.

Since f is 0(71, 72)-continuous, there exists a 71 79-open set U of X containing x such that

f(TlTQ—Cl(U)) - 0102—01<V); hence
m179-Cl({U) C f 1 (o109-C1(V)) C f 1 (Y —B) = X — f1(B).
Thus, 7172-CL(U) N f~1(B) =0 and so = & (11, 72)0-Cl(f~1(B)).
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(2) = (3): This is obvious since 0109-Cl(V') = (01, 02)0-CL(V') for every o109-open set
VofY.
(3) = (4): Let V be any oj09-open set of Y. Thus by (3), we have

X — (11, 72)0-Int(f Y (0109-CL(V))) = (11, 72)0-CU(X — £~ (0102-CL(V)))
= (11, 7)0-Cl(f 1 (Y — 6102-CL(V)))
fHo109-CUY — a102-C1(V)))

fHo102-Cl(Y = V)
[
X —

N 1N

Y -V)
FHV)

and hence f~1(V) C (71, 72)0-Int(f ! (c102-C1(V))).
(4) = (1): It follows from Theorem 2.
(2) = (5): Let A be any subset of X. By (2), we have

(71, 72)0-CI(A) C (11, 72)8-CLf 1 (f(A))) € f~ ((01,02)8-CL(f(A))).

Thus, f((11,72)0-Cl(4)) C (01,02)6-CI(f(A)).
(5) = (2): Let B be any subset of Y. Then by (5), we have

f((1,72)0-CL(f~1(B))) C (01,02)0-CI(f(f~"(B))) C (01,02)6-CL(B)

and hence (71, 72)0-Cl(f~1(B)) C f~((01,02)0-Cl(B)).
(3) = (6): Let B be any subset of Y. Since (01, 092)0-Cl(B) is o109-closed in Y, by (3)
we have

-1 (0109-Cl(o109-Int((01, 02)0-CL(B))))

(71, TQ)H—Cl(f_l (o109-Int((01,02)0-C1(B)))) C f
C £ ((01,02)6-CI(B)).

(6) = (7): This is obvious since o102-Cl(V') = (01, 02)8-CL(V') for every oj02-open set
VotY.
(7) = (8): Let K be any (o1, 09)r-closed set of Y. Thus by (7), we have
(11, 7)0-Cl(f 1 (o109-Int(K))) = (1, 72)0-Cl(f " (o109-Int (51 09-Cl(0109-Int(K)))))
C fHo109-Cl(o109-Int(K)))
= [TH(K).
(8) = (9): Let K be any o102-closed set of Y. Since 0109-Cl(o1092-Int(K)) is (o1, 092)r-
closed in Y, by (8) we have
(11, 7)0-Cl(f L (o109-Int(K))) = (71, 72)0-Cl(f " (o102-Int (51 09-Cl(0109-Int(K)))))
< fHE).



M. Thongmoon, S. Sompong, C. Boonpok / Eur. J. Pure Appl. Math, 18 (2) (2025), 6014 6 of 13

(9) = (4): Let V be any oj02-open set of Y. Then, Y — V is o109-closed in Y and by
(9), (11, 72)0-Cl(f~H(o102-Int (Y = V))) C f~1(Y = V) = X — f~1(V). Moreover, we have

(11, 72)0-CL(f ! (o109-Int(Y = V))) = (11, 72)0-CL(f (Y — 0102-CL(V)))
= (11, 72)0-CU(X — f~Ho109-CL(V)))
= X — (11, 7)0-Int(f 1 (o109-CL(V))).

Thus, fﬁl(V) C (T1,7'2)0 Int(f (O’102 CI(V)))

Theorem 4. A function f: (X, 171,72) — (Y,01,02) is 0(11, T2)-continuous if and only if
(11, m2)0-Cl(f~1(V)) C f~1((01,02)0-CI(V)) for every o109-open set V of Y.

Proof. This is an immediate consequence of Theorem 3.

Theorem 5. For a function (X, 71, m7) — (Y, 01,02), the following properties are equiva-
lent:

(1) f is O(11, T2)-continuous;

(2) (11, 72)0-Cl(f " (o109-Int(o102-Cl(V)))) C f~ Y o102-CUV)) for every (o1, 02) B-open
set V of Y;

(3) (11, m2)0-Cl(f*(o109-Int(0102-Cl(V)))) C f~ Y o102-CUV)) for every (o1, 02)s-open
setV of Y.

Proof. (1) = (2): Let V be any (o1, 02)5-open set of Y. Then,
V C 010'2—01(0'10'Q—Int(dlo'g—CI(V)))

and 0102—C1(V) = 0'102—01(01Jg—Int((TlUQ—Cl(V))). Since 01Jg—Cl(Jla'Q—Int(0102—C1(V)))
is (01, 02)r-closed in Y, by Theorem 3 we have

(7'1,TQ)H—Cl(f_l(Ulag—Int(mUQ—Cl(V)))) C f_l(O'lUg—Cl(V)).

( ) = (3): The proof is obvious.
(3) = (1): Let V be any (01,02)5 open set of Y. Since oi09- CI(V) is (o1, 092)s-open
in Y, by (3) we have (71, 72)0-Cl(f~(o102-Int(0102-CL(V)))) C f~1(o109-CI(V)). By
Theorem 3, f is 0(7y, 72)-continuous.

Theorem 6. For a function (X, 71, m7) — (Y, 01,02), the following properties are equiva-
lent:

(1) f is 0(11,T2)-continuous;

(2) (11,72)0-Cl(f~(o102-Int(0102-CUV)))) C f~1(0109-CUV)) for every (o1, 02)p-open
set V of Y;
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(3) (11, 72)0-Cl(f~(V)) C f~Yo102-CUV)) for every (o1, 02)p-open set V of Y ;

(4) f~Y(V) C (11, m2)0-Int(f~(o102-CUV))) for every (o1, 02)p-open set V of Y.
Proof. (1) = (2): It follows from Theorem 5.
(2) = (3): Let V be any (o1, 02)p-open set of Y. Then by (2), we have
(Tl,TQ)H—Cl(f_l(V)) C (71,TQ)G—Cl(f_l(Jlag—Int(Jlag—Cl(V))))
- f_l(O'lO'Q-Cl(V)).

(3) = (4): Let V be any (o1, 02)p-open set of Y. By (3), we have

X — (11, 7)0-Int(f Y (0109-CU(V))) = (11, 7)0-CL(X — f~Ho102-CL(V)))
= (11, 72)0-Cl(f (Y = 0109-CL(V)))
C fHo109-CLY — 0105-CL(V))
= X — [N o102-Int(g105-C1(V)
CX -V

)
)

and hence f~1(V) C (11, 72)0-Int(f = (o102-CL(V))).
(4) = (1): Let V be any 0102 open set of Y. Then, V is (01,09)p-open in Y, by (4) w
have f=1(V) C (71, 72)0-Int(f~(c102-C1(V))). By Theorem 3, f is (71, 72)- contlnuous.

Definition 2. [36] A bitopological space (X, T1,72) is said to be (1, 72)-reqular if for each
T1To-closed set F and each x & F, there exist disjoint T1m9-open sets U and V' such that
zelUand F CV.

Lemma 3. [37] A bitopological space (X, T1,7T2) is (71, 72)-reqular if and only if for each
x € X and each Tim2-0open set U containing x, there exists a Ty mo-open set V' such that
zreV Crmm-C(V)CU.

Lemma 4. [37] Let (X, 71,72) be a (11, m2)-regular space. Then, the following properties
hold:

(1) 172-Cl(A) = (11, 72)0-CI(A) for every subset A of X.
(2) Every TiTe-open set is (11, T2)0-open.

Definition 3. [28] A function f: (X, 7, m) — (Y,01,02) is called (71, 72)-continuous at
a point x € X if for each o103-open set V' of Y containing f(x), there exists a T1m2-open
set U of X containing x such that f(U) C V. A function f: (X, 71, 7) = (Y,01,02) is
called (71, T2)-continuous if f has this property at each point of X.

Definition 4. [30] A function f : (X, 71,72) — (Y,01,02) is said to be weakly (71,72)-
continuous at a point x € X if for each Timo-open set V. of Y containing f(x), there
exists a T1T9-open set U of X containing x such that f(U) C 0102-Cl(V). A function
f(X,m,m) — (Y,01,02) is said to be weakly (71, 72)-continuous if f has this property
at each point of X.
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Lemma 5. [28] For a function (X, 11,12) — (Y, 01, 02), the following properties are equiv-
alent:

(1) f is (11, T2)-continuous;

(2) f~Y(V) is Time-open in X for every o109-open set V of Y;

(3) f(mim2-Cl(A)) C o102-Cl(f(A)) for every subset A of X;

(4) Tima-CU(f(B)) C f~N(0109-CU(B)) for every subset B of Y;
(5) f~Yo102-Int(B)) C mime-Int(f~Y(B)) for every subset B of Y ;
(6) f~HK) is Time-closed in X for every oyoa-closed set K of Y.

Theorem 7. For a function f : (X,17,72) — (Y,01,02), where (Y,01,09) is (01,02)-
reqular, the following properties are equivalent:

(1) f is (71, T2)-continuous;
(2) f is 6(m1,T2)-continuous;
(3) [ is weakly (71, 72)-continuous.

Proof. (1) = (2): Let V be any oj02-open set of Y containing f(x). Thus by Lemma
5, f~Y(V) is myme-open in X. Since 0109-Cl(V) is oi09-closed, by Lemma 5 we have
[ (o109-CL(V)) is Ty7o-closed. Put U = f=1(V). Then, U is a myme-open set U of X
such that z € U C f1(0102-Cl(V)) = 772-Cl(f~(0102-C1(V))). This implies that
TlTQ—Cl(U) C T1T2—Cl(f71(010'2—C1(V)>) = fﬁl(Jla'Q—Cl(V)). Thus,

f(mm-Cl(U)) € g102-CL(V).

This shows that f is 0(71, 72)-continuous.

(2) = (3): The proof is obvious.

(3) = (1): Let z € X and V be any ojo2-open set of Y containing f(x). Since
(Y,01,09) is (01,02)-regular, by Lemma 3 there exists a ojo9-open set W of Y such
that f(z) € W C 0109-Cl(W) C V. Since f is weakly (71, 72)-continuous, there exists
a Time-open set U of X containing = such that f(U) C 0109-Cl(W) C V. Thus, f is
(71, T2)-continuous.

Theorem 8. Let (X, 11, 72) be (11, T2)-reqular. Then a function f : (X, 11,m2) — (Y,01,092)
is 0(71, T2)-continuous if and only if f is weakly (71, 72)-continuous.

Proof. We prove only the sufficiency. Suppose that f is weakly (71, 72)-continuous. Let
x € X and V be any oj09-open set of Y containing f(x). Then, there exists a 7 m9-open
set W of X containing z such that f(W) C o102-C1(V). Since (X, 71, 72) is (71, 72)-regular,
by Lemma 3 there exists a 7372-open set U of X such that € U C mym-Cl(U) C W.
Thus, f(1172-Cl(U)) C 0102-Cl(V'). This shows that f is 6(71, 72)-continuous.
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4. Some results on 0(7, 72)-continuity

Recall that a bitopological space (X, 71, 72) is said to be (71, m2)-T5 [38] if for any pair
of distinct points x,y in X, there exist disjoint 7 79-open sets U and V' of X containing x
and y, respectively.

Definition 5. [39] A bitopological space (X, T1,72) is said to be Tm-Urysohn if for each
pair of distinct points x and y in X, there exist TyTo-open sets U and V' such that x € U,
y €V and 1172-ClU) N 1y12-CYV) = 0.

Theorem 9. Let (X, 71, 72) be a bitopological space. If for any distinct points x and x’ in
X, there exists a function f: (X, 11,m2) — (Y,01,02) such that

(1) (Y,01,09) is o102-Urysohn,
(2) f(x) # f(2), and

(3) [ is 0(my, T2)-continuous at x and x’,
then (X, 1, 719) is T172-Urysohn.

Proof. Let x,2" be any distinct points of X. Then, by the hypothesis there exists a
function f : (X, 7, 7) — (Y, 01,02) which satisfies three conditions. Now let y = f(x)
and ¢y’ = f(2'). Then, y # . Since (Y, 01, 09) is 0102-Urysohn, there exist o109-open sets
V and V' of Y containing y and 3/, respectively, such that o102-Cl(V) No109-CL(V') = 0.
Since f is O(7y, 72)-continuous at x and ', there exist 7179-open sets U and U’ of X
containing x and 2, respectively, such that f(m72-Cl(U)) C 0102-C1(V) and

f(rm2-Cl(U")) C 0102-C1(V).
This implies that 7175-Cl(U) N 7172-CL(U”) = 0. Thus, (X, 71,72) is 7172-Urysohn.

Definition 6. A function f : (X,11,72) — (Y,01,02) is said to have a strong 0(m,72)-
closed graph if for each (z,y) € (X xY) — G(f), there exist a Tim2-0pen set U of X
containing x and a oi103-open set V of Y containing y such that

[r17m2-CUU) x 0102-CUV)| N G(f) = 0.

Lemma 6. A function f: (X, 11,72) — (Y,01,02) has a strong 6(71,12)s-closed graph if
and only if for each (z,y) € (X xY)—G(f), there exist a T1m2-0pen set U of X containing
x and a o1o9-open set V of Y containing y such that f(mi7m2-Cl(U)) Noy1oe-Cl(V) = 0.

Theorem 10. If f : (X,71,72) — (Y,01,02) is 0(11,72)-continuous and (Y,o1,02) is
o102-Urysohn, then G(f) is strong 0(r1, m2)-closed.

Proof. Suppose that (z,y) € (X xY)—G(f). Then, y # f(x). Since (Y, 01, 02) is o109~
Urysohn, there exist oj09-open sets V and W of Y containing y and f(z), respectively,
such that 0102-Cl(V') N 0102-CY(W) = (. Since f is 0(m1, 72)-continuous, there exists a
Ti2-open set U of X containing x such that f(7172-Cl(U)) C 0102-Cl(W). This implies
that f(ri72-Cl(U)) N 0102-C1(V') = 0 and by Lemma 6, G(f) is strong 0(r1, 72)-closed.
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Theorem 11. If f : (X, 71,72) — (Y,01,02) is an injective 0(71, T2)-continuous function
with a strong (71, m)-closed graph, then (X, 71, T2) is o102-Urysohn.

Proof. Let x and y be any distinct points of X. Since f is injective, f(x) # f(y). Then,
we have (z, f(y)) € (X xY) — G(f). Since G(f) is strong 0(71, 72)-closed, by Lemma 6
there exist a 7y79-open set U of X containing x and a oj09-open set V of Y containing
f(y) such that such that f(r172-Cl(U)) N o102-C1(V') = 0. Since f is (71, 72)-continuous,
there exists a 7172-open set W of X containing y such that f(7172-Cl(W)) C g109-Cl(V).
Thus, f(r172-CL(U)) N f(r172-CL(W)) = 0 and hence 7175-Cl(U) N 172-CL(W) = (. This
shows that (X, 71, 72) is o102-Urysohn.

Recall that a bitopological space (X, 71, 72) is said to be quasi (11, 72)-7-closed [40]
if every 1imp-open cover {U, | v € I'}, there exists a finite subset I'y of I" such that
X =U{nm-Cl(U,) | v € T'v}. A subset K of a bitopological space (X, 71, 72) is said to be
quasi (71, m2)-7-closed relative to X if for any cover {V, | v € I'} by 71m-open sets of X,
there exists a finite subset I'g of I" such that K C U{rm2-Cl(V;) | v € T'o}.

Theorem 12. If f : (X, 11, 72) — (Y, 01, 02) is 0(11, T2)-continuous and K is quasi (11, T2)-
A -closed relative to X, then f(K) is quasi (01, 02)-7-closed relative to Y .

Proof. Let {V, | v € I'} be a cover of f(K) by o109-open sets of Y. For each k € K,
there exists y(k) € I' such that f(k) € V 4. Since f is (71, 2)-continuous, there exists
a Tima-open set Uy of X containing k such that f(7172-Cl(Uy)) C UlO’Q-Cl(V,Y(k)). Since
{Ur | k € K} is a cover of K by T179-open sets in X, there exists a finite subset Ky of K
such that K C U{r1o-Cl(Uy) | k € Ko}. Thus,

FK) CU{f(nme-Cl(Uy)) | k € Ko}
- U{O‘10'2—C1(V7(k)) | ke Kg}.

This shows that f(K) is quasi (01, 09)-7-closed relative to Y.

Corollary 1. If f : (X,71,72) — (Y,01,02) is a 0(71,T2)-continuous surjection and
(X, 711,72) is quasi (11, T2)-H -closed, then (Y, 01, 09) is quasi (01, 09)-7-closed.

Definition 7. Let A be a subset of a bitopological space (X, 11,72). The (11, 72)0-frontier
Of A, (Tl,TQ)H—fT'(A), 18 deﬁned by (7‘1,7‘2)9—f7’<A) = (Tl,TQ)H-Cl(A) N (Tl,Tg)e—Cl(X - A)

Theorem 13. The set of all points © € X at which a function f: (X, 11,12) = (Y,01,02)
is not 0(7y, T2)-continuous is identical with the union of the (1, T2)0-frontier of the inverse
images of the o1oa-closure of o109-open sets containing f(x).

Proof. Suppose that f is not 6(71, m2)-continuous. Then, there exists a oj02-open set
V of Y containing f(x) such that f(m372-Cl(U)) is not contained in o102-Cl(V') for every
T172-0pen set U of X containing . Then, 717-Cl(U) N (X — f~1(0109-CL(V))) # 0 for
every T17o-open set U of X containing z. Thus, z € (11, 72)0-Cl(X — f~!(g102-C1(V))).
On the other hand, we have x € f~1(V) C (11, 72)0-Cl(f~!(o102-C1(V))) and hence
T € (7‘1,Tg)e—fr(ffl(0102—01(‘/))).
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Conversely, suppose that f is 6(m, 72)-continuous at x € X. Let V be any o1092-open

set of Y containing f(z). Then by Theorem 2 we have

z € fHV) C (11, 7)0-Int(f~ (a109-CL(V))).

Thus, z & (11, 72)0-fr(f ! (c102-C1(V))) for every cioz-open set V of Y containing f(z).
This completes the proof.
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