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Abstract. The modified reflection operator plays a crucial role in optimization, particularly in
algorithms designed to solve constrained optimization problems. By effectively transforming
feasible solutions while maintaining their viability within defined constraints, this operator en-
ables smoother navigation through the solution space. It enhances convergence rates and stability
in iterative methods, such as projected gradient descent and proximal algorithms. In this paper,
we investigate the fixed point sets of the compositions of three modified reflection operators onto
linear closed subspaces. We also derive formulas for the compositions under different parameters.
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1. Introduction

The modified reflection operator is a vital component in optimization, particularly
in algorithms that address constrained optimization problems. This operator facilitates
the transformation of feasible solutions while ensuring they remain within the defined
constraints, allowing for a more efficient exploration of the solution space. By enhancing
the convergence rates and stability of iterative methods, such as projected gradient de-
scent and proximal algorithms, the modified reflection operator significantly improves
the performance of optimization algorithms (see [1], [2], [3], [4], [5], [6], and [7] for more
information). Moreover, it is particularly effective in navigating non-convex landscapes,
as it aids in the exploration of local minima, thereby reducing the risk of stagnation in
suboptimal solutions. Its adaptability to various constraints further underscores its ver-
satility, making it an essential tool in a wide range of applications, from machine learning
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to engineering design. Overall, the modified reflection operator contributes to more ro-
bust and efficient optimization processes, ensuring that algorithms can effectively tackle
real-world problems (see [8] for more information). Throughout, we assume that

H is a real Hilbert space with inner product (-,-) : H x H = R, (1)

and inducednorm || - || : H — R: x — /(x, x). Let A : H =2 H be an arbitrary set valued
operator, i.e., Ax C H (Vx € H) The graph of A, donoted by Then gra A, is defined as

graA = {(x,y) EHXxH|ye Ax}.

A set-valued operator A : H = H is a monotone if

(V(x,u) € graA) (V(y,v) € graA> (x —y,u—v) > 0.

A monotone operator A is a maximally monotone if there exists no monotone operator B
such that gra A C gra B. That s, for every (x,u) € H X H,

((x,u) € graA) & (V (y,v) € graA) (x —y,u—v) >0.
The Id is the identity operator defines as Id : H — H : x — x and satisfies (8).

Definition 1. [9, Definition 3.28] Let A be a monotone operator from + = H and denote
the associated resolvent by
Ja=(1d+A)"" 2

The reflected resolvent of A is denoted by R4 and defined by
Rp=2J4—1d. 3)

Example 1. Let A = Id. Then J4 = %Id and R4 = 0. To show that let y € H and set
x = Jay. Theny € (Id+A)x. Thisimpliesthaty = x+x & y = 2x & x = v.
Therefore, [4 = %Id. Using (3) gives R4 =2(1/2)Id —1d = 0.

Definition 2. [9, Definition 4.1] Let U be a nonempty subset of H. A mapping T : U — H
is nonexpansive or Lipschitz continuous with constant 1, i.e.,

(Yret) (vyel) [Tx—Tyll < |lx—yl. (4)
Moreover, T : U — H is firmly nonexpansive if
(VreU)(vyel) |Tx—Ty|2+1d-T)x— (-T2 < [x—y[> ()
The Fix T is the set of fixed points of T defined as

FixT:={x € H | x = Tx}. (6)
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Definition 3. Let U be a nonempty closed and convex subset of H and let z € H. The
projection operator (this is also known as the closet point mapping) of z onto U is the
unique point in U denoted by Py; z that satisfies

|z — x|| = inf||u — z|, where x =Py z.
Let U be closed linear subspace. Then,
Ry :=2Py —1Id. )

and
Id :=Py +Pye . (8)

Example 2. Let U be a nonempty closed convex subset of H and let Ry = 2Py —Id be a
nonexpansive operator on U. Then Fix Ry = C. To show that let x € H. Then x = Ryx.
Using (3) gives x = 2Py x — x. This implies that Pyx = x & x € U.

Example 3. Let A = a + Py, where U is a closed linear subspace of H and a € H. Then
Ja=(1d—3Py)+ (3Py—Id)aand Ry = (Id —Py ) + (Py —21d )a.

Proof. See [9, Lemma 4.3 (i) and (ii)]. |
For more details about the composition of reflectors, see [10], [9], [11], [2], [12], and
[13]. A comprehensive analysis of nonexpansive mappings under the condition of isom-
etry of finite order of R was provided in [9, Lemma] and [14, Section 3]. We refer the
reader to [15, Exercise 12.16], [2, Example 20.29], and [16]
In this paper, we study the composition of three modified reflection operators and their fixed
point sets.. Our results can be summarized as follows:

* Lemma 1 and Lemma 2 provide key properties concerning the fixed point set of the
composition of two modified reflection operators.

¢ Theorem 1, Theorem 2, and Theorem 3 show that the sequence in which three mod-
ified reflection operators are applied affects the fixed point set of their composition.
These theorems offer valuable insights into the fixed point set resulting from the
composition of three modified reflection operators.

e Under different parameters 7, B, « € (0, 1], we derive formulas for the composition
of two modified reflection operators (see Lemma 1 and Lemma 2). Additionally,
formulas for the composition of three modified reflection operators are given in
Theorem 1, Theorem 2, and Theorem 3.

The notation employed in this paper is standard and closely aligns with that in [9, 17],
and [2].
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2. Results

In this section, we will present significant new results regarding the composition of
two and three modified reflection operators, as well as their corresponding fixed point
sets. We will explore the properties and interactions of these operators, highlighting how
their compositions influence the structure of the fixed point sets.

Lemma 1. Let U be a closed linear subspace of H, and let U denote the orthogonal
complement of U. Let § €]0, 1]. Recall from (7) that

Ru =2 Pu — Id,
where Py is defined in Definition 3. The following results hold:
(i) RyrRy = —Id = RyRy,..
(i) (28Py—1d) = pRu+ (1 - p)(~1d).
(iii) (28Py: —1d) = BRy: + (1 — B)(—1d).
(iv) —(2BPy—1d) = BRy: + (1 —B)1d.
(v) (2BPy—1d)o(—1d) = —(2Py—1d).
(vi) Fix ((2Py —1d)o(—1d)) = Fix (— (28Py —1d )) = Fix (BRy+ (1—B)(—1d)) =
u-t.
Proof.
(i): See [9, Lemma 6.2 (i)].
(ii): Using (7) gives
(28Py—1d) =2pPy —Id+pId —pId
= (2BPy —pId) + (1 - p)(~1d)
= BRu+ (1—B)(—1d).
(iii): Applying (7) yields
(28Py: —1d) =2BP;. —1d +p1d —p1d
= (2BPy. —pId) + (1 - B)(—1d)
= BRyL + (1 —B)(—1d).
(iv): Using (7), (8), and (ii), we obtain

—(2BPy—1d) = —(BRu + (1 - B)(—1d))
=—BRy+(1-p)Id
=—p(2Py—1d)+(1—-B)1d

—B(Pu—(1d=Py)) +(1—-p)Id
=—p(Pu—Py.) +(1-p)Id
—B(Pu—Pyr +Pyi =Py ) +(1—-p)1d
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= —B(Pu+Pyr —2Py. )+ (1—B)1d
= —B(Id—2Py. )+ (1—-B)1d
=BRy. +(1—-p)1d,
as required.
(v): Let x € H. By using (ii) and (iv), we have
(28Py—1d) o (—Id)(x) = (28Py —1d ) (—x)
= 2BPy(~x) - ()
= —2BPy(x)+x
= —(2BPyx—x)
= BRyx + (1 - p)x
(vi): It follows from (ii), (iv), and (v) that
Fix ((28Py —1d) o (—1d)) = Fix (— (28Py —1d)) = Fix (BRu + (1 — B)(—1d)).
Let x € H. Then

x = BRys (x) + (1 P)x
— Ry (x) +x — B,

therefore,

x—x = BRy(x) — Bx
0=pB(2Pyx —x) — Bx
0=2BPy x —2Bx,

and
2Bx = 2B Py x.
Hence,

x=Pyux & Fix((28Py—1d)o(-1d)) =U".
|

Lemma 2. Let U be a closed linear subspace of #, and let v, B €]0, 1]. Then the following
holds:

—1d, forp=v=1
(ZﬁPuL—Id)(z’yPu—Id): 0, fOI‘,BI’}/Il/Z
Id —2(BPy. +yPu), forpf,yv#1

= (Z’yPu—Id)(Z‘BPuL —Id)
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Proof. Using Lemma 1, (i), (ii), and (iii) yields

(2BPy1 —1d) (2yPy—1Id) = (BRy: + (1 — B)(—1d)) (yRu + (1 — 7) (- 1d))
= —pyld+p(1—7)Ru— (1= B)yRu+(1-p)(1—7)Id
=BRy — YRy — (B+)1d+1d
=1d —2(BPy. +7Pu).

There are 3 cases:
Case 1: If B = v =1, then

(2P, —1d) (2yPy —1d) =1d —2(Py. +Py)
=I1d-2Id = —1d,
by (8).
Case2: If B =y =1/2, then
(Pyr —Id)(Py—1Id) =1d —(Py. +Py)
=Id-Id=0,
Case 3: If B,y # 1 and B,y # 1/2,then
(2BPy —1d ) (2yPy —1d) =Id —2(BPy. +7Pu).

Applying Lemma 1, (i), (ii), and (iii), the same strategy can be appied to show that

—1d, fory=p=1
(Z’YPU—Id)(zﬁpuL_Id): 0, fory=6=1/2
Id —2(yPyu+BPy. ), forvy,p#1

Therefore,
(2ﬁPuL —Id)(Z’yPu —Id) = (nyPu — Id) (Z,BPW —Id).

Example 4. Let X = R? and suppose that U = R x {0} and x = (2,2). Then U+ = {0} x R,
and by Lemma 2, we obtain the following:

Casel. If f =y =1, then

(2P{0}X1R —Id) (2 P (0}(2,2) — (2,2)) - <2P]RX{O} —Id) <2P{O}X]R(2,2) . (2,2))
(—2,-2).
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Case2. If =y =1/2, then
(Plopr —1d ) ( Proco) (2.2) = (2.2)) = (Procgoy —1d ) ( Projx(2,2) = (2,2))
— (0,0).
Case 3. If B,y #1/2and B,y # 1, then

(2BP1o1xr —1d ) (27 Pryc03 (2,2) = (2,2)) = (27 Proqoy —Id ) (2BP(oyxr(2,2) — (2,2))
=(2,2) —2(B(0,2) +7(2,0))

Note that when B,y — 0, then
(2BP(oyxr — Id ) (27 Pryq0y (2,2) — (2,2)) — (2,2).
Additionally, when B,y — 1, then
(28P1o1xr —1d) (29 Prucq} (2,2) = (2,2)) — (=2,-2),
which satisfies the first case.

From now and on, deffine the modified reflector operators;

RU,’y = 2’)’ Pu - Id, (9)
RUL,,B = 2‘3 Pul - Id, (10)
Ryga:=2aPy—1d. (11)

Theorem 1. Let U and V be claosed linear subspaces of H. Suppose that B,v,a €]0,1]
and recall from (9), (10), and (11) the modified reflector operators. If B,y = 1, then the
following are holds true:

(1) RV,:XRUL,/SRU,W = “va + (1 — (X) Id
(i) RvaRuyRyrg=aRy: + (1—a)ld
(iii) RUJ-,'BRU,’)/RV,IX = IXRVJ_ + (1 — 0() Id
(iV) RU,’yRui,ﬁRV,tx = IXva + (1 - Dc) Id

(V) Fix (RV,szui,ﬁRU,v) = Vl
(Vi) Fix (RV,IXRU,VRLIL,‘B) = Vl
(vii) Fix (Rui,ﬁRu,vRvﬂ) =Vt

(viii) Fix (RuqRye gRy,e) = V-

Additionally, if B,y # 1 and a« = 1, then the following hold true:
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(iX) RvaRye gRu,y = 2Py 4279 Py +2BPyr —4y Py Py —4pPy Py —1d.
(X) RV,aRU,’yRui,ﬁ = RV,aRui,ﬁRU,'y

(xi) RUL,ISRU,WRV,N =2Py +29Py +2,B PuJ_ —4v Py Py —4‘3 PUL Py —Id

(Xii) RU,’yRui,ﬁRV,a = Rui,ﬁRu,’yRV,a-

Moreover, if 8, y,a # 1, then the following hold true:
(Xiii) RV,thui,,BRU,'y =2u PV +2’)/ Pu +2,B PuL —40&’)’ PV Pu —4[Xﬁ PV PuL —Id.
(XiV) RV,{XRU,*yRUi,ﬁ = RV,aRul,ﬁRU,ﬂy
(xv) Rui,'BRU,'yRV,tx =20 Py +2v Py +2B Py —4ya Py Py —4pa Py Py — Id
(XVi) RU,WRUL,/{;RV,(X = Rul,ﬁRU,vRV,tx'

Proof. (i): Using Lemma 1, (i), (iv), and (v) gives
RV,(xRui,lRU,l = RV,(X( — Id) = —RV,,X = (XRVL + (1 — IX) Id
(ii), (iii), (iv): The proof follows a similar approach as in (i).
(v): It follows from (i) that Ry « Ry gRu,y = aRy1 + (1 —w)Id, and using (6) and (i) gives
Fix (RV’D‘RL[L"BRU/},) = Fix (aRy. + (1 —a)Id). Next, applying Lemma 1 (vi) yields, x €
Fix (Ry«Ry: gRu,y) < x € V. (vi): The proof follows a similar approach as in statement
(v), combining (6), (ii), and Lemma 1 with (vi). (vii): The proof adopts a similar method
to that used in statement (v), combining (6), (iii) and Lemma 1 (vi).
(viii): The proof follows a similar approach as in statement (v), combining (6), (iv) and
Lemma 1 with (vi).
(ix): Using Lemma 2 and (3) gives
RV,D(RUL,‘BRU,’)/ — RV,lRUL,ﬁRUﬂ

= Rva — Rv2yPu+Ry12p Py

= (2Py —1d) — 2Py —1d )2y Py +(2Py —1Id )28 Py1

=2Py +29Py —|—2ﬁ PuL —4v Py Py —4,3 Py PuL —1d.

(x): Following the same approach as in statement (ix) gives

RV,aRu,yRui,ﬁ = Ry1Ry,Ry:
= 2Py +2y Py +2BP. —4yPy Py —4BPy Py —1d.

Combining this result with (x) illustrates that when a = 1
RV,aRU,'yRul,ﬁ = RV,NRU,'YRUL,ﬁ-
(xi): Using Lemma 2 and (3) yields

RuL,'BRU/),RV’a = Rui,‘BRU,”yRV,l
= RV,l — (2’)’ PU)RV,l + (2[5 PUL)RV,l
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= (2Py —1d) —2yPy (2Py —1d) + 2Py (2Py —1d)
= 2Py +29 Py +2B8Py . —4yPyPy —4BP,; Py —1d.

(xii): Applying the same method as in statement (xi) gives

RU,’)/RUL,’BRV,IX - RU,W’RULRVJ
=2Py+29Py —|—2,3 PuL —4+ Py Py —4ﬁ PuL Py —1d.

Combining this result with (xi) illustrates that when a =1
RU,’YRUJ‘,‘BRV,D( — Ru,’)’RUL,ﬁRV,tX‘
(xiii): Using Lemma 2 and (11) gives

RV,aRui,ﬁRU,’y = RV,zx - RV,ocZ'Y Py +RV,0&2,B Pui
= (2aPy —1Id) — (2a Py —1d )2y Py +(2a Py —Id )28 P;.
=2 PV +2’)’ Pu +2‘B PuL —41)(’)’ PV Pu —406ﬁ PV PuL —1Id.

(xiv): Following the same approach as in statement (xiii) gives
RyaRuyRyr g =20 Py +27 Py +2p Py —4ay Py Py —4apPy Py —1Id.
Combining this result with (xiii) illustrates that when a # 1
Ry«RuyRyr g = RvaRuy Ry p-
(xv): Using Lemma 2 and (11) yields

Ryt gRuyRva = Rve — (27 Pu)Rv,e + (2BPy1 )Ry
= (2aPy —1d) —2yPy (2aPy —1d) +2B Py (2aPy —1d)
=2« PV +2’)/ Pu —|—2‘B PuL —4’)’0& Pu PV —4[306 PuL PV —1d.

(xvi): Applying the same method as in statement (xv) gives
RLI,'yRui,‘BRV,Dc =20 Py +29 Py +2BPr —4ya Py Py —4Ba P Py —1d.
Combining this result with (xv) illustrates that when a # 1

RU,’YRUL,‘BRVIIX = Ru,’}’RUL,IBRV,D(‘

Remark 1. Regarding Theorem 1, if B = v = a = 1, then the following holds:
(i) RvaRyrgRuy = Ryt
(ii) RvoRuyRyrp = Ryt
(iii) Ryt gRuyRyv,e = Ryt

90f13
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(IV) RU,’}/RUL,/SRV,(X = RvL

(v) Fix (Ry Ry gRu,y) = VE
(vi) Fix (Rv,Ru Ryeg) = V*
(Vll) Fix (RuL,‘BRU,fyRV,IX) = Vl
(viii) Fix (R, Ry1 gRv,a) =V

Proof. (i), (ii), (iii), (iv), (v), (vi), (vii), and (viii): See [9, Proposition 6.3 (i), (ii), (iii), (iv),
(v), (vi), (vii), and (viii)] for the proof. |

Theorem 2. Let U and V be claosed linear subspaces of H. Suppose that ,v,« €]0,1]
and recall from (9), (10), and (11) the modified reflector operators. If B = v = a = 1, then
the following holds:
(1) RuyRvaRyt g = Id +2Py +8Py Py Pyyj. —4Pyu Py —4Py Py
(ii) Rui,ﬁRV,aRU,'y =I1d+2Py +8 PuL Py Py —4 Pul Py —4Py Py
(iii) Fix (RU,'YRV,thul,‘B) = Ru(VL)
(iV) Fix (Rul,ﬁRV,acRU,“y) = Ru(VL).
Additionally, if B,y = 1, then the following holds:
(V) RU,’yRV,aRUL,/S = Id +2« PV +8ua Pu PV PuL —4u Pu PV —4n PV Pul
(Vi) Rui,ﬁRV,aRU,'y = Id +2« PV +8a PuL PV Pu —4n PuL PV —4u PV Pu
(Vii) Fix (RU,'YRV,aRul,‘B) = Ru,1 (VL)
(Viii) Fix (Rul,ﬁRV,aRU,“y) = RU,l (VL)
Moreover, if B,y # 1 and a = 1, then the following holds:
(ix) We obtain

RU,WRV,szUL,ﬁ = 8’)’,3 Pu PV PuL —47 Pu PV —4,3 PV PuL +2(’)’ Pu +ﬁ PuL + PV ) —1d
(x) Also,
RUJ-,,BRV#XRU,’Y = 8[3’)’ PUL Py Py —4‘3 PUJ_ Py —4vy Py Py +2(,B PUL +vPy+Py ) —1Id
Proof. (i): From (3), we have
Ru’«yRVﬂRuL/ﬁ - RullerlRuLll
= (2Pu — Id) (4PV Py —2Py —-2P1 +Id)
=8Py Py Py —4PyPy +2Py —4Py Py +2Py +2P;;. —1d
= 8Py Py Py —4PyPy +2(Py+Py. ) —1d —4Py Pyi +2Py

= 8PUPVPuL —4Py Py +1d —4P\/PUL +2Py
— 1d +2Py +8Py Py Py, —4Py Py —4Py Py

(ii): The proof follows a similar approach as in (i). (iii), (iv): See [9, Proposition 6.5 (i) and
(ii)]. (v): Using (3) yields

Ru,’yRV,aRui,ﬁ - Ru,lRV,aRul,l



S.Th. Alwadani / Eur. J. Pure Appl. Math, 18 (2) (2025), 6031 11 0f 13

= (2Py —1d) (4a Py Pyu —2aPy —2P; +1d)
— 8a Py Py Py —4a Py Py +2Py —4a Py Py +2a Py +2P —1d
= 8aPy Py Py —4aPyPy +2(Py +Py ) —1d —4a Py Py +2a Py
= 8a Py Py Py —4a Py Py +1d —4a Py Py +2a Py
=1d +2a Py +8a Py Py Pyjr —4a Py Py —4a Py P
(vi): The proof adopts a similar method to that used in statement (v).
(vii): Using [9, Lemma 6.4] and Lemma 1 (vi) gives
Fix (R Rv,aRypi g) = Fix (RuiRy Ry )
= Ry,1(FixRy “RuLllRull)
= Ry, (Fix (Rv«(—1d)))
= Ru1(F1XRVL )
= Ryq(VH),
as required.
(viii): The proof follows a similar approach as in (vii).
(ix): Using (9), (10), and (11) gives
RunRvaRy1 g = RuyRvaRy g
= Ry, (4BPv Py —2Py —2BP;. +1d)
= (2yPy—1d) (4pPy Py —2Py —2BP;. +1d)
= 8yB Py Py Py —4yPyuPy —4BPy Py +2(yPu+BPy. +Py ) — 14,

as required. (x): The proof follows a similar approach as in (ix). |

Theorem 3. let X, Y, and Z be closed subspaces of H. Suppose that p,y,a €]0,1] and recall
from (9) the modified reflector operator. Then

FiX(RX,aRy/[;RZ,y) = Fix ([X PX —|—‘B Py +y PZ +4DC,B')/ PX Py PZ —ZIX‘B PX Py
—2a7PXPZ—257PYPZ)

and
FiX(RX,,XRy,[;RZ/y) Q X+Y+Z (12)

Proof. Using (9) implies that
Ry,/gRZ,fy = (2‘3 Py —1d ) (2’)/ PZ —Id ) = 4[5")/ Py PZ —2[5 Py —2’)/ PZ +1d.
Next,

RX,zx (4ﬁ’)’ Py PZ —ZIB Py —2’)’ PZ + Id) = (206 PX — Id) (4‘8’)/ Py PZ —Zﬁ Py —2’)’ PZ + Id)
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=2aPx —|—2,B Py +29P; —|—80c,87 Px Py Py —4.0(,3 Px Py
— 40(7 PX PZ —4[3')/ Py PZ —1Id.

Therefore,

RX,DCRY,,BRZ,’)/ =2aPx —|—2[B Py +2’y Py —I—SIXﬁ’)f Px Py Py —406,3 Px Py —40&’)’ Px Py
—4‘8’)/PyPZ —1Id.

Let x € Fix (Rx«Ry,gRz,,). Then we obtain

x = Rx,aRy Rz (x)

& 2x =20 Px(x) + 2B8Py(x) + 2y Pz(x) + 8apyPx Py Pz(x) — 4afPx Py(x)
—4ayPxPyz(x) — 4B7 Py Pz(x)

& x = aPx(x) + BPy(x) + yPz(x) +4apyPx Py Pz(x) — 2a Px Py (x)
— 20y Px Pz (x) — 2B Py Pz(x)

As a result,
Fix(Rx,«Ry Rz, ) = Fix (a Px +BPy +vy Pz +4aBfyPx Py Pz —2af Px Py
— 20 Px Pz —2py Py Py )
Consequently,

FiX(RX,thY,‘BRZ,'y) CX+Y+Z.
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