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Abstract. In this study, we introduce the conformable double Laplace-Sawi transform, a method
for solving fractional partial differential equations that appear in various physical and engineering
models. These models use derivatives and integrals based on the newly defined conformable deriva-
tive. The study first explores key properties of the conformable double Laplace-Sawi transform.
Then, as an application, the method is applied to solving the conformable telegraph equation, the
conformable heat equation, and the conformable Klein-Gordon equation, which are widely used in
scientific and engineering fields.
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1. Introduction

Fractional partial differential equations are important in modeling real-world problems
in physics, electrical circuits, fluid dynamics, optics, and mathematical biology. One
useful concept introduced in [1] is the conformable fractional derivative, which keeps many
familiar properties of standard derivatives.

Recently, researchers have developed various methods to solve conformable fractional
partial differential equations, including the conformable double Laplace transform see [2],
[3] and the conformable double Sumudu transform see [4].

More recently, researchers have developed a new technique called Double Laplace-Sawi
transform [5], which has been successfully applied to different types of partial differential
equations. for more details about integral transform see [6-12].
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In this study, we introduce the conformable double Laplace-Sawi transform (CLSW) as
a new approach to analyzing conformable partial differential equations. We first explore
its fundamental properties, including the conditions for its existence and its behavior
with differentiation. We explore new methods for solving conformable partial differential
equations, providing a new viewpoint that may lead to more advances in math and real-
world uses.

2. Conformable Fractional Derivative

In this section, we present fundamental definitions and theorems related to conformable
fractional derivatives.

Definition 1. [1] “Let 0 < o« < 1 and w : (0,00) — R. The conformable fractional
derivative of order a is defined as:

d- LT —w(y)
dy® T—0 T

where v > 0, and gy—aa is referred to as the fractional derivative of order o.”

Definition 2. [18] “Let 0 < aj,a2 < 1 and w(vy,n) : (0,00) x (0,00) — R. The con-
formable partial derivatives of orders ccy and ag of the function w(vy,n) are defined as:

9 . w(y + 7y ) —w(y,n)
Gy 1) = iy T
92 - w(y,n+ 710 72) —w(v,n)
WW(% n) = llg(l) -
where v,m > 0, % and (5?7;22 are referred to as fractional derivatives of orders oy and

ao, respectively.”

Theorem 1. [1}/Suppose that w(vy,n) is differentiable at a point v,n >0, 0 < ag, 0 < 1,

then:
aalw — 71—04187(’”
Oy 0y’
0w 4, 0w

one2 g on’
3. The Conformable Double Laplace-Sawi transform

This section serves to introduce the CLSW. We commence by delineating its fundamen-
tal properties, encompassing aspects like linearity. Subsequently, we reveal a novel result
associated with partial derivatives. Ultimately, we illustrate how these insights enable us
to compute the CLSW for various essential functions.
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Definition 3. Let w(y,n) be a continuous function on (0,00) x (0,00). Then
1- The Conformable Laplace transformation (CL) of w(vy,n), denoted by LS[w(v,mn)], is
defined as:

@

(o]
H () = L§(w(v,m) :/eulw )y ldy, peC
0

2- The Conformable Sawi transformation (CSW) of w(v,n), denoted by Lyfw(vy,n)], is
defined as:

\]

1()0
S(r) =W (wly 2/eza w(y,nn®tdn, € C
0

3- The Conformable Laplace Sawi transformation (CLSW) of w(v,n), denoted by LS* W2 [w(vy, n)],
is defined as:

2
Qu,7) = LYW [w(y,n)] 72/ / W) w(y, )y 2 L dydn.

Theorem 2. Assume thatw : (0,00)x(0,00) — R such that Q(p, 7) = L' W2 [w(%, %)]
exist, then
arprazy,, (Yo 10
LYW w(—, —)] = LyWy[w(v,n)],

a1 o

where

2
LyWylw(y,m)] 72// ~ ) w(y,m) dy dn.
Lemma 1. L$*W2(w(7,m)) is a linear transformation.

Proof. for nonzero constants A and v, we have

LW (Awr (v, m) +vwz (7, 1))

1 o0 o0 L )
_ Jot4n
- 2//6 s TaZ)(Awl(%n) + vwa (v, )y 2 L dydn,
00

\‘

1 [eenee) 2
42
2/ / R T
00

o0

7(,“70471 Za2> a1 — 1 a2 1

e L2 S (7, M)y dydn +v—
0
(07

07 nz(wl(’77n))+VL:1W7?2(W2(’7777))'

If w(v,n) can be written as w(y,n) = p(y)q(n) for some continuous functions p and g,
then L& V22 (w(y, 1)) = L& (p(y)) W22 (g(n). In fact

LYW (w(v,m) = LSW2(p(v)a(n))
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o0 0
1 e
= 5 / / o) p() (™
0 0
oo o
011—1 ]‘ _7]0‘2 042—].
= W p dy | | = [e T atmn™"dy
0

= ((y))Wy2(a(n))-

3.1. The Conformable Double Laplace-Sawi transform for some basic
functions

LW [c] = LyWy[c] = o ceR,
(i)
A v
y n?
LW
T [<a1> <Oé2> ]
= Lanh)\ﬁy]
v—1

T

= 7 TA+ DI(r+1), Re(u) > 0 and Re(A) > —1,
W
(i)
a a )\TJF = 22
s [

1
T(w—A) (1 —vr)

= LW, [ = ,Re(i) > Re()).

3.2. Existence condition for the Conformable Double Laplace-Sawi trans-
form

Definition 4. Let 0 < ay,a3 < 1. Then a function w(vy,n) is said to be of conformable
exponential orders A and v on 0 < v < 00 and 0 < 77 < 00o. If there exist K, X, Y > 0 such

)\ﬂ+lj7a 'y
that |w(v,n)| < Ke™ ™ , for all > X, I=>Y.

Theorem 3. Let 0 < aj,as < 1 and w(%n) be a continuous function on the region
(0,00)x(0,00) of conformable exponential orders A and v. Then Q(u, ) = L W2[w(v,1)]
exists for p, T whenever Re (1) > A and Re (1) > v.
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Proof. We have

90,7 = ;77
00

IN
‘1&‘ —_
o~——3

oo
1 2 1
S K% /6_( ’Yo‘l +1T2>e ’Yal Vn@Q f}/al L2 ldfydn
T
00
9] 1 o.9]
(et (1ot
_ K /e (N ar-1g, 72/6 G oa1gp
0 0

T(p =N (1—vr)’

where Re (1) > A and Re (1) > v.

3.3. Derivatives properties

Now, we present some basic properties of the CLSW

Let Q(p,7) = L§'W2 (w(v,n)) where w(v,7) is a continuous function on (0,00) x
(0,00). Then

(i)
9" w(v,1n)

e (S

):Mm%ﬂ—W$wmm» (1)
(i)

onppras [ W a az (20,1
L,yan 2 (8")/2(0‘1)> = ,UQQ(MyT) - ,UWn Q(W(Ovn)) - W77 2(81-)/(041))’ (2)
(i)
SR ¥ 74 aagw(,)/,n) — 1 1 a
L'y an (ano& = ;Q(ILL,T) - ﬁLyl(w(’Ya 0))) (3)
(iv)
N N 82042(‘}(,7’ 77) 1 1 o 1 a 80@0)(’77 O)
LWy <an2a> = m ) = SIS W, 0) - F L5 (5 ) ()
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. 910w (v,n) 1T~ (n 22 9210(y) 1 an—1
Proof. Proof of Equation 1 L1 W2 (877@?77) = [ [e \" o Tree) Sy ine e dydy.
00
9 wym) _ 11— W,
By Theorem 1, we have % =~ a1%. So,

41

Loy o2 0*lw(vm) ) _ Lofe_% a2—176_# a1 aw(%ﬁ)d d
v 9y = T oy 4T

By integrating by parts, we get

Loy o2 0lw(y,m) | _ LOO *Zzz as—1 [ _ 0 < 7“’1:11 ay1—1 d d
SWpe (S ) = & fe ey w(0,m) +pfe e w(v,n)y v ) dn
0 0

72 n%2

1 o0 _n2 as—1 u T 7<“ﬂ+ ) a1—1,as—1
=—%fe T2w0,nn*tdn+ L [ e \" e Tre2)w(y, m)y* g2 dydn
0 00

= 18 (p, 7) = Wi (w(0,7)).
The proof of Equations 2, 3 and 4 can be obtained in the same manner.

In Table 1, we have the CLSW of some basic functions.

Table 1: Table of CLSW

w(y,m) LWy (w(v,n)
c 7 Re(u) >0
,Yal A naz v 7_u—l
(71) (72) L D(A+ 0w +1), Re(u) > 0 and Re(A) > —1
/\ﬁ—&-uﬁ 1
e ala @2 W, Re(,u) > Re()\)
() i Im(\) 4+ Re(s) > 0
=N (itvr)? H
. aq 2 Aptv
sin ()\”a—l v > T . [Im(M)] < Re()
cos (A% + u”aj) e ey ()] < Re(u)
sinh (A% + u%) %, Re(n) > Re(\) and Re(p) + Re(N) >0
cosh )\% + V%) Wm, Re(p) > Re(A) and Re(p) + Re(N\) >0
p(v)a(n) L3 ()W (a(n))

4. Applications

In this section, we use the CLSW for solving conformable partial differential equations

Example 1. Consider the conformable telegraph equation

P*Mw(y, ) 0*w(v,m) | 0™ w(y,m)
-2 =4 h 0 5
8,-)/2041 87720‘2 + a,yal w(77 77)7 wnere 7y, 1 > ( )

With initial conditions (ICs)
L g2w(y,0) 2%t

Qu
W("}@O) =e M ) 877042 e

)
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and boundary conditions (BCs)

0%1w(0m) _ 2 _%
Toyer T ¢ T

Solution 1. By applying the CL to the ICs and the CSW to the BCs, we get
al a1 a1 a1
Lo (ewal) = L, I (-8%) = L, W (e‘"al> S (25%) _
2

T(1+7)
Apply the CLSW to Equation 5, we get

_n_-
w(0,n) =e o1,

9 7 2 2 2 2 1
O — — — —=0 - Q- — =40
H T(l+7) 7(1+7) 72 +7'3(,u—2) 72(u—2)+u T(1+7)
So,
s ~ 7o T 70y
7147 72— T (p—
Q(:u’ﬂ T) - 2 QM E
we = +pu—4
72(1—2) (u+3)—2(1+7)+27(1+7)
_ 73 (p—2)(147)
- w224 pr2—472-2
7—2
By simplify,
1
Qlu,7) = .
(1 7) T(p—2)(1+71)
So,
. o 1 0™l %2
— Lal WOQ — a ag |
w(y,m) ( ’7) ( n ) <7’(u—2)(1—|—7‘)) e =t 2

The following figures show the 3D representation of the solution at oy = a = 0.5, 1.
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wl=y, i) whenever o1 = 02 =0.5 wl-y, i) whenever a1 = a2 =1

80 -

80~ 50 ~

The following two figures illustrate the 2D graph of the solution with respect to v and
n at a; = ag = 0.7,0.9, 1.
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Example 2. Consider the conformable heat equation

5 07w(y,m) O*1w(v,m)

— it = 0y, = 0T

1 2

_(11 = 612 = Dg

a0, = 1

—(':1 =1":2='U.?

_(’11 =1"tz = ﬂg

AT a,= 1

877042 372(11

a1

=w(y,n) + QL, where y,n > 0
a1

9 of 17
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With IC
aq aq
w(v,0) = cos (%) — 211 )
and BCs o
n_- o«
w (0777) =e", ;ﬁ’;&?:n) =-2

Solution 2. By applying the CL to the IC and the CSW to the BCs, we get

Lot (COS (ﬁ) _ Qﬁ) — M2 o (67'511) _ 1 Wz (—2) = —2
¥ al a uZ+1 w22 trn T(1-7)> "' n T
Apply the CLSW to Equation 6, we get

2 21 4 9 n 2
—Q— Q- — - =Q+ —
T 72(u2+1)+u27'2+u 7'(1—7)+7' +,u27'
So,
2u __4 + 22 _ 2 + 2
Q(,u 7_) T2 (p241) u2r? T(1—7) T 2r
) - P) 2
P + ue — 1
By simplify,
n 2
Q = _ =
(1 7) T(2+1)(1—7) pir
So,
-1 -1 7! 2 n{;ﬁ fyOél 7041
w(y,n) = (Lf';l) (WT‘;‘Q) <T(M2 g — H27'> = e %2 Cos < - > -2 o

The following figures show the 3D representation of the solution at oy = as = 0.7, 1.
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wly, i) whenever o1

=a2=0.7 wl-y, i) whenever a1 = a2 =1
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0 -
. 310+
-10
20 - 20
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2
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The following two figures illustrate the 2D graph of the solution with respect to v and
n at a; = ag = 0.5,0.8, 1.
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—(':1 = 1":2= 0.5
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Ay T a,= 1
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G
—y =f12=ﬂ.5
— = nZ:U.B
i a,Ta,= ;
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Example 3. Consider the conformable Klein-Gordon equation

O*1w(v,m)

9*2w(v,m)

672011

= w(v,n), where vy, >0

12 of 17
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With ICs )

. aq X2 0 O7
w(v,0) = sin (%) 7 87752 )
and BCs

w(0,n7) =0, 8“(;:15(1)777) = cosh (%) .

Solution 3. By applying the CL to the ICs and the CSW to the BCs, we get
191 (sin (1)) = A, L9 (0) = 0, W= (0) = 0, W= (cosh (%2 ) ) = 2

‘a1 uZ+1 o2 T(1-72)
Apply the CLSW to Equation 7, we get

1 2 2
+ =0

2
- — -
R ) = R N (T Y)

So,

1 2
G B e )
MQ + 2 _ 1

T2

Q(M> T) =

By simplify,

So,

= 07 (s gen) o () (1)

The following figures show the 3D representation of the solution at o = ag = 0.6, 1.
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14 of 17
wly, i) whenever o1

=2 =06 w(-y, ) whenever o1 = 02 =1

15~

The following two figures illustrate the 2D graph of the solution with respect to v and
n ata; = a =0.4,0.7,1.
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5. Conclusion

In this study, we introduced the conformable double Laplace-Sawi transform and ex-
plored its application to conformable fractional partial derivatives. We demonstrated its
effectiveness by solving fractional partial differential equations. Since the conformable
double Laplace-Sawi transform is a newly defined approach, there remain many open
problems and potential areas for further research. This transform has the potential to be
a powerful tool for solving conformable fractional partial differential equations, making it
valuable for modeling various physical and engineering problems.
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