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Abstract. Let G = (V(G), E(G)) be a simple undirected graph. If v4(G) is the geodetic dom-
ination number of G and S C V(G) such that |S| < 74(G), then definitely, there is at least one
vertex of G that is not geodetically dominated by S, that is, not dominated by any vertex in S
or not in any geodesic of any two vertices in S. If k is a positive integer with & < v,(G) — 1 and
S C V(G) with |S| = 74(G) — k, then the number ¢J(S) given by (7(S) = [V(G) \ NZ[S]|, where
NE[S] = N¢[S]N1g[S], is called the k-geodetic domination defect of S in G. The k-geodetic dom-
ination defect of G is denoted and given by (7 (G) = min{¢}(S) : S C V(G) and |S| = 74(G) — k}.
In this paper, we study this newly defined parameter for some known classes of graphs. Moreover,
we determine some sharp bounds of the parameter.
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1. Introduction

Domination is a fundamental concept in graph theory with numerous applications
across various fields, including network design, resource allocation, and social network
analysis (see [1] and [2]). The domination number v(G) of a graph G refers to the smallest
number of vertices required to dominate all the vertices of G. In other words, it is the
minimum cardinality of a set S of vertices such that every vertex in the graph is either in
the set S or is adjacent to at least one vertex in S. If a set S of vertices has cardinality
strictly less than «v(G), then there will exist vertices in the graph that are not dominated
by any vertex in the set S. Recently, Das et al. [3] introduced and studied the notion of k-
domination defect of a graph, where k is a positive integer strictly less than the domination
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number of the graph. In their study, the authors established various bounds on the k-
domination defect of a graph, based on its maximum degree, domination number, and
other parameters. Subsequent studies on this topic (see [4-6]) focused on characterizing
k-domination defect sets and determining the k-domination defect in the join, corona,
edge corona, and composition of two graphs. Recently, a new variant of the domination
defect was introduced and explored in [7].

Some variations of the standard domination utilize the concept of geodetic set (see
[8-12]). The associated parameter, called geodetic number of a graph, was introduced by
Harary et al. [13]. Geodetic number and geodetic domination were considered in [14],
[15], [16], [17], [18], and [19]. Note that if G is a graph and S is a set of vertices of G with
cardinality strictly less than the geodetic domination number v4(G) of G, then there is at
least one vertex outside S that is not geodetically dominated, that is, has no neighbor in
S or is not in any shortest path joining any two vertices in S. In this paper, we introduce
the notion k-geodetic domination defect and study it for some classes of graphs.

For the motivation of the study, consider a prison facility with numerous prisoners who
need to undergo routine assessments such as behavior evaluations or security checks. The
warden needs to ensure that every prisoner is evaluated by a jail guard. This situation
can be modeled by constructing a graph, where each vertex represents a prisoner or a
jail guard, and an edge between a prisoner and a jail guard indicates that the jail guard
is responsible for evaluating the prisoner. Moreover, to ensure visibility and security, it
is required that every prisoner must be on a shortest path connecting two jail guards.
However, due to a lack of personnel and financial support, the required minimum number
of jail guards to do the task may not always be met. Furthermore, it may happen that
during the assessment, a designated jail guard may be absent and, subsequently, unable to
perform his or her task. As a result, some prisoners may not be evaluated in the manner
expected. Determining the number of unevaluated prisoners when a designated team of
jail guards does not meet the required minimum number of members could assist the
management to act accordingly. This situation led us to introduce the concept of geodetic
domination defect in a graph.

2. Terminology and Notation

For any two vertices v and v in an undirected connected graph G, the distance dg(u,v)
is the length of a shortest path joining v and v. Any u-v path of length dg(u,v) is called a
u-v geodesic. The diameter of G, denoted by diam(G), is the maximum distance between
any two vertices in G. The distance between two subsets A and B of V(G) is given by
da(A, B) = min{dg(a,b) : a € A and b € B}. The open neighborhood of a vertex u is the
set Ng(u) consisting of all vertices v which are adjacent to u. The closed neighborhood
of u is Ng[u] = Ng(u) U {u}. For any A C V(G), Ng(A) = U Ng(v) is called the open

veEA
neighborhood of A and Ng[A] = Ng(A) U A is called the closed neighborhood of A. A

vertex v of G is isolated if | Ng(v)| = 0. The set containing all the isolated vertices of G is
denoted by I(G). If C C V(G), then the induced subgraph (C) is the graph with vertex-set
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C and wv € E((C)) whenever u,v € C and uv € E(G).

A set S C V(G) is a dominating set of G if Ng[S] = V(G). The smallest cardinality
of a dominating set of G, denoted by v(G), is called the domination number of G. A
dominating set S of G with |S| = 7(G), is called a y-set of G. For every two vertices u
and v in G, the symbol I [u,v], is the set interval containing u,v and all vertices lying
in some u-v geodesic. The geodetic closure of a set S C V(G), denoted by Ig[S], is
the union of the intervals Ig[u,v], where u,v € S. The set S is a geodetic set in G if
I¢[S] = V(G). The smallest cardinality among all geodetic sets in G, denoted by g(G), is
called the geodetic number of G. A geodetic set of cardinality g(G) is called a g-set of G.
A set S C V(G) is a geodetic dominating set in G if it is both a dominating and a geodetic
set. The geodetic domination number v4(G) of G is the minimum cardinality among all
geodetic dominating sets in G. Any geodetic dominating set of G' with cardinality ~4(G)
is called a ~4-set.

Let G be a non-trivial graph of order n and let 1 < k < v,(G). Let S C V(G)
with cardinality |S| = v4(G) — k and let NZ[S] = Ng[S] N Ig[S], the set of geodetically
dominated set of vertices of G. The set V(G) \ N&[S] is called the k-geodetic domination
defect set of S and the k-geodetic domination defect of S'in G is ({(S) = |V(G)\ N&[S]| =
n—|NZ[S]|. The minimum cardinality of a k-geodetic domination defect set in G, denoted
by ¢ (G), is called the k-geodetic domination defect of G, i.e.,

(i (G) = min{¢{(5) : § € V(G) with |S] = 4(G) — k}.

A set S C V(G) of cardinality v4(G) — k for which [V(G) \ N&[S]| = ¢{(G) is called a
(J-set of G. Thus, <Ng[5]>, the subgraph induced by NZ[S], is a subgraph of G with
n — (J(G) vertices and geodetic domination number y, — k.
Consider the graph G in Figure 1. Then R = {a,b,z,y} is a y4-set of G, i.e., 74(G) = 4.
If k=1, then Dy = {a,b,z} is a ({-set of G. Since NZ[D1] = {a,b,¢,d,u,v,z}, it follows
that
G(G) = cl(Dy) = [V(G)| — IN4IDi]| =8 — 7 = 1.

The set {z,y,c} is not a ({-set of G because NZ[{z,y,c}] = {z,y,c,d,u,v}, ie.,
J{z,y,c}) =8—6=2. If k = 2, then Dy = {a,z} is a (§-set of G and NZ[D] =
{a,z,c,d,u,v}. Hence, (J(G) =8 —6 = 2. It is easy to verify that the sets {a,y} and
{c,v} are not (§-sets of G. Finally, if k = 3, then any 1-element subset D3 of V(G) is a
(§-set of G. Since NZ[Ds] = Ds, it follows that (§(G) = |V(G)| — |[N&[Ds]| =8 —1=T.

a c d x
N \.[I/o
b (] % Yy

Figure 1: Graph G with v4(G) =4, ({(G) =1, ¢§(G) =2, and ¢ (G) =7
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3. Results

Theorem 1 ([20]). Let n be positive integer. Then each of the following holds.

(1) For a complete graph K, v4(Ky) = n.

(ii

For a star graph Kin—1, vg(K1n-1) =n — 1.

(¢4i) For a complete bipartite graph Ky, n with m,n > 2, v4(Km, ) = min{m,n, 4}.

(iv) For a wheel graph Wy, vy(Wy) = [%51], n > 5.

(vi (2427,

)
)
)
(v) For a cycle Cy, on n vertices, we have v4(Cp) = [5], n > 6.
) For a path P, on n vertices, v4(Py) =
)

(vit
Remark 1. Let G1,Go,--- , G, be the components of a graph G. Then each of the
following holds:

(i) 74(G) = 25:1 Y9(Gj).

i) If A; C V(G;) for each j € [r] = {1,2,---,r} and A = U'_, A;, then NL[A] =
j j j=141] G
Uiy NG[A;] (a disjoint union).

For the Petersen graph P, v4(P) = 4.

Theorem 2. Let G1,Ga, -+ ,G, be the components of graph G and let ({(G;) be the
1-geodetic domination defect of G; for each i € [r] ={1,2,--- ,r}. Then

(@) = min{¢{(Gi) =i € [r]}.

Proof. Let v4(G;) and 74(G) be the geodetic domination numbers of G; and G, re-
spectively. By Remark 1(i), v4(G) = E; 179(Gi). For each i € [r], let D; be a ({-set
of G;. Then |D;| = VQ(G) — 1 and {{(Gi) = |[V(G;) — N&[D;j]|. Let j € [r] be such
that ¢{(G;) = min{¢{(G;) : i € [r]}. Let S; be a yg4-set in G; for each i € [r] and let
S = (Uie[r]\{j}Si) UD;. Then

1S|="> " |Sil+ Dl =74(G) - 1
ielr\{5}

and, by Remark 1(i7),

INZISI| = NG DI+ > INEI[S]]
ic[r\{7}
= [V(@GHI -G+ > V(G
ie[r]\{7}

IZIV i)l = ¢ (Gy).
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Thus, in G, ¢{(S) = |[V(G)| — |NZ[S]| = ¢/(G;). We claim that ¢{(S) is the minimum
among all subsets of V(G) with cardinality vg(G) — 1. To this end, suppose there exists
Q C V(G) such that Q| = 74(G) — 1 and (/@) < C/(S). Let @ = QU@ U--UQ,
where Q; C V(G;) for each i € [r]. Since |Q| = v4(G) — 1, at least one @ is not a geodetic
dominating set of Gy by Remark 1(¢). Thus, |Q¢| = v4(G¢) — 1 and ({(Qr) > ¢J(Gy) >
¢{(G;). Hence,

(@) =IV(G)| - ING[QI = Z(IV(Gi)! — ING,[@i]D)

contrary to the assumption that ¢/(Q) < ¢{(S). Therefore, ¢/(G) = ¢{(S) = ¢/(G;). O

Theorem 3. Let G be a graph with I(G) # @ and suppose |I(G)| = r. Then (g( ) =7 for
every j € [r] ={1,2,--- ,r} and CZ( ) = r+(k T(G’) for every k € {r+1,--- ,’yg( )—1},
where G' = (V(G) \ I(G)).

Proof. Let I(G) = {v1,v2,---,v.} and let S be a 74-set in G. Then I(G) C S.
Let j € [r]. Then D = S\ {vi,va,---,v;} is a (J-set in G and [NG[D]| = [NG[S]| -
NS {{on, 3, v3}]] = [V(G)] — j. Hemce, ¢4(@) = V(G)| — (IV(G)| < 4) = J.

Next, let k € {r+1,---,74(G)—-1}. Then 5’0 S\I(G) is yg-set in G' = (V(G) \ I(G)).
Hence, 74(G’) = 74(G)—r. Since k < v4(G)—1, k—r < v4(G)—(r+1) < v4(G)—r. Let S’
bea (]  -setin G'. Then S| = (74(G)—r)—(k—7) =v4(G)—kand (] (G') = |V(G")|—
INZ/(S']| = ([V(G)| — r) — NZ[S]]. This implies that [V(G)| — [N&[S']| = r + {_.(G').

/

Therefore, since S is also a ({-set in G, (J(G) =r + (] _ (G). O
Theorem 4. If G is a graph of order n > 2 and k < v4(G) — 1, then 1 < ((G) <n —1.
Proof. Let S be a (J-set in G. Then |S| = v4(G) — k. Hence, V(G) \ N&[S] # @
follows that (J(G) = |V(G)| — |[N&[S]| > 1. Also, since |[N&[S]| > 1, (J(G) = |[V(G )| —
INZ[S]| < n—1. This proves the assertion. O

Theorem 5. Let G be a non-trivial graph of order n. Then ({(G) = 1 if and only if there
exists v € V(Q) such that v4(G — v) = v4(G) — 1.

Proof. Suppose ¢{(G) = 1 and let S be a ({-set in G. Then |S| = v4(G) — 1 and
Q) =|V(G)\NL[S]| = 1. Let v € V(G)\ N&[S]. Then NZ[S] = V(G)\ {v}. Therefore,
Y9(G —v) = 'Yg(<Né[S]>) =4(G) — 1.

Conversely, let v € V(G) such that v4(G —v) = v4(G) —1. Then there exists D C V(G)
with |D| = v4(G)—1 and NZ[D] = V(G)\{v}. This implies that ({(G) = |V (G)\NZ[D]| =
|{v}| = 1. Therefore, ¢{(G) = 1. O
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Lemma 1. Let G be a non-trivial graph of order n. If k = ~v4(G) —1, then (J(G) = n—1.

Proof. Let k = ~4(G) — 1 and let S be a (J-set of G. Then |S| =1, say, S = {z} and
CJ(G) = (S) =n—|NLS]|. Since z € Ng[S] and I¢[S] = S, it follows that NZ[S] = S.
It follows that (J(G) =n — |NL[S]|=n — 1. O

Lemma 2. Let G be a graph and S C V(G). If every component of (S) is complete, then
NZ[S) = S.

Proof. Let Hi, Ha,--- ,H; be the components of (S). Then S = Ul_,V(H;). By
Remark 1(i7),
NE[S] = Ui NE [V (Hy)] = Ui,V (H;) = S.

This proves the assertion. ]

Theorem 6. If K, is a complete graph on n vertices, where n > 2, and 1 < k <n —1,
then (J(Ky) = k.

Proof. Let k be a positive integer with k& < v,4(K,,) — 1. Since v4(K,) =n, k <n —1.
Let S be a (J-set of K,. Then S is a clique, |S| = n — k and (J(G) = n — [NZ[S]|.
Therefore, by Lemma 2, (J(G) =n— (n—k) = k. O

Let G be a graph and let S be a subset of V(G). Then the set IZ(S) is given by
I3(S) ={x € V(G)\ S : x € Ig(y, 2) for some y,z € S with dg(y, z) = 2}.

If G is non-trivial and k is a positive integer with k < 7,(G) — 1, then the number \5(G)
is given by
N5(G) = max{|[IZ(S)| : S C V(G) and |S| = ~4(G) — k}.

Remark 2. Let G be a graph and let k be a postive integer with k < v4(G) —1. If S is a
(74(G) — k)-element subset of V(G) and N5(G) = |14(S)|, then S need not be a ({-set in
G.

To see this, consider graph G in Figure 2. The set D = {a,b, f} is a y4-set in G. Hence,
Y4(G) = 3. Let k = 1. Consider S = {b,d} and S’ = {b, f}. Then N&[S] = {b,c,d, e}
and NZ[S'] = {b,c,d,e, f}. Thus, ({(S) =6 —-4=2>1=¢/(S"). This implies that S’
is a (1-set in G. Since dg(b, f) = 3, it follows that |[IZ(S’)| = 0. It is easy to see that
M (G) = |IZ(S)| = 2 where S is not a (1-set in G.
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c d f
a b e

Figure 2: Graph G with v4(G) =3, ({(G) =1, and (§(G) =5

Theorem 7. Let G be a non-trivial graph and let S C V(G). Then the following state-
ments hold:

(i) S UIA(S) C NEIS].
(ii) If diam(G) = 2, then NZ[S] = S U IZ(S).

(iit) If diam(G) = 2, k is a positive integer with k < v4(G) — 1, and S is a (J-set in G,
then \5(G) = |I2(9)].

Proof. (i) Note that if z € IZ(S), then z € N&[S]. Hence, IZ(S) C N&[S]. Since
S C NZ[9], it follows that S U IZ(S) C Ng[S].

(i) Suppose diam(G) = 2. Let z € NZ[S]. Then z € Ng[S|NIg[S]. If z € S,
then z € SUIZ(S). If z ¢ S, then there exist y,z € S such that x € Ig(y,z). Since
diam(G) = 2, it follows that d¢(y, z) = 2. Thus, z € I(S). Therefore, NZ[S] C SUIZ(S).
With (i), we get the desired equality N&[S] = S U IZ(S).

(iii) Let S” be a (v4(G) — k)-element subset of V(G). By part (ii), N4[S'] = SUIZ(S).
It follows that (7(S") = n — v4(G) + k — |[IA(S")|. Since S is a (J-set in G, (J(9) =
n —v4(G) + k — |14(S)| < ¢Z(S’). This implies that [IZ(S")| < |[IZ(S)]. Since S" was
arbitrarily chosen, we have \5(G) = |IZ(S)]. O

Theorem 8. Let G be a non-trivial graph of order n and let k be a positive integer with
k <~4(G)—1. Then
G(G) <n—7(G) +k = N5(G)

and equality holds if k = v4(G) — 1 or 1 < diam(G) < 2.
Proof. Let k be a positive integer with k < v4(G)—1 and let S be a (74(G) —k)-element
subset of V/(G) such that \5(G) = [IZ(S)|. By Theorem 7(i), S U IZ(S) C N&[S]. Hence,
GG < GS) =n = INEISI < n — (IS + [TE(S)]) = n = 4(G) + &k — A5(G).

Suppose k = 74(G) — 1. Then (J(G) = n—1 by Lemma 1. In this case, \j = 0. Hence,
Q(G) =n—1=n—(G)+k—(G).

Suppose 1 < diam(G) < 2 and let S be a ({-set of G. If diam(G) = 1, then every
component of G is complete and v,(G) = n. Hence, if S’ is any (74(G) — k)-element set in
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G, then [IZ(S")| = 0. It follows that A5(G) = 0. Since N%[S] = S by Lemma 2, we have
GH(G) = Gl(S) =1 — (3(G) = k) = n —7(G) + k = N5(G) = k.

Next, suppose that diam(G) = 2. Then NZ[S] = S U I%(S) by Theorem 7(ii) and
M (G) = |I2(S)| by Theorem 7(iii) . Thus,

(HG) = ¢US) = n—24(G) + k = |I&(S)] = n = 74(G) + k = A5(G).
This proves the assertion. ]

Remark 3. Strict inequality in Theorem 8 is possible.

To see this, consider graph H = Py in Figure 3. By Theorem 1(vi), v4(H) = 4. Let
Pg = [v1,v9,-- ,v8] and let k = 1. Let S; = {v1,v4,v7}. Then |S| = 3 and N{[S1] =
{v1,ve,- -+ ,vr}. Hence, ¢{(S1) = 1. It follows that S; is a ({-set of H. It can be verified
that \J(G) = 2. Hence,

G(H) =¢{(S1) =1<3=8—7(H)+1-X3(G).

If k = 2, then Sy = {v1,v4} is a (§-set of H and N¥%[So] = {v1, va,v3,v4}. Also, A3(H) = 1.
Thus,
GUH) =4 < 5= 8~ y(H) + 2~ ¥(G).

O O
U1 V2 U3 V4 (% V6 v7 Ug

Figure 3: H = Py and v4(H) =4

Corollary 1. For a star graph K1y,

n if k=n-—1

G () = {k if k<n—1.

Proof. Let V(K1) = {vo, w1, w2, - ,w,} where vg has degree n. By Theorem 1(ii),
Yg(K1n) =n. Thus, k <n—1. If k =n—1, then by Lemma 1, (K1) =n+1—-1=n.

Suppose k < n — 1. Choose an (n — k)-element set S = {wy,wa,- - ,w,_x}. Then S is a
(-set of Ky, and, Theorem 7(iii), A§(K1,,) = |15, (S)] = 1. Hence, ¢} (K1) = ¢(S) =
n+1—n+k—1=k by Theorem 8. ’ O

Corollary 2. For a wheel graph Wy, of order n, where n > 5,

n—1 if k=~,(Wy,)—1
C,?(Wn)z 2k +1 if n is odd

2k if nis even .
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Proof. Let V(W,,) = {w1,ws, - wy,} where w; has degree n — 1. By Theorem 1(iv),
YgWyn) = [%52]. If k = [251] — 1, then ({(W,) = n — 1 by Lemma 1. Let 1 <
k < [252] — 1. If n is odd, then v4(W,) = 2. Choose the (%! — k)-element set
S ={wy,wy, -+ ,Wp_9r_1}. Then Sisa C,g—set of W,, and )\Ig(Wn) = ”_22k_1. By Theorem
8, (J(Wy) = ¢J(S) =n— 25 + k— 2=Z=L — 2k + 1. Hence, (J(W,,) =2k + 1. If nis
even, then choose the (§ — k)-element set S = {wa, wy, -+, wp—9x}. Then S is a (J-set of
W,, and \k(W,,) = "_2%. By Theorem 8, ¢} (W,,) = (/(S) =n—5 +k — ”_2% =2k O

Corollary 3. For the Petersen graph P,

4 if k=1
JPY=X7 if k=2
9 if k=3.

Proof. Let V(P) = {w1,w2,--- ,wio}. By Theorem 1(vii), v4(P) = 4. If k = 3, then
¢§(P) = 9by Lemma 1. Let 1 < k < 2. Choose the (4—k)-element set Sy, = {w1, w2, ws_j}
as shown in Figure 4. Then S is a ({-set of P. Thus, A}(P) = |I3(S1)| = 3 and \3(P) =
|12(S5)| = 1 by Theorem 7(iii). Therefore, by Theorem 8, ¢{(P) =10 -4+ k-3 =4

Figure 4: S1 = {w1, w2, ws} and Sz = {w1, w2}

and ¢§(P) =10 —4+2 — 1 = 7. This proves the assertion. O

Theorem 9 ([9]). If G = Ky mo,m
mo < -+ < m,, wherer > 2, then

is a complete multipartite graph with 2 < mp <

T

2 ’Lf mi = 2
Y9(G) =133 if m3 =3

Theorem 10. For a complete multipartite graph G = Ky, my,... m, where r > 2 and

2<my <mg <---<m,, we have

™
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n—1 if k=14(G)—1
G(G) =<1 if m=3and k=1
mi+k—4 if mi>4and 1<k<2.

where .=y %_; m;.

Proof. Let Q1,Q2,---,Q, be the partite sets of G with |Q;| = m; for each j € [r].
Consider the following cases:

Case 1: k =v,(G) — 1.
By Lemma 1, (J(G) =n — 1.
Case 2: my =3 and k= 1.

By Theorem 9, 74(G) = 3. Then any 2-element subset S of V(Q1) is a ({-set of G and
M (G) =3 _ymj. By Theorem 8, (J(G) = ¢J(S) = djm1mi—3+1=37" ym;=1

Case 3: my >4 and 1 <k <2.

By Theorem 9, 7,(G) = 4. Choose an (4 — k)-clement set S' = {{q},¢?, ¢} "} where
¢} € Qrand t € {1,2,4—k}. Then S’ is a (J-set of G and \5(G) = > i—om;. By Theorem
8,

@) =¢S) =) _mj—4+k=> mj=m+k—4
j=1 j=2

This proves the assertion. O

The next result is a consequence of Theorem 10.

Corollary 4. For a complete bipartite graph K, ,, where 2 < m <mn,

m4+n—1 if k=,(G)—1
m+k—4 if m>4and 1<k <2,
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Theorem 11. For a path P, with n > 2 vertices,

3k—2 if n=2and k=2
orn=3r+2and k<r+1

3k—1 if n=3rand k<r

3k if n=3r+1and k<.

Clg(Pn) =

Proof. Let P, = [v1,v2, -+ ,vp) and let r > 1. By Theorem 1(vi), v4(P,) = [22]. If
n = 2, then v4(P,) = 2. Thus, ¢J(P) = 1. Let n > 3. Consider the following cases:

Case 1: n = 3r.
By Theorem 1(vi), v4(Pn) = [%2] = r + 1. Here, k < r and vy(P,) —k =7 — k + 1.
Consider an (r — k + 1)-element set S1 = {v1,v4, -+, v3,_3k4+1}. The set Sy is a (J-set of
P, and NZ[S1] = {v1,v2,v3,v4, - , U3r—3k+1}. Therefore,

CI(P,) = (I(S1) =n— [NY[Sy]| = 3r — (3r — 3k + 1) = 3k — 1.

Case 2: n=3r+1.
By Theorem 1(vi), v4(P,) = [%2] = r + 1. Then k < r. Choose an (r — k + 1)-element
set Sy = {1)1,1}4, R ,Ugr_gk_,_l}. Then S is a Q,‘Z—set of P, and Ng[SQ] e {7}1,7)2,7)3,7)4, s
U3r—3k4+1)- Thus,

Ci(Pa) = Gi(S2) = n — |NE[So]| = (Br +1) — (3r — 3k + 1) = 3k.

Case 3: n = 3r + 2.
By Theorem 1(vi), v4(P,) = [%2] =7+ 2. Then k <r +1 and v4(P,) —k =r — k+ 2.
Consider an (r — k + 2)-element set S3 = {v1,v4, -+, v3,_3k44}. The set S3 is a (J-set of
P, and N{[S3] = {v1,v2,v3,v4, - ,U3r_3k+a}. Therefore,

CH(Py) =l (S3) =n— [N&[Ss]| =3r+2—(3r—3k+4)=3k—2. O
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Theorem 12. If C), is the cycle with n vertices and k < v4(Cy) — 1, then

(3k + 2
3k +1
3k
QC —
GO =15, 5
3k —1
k

Proof. Let C,, = [vy,va,---

if n=3r, r>2and k =,(C,) —1

orr is odd, >3, and k = ~4(Cy) — 2

if n=3r+2, r>2andk=ry,(Cy,) -1
orris odd, >3, and k = ~4(Cy) — 2

if n=3r, r>4and, 1<k <~,(Cp)—3
orn =3r, ris even, v >4, and k = v4(Cy) — 2
orn=3r+1and k =~4(Cy,) —1

or n=3r+1, ris even, and k =~4(Cy) — 2
if n=3r+1, r>3, and 1<k <~4(Cp)—3
orn=3r+1, risodd, >3, and k =v4(Cy) — 2
orn=>5and k=2

if n=3r+2, r>3and k=1

or n=3r+2, riseven and k = v4(Cy) — 2
or n=3r+2, r>4and 2<k<~4(C,)—3
orn=5%and k=1

if n=3.

,Un,v1] and let k < 44(Cp) — 1. If n = 3, then (J(C3) =k

by Theorem 6. If n =5, then ¢{(C5) =2=3k—1and (§(C5) =4 =3k —2. Let n =4 or
n > 6. Consider the following cases:

Case 1: n = 3r where r > 2.

By Theorem 1(v), v4(Cy,) = [§] = r. Thus, k < r—1. Consider the following subcases:

Subcase 1: k = v,(C,) —1=7r—1.

By Lemma 1, (J(Cp) =n—1=3r —1 =3k +2.

Subcase 2: 1 is odd and k = v,(Cp) =2 =1 —2.

Let Dy = {v1,v4}. Then Ds is a ({-set of Cy, and NZ[Ds] = {v1,va,v3,v4}. Thus,

GL(Cn) = CJ(Da) = 3r — |NE[Da]| = 3r — 4 = 3k +2.

Subcase 3: r >4 and 1 < k < 74(Cy) — 3.

Let £ < LMJ and let D3 = {vi,v4,--- ,v3-35—2}. Then Ds3 is a (J-set of
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Cp and NZ[D3] = {v1,v2,v3,04, "+ , Usr—3k—2, U3p—3k—1, V3, }. Thus, ({(Cp) = (/(D3) =
n — |N4[Ds]| = 3r — [(3r — 3k — 2) + 2] = 3k. Next, let |219)=2) <k < 5,(C,) — 3.
Choose an (r — k)-element set Dy = {v(w],vl, U4, ,U3r—3k—5}. Then Dy is a (J-set of
2
C,, and
Ng[D4] = {v1,v2,V3, 04, -+, U3y_3k—5, U3p_3k—4, Ursra2)_y, Vrsriaq, Upsrd2y g, U3}

This implies that ¢{(Cy) = ({(Ds) = n — |[NL[D4]| = 3r — [(3r — 3k — 4) + 4] = 3k.
Subcase 4: r > 4 is even and k = v4(Cp) —2 =1 — 2.

Let D5 = {1)1,1)%}. Then D5 is a (J-set of C, and

NZ[Ds) = {vl,vg,v%,vw,m#ﬂ,vgr}. Hence,
(I (Cp) = (Ds) = 3r — |[NL[Ds]| = 3r — 6 = 3k.

Case 2: n=3r+ 1.
By Theorem 1(v), 74(Cr) = [5] = r+1. Thus, k < r. Consider the following subcases:

Subcase 1: k =,(Cy) — 1 =r.

By Lemma 1, (J(Cy,) =n—1=3r+1—1=3r = 3k.

Subcase 2: ris even and k = v4(Cp) —2 =17 —1.

Let Dg = {v1,v4}. Then D is a (J-set of Cy, and N [Dg| = {v1,v2,v3,v4}. Hence,
(J(Cn) = ({ (D) =3r+1— |NZ[Dg]| = 3r + 1 — 4 = 3k.

Subcase 3: r >3 and 1 < k < v,(C,) — 3.

Let k < LMJ and Dg = {v1,v4, -+ ,v3,_3k+1}. Then Dy is a (J-set of Cy, and

g _
NE[Dg] = {v1,v2,03, 04, -+, U3p—3k41, U3r—3k+2, U3r41 -

This implies that ¢(C,,) = ¢¥(Ds) = n — [N&[Dg]| = 3r+1— [(3r — 3k +2) + 1] = 3k — 2.
Hence, ¢J(Cy) = 3k — 2. Next, let {L;)_zj < k < 74(Cp) — 3. Choose an (r — k + 1)-
element set Dg = {U(#PU% V4, ,U3r—3k—2}. Then Dy is a (J-set of C;, and

g _
NG [Dg| = {v1,v2,v3,v4, - - - 7U3r—3k—27U3r—3k—171}"%‘|_17U[w]vv[%“_;_pv&"-kl}-

This implies that (7 (Cp) = (7(Dg) = n—|NZ[Dy]| = 3r+1—[(3r —3k —1) +4] = 3k — 2.
Hence, ¢J(Cy) = 3k — 2.
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Subcase 4: r > 3 is odd and k = v,(Cy,) —2=1r — 1.

Let Djo = {v1,v3r13 }. Then Dy is a (l-set of C, and
2
Ng [Dlo] = {Ul, v, U3r2+1 y 1)3r2+3 N U3r2+5 s Ugr_:,_l}. Hence,

CI(Cn) = CI(Dyo) = 3r + 1 — [NL[Dyo)| = 3r +1— 6 =3k — 2.
Case 3: n = 3r + 2 where r > 2.
By Theorem 1(v), v4(Cy,) = [§] = r+1. Thus, & < r. Consider the following subcases:
Subcase 1: r >3 and k= 1.

Let D1y = {v1,v4,- -+ ,v3,—2} be an (r)-element set. Then NZ[D11] = {v1,va, -+, v3,—9,
v3y—1,V3r42}. Thus, D1y is a ({-set of C,,. Hence,

({(Cn) = (D) =n— Ng[Du]l=3r+2—[Br—1)+1]=2=3k— L
Subcase 2: k =,(Cy) —1=r.
By Lemma 1, (J(Cp) =n—1=3r+2—-1=3r+1=3k+ 1.
Subcase 3: r is odd and k = v4(Cy) —2=r — 1.
Let D1 = {v1,v4}. Then D3 is a (J-set of Cy, and NZ[D12] = {v1,v2,v3,v4}. Hence,
((Cp) = CJ(D12) = 3r +2— [N4[D1a]| = 3r +2 — 4 = 3k + L.
Subcase 4: ris even and k = v4(Cy,) —2=r — 1.

Let D1y = {’Ul, ’UM} isa C,g—set of C}, and Né[D14] == {U1,U2,UM,UM,UM, 2}37«+2}.
2 2 2 2
Hence,
(Cp) =l (D1a) =3r+2— |NZ[D14]] =3r+2—6=3k — 1.

Subcase 5: r >4 and 2 < k < 74(Cy,) —3 .

Let k < LMJ and let Dis = {v1,v4, -+ ,U3r—3k+1}. Then Di5 is a (J-set of C,
and NZ[D1s] = {v1,v2,v3,04, -+, U3p—3k+1, U3r—3k42, V3r42}. Thus, ¢ (Cy) = ((D15) =
— |N&[Dis)| = 3r+2—[(3r —3k+2)+1] = 3k— 1. Next, let {MJ <k < 7y(Cp)—3.
Choose an (r — k + 1)-element set Dig = {v(ypvl,m, -+ ,v3_3k—2}. Then D4 is a

(J-set of C,, and

g _
N&[Dig) = {v1,v2,v3,04, - - - ,Ugr—sk—%Usr—3k—1,U(%j]_pv[prvfﬁHpU3r+2}-
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This implies that
Cg(C,J = Cg(DlG) =n— ’Ng[Dm” =3r+2— [(37” -3k — 1) + 4] =3k —1.

This shows that the assertion holds. O

4. Conclusion

In this paper, we introduced the concept of k-geodetic domination defect of a graph
and computed its values for several well-known graphs. Additionally, we established some
sharp bounds of this parameter. It is recommended that further investigation of this newly
defined parameter be done especially on graphs resulting from some graph operations.

Acknowledgements

The authors would like to thank the referees for the comments and suggestions they
offered us which led to the improvement of the paper. Also, the authors would like to
thank the Department of Science and Technology - Accelerated Science and Technology
Human Resource Development Program (DOST-ASTHRDP)-Philippines, and MSU-Iligan
Institute of Technology for funding this research.

References

[1] E. Cockayne and S. Hedetniemi. Towards a theory of domination in graphs. Marcel
Dekker, Inc. New York, 7(3):247-261, 1977.

[2] T.W. Haynes, S.T. Hedetniemi, and P.J. Slater. Fundamentals of domination in
graphs. Networks, 1998.

[3] A. Das and W. J. Desormeaux. Domination defect in graphs: guarding with fewer
guards. Indian J. Pure Appl. Math., 49(2):349-364, 2018.

[4] A. Miranda and R. Eballe. Domination defect for the join and corona of graphs.
Applied Mathematical Sciences, 15(12):615 — 623, 2021.

[5] A. Miranda and R. Eballe. Domination defect in the edge corona of graphs. Asian
Research Journal of Mathematics, 18(12):95-101, 2022.

[6] A.Miranda and R. Eballe. Domination defect in the composition of graphs. Advances
and Applications in Discrete Mathematics, 39(2):209-219, 2023.

[7] J. Anoche and S. Canoy Jr. k-hop domination defect in a graph. Eur. J. Pure Appl.
Math., 18(2):5716, 2025.

[8] I. Aniversario, F. Jamil, and S. Canoy Jr. The closed geodetic numbers of graphs.
Utilitas Mathematica, 74:3-18, 2007.

[9] A. Hansberg and L. Volkmann. On the geodetic and geodetic domination numbers
of a graph. Discrete Mathematics, 310(15-6):2140 — 2146, 2010.

[10] F. Jamil, I. Aniversario, and S. Canoy Jr. On closed and upper closed geodetic

numbers of graphs. Ars Combinatoria, 84:191-203, 2007.



S. Canoy, Jr., J. Anoche / Eur. J. Pure Appl. Math, 18 (2) (2025), 6040 16 of 16

[11] J.J.  Mulloor and V. Sangeetha. Restrained  geodetic ~ domina-
tion in graphs. Discrete  Mathematics, Algorithms and Applications,
12(6):https://doi.org/10.1142/S1793830920500846C, 2020.

[12] D. Stalin and J. John. Edge geodetic dominations in graphs. International Journal
of Pure and Applied Mathematics, 116(22):31-40, 2017.

[13] F. Harary, E. Loukakis, and C. Tsouros. The geodetic number of a graph. Mathl.
Comput. Modelling, 17(11):89-95, 1993.

[14] G. Cagaanan and S. Canoy Jr. On the geodesic and hull numbers of the sum of
graphs. Congresus Numerantium, 161:97-104, 2003.

[15] G. Cagaanan and S. Canoy Jr. On the geodetic covers and geodetic bases of the
composition glk,,|. Ars Combinatoria, 79:33-45, 2006.

[16] G. Cagaanan and S. Canoy Jr. Bounds for the geodetic number of the cartesian
product of graphs. Utilitas Mathematica, 79:9, 2009.

[17] G. Chartrand, F. Harary, and P. Zhang. The geodetic number of a graph. Networks:
An International Journal, 39(1):1-6, 2002.

[18] H. Escuardo, R. Gera, A. Hansberg, N. Jafari Rad, and L. Volkmann. Geodetic
domination in graphs. Combin. Math. Combin. Comput., 77(1):89-101, 2022.

[19] S. Canoy Jr., G. Cagaanan, and S. Gervacio. Convexity, geodetic, and hull numbers
of the join of graphs. Utilitas Mathematica, 71:143-159, 2006.

[20] S. Robinson Chellathurai and S. Padma Vijaya. The geodetic domination number for
the product of graphs. Transactions on Combinatorics, 3(4):19-30, 2014.



