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Abstract. Let G be a connected graph. We say that a given graph is a tree if every pair of
vertices is connected by a unique path. The corona product of two graphs G and H is defined as
the graph obtained by taking one copy of G and |V (G)| copies of H and joining the i'" vertex
of G to every vertex in the i** copy of H. On the other hand, the direct product G x H is a
graph such that the vertex set of G x H is the Cartesian product V(G) x V(H); and vertices (g, h)
and (¢, h') are adjacent in G x H if and only if g is adjacent to ¢’ in G, and h is adjacent to h’ in H.

Here, authors worked on the independent neighborhood sets of the direct and corona products of
two trees are obtained. Also, corresponding independent neighborhood polynomialsare found.
2020 Mathematics Subject Classifications: 05C05, 05C31, 05C76

Key Words and Phrases: Corona Product, Direct Product, Independent Neighborhood Poly-
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1. Introduction

A graph G is a pair (V(G), E(G)) consisting of a nonempty finite set of vertices V(Q)
and a set of edges E(G) of unordered pairs of elements of V' (G). The cardinalities of V(G)
and E(QG) are called the order and size of G, respectively. We write z = uv and say that u
and v are adjacent vertices; vertex u and edge x are incident with each other, so are v and
x. The two vertices incident with an edge are its end vertices or ends, and an edge joins
its ends. Two vertices of a graph G are said to be neighbors if they are adjacent in G. The
neighborhood of a vertex v € V(G) is the set N(v) = {w : w € V(G) and vw € E(G)}.
A vertex v is pendant if its neighborhood contains only one vertex; and edge e = wwv is
pendant if one of its end vertices is a pendant vertex.
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A graph is acyclic if it has no cycles. A graph is said to be connected if every pair of
vertices are joined by a path. A graph that is not connected is called disconnected. A tree
is a connected acyclic graph.

In 2008, Brown et al. [1] studied the neighborhood polynomial of a graph. Later, in
2014, Alwardi et al. [2] also investigated the neighborhood polynomial of graphs. The
following year, in 2015, Kulli [3] focused on the neighborhood graph of a graph. Motivated
by these studies, the authors draw inspiration from Murthy’s paper ”The Independent
Neighborhood Polynomial of Graphs.” [4] The main objective of the present paper is to
establish results on the independent neighborhood polynomial for the direct and corona
products of two trees.

2. Preliminaries

This section presents some basic concepts and known results needed in this study.

Definition 1. [5] A graph is acyclic if it has no cycles. A graph is said to be connected
if every pair of vertices are joined by a path. A graph that is not connected is called
disconnected. A tree is a connected acyclic graph.

Definition 2. [6] Let G be a graph. The distance between two vertices x and y in a graph
G, denoted by dg(z,y) or simply d(z,y), is the length of the shortest path joining them,
otherwise, d(x,y) = oc.

Theorem 1. [7] Let G be any tree. Then for any u € V(G), the set
Q={veV(G):du,v)=2n,n e N}

is an independent neighborhood set of G.

Corollary 1. [7] Let F be the set of nonpendant vertices in a tree G and f € F. Let
A={a€F:dg(a,f)=2n,ne N}

and

B=F\A
Then the sets
Q = {v:v is a pendant neighbor of a, for some a € A} UB

and
A = {u: u is a pendant neighbor of b, for some b€ B} U A

are the only independent neighborhood sets of G.
Remark 1. [7] For any tree T with independent neighborhood sets 2 and A,

Ni(T,z) = /U 4 2|21,
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Corollary 2. [7] For any tree T with independent neighborhood sets Q0 and A, if uv €
E(T), then u € Q and v € A.

Definition 3. [8] The direct product (or conjunction) of two graphs G and H, denoted
by G - H, is the graph whose vertex set is V(G) x V(H) in which (u,v) is adjacent to
(u',v") if and only if uu’ € E(G) and vv' € E(H).

Example 1. Figure 1 shows two graphs G and H and their direct product.

b
a c e 3
G: H: Q—I—Q
d 1 2 4
G- -H: (¢, 1) (¢,3) (c,4)
(b, 2) (b, 1) (d,1)
(a,1) (e, 1)
(c.2 (b,3) (d,3)
(CL, 3) (ev 3)
d,2) (b,4) (d,4)
(a,4) (e, 4) (a,2) (e,2)

Figure 1: Graphs G and H and their direct product

Definition 4. [5] The corona of two graphs G and H, denoted G o H, is defined as the
graph obtained by taking one copy of G and |V (G)| copies of H and joining the i** vertex
of G to every vertex in the i*" copy of H.

It is customary to denote by H, that copy of H whose vertices are adjoined with the
vertex v of G. In effect, G o H is composed of the subgraphs H, + v joined together by
the edges of G. Moreover,

V(GoH)= | V(H,+v).
veV(G)

Example 2. Figure 2 shows two graphs G and H and their corona products G o H and
HodG.
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by bs
C2
bs b C1
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by
4 5 b1 a ag
c a2
3
2 a1
1 a
G H GoH HoG

Figure 2: Two trees and their two coronas

Definition 5. [9] The open neighborhood of a vertex x, denoted by N (x), is a set containing
all vertices y which are adjacent to x, that is,

N(z)={y e V(G) : zy € E(G)}.

In case N(z) is a singleton, z is an end-vertex. The closed neighborhood of a vertex x of
G is the set N[z] = N(z) U{z}.

Definition 6. [4] A set S of vertices in a graph G is a neighborhood set if G = U (Nv])

veS
where (N[v]) is the subgraph of G induced by v and all the vertices adjacent to v. The

neighborhood number of G is the minimum cardinality of neighborhood sets, denoted by

Example 3. Consider the graph H in Figure 3.

U1 V2 U3

1

Us V4

Figure 3: A graph with neighborhood number equals 2

The neighborhood sets of H are {ve,v4}, {v1,v3, 05}, {v1,v2,v4}, {v1,v2,v3,v4}, {v1,v2,v3, 05},
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{Ul, V2, V4, U5}, {'Ul, V3, V4, ’1)5}, {U27 U3, V4, U5} and {'Ul, V2,03, V4, U5}' Here7 nl(H> =2.

Definition 7. [4] A set S C V(G) is an independent neighborhood set of G, if S is a
neighborhood set and no two vertices in S are adjacent.

Remark 2. Not all graphs have independent neighborhood set. If it has an independent
neighborhood set, then it is called an independent neighborhood graph or an I N-graph.

1

Figure 4: A graph that is not an I N-graph

Definition 8. [4] Let G = (V, E) be a graph with m vertices. Then the independent
neighborhood polynomial of G of order m is

m

J=ni(GQ)

where n;(G, ) is the number of independent neighborhood sets of G of cardinality j and
7;(G) is the minimum cardinality of an independent neighborhood set which is called the
independent neighborhood number of G.

Example 4. In Figure 3, the only independent neighborhood sets of H are {vy,v4} and
{v1,v3,v5}. Therefore, the independent neighborhood polynomial of H is

Ni(H,z) = 2* + 2.

Proposition 1. [4] Let G = G1UG2 where G1, G2 be any two IN-graphs. Then N;(G,x) =
Nz(Gla :L‘)NZ(GQ, l’)

Proposition 2. [4] Let G be an I N-graph with n+1 vertices. Then N;(G,z) = x(1+z"1)
if and only if G = ky .

3. Main Results

3.1. Independent Neighborhood Polynomial of the Direct Product of
Trees

Theorem 2. For any trees G and H, the direct product of G and H, G-H, is disconnected
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Proof. Label the vertices of G by x; and of H by y;. Since G and H are trees, by
Corollary 1, G and H have independent neighborhood sets say €1, A and s, Ao, respec-
tively. We now show that G - H is disconnected, that is, there exist (x;,,9;,), (Ziy, yj») €
V(G - H) such that (z;,,y;,) and (zi,,y,) are not connected by any path. Consider
(z1,11), (x2,92) € V(G - H) such that z1ze ¢ E(G) or y1y2 ¢ E(H). Without loss of
generality, let x;,, 25, € Qq,y;, € Q2 and y;, € Ao. Clearly, (x4, ;1) (@iy, ¥j,) € E(G - H)
since x;,, i, € Q2 which means x;, and x;, are nonadjacents. Observe that for any (x;, y;)-
(Tn,yn) path in G- H, if x; € Q1,y; € Qo, then x;11 € A1, y;+1 € Ay while if z; € Oy and
Yi € Ag, then ;11 € Ay and y;11 € Q2. Now, since z;, € Q1,y;, € 2 and y;, € A but
xi, € Ay, it follows that there is no path connecting the vertices (x;,,y;,) and (x,,y;),) in
G - H. Therefore, GG - H is disconnected.

Theorem 3. For any trees G and H, the direct product of G and H has 2 components,
say A and B, that is,
G-H=AUB.

Proof. Let G and H be any trees with independent neighborhood sets €1, A; and
s, Ao, respectively. Assume that G - H has more than 2 components, say A,,r € Z*.
This means that for every (u,,v,) € A,, (u,,v,) are disconnected Vr. We note that for
any (u,v) € V(G- H), either u € Q1 or u € Ay and v € Q9 or v € Ay. Furthermore, for
any (ui, v;)-(un,vyn) path in G - H, wjui+1 € E(G) and vjviy; € E(H). By Corollary 2,
if UiUir1 € E(G) and ViVi41 € E(H), then uy € Ql,ui+1 € Ay and v € QQ,Ui+1 € As.
It follows that for (u;,v;)-(un,v,) path in G - H, if u; € Qy,v; € Qo for i odd, then
uj € Ar,v; € Ay for j even while if u; € Qy,v; € Ao, then u; € Ay,v; € s, Now,
consider

€A such that u; € Q1,v1 € Qo,
€A such that us € Q1,v9 € Ag,

Uy, v1
Uz, v2
€ As such that ug € Aq,v3 € Qg,
€Ay such that ug € Aq,v4 € Ao

u3,v3

(
(
(
(

~— — ~— —

Ugq, V4

We can easily see that (u1,v;) and (us,vs) are disconnected, so are (u1,v1) and (ug,ve),
(ug,v2) and (ug,v4), and (us,v3) and (ug,v4). But observe that (uy,v1)-(ug,v4) is a path
in G- H. This implies (u1,v1) and (u4,v4) belong to 1 component. Similarly, (ug,v2) and
(u3,v3) belong to 1 component. This is a contradiction. Thus, G - H cannot have more
than 2 components. Therefore, G - H has exactly 2 components.

Theorem 4. Suppose G has independent neighborhood sets 1, A1 and H has independent
neighborhood sets Qa, Ao. If A and B are the components of G - H, then

V(A) ={(z,y) :x € Q,y € Vo U{(w,2) 1w € A,z € Ag}

and

V(B) ={(z,y) :x € Q1,y € A} U{(w,2) :w € Ay, z € Qa}.
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Proof. The proof is similar to the proof of Theorem 3.
Corollary 3. Let A and B be the components of G - H such that
V(A) ={(z,y) ;2 € Q1,y € V} U{(w,2) : w € A1,z € Ay}

and

V(B) ={(z,y) :x € Q,y € Ao} U{(w,2) :w € A1,z € Qo}.

Then the independent neighborhood sets of A are the sets {(x,y) : © € Q1,y € Q2} and
{(w,2) : w € A1,z € As} while the independent neighborhood sets of B are the sets
{(z,y) :x € Y,y € Ag} and {(w,2) : w € A1,z € Qa} where Q1, A1 are the independent
neighborhood sets of G and o, Ag are the independent neighborhood sets of H.

Proof. Let A and B be the components of G - H with
V(A) ={(z,y) ;2 € Q1,y € V} U{(w,2) : w € Ay, z € Ay}

and
V(B) ={(z,y) :x € Q,y € Ao} U{(w,2) 1w € A1,z € Qa}.

Suppose A1 = {(z,y) : x € Q1,y € Do}, As = {(w,2) : w € Ay, z € Ag},
By = {(z,y) : x € Q,y € Ao} and By = {(w,2) : w € A,z € Qo}. We will
show that Aj, As are the independent neighborhood sets of A and Bj, By are the in-
dependent neighborhood sets of B. Consider A;. Let (x1,y1), (z2,y2) € V(A1). Since
r1,22 € 1, y1,y2 € Qo where 1 and )y are the independent neighborhood sets of
G and H, respectively, implies x1,xo are nonadjacent vertices, so are yi,ys. Thus,
(x1,y1)(x2,y2) ¢ E(A). This means (z1,y1) and (z2,y2) are nonadjacent vertices. Next,
we will show that U (N[(x,y)]) = A. Assume to the contrary that
(z,y)EAL

U (N[(x,y)]) # A. Then there exists (x3, y3)(z4, ya) € E(A) such that (x3,y3)(x4,y4) ¢
(z,y)eAr

U (N[(z,y)]). It follows that both (z3,ys3), (z4,y4) ¢ V(A1). Hence, z3,z4 € Ay and

(x7y)EAl
y3,Ya € Ag. Since both Ay and As are independent neighborhood sets, x3 and x4 are

nonadjacents, so are y3 and y4. Thus, z3xy ¢ E(G) and y3ys ¢ E(H). It follows that

(3,y3)(x4,y4) ¢ E(G-H) which is a contradiction. Hence, U (N[(z,y)]) = A. There-
(z,y)EAL

fore, Ay is an independent neighborhood set of A. Similarly, we can show that As is also

an independent neighborhood set of A. Following the same argument for B; and Bs, we

have By and Bs are the independent neighborhood sets of B.

Corollary 4. Let G and H be trees with independent neighborhood sets 21, A1 and o, As,
respectively. Then

Ni(G - H, z) = g/ l1Q21+@llAz] o plllQ+nliQ2] 4 pladifel+llAz] o plAdlAzl+Ad]I02]
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Proof. Suppose G and H are trees with independent neighborhood sets 21, A1 and
Q9, Ag, respectively. By Theorems 3 and 4, G- H = AU B where

V(A) ={(z,y) 12 € Y,y € W} U{(w,2) 1w € A1,z € Ay}
and
V(B) ={(z,y) :x € Y,y € Ao} U{(w,2) : w € A1,z € Qo}.
By Corollary 3, the sets
{(z,y) 12 € D1,y € Q}

and
{(w,2) :we Ay, z € Ay}

are the independent neighborhood sets of A while the sets

{(z,y) : x € Qy,y € Ag}

and

{(w,2) 1w e Ay, z € Do}
are the independent neighborhood sets of B. We note that

{(z,y) : x € D1,y € Qa}| =[N ][]
H{(w,z):we Ay, z € Ag}| =|A1]|Ag]
{(z,y) 1 2 € D1,y € Ag}| =[|[Ag]
H(w,z):we Ay, z € Qa}| =|A1]|Q0].

Thus,
N;(A,z) = 212l1Q22] 4 p[A1l[A2] 51q N;(B,z) = 2Ql[A2] 4 o [Ar][Q2]

Since G- H = AU B, by Proposition 1,
NZ(G . H, x) = NZ(A,m)NZ(B,x)
Therefore,

Ni(G - H,z) = (xlﬂl\lﬂzl 4 xmmm) (xIShIIAz\ i xmlunﬂ)

— |12 L[] A2 [€21[€22] .| A1 ][22 |A1]|A2] [ ][A2 [A1[[Az] | A1][Q2]

oz oz oz
— 2@+ f[A2] | (2 +[Ax][Q2] 4 [A][A2[+H[21][A2] 4 plA][A2[+HAL][Q]

Example 5. Given the graphs G and H and their corresponding direct product in Figure
5.

We note that the independent neighborhood sets of G are Q; = {a,c,d} and A; =
{b,e, f} while the independent neighborhood sets of H are Qo = {1,3,4} and Ay =
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(a,1) (a,3) (a,4) (a,2) (a,5) (a,6) (a,7)

G-H
Figure 5: The graphs G and H and their direct product G - H
{2,5,6,7}. By Corollary 3, the sets
{(z,9) : 2 € M,y € Do} ={(a,1),(a,3),(a,4),(c,1),(¢,3), (¢, 4),(d, 1), (d,3), (d, 4)}
and

{(wVZ) tw € A,z € AQ} :{<b7 2)7 <b7 5)7 (b76)7 (b7 7)7 (672)7 (675)7 (676)7 (67 7)7 (fa 2)7 (fa 5):
(f,6),(f,7)}

are the independent neighborhood sets of A while the sets

{(z,y) 1z € D1,y € Ao} ={(a,2), (a,5), (a,6), (a,7), (¢, 2), (¢, 5), (¢, 6), (¢, 7), (d, 2), (d,5),
(d,6),(d, 7)}

and

{(wvz) tw e A,z € QZ} = {(b) 1)7 (6’3)7 (b’ 4)7 (67 1)7 (673)7 (6’4)7 (f’ 1)7 (f7 3)7 (f7 4)}
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are the independent neighborhood sets of B. Furthermore,
1] =3, |A1] = 3,|Q0| =3 and |Aq| = 4.
Therefore, by Corollary 4,
NG - H, ) =23®H3(0) L 13(3)+3) | 130+3(4) | 34 +3()

g2 g 18y 24y 21

_ 18 1 9g21 4 24

Theorem 5. For any graphs G and H, the direct product of G and H is commutative,
that is,
G-H=H-G.

Proof. Let G and H be any graphs. To show that the direct product of G and H is
commutative, we will show that G- H and H -G are isomorphic. We note that |V (G-H)| =
[V(G)xV(H)|=|V(H)xV(G)| = |V(H-G)|. Define the map 5: V(G-H) — V(H-G)
by 8((g,h)) = (h,g) for all (g,h) € V(G- H). For (g1,h1), (g2,h2) € V(G - H) such that
/8((917 hl)) = /8((927 h2))? we have

(h1,91) = B((91, 7)) = B((g2, h2)) = (h2,92)
= (h1,91) = (h2, 92)
—> h1 = hy and g1 = ga.

Thus, (g1, h1) = (g2, he) which shows f is one-to-one. Now, observe that for every (h, g) €
V(H-G), there exists (g, h) € V(G-H) such that 8((g,h)) = (h,g), forall (g,h) € V(G-H).
This implies S(V(G - H)) = V(H - G) and it follows that § is onto. Finally, we let
(gl,hl),(gg,hg) € V(G . H) Then (gl,hl)(QQ,hg) S E(G . H) & 9192 € E(G) and
hihs € E(H) < (h1,91)(h2,g92) € E(H - G). Hence, 8 preserves adjacency. Consequently,
G- H = H - G. Therefore,

G-H=H-G.

Remark 3. For any trees G and H, the independent neighborhood poly-
nomial of G- H is the same as the independent neighborhood polynomial of H - G, that is

Ni(G . H, JI) = NZ(H . G,a;)
3.2. Independent Neighborhood Polynomial of the Corona Product of
Two Trees

Theorem 6. Let G and H be any trees. Suppose G has independent neighborhood sets
Q1, A1 and H has independent neighborhood sets 2o, Ao. Then

Ni(Go Hya) = ol (9] ghoal) g gl (g0l gl2al) 2
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Proof. Let G and H be any trees. Suppose G and H has independent neighborhood
sets 1, Ay and 9, Ao, respectively. Then by Remark 1,

Ni(G, z) = I 4 2181 and N;j(H, z) = 2920 4 2122,

By definition of corona of two graphs, every i*" vertex of G is joined to every vertex
in the #*" copy of H. Observe that the independent neighborhood set Q; of G and the
independent neighborhood sets in each copy of H joined to every vertex in A; forms
an independent neighborhood set in G o H. Similarly, the independent neighborhood
set A1 of G and the independent neighborhood sets in each copy of H joined to every
vertex in {2 is also an independent neighborhood set in G o H. Moreover, the number of
combinations of the indepedent neighborhood sets of each copy of H joined to every u € A

. . A . .

is |Aq], that is, N; U Hj,z | = (2!l + x'AQ‘)‘ il Also, there are |©1| combinations
JEAL

of independent neighborhood sets of each copy of H joined to each v € €, that is,

Q
N; U H. x| = (a:'Qz‘ —I—a:|A2|)| i . Hence,
refd

[Aq]

Ni(G o H,z) = 2/ <$|ng n xmg\) ol el (:E|92| . xm)

Example 6. Consider the corona of two graphs B(2,2) and K 3.

ay
b1

&1

a2

by
a b ¢ g

B(2,2) K1

Figure 6: The graph B(2,2), K13 and B(2,2) o K13
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Note that G has independent neighborhood sets Q; = {1,2,4},A; = {3,5,6} and H
has independent neighborhood sets Qo = {d}, Ay = {a,b,c}. We can see that the inde-
pendent neighborhood sets of G o H are {1,2,4,as, bs, 3, as, bs, c5, ag, bs, c6 },

{1,2,4, a3,b3,c3,as,bs,c5,ds }, {1,2,4,a3,b3,c3,ds, a6, b, c6 }, {1, 2,4, a3, bz, c3,ds, ds },
{17 27 47 d37 as, b57 Cs5, de, b6a Cﬁ}a {L 2a 45 d37 as, b57 Cs, d6}7 {1> 27 47 d37 d5> ag, bﬁv CG}7
{1,2,4,d3,ds,ds},{3,5,6,a1,b1,c1,a2,ba,,c2,a4,ba,ca}, {3,5,6,a1,b1,c1,a2,ba,, c2,ds},
{3, 57 67 ai, bla C1, d23 aq, b4a C4}a {3a 5a 65 ay, bl, C1, d27 d4}a {37 5’ 6’ dla a, b27 , C2, 04, b4a 04}7
{37 5767d17 d2,CL4, b47 04}7 {37 57 67 d17a27 b27 ) 627d4}7 {37 5767d17 d27d4}' Moreover, by Theo-
rem 6,

NiGoHz) = o (al g gioal) il (il o)
= 2%(z+ 2% 4+ 23 (z + 2°)?
sz(:z +x3)3
223 (2 + 32° + 327 + 29)
= 225+ 62% 4 6210 + 2212

On the other hand, the corona H o G is given in Figure 7.

K173 ©) B(Q, 2)

Figure 7: The graph K 30 B(2,2)

We can see that the independent neighborhhood sets of K 30B(2,2) are {a, b, ¢, 14, 24,44},
{a, b, C, 3d7 5d7 Gd}, {d, la, 20,7 4a7 1[,, 2(,, 4b7 16, 207 40}7 {d, 1a, 2&7 40,7 1[,, 2(,, 4b7 307 507 66},
{d,14,24,4a:3b, 5, 66, 1c, 2¢,4c}, {d, 1a, 24, 4as b,y Db, 66y 3, Dey 6}y {d, 3a, Bay 64y 1oy 26, 4p, 1oy 2¢, 4c}
{d, 34,54, 64, 1, 25, 45, 3¢, B¢, 6.}, {d, 3a, Ba, 64, 36, Db, O, Ley 2¢, 4e ),
{d, 34,54, 64,3, Db, 65, 3¢, 5, 6. }. By Theorem 6,

Ni(Ki30B(2,2) = 233 +23) +2(2® + )3
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= 23(22%) + 2(223)3
= 2% 4 82

Theorem 7. For any trees G and H, if G = H, then

Ni(GOH, x) = NZ<HOG, a;)

13 of 14

Proof. Let G and H be any trees. Suppose G = H. Then G and H has indepedent
neighborhood sets 1, A1 and Q9, Ay, respectively. Since G = H, either || = Q2| and
|A1] = |Ag] or |Q1] = |Az| and |A;| = |Q2|. Without loss of generality, assume || = ||

and |Aq| = |Ag|. Thus,

NiGoHz) = aldil (il g hoal) ™ plonl (il 4 giaa)

Q
_ gl (xmn n xmu)' 2l | il <x|sm n xml\)

= N;(HoG,x).

Example 7. Consider the corona of K4 to itself as shown in Figure 8.

|Aq]

|Asz|

1 2 3 4
Ki4: W Kig: W
0 a

brc1  dierbyca doex b3 ez dzezsbycy  dyey
O Q O O Q Q O @) Q Q O @)

Q

a2

S 3

Figure 8: The graph Ky 40 K14

By Proposition 2, K; 4 has independent neighborhood sets of cardinalities 1 and 4,
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respectively. This implies [Q;| = 1,|A1] =4, |Q2| = 1, and |Agz| = 4. Therefore,

Ni(Ky40Ky4,2) =2 (x + 2N + 2t (x 4 21)!
= (2t + 423 - 2? + 627 - 2® + 40 2 + 210) 4 25 + 28
= 22° + 52% + 62! + 42 4 217
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