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Abstract. In this article, we introduce a self-adaptive method for approximating solutions of
split common fixed point problem of Bregman demigeneralized mappings and system of monotone
variational inclusion problem with multiple output sets in reflexive Banach spaces. By employing
our iterative method, we prove a strong convergence theorem for approximating solutions of the
aforementioned problems. In summary, we state some consequences of our main result. The result
discuss in this paper extends and complements many related results in literature.
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1. Introduction

For modelling inverse problems which arise from phase retrievals and medical image re-
construction, (see [1]), Censor and Elfving [2] introduced the Split Feasibility Problem
(SFP) in 1994, which is to find

u* € C such that Fu* € Q, (1)
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where C' and ) are nonempty, closed and convex subsets of real Banach spaces E; and
E respectively, and F' : E1 — FE5 is a bounded linear operator. The SFP have been well
studied in the framework of real Hilbert spaces, uniformly convex and uniformly smooth
Banach spaces, see ([3-5] and other references contained in). Different optimization prob-
lems have been formulated in terms of SFP (1), for instance, If Q = {b} in SFP (1) is a
singleton, then we have the following convexly constrained linear inverse problem (CCLIP)
defined as follows:

Find a point v* € C such that Fu* = b.

Also, if C = Fizx(T) ={z € E: x = Tz} and Q = Fiz(S), then SFP (1) becomes split
common fixed point problem (SCFPP) which is to find a point

u* € Fixz(T) such that Fu* € Fixz(S). (2)

Since the introduction of the SCFPP (2), authors have considered several schematic meth-
ods for approximating its solution. For instance, Censor and Segal [6] introduced the fol-
lowing iterative algorithm for solving the SCFPP (2) in finite dimensional spaces. They
defined the algorithm as follows:

Tpy1 = T(x, + TFY(S — I)Fxy,),

for each n > 1, where 7 € (0, %) with 7 being the largest eigenvalue of the matrix F*'F

(F' being the matrix transposition). Also, Moudafi 7] introduced a relaxed algorithm
for approximating a solution of SCFPP (2) and proved some weak convergence results in
Hilbert spaces with the mappings T" and S being quasi-nonexpansive mappings.

The variational inclusion problem consists of finding a point z* € E such that

0 € (A+ B)z*, (3)

where A : E — E* is a single-valued mapping and B : E — 2F" is a multi-valued
mapping on a real Banach space F with dual space E*. Combining the notions of SFP
and VIP, Moudafi [8] introduced the following Split Variational Inclusion Problem (SVIP):
Let H; and Hs be real Hilbert spaces, A; : H; — H;, i = 1,2 be single-valued mappings,
B; : H; — 21 be multi-valued mappings and F : H; — H» be a bounded linear operator.
The SVIP consists of finding z* € H; such that

0€ (A+ B)x” (4)
and such that
y* = Fz* solves 0 € (A+ B)Fz*. (5)

We note that since its introduction, the SVIP has been considered in other more general
frameworks than the Hilbert spaces (see [9-19] and the references therein).
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The several variants of the SFP continue to recieve attention of various authors, notably
because of the many rich applications, (see [6, 20]). There have been attempts at ex-
tending the SFP for more operators to cover the previous studies in the literature. For
instance, Reich and Tuyen [21] introduced the Generalized Split Common Monotone In-
clusion Problem (GSCMIP): Let i = 1,2,--- , N, H; be real Hilbert spaces, A; : H; — 2%
be maximal monotone operators. Let F; : H; — H;;1 be bounded linear opertors for
i1=1,2,--- ,N — 1 such that T; £ 0. Then the GSCMIP is to find z* € H; such that

0e Al(l‘*), 0e AQ(Fl(l’*)), ---,0¢€ AN(TN_lTN_2 . -Tl(l’*)). (6)

Very recently, the same authors in [16] introduced and studied a Split Common Mono-
tone Inclusion Problem with Multiple Output sets (SCMIPOS) in Hilbert spaces. Let
H,Hy,---,Hy be real Hilbert spaces, F; : H —» H;, 1 =1,2,---, N be bounded linear
operators. Let B : H — 2 B; : H; — 2Hi 4§ =4 2 ... N be maximal monotone
operators, then SCMIPOS consists of finding a point z* € H such that

N
z* € B7H0) N (ﬂ Fi_l(Bi_l(O))> . (7)
=1

In this paper, our motivation is in two folds. First, we combine the notions of SVIP and
the SCMIPOS to introduce a Split Variational Inclusion Problem with Multiple Output
sets (SVIPOS) in the framework of real Banach spaces. Let E = Ey, E1, Es,--- , Ex be
real Banach spaces and F; : E — FE;, i =0,1,---,N with Fy = I¥ be bounded linear
operators. For i =0,1,--- , N, let A; : H; = H; with A = Ay be single-valued mappings
and B; : H; — 2! with B = By be multi-valued mappings. Then the SVIPOS is the
problem of finding a point * € E such that

N
z* € (A+B)710)[) (ﬂ FH((Ai + Bz’)l(o))> : (8)
i=1

On the other hand, the Fixed Point Problem (FPP) for a multi-valued mapping have
been well discussed due to its many applications. For instance, the FPP is used in game
theory, control theory, convex optimization differential inclusion and so on [22-26]. The
problem of obtaining a common solution of a fixed point problem (in short, FPP) and
other optimization problems have been considered in recent articles. We note that these
type of problems become more applicable in real life problems whose constraints can be
modelled as fixed point and optimization problems. In this direction, Izuchukwu et al.
[15] studied the following split monotone variational inclusion and fixed point problem
between Hilbert space and a Banach space which is defined as follows:

Find z* € Fiz(T) N (A + B)~1(0) such that Fu* € G71(0),

where H is a Hilbert space, E is a uniformly convex and uniformly smooth Banach space,
T a multivalued quasi-nonexpansive mapping, B : H — 2 and G : E — 2¥ are maximal
monotone operators, F': H — FE is a bounded linear operator. They proposed a viscosity
iterative scheme and under mild conditions and proved a strong convergence theorem.
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Inspired by the results discussed above, our second motivation is to propose an iterative
algorithm for approximating a common solution of a fixed point problem and split varia-
tional inclusion problem with multiple output sets. The proposed method combines the
Mann iterative, the Halpern technique and a carefully selected step size to avoid the de-
pendence of the method on prior knowledge of the operator norms. Using this method, we
prove a strong convergence method for approximating a common solution of an SVIPOS
and a fixed point problem for a Bregman multi-valued mapping in the framework of real
reflexive Banach spaces. In particular, the following are some of the highlights of the
present study:

(i) The main result in this article generalizes the results in [27] and [14] from p-uniformly
Banach spaces which are also uniformly smooth to reflexive Banach spaces.

(ii) The problem considered in [19] is a special case of the one considered in this article
and generalizes the results in [6, 7, 11, 19, 28, 29| from real Hilbert spaces to a
reflexive Banach spaces.

(iii) It is worth mentioning that the proof of convergence proposed in this paper is differ-
ent from the ones in [6, 14, 27, 29] in the sense that our approach does not distinguish
between whether the sequence generated by our algorithm is Fejer-monotone or not.
Our approach is simple and more elegant.

(iv) We dispensed the sets {C,, Dy, Qn}nen in our algorithm as this gives difficulties
in computation. Lastly, our iterative algorithm is designed in such a way that it
does not require prior knowledge of operator norm as this also gives difficulties in
computation.

2. Preliminaries

We state some known and useful results which will be needed in the proof of our main theo-
rem. In the sequel, we denote strong and weak convergence by ”—"” and ”—”, respectively.
For any x € F, we denote the value of z* € E at = by (x,z*) .

Let E be a reflexive Banach space with E* its dual and ) be a nonempty closed and
convex subset of E. Let g : E — (—o00,+0o0] be a proper, lower semicontinuous and
convex function, then the Fenchel conjugate of g is the map g* : E* — (—o0, +0o0] defined
by

g"(z*) = sup{(z,2*) — g(x) : x € E}, =" € E™.

Let the domain of g be denoted by domg = {z € E : g(xz) < 400}, hence for any y € E,
we define the directional derivative of ¢ at x in the direction of y by

x - lim .
g ( 7y) tIO t
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The function ¢ is said to be

(i) Gateaux differentiable at x if lim,_,q+ w exists for any y. At this time, the

gradient of g at z is the linear function V¥ (z) satisfying
(Vi(@),y) = ¢"(z,y), Yy € E.

(ii) Gateaux differentiable, if it is Gateaux differentiable for any = € int(domg); where
int(domg) stands for the interior of domain of g.

(iii) Fréchet differentiable at x, if its limit is attained uniformly in ||y|| = 1;

(iv) Uniformly Fréchet differentiable on a subset () of E, if the above limit is attained
uniformly for z € @ and ||y|| = 1.

Let g : E — (—00,+0o0] be a function, then g is said to be:

(i) essentially smooth, if the subdifferential of g denoted by Jg is both locally bounded
and single-valued on its domain, where dg(z) = {z* € E* : g(z) + (y — z,2*) <
9(), y € B}

(ii) essentially strictly convex, if (9g)~" is locally bounded on its domain and g is strictly
convex on every convex subset of dom Jg;

1

(iii) Legendre, if it is both essentially smooth and essentially strictly convex. See [30, 31]
for more details on Legendre functions.

Alternatively, a function g is said to be Legendre if it satisfies the following conditions:

(i) The int(domg) is nonempty, g is Gateaux differentiable on int(dom)g and domVg =
int(domg);

(ii) The int(domg*) is nonempty, g* is Gateaux differentiable on int(domg*) and domV¥,.
int(domg™*).

Definition 1. [32] Let E be a Banach space. A function g : E — (—00,00| is said to
be proper if the interior of its domain dom(g) is nonempty. Let g : E — (—o00,00] be a
conver and Gateauz differentiable function. Then the Bregman distance corresponding to
g is the function Dy : dom(g) x intdom(g) — R defined by

Dy(z,y) :=g(x) — g(y) — (x —y, V%)), ¥V 2,y € E. (9)

is called the Bregman distance with respect to g. It is clear that Dy(x,y) > 0 for all
T,y € L.
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It is well-known that Bregman distance D, does not satisfy the properties of a metric
because D, fail to satisfy the symmetric and triangular inequality property. However, the
Bregman distance satisfies the following so-called three point identity: for any x € domg
and y, z € int(domg),

Dy(w,2) = Dg(x,y) + Dy(y, 2) + (v — y, VE(y) — VE(2)). (10)
In particular,
Dg<'r7y) = —Dg(y,.%') + <y - x?ng(y) - V%}(ZC», v T,y c E.

Let B : E — 2F" be a set-valued mapping. We define the domain and range of B by
domB = {x € E : Bx # ()} and ranB = |J,p Bz, respectively. The graph of B denoted
by G(B) = {(z,2*) € E x E* : z* € Bx}. The mapping B C E x E* is said to be
monotone [33] if (z — y,z* — y*) > 0 whenever (z,z*), (y,y*) € B. It is also said to be
maximal monotone [34] if its graph is not contained in the graph of any other monotone
operator on E. If B C E x E* is maximal monotone, then we can represent the set
B7Y0) ={z € E:0 € Bz} is closed and convex.

Let A: E — 2F" be a mapping, then the resolvent associated with A and A for any A > 0
is the mapping Res$ , : E — 2% defined by

Res{, == (V4 +AA) 1o VY.

It is worth mentioning that a mapping A : E — 2" is called Bregman inverse strongly
monotone (BISM) on the set C' if

C N (domg) N (int dom g) # 0,
and for any x,y € C'N (int dom g), n € Az and £ € Ay, we have
(=& (Ve (2) = 1) = V5. (Vi(y) = ) > 0.

The anti-resolvent Ai : E — 2% associated with the mapping A : E — 25" and A > 0 is
defined by

AY = (V%)L o (VY — AA). (11)

A point p € @ is called an asymptotic fixed point of 7" if () contains a sequence {x,,} which
converges weakly to p such that lim ||Tz, — z,|| = 0. We denote by Fiz(T) the set of
n—oo

asymptotic fixed points of T'.
Let @ be a nonempty closed and convex subset of int(dom g), then we define an operator
T : Q — int(domg) to be :

(i) Bregman relatively nonexpansive (BRNE), if Fix(T) # 0, and

Dy(p,Tx) < Dy(p,x), ¥ p € Fix(T), x € Q and Fz:g(T) = Fix(T).
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(ii) Bregman quasi-nonexpansive mapping (BQNE), if Fixz(T) # () and

D¢(p,Tx) < Dy(p, ),V o € Q and p € Fix(T).

(iii) Bregman firmly nonexpansive (BFNE), if

Definition 2. [35] Let C' be a nonempty, closed and convexr subset of a reflexive Banach
space E and g : E — (—o00,4+00| be a strongly coercive Bregman function. Let 3 and
v be real numbers with f € (—oc0,1) and v € [0,00), respectively. Then a mapping T :
C — FE with Fixz(T) # () is called Bregman (3,~)-demigeneralized if for any z € C' and
p € Fix(T),

(x —p,V%(z) = VL(Tz)) > (1 — B8)Dy(z,Tx) + vDy(Tx,z), ¥V 2 € E and p € F(T).

Definition 3. A function g : E — R is said to be strongly coercive if

g(xn) _

llenll—oo [|Znl]

Lemma 1. [19] Let E be a Banach space, s > 0 be a constant, ps be the gauge of uniform
convezity of g and g : E — R be a strongly coercive Bregman function. Then,
(i) For any x,y € Bs and o € (0,1), we have

Dy (2, V. [aV5V(y) + (1 — )V (2)]) < aDy(,y) + (1 — a)Dy(a, 2) — a(l — a)py (I9%(y) — V)11,
(ii) For any x,y € By,

ps(llz = yll) < Dy(z,y).

Lemma 2. [36] Let E be a reflexive Banach space, g : E — R be a strongly coercive
Bregman function and V' be a function defined by

V(z,2*) = g(z) — (x,2") + ¢"(z*), x € E, ¥ € E".
The following assertions also hold:

Dy(x, Vg* () =V(x,x¥), for allxz € E and z* € E™.

V(z,z*) + <V*g* () —z,y") < V(x,z" +y*) for all x € Eand z*,y" € E*.
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Lemma 3. [35] Let Ey and Es be two Banach spaces. Let F' : Ey — Ey be a bounded linear
operator and T : Ey — Eo be a Bregman (¢, 0)-demigeneralized for some ¢ € (—o0, 1) and
€ [0,00). Suppose that K = ran(A) N Fix(T) # 0 (where ran(B) denotes the range of
B). Then for any (z,q) € Eq x K,
(x — q, F*(VE,(T(Fx))))

(1= 0)Dg,(Fz, T(Fx)). (12)

So, given any real numbers & and &a, the mapping Ly : E1 — [0,00) and Lo : Ey — [0.00)
formulated for x € Fy as

Dy, (Fz,TF)

Li(z) = { Do " (VE, (Fa)). F*(VE, (TFa))’ ¥, I-DFs#£0, (13)
SE otherwise,
and
D;, (VE, (@) —vF*(VZ (F2)-V (TF2)), VY (2)) B
Ly(z) = Dy, (F*(VE (F)),F* (V2 (TFa)) cif, (I=T)Fz #0, (14)
§2, otherwise,

are well-defined, where 7 is any nonnegative real number. Moreover, for any (x,p) €
Ei x K, we have

Dy, (¢,y) < Dygy(q,2) — (v(1 = ¢)Li(z) — La(x)) Dgz (F*(VE, (F2)), F*(VE, (T Fx)),
(15)
where
y = (V) Ve (x) = yF* (V% (Fx) — VE (TFx))).

Lemma 4. [36] Let E be a Banach space and g : E — R a Gateauz differentiable function
which is uniformly conver on bounded subsets of E. Let {x}nen and {yn}nen be bounded
sequences in E. Then,

lim Dy(yn, ) =0= hm [|Yyn — xn|| = 0.

n—oo
Lemma 5. [37] Let g: E — (—00,+00] be a Legendre function Let {T;}¥., : E — E be a
BQNE such that ﬂ Fiz(T;) # 0 and {8}, C (0,1) satisfy Z Bi; = 1. Define a mapping

i=1 =0

S:E— E by Sz := (V%) (BoV(x) + Z BiVY(Tix)) for all = € E. Then S is BQNE
i=1

(
N
such that Fix(S) = ﬂ Fix(T;).
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Lemma 6. [38] Let B : E — 2F" be a maximal monotone operator and A : E — E* be
a BISM mapping such that (A + B)~1(0%) # (). Let g: E — R be a Legendre function,
which is uniformly Fréchet differentiable and bounded on bounded subset of E. Then,

Dy(u, Res$ 0 A%(x)) + Dy(Resi 5(2),2) < Dy(u,z), for anyu € (A+ B)"*(0*), z € E and A > 0.

Lemma 7. [38] Let B : E — 2F" be a maximal monotone operator and A : E — E* be
a BISM mapping such that (A + B)~1(0%) # (). Let g: E — R be a Legendre function,
which is uniformly Fréchet differentiable and bounded on bounded subset of EE. Then,

(i) (A+ B)7'(0%) = Fiz(Res{y o AS);

(ii) Resd 0 AY is a BSNE operator with Fiz(Res)y o AS) = Fiz(Res]y o A).

Lemma 8. [39] Let g : E — R be a Gateauz differentiable and totally convex function. If
xo € E and the sequence {Dy(xr,x0)} is bounded, then the sequence {xy} is also bounded.

Definition 4. Let C be a nonempty closed and convex subset of a reflerive Banach space
E and g : E — (—o00,+00] be a strongly coercive Bregman function. A Bregman projection
of z € int(domg) onto C C int(domg) is the unique vector Projl(xz) € C satisfying

Dy(Projl(z),xz) = int{Dy(y,x) : y € C}.

Lemma 9. [40] Let C be a nonempty closed and convex subset of a reflexive Banach space
Eandx € E. Let g: E — R be a strongly coercive Bregman function. Then,

(i) z = Projd(x) if and only if (V%(z) — V%(2),y —2) <0, VyeC.

(i) Dy(y, Proji(x)) + Dg(Projl(xz),z) < Dy(y,z), ¥y € C.

Lemma 10. [41] Let {an} and {d,} be sequences of nonnegative real numbers such that

An+1 < (1 - 5n)an + bn +dn7 n = 17

o0
where {0p} is a sequence in (0,1) and {b,} is a real sequence. Assume that ) d, <
n=1

o0
00, Y. 0p =00 and limsupg—" <0, then lim a, = 0.
=1 n—oo  On n—oo

Lemma 11. [42] Let {T',,} be a sequence of real numbers that does not decrease at infinity
in the sense that there evists a subsequence {I'n;} of {I'y} which satisfies I'y; < Ty, for
all j € N. Define the sequence {T(n)}n>n, of integers as follows:

7(n) :=max{k <n:T% < Ty},
where ng € N such that {k <ng: Tk <Tpi1} # 0. Then, the following hold:

(i) T(no) < 7(nog+1) <--- and 7(n) = oo,

(1) Ty < Trmysr and Loy < Ty, ¥V 1> mo.
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3. Main Result

Throughout this section, we assume that

Assumption 1.

(i) Let E; fori = 0,1,2,--- N be reflexive Banach spaces where Ey = E, g : E —
(—o0,+o0] and g; : E; — (—00,400] be strongly coercive Legendre functions which
are bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E and E;, i = 1,2,--- | N, respectively. Let VgE and V%i be the gradients of E
dependent on g and E; dependent on g; respectively.

(i) Let F; : E — E*,j = 1,2,--- ,m be BISM mappings and G; : E — E*,j =
1,2,--- ,m be maximal monotone mappings respectively. Suppose A; : E — F;,i =
1,2,---, N be bounded linear operator such that A; # 0 and A} be the adjoint of A;.

(i1i) Si: E; — E;, 1 =0,1,2,--- | N be Bregman (pg, ps)— demigeneralized mapping such

that pg € (—00,1) and pg € [0,00). Assume that Q := {z* € Fiz(T2)N Fiz(S) :
j=1

Ajx* € (]\ﬂ Fix(S;)} # 0,
i=1

(iv) Let v > 0 be a real number and {an}nen, {Bi}7g and {Xin}nen be sequences in

m N

(0,1) with > 5; =1 and Y iy, = 1 respectively, satisfying the following control
=0 i=0

condition:

o0
(1) lim a, =0, > a, =oc.
n—00 =1

Let TY := Rengj o Fjg for j = 1,2,---,m, clearly Fiz(T) = (Fj + G;)71(0) for each
j=1,2--- 'mand g > 0. Define the sequence {z,} by the following recursive formula:

Algorithm 1. For fized uw € E, let {z,}72, be a sequence generated by 1 € E such that
N
Zp = (V%)fl [ Z‘a)\m (V%(azn) - vAj(V%i(Aixn) - V%i(SiAixn)))]
i = (VE) " [(BoVh(en) + X0 6 V5(T820)] (16)
]:

In+1 = (v%)_l [anv%(u) + (1 — an)ng(yn)]~
Suppose {&1ntnen and {&2pn}nen are two sequences, where

Dy, (Aixn,SiAizn) . _ Q. .
51 = D;(A:f(v%i(Aixn)),Af(V%i(SiAirn))7 Zf? (I Sz)Az«Tn 7é 0,

&, otherwise,
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and

D;(V%(zn)—"/fﬁf (V%i (Aixn)_v%i (SiAiIn))vv%(%L))

&, otherwise.

Then, the sequence {z,} defined in (16) converges strongly to v = Projdu, where Progf,
is the Bregman projection of E onto ).

Proof. Let V, = BoVE+61V(Resyq oFY)+82VE(Res) o FY )+ -A-—i—ﬁngE(Rengmo
F3), then y,, = V,z,. By applying Lemma 5 and using the fact that 77 is BQNE then we

have that Fiz(V,) = () Fiz(TZ) = (Fj 4+ G;)710). Let v € Q, then we obtain from
3=1 J=1
Lemma 3 that
N
Dy (0, 2) = Dy, (V) [ 3 A (Vi) — Y ALV (Airn) — V. (S, A i)
i=0
N
< Dg(v, xn) - Z Ai,n(V(l - pS)gl,n - fZ,n)D; (A;k(v%z (Az-rn))y A:(V%Z(SzAzxn))
i=0
(17)
< Dy(v,xn). (18)
It follows from (16) and (18) that
Dy(v,yn) = Dy(v, (V)" [B0VE(za) + Y B VE(TE20)])
j=1
< BoDg(v,zn) + Z BiDg(v, ngn)
j=1
< /BO-Dg(va Zn) + Z Bng(U’ Zn)
j=1
= Dy(v, zp) (19)
S Dg(’U,.’L‘n). (20)
Using (16), (18) and (19), we get
Dy (v, 2nt1) = Dy(v, (ng)il [aanE(u) +(1- an)v%(ynﬂ)
< anDg(v,u) + (1 — an)Dg(v, yn) (21)
< apDg(v,u) + (1 — an)Dy(v, 2p,)
< anDy(v,u) + (1 — an)Dy(v, zp)
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< max{Dgy(v,u),Dy(v,z1)}. ¥V n > 1.

Thus, we obtain that the sequence {Dg4(v, ) }nen is bounded. Using Lemma 8, then we
conclude that {z,},en is bounded. Consequently, {yn }nen and {2, }nen are bounded.
By Lemma 6, (16) and (20), we obtain that

Dy(0,9a) = Dy(v, (V%) 8oV (z0) + 3 8,74 (T520)
j=1

< BoDy(v,20) + > BiDy(v, TYz)

j=1

< BODg(Ua Zn) + ZB] (Dg(Ua 2n) — Dg(Tana Zn))
j=1

= Dy(v, 2) — Z BiD (ngna Zn) (22)

3

3

< Dg(v,f’?n) - Z/Bng(Tme Zn) (23)
j=1

From (17), (21) and (22), we get
Dg(va $n+1) < O‘TLDQ(U’UJ) + (1 - an)Dg(U7yn)

m

< apDy(v,u) + (1 — o) (Dg (v, 2) — ZBjDQ(ngn, Zn))
j=1

= apDg(v,u) + (1 — o) Dg(v, ) — (1 — ZBJ (T2 2, 2n)

N

— (L= an) D Nin(y(1 = ps)érn — €o.0) Dy (Af (Vi (Ain)), A7 (VR (SiAin)).
=0

(24)

We now divide the remaining proof into two cases.
Case 1: Suppose that there exists ng € N such that {D,(v,z,)} is non-increasing, then

we obtain that lim Dgy(v,z,) exists. Thus,
n—oo
Dy(v,2n) — Dg(v, 2p41) = 0, n — o0. (25)

From (24), 25 and condition (i) of Assumption (1), we have that

(1-an) ZAW (1= ps)€1m — on) Dy (AT (VE (Aizn)), AF (VY (SiAizn))
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+ Z,BJ (T2 20, 20))] < @nDg(v,u) + (1 — an) Dy(v, 24) — Dy(v, Tps1),

which implies from Lemma 4 that

lim Dy(T2zp, 2,) = 0 = hm [T 2 — 2n]-

n—oo

Also,

N

JLH;O Z )\i,n(’}/(l - pS)é‘l,n - €Q,n)D; (Af(v‘;]i (Airy)), Ar(v%Z(SzAzxn)) =0.

i=0
Therefore, we have

lim D} (A (V9 (Agzy)), AL (VE (SiAiz,)) = 0.

n—oo

Hence, by applying Lemma 4, (12) and the properties of Dj and A, we get

lim ||Ajz, — S;Az,|| =0, i=0,1,2,--- | N.

n—o0

In view of (16), (26), (28) and Lemma 4, we obtain that

lim Dy(zn,2n) =0 = hm l|2n — znll,
n—oo n—

and

lim Dgy(yn, 2n) =0 = hm ||y — znl| = 0.

n—oo
By applying (30) and (31) we obtain
lim Dy(yn,zn) =0= lim ||y, — xx]|.
More so, employing condition (i) of Assumption 1 and Lemma 4, we arrive at
lim D (mn—i-layn) =0= hm [|Zn41 — Ynll-
n—oo

We therefore conclude from (32) and (33) that

lim Dy(xpi1,2n) =0= hm [|Tn+1 — 2|
n—oo

13 of 22

(26)

(27)

(30)

(31)

(33)

(34)

Since {xy} is bounded and E is reflexive, there exists a subsequence {zy, } of {zy} such
that {x,,} — 2*. Also, from (30) and (32), there exist subsequences {z,, } of {z,} and

{yn, } of {yn} which converge weakly to z* respectively. Thus, for eachi =0,1,2,--

N, A

is a bounded linear operator, then it follows that A;z,, — A;x*. Hence, using the demi-

closedness principle and (29), we arrive at A;x* € Fixz(S;) for all i = 0,1,2, -

- N. Also,
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from (26), we obtain that z* € Fiz(TJ) = Fiz(T2) for each j = 1,2,---m. This implies
m . m
from Lemma 7 that x* € () Fiz(T4) = () (Fj + G;)71(0). Therefore, we conclude that
j=1 j=1

x* e

Next is to show that

(V1) = Vi (=), 21 — 2) 0.
Now, from (34), we have

lim sup(V¥,(u) — VE(2), zpg1 — 2) = hm (V9 (u) — VE(2), Tpgs1 — 2)

< (Vih(u) — Vi (2), 2" - 2).

Hence, we obtain that

lim sup(V(u) — V9(2), 2ns1 — 2) < (V) — Vi(2),2" — 2)

k—o0

IN

0. (35)
Next is to prove that {z,} converges strongly to v € Q2. Using Lemma 2, (18) and (20),

[an V(1) + (1 = an)VE(yn)])
=V (v anvg (u) + (1 — an)V%(yn))
< Vy(v,an Vi(u) + (1 — an)VE(yn) — an(VE(w) — V4(v))
+ (an(Vi(u) = VE(©)), Tns1 — v))
= Vy(v,an V3 (v) + (1 — an) Vi (yn)) + an (Vi (u) — Vi (v), l’n+1 — )
< ay Vy(v, \%- 2() + (1 = an)Vy(v, % 7 (Un)) + an<V%(u) ( )s Tnt1 — V)
= anDy(v,v) + (1 — ) Dy (v, yn) + O‘n<vg (u) — V%(v),xn_,_l —v)
< (1 —an)Dy(v,zn) + an(V%( ) — V%( ), Tnt1 — V). (36)

Dg(vaanrl) = !

In view of Lemma 10 and (35), we conclude that lim Dgy(v,z,) = 0. Therefore {z,}
n—oo

converges strongly to v.

Case 2: Suppose that there exists a subsequence {n;} of {n} such that Dy(v,z,,) <

Dy (v, zp,,,) for all k € N. We define a positive integer sequence {7(n)} by
7(n) := max{k € n: Dg(v,x) < Dy(v, T4+1)}

for all n > ng (for some ng large enough). Applying Lemma 11, we have {7(n)} to be
non-decreasing sequence such that 7(n) — co as n — oo and

Dg(v7 xT(n)) - Dg(va xr(n)+1) <0.
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Following the same argument to the one used in Case 1 of the proof of (16), we obtain
that

(h)m Dg(ngT(n), ZT(n)) = O’ for ] — ]_’2, ceem,
7(n)—oco
(li)m |Air () — SiAitr (|| = 0, for i =0,1,2,--- ,N,r
7(n)—oo
lim D Zr(n)s Lr(n :07
lim D Yr(n)s T(n)) = 0,
(h)Hl <v%(u) - ng(U)vxT(n)—l—l - U> <0.
7(n)—oc0

and
Dy(v, r(ny+1) < (1= ) Dy (v, Tr () + tr () (Vi (1) = V), Tr ()11 — v).-
Using Lemma 11, we arrive at
Dg(v,a:T(n)) < Dg(v,xT(n)H).

Hence, we conclude that ILm Dgy(v,2,) = 0. Therefore, {x,,} converges strongly to v. This
n o

completes the proof of our theorem.
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If we put m = 1, then we have the following iterative method which solves Q := {z* €
N
(F 4+ G)~Y0) N Fiz(S) : Ajz* € () Fiz(S;)} # 0.
i=1

Corollary 1.
Algorithm 2. For fized uw € E, let {x,}72, be a sequence generated by 1 € E such that

N
Zn = (V%)_l [ ;))\i,n (V%(:L‘n) — vA} (V%i(Aixn) - V%i(SiAixn)))]
Yn v%)_l [(ﬂnv%(zn) + (1 - ﬁn)v%(Resgc © Fg)]
Tpal = (V%)_l [anv%(u) +(1-— an)VgE(yn)}.
where 0 < a < B, < b < 1. Suppose {&1n}nen and {&2.n}nen are two sequences, where

Dy, (Aixn,SiAizn) ; VA
€1, = 4 DilAi(VE (Aan) A (VE (5:Awa) #r I S)Amn £0,
7n - * ‘

(38)

&, otherwise,
and
Dy (V%(wn)—WAf(VgEii (Aiwn)_ngii (SiAixn)), Vi (zn)) N
g?,n - D;(Az(v%i(Aiwn)),A:(V%i(SiAimn)) ) Zf ) (I Sz)Azxn 7& 07
&, otherwise.

Then, the sequence {x,} defined in (38) converges strongly to v = Projlu, where Progf,
1s the Bregman projection of E onto 2.

Here we consider the split common fixed point problem of Bregman demigeneralized map-
N

ping which is defined as Q := {z* € Fiz(S) : A;z* € () Fiz(S;)} # 0.
i=1

Corollary 2.
Algorithm 3. For fired u € E, let {zp}2°, be a sequence generated by 1 € E such that

— é N (V4 () — VAT (VS (Aizn) — V% (SiAszn)))]
Tnt1 = (V) HanVi(w) + (1 — o) Vi (20)] -

Suppose {&1ntnen and {&apn}nen are two sequences, where

Dy, (Aizn,SiAizn) ; —_G\A.
51 o D;(A:(V%i(Aiwn)),Af(V%i(SiAizn))7 Zf? (I Sz)Azxn 75 07

(39)

&, otherwise,

and
Dy (Vi (an) =y A7 (VE (Aiwn) =V (SiAien)), V' (2n)) i
fon = Dy (A7 (VE (Aizn)), A7 (VH, (SiAizn)) »

(I — Si)Aswy, # 0,
&9, otherwise.

Then, the sequence {z,} defined in (39) converges strongly to v = Projdu, where Progf,
is the Bregman projection of E onto Q.
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4. Numerical Example

In this section, we give a numerical example to illustrate the performance of our method.

Example 1: Let E = E; = R* for i = 1,2. We define h,, : R — (—o0, +00] by hy(x) =
%1‘2, m = 1,2,3,4. Also, let g = g; for i = 1,2 be defined by g : R? — (—o0, +oc],

g(z) = hi(z) + ha(z) + hy(z) + hu(z) = 123 + 323 + 2% + 32%. Then, we have

1 0 00 1
01 00 T
Vg(:r) - (Vh(l'l)),Vh(iL'Q),Vh(.’L'g),Vh(.’L'4) - ($1,$2,.’B3,1’4) = 0010 T3
0 0 01 Ty

For i = 0,1,2, let A; : R — R be defined by A;(z) = ﬁ for & = (x1, 20,73, 24) € R
We also define the mapping S; : R — R by S;(z) = —(i + 1)z for each i = 0,1,2. Then
—H%,O -Bregman demigeneralized. Now, define the mappings

P, Fy, F5 : R — R respectively by

the mappings S; are (

1 00 2 110 2 110 2
100 1 1 201 1201
B=1101 1| 2= 12121 B=|1 05 1
100 —1 1 20 3 1 20 3
and the mappings G1,Ga, G3 : R — R respectively by
1 1 0 =2 1 -2 -1 2 0 2 0 —2
1 2 -2 1 0 0 1 3 001 -3
Gi=1 19 o 1| =1 2 34| &=[120 1
0 2 0 3 0 3 0 5 1 30 2
It is easy to see for any A > 0, that
Ti(x) = (V§ + AG1) 0 Vi 0 (V) (VY — AF) ()
(/1 0 0 0 1 1 0 -21'7T/1 000 100
_0100+AX12—21 00100 100
“1lo 0o 1 0 -1 0 0 1 0010 1 01
\0 0 0 1 0 2 0 3 0001 100
F /14X A 0 —22\1'T/1=x 0 0 2\ 1
B A 1420 =2\ A A 1 0 )\ T
- -\ 0 1 A “A 0 1—=X =)\ T3
'\ 0 2\ 0 1+3)\ A 0 0 1+2\ T4
Suppose A = 1, we obtain
2 1 0 -2\1'T/0 00 2 1
B 1 3 -2 1 11 0 -1 T
@)=\l ¢ 1 1 100 -1 T3
0 2 4 -1 00 2 T4

— = o
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1 000 1

_ 0100 9

N 0 010 T3

00 01 x4

Proceeding same way, we obtain

1 000 x1
- 0100 2
BE=10 01 of||a
0 0 01 T4

and

15554 14443 17776 —2222 T1

Ty(z) = 1 —8148 11851 7407 —T7407 x2
B 79999 | | —2963 2963 11851 1852 x3
—-370 370 —1481 1481 T4
For this example, we choose a,, = n—li-l’ Bo = ﬁ, ﬁl = ﬁ, B2 = T?j_'& and 33 = n+15
We also choose v = 0.75, Ay, = My = 310 and Aoy = 7 et B,

10n+17’ 10n+17 T0n+17
| Zns1 — znl|? < 1074 be the stopping criterion. We illustrate this example with different

initial values of x1.

= (1,1,2,2);

= (5,5,5,5);

= (0.25,0.5,0.25,0.25)’;
= (10,5, -5, —20)’".

The results of this experiment are presented in Figure 1.
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20 T T T T T T T T 250 T T T T T T T T
18 1
16 1 200
14
12 1 150
& 10 &
8 1 100
6
4 R 50
2
0 . PN PN PN o o o ° 1 o o o o o o o
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Number of iterations Number of iterations
0.3 2500
—©— Algorithm 3.2 —©— Algorithm 3.2
0.25
2000 -
0.2
1500
g 0.15 &

1000 -

0 . . o PN o 0 o o o o o o o
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Number of iterations Number of iterations

Figure 1: Example 4. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom right: Case 4.
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