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1. Introduction

Swelling soils, also known as expansive soils, are characterized by an increase in volume
when exposed to moisture. The clay minerals within these soils naturally attract and ab-
sorb water. As described succinctly by Handy [1], ”when water is introduced to swelling
soils, the water molecules are pulled into gaps between the soil plates. As more water
is absorbed, the plates are forced further apart, leading to an increase in soil pore pres-
sure.” Consequently, swelling soils pose significant geotechnical and structural challenges,
impacting both the environment and society, as illustrated in Figures (1)-(2).

Figure 1: Cracking in soil
Figure 2: Cracking in a building structure

Swelling soils are found worldwide. As reported by Nelson and Miller [2], the American
Society of Civil Engineers estimates that one in four homes suffer damage caused by
expansive soils. Typically, such soils result in greater financial losses for property owners
than earthquakes, floods, hurricanes, and tornadoes combined. Therefore, it is crucial to
explore effective methods to mitigate or eliminate the damage caused by swelling soils.
Further theoretical background and details can be found in [3-5].

Although various chemical admixtures and other costly methods have been employed
to mitigate swelling soil damage, these solutions are often ineffective in the long term. This
research aims to stabilize swelling soils by utilizing damping mechanisms that are both
effective and environmentally sustainable. Mathematically, swelling soil models consist of
two coupled partial differential equations that describe the displacement of both the fluid
and the elastic solid material.

To the best of our knowledge, the swelling soil system was first proposed by Ies [6] and
later simplified by Quintanilla [7]. The fundamental field equations for the linear theory
of swelling soils are given by

pzztt = Pz — G1 + F1, (1)
putitt = Poy + G2 + Fh,

where the variables z and u represent the displacement of the fluid and the elastic solid
material, respectively. The positive constants p, and p, denote the densities of each
constituent. The terms (P, G, F) correspond to the partial tension, internal body forces,
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and external forces acting on the displacement, respectively. Similarly, (P, G2, F5) have
analogous definitions for the elastic solid.
The constitutive equations of partial tensions are expressed as

m=[o ][] o
A

where a1, a3 are positive constants and as # 0 is a real number. The matrix A is positive
definite in the sense that ajas > a3. Quintanilla [7] investigated the system:

(3)

Pzt = A1 2z + aoUgpy — f(Zt - ut) + aszgqt,
Pultt = 22z + A3Uze + (2 — ut),

where £ is a positive coefficient. Under initial and homogeneous Dirichlet boundary con-
ditions, he established an exponential stability result. Similarly, Wang and Guo [8] con-
sidered:
Pz2tt = Q1 Zzg T Q2Ugg — Pz’)/(x)zh (4)
Pultt = Q22zx + A3Ugy,

where ~y(x) represents an internal viscous damping function with a positive mean. Using
spectral analysis, they established an exponential stability result.

Several recent studies have introduced new stabilization mechanisms for swelling soil
models (1) that are effective, economical, and environmentally sustainable [9-12, 12]. In
recent years, there has been growing interest in treating equations with variable exponent
nonlinearities due to their applications in the mathematical modeling of non-Newtonian
fluids. One prominent example is electro-rheological fluids, which can undergo drastic
changes under the influence of external electromagnetic fields. In these cases, the vari-
able exponent nonlinearity depends on physical parameters such as density, temperature,
saturation, and electric field. For more results in this direction, we refer to [13-21].

Recently, Al-Mahdi et al. [22] established exponential and polynomial decay results
for swelling soils governed by the system:

{pzztt — Q1 2zy — Q2Ugy + O"Zt‘m(')_2zt = /B‘Z|m(.)_227 in (07 1) X (07 OO)? (5)

Pulltt — A3Ugy — A22zz = 0, in (0,1) x (0,00),

under suitable conditions on the variable exponents. However, an important question
arises:

Does system (5) with v, > 0 admit global existence, stability, or blow-up results
under certain conditions on the variable exponents?

In this paper, we address this question by considering the following swelling soil
system of the form:
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|m()=2, in 2 x (0,00),

Pulltt — A3Upy — A2 Zzq + B|ut\q(')*2ut = d\u|é(')*2u, in Q x (0, 00),

)—2 _
P22t — A1 2 — A2Ugg + Y] 26|22 = |2

u(x,0) = up(z), ue(x,0) = ui(x), 2(x,0) = z0(z),2¢(x,0) = z1(z) =€ Q,

2(0,t) = z(1,t) = u(0,t) = u(1,t) =0 t >0,

\
(6)
where Q denotes the interval (0,1). The positive constant coefficients p, and p, are the
densities of each constituent. The coefficients a1, a2 and ag are positive constants satis-
fying specific conditions. The coefficients v, 5,¢,d > 0, zg, 21, ug, u1 are given data and
p(.),q(.),m(.),£(.) are function satisfying some conditions to be specified in the next sec-
tion.
System (6) exhibits several key differences from previously studied swelling porous-elastic
models. Unlike classical models, where damping and source terms are typically governed
by constant power-law exponents, our system introduces variable exponent functions p(x),
q(x), m(z), and £(z). This formulation provides a more flexible and generalized framework
for capturing energy dissipation and nonlinear interactions, accommodating spatial het-
erogeneity in material properties. As a result, our model is more adaptable to real-world
applications, including soil swelling, biomechanics, and geomechanics.

The presence of variable exponent damping and source terms introduces new challenges
in the global existence and the blow-up analysis. We establish conditions under which
solutions exhibit finite-time blow-up, extending classical results from constant exponent
cases to more general variable exponent settings.

These advancements mark a significant generalization of existing studies on swelling
porous-elastic systems. By incorporating variable exponent nonlinearities, our work pro-
vides novel insights into the behavior of complex porous-elastic media under nonlinear
stress conditions.

First, we establish the existence and uniqueness results of a weak solution and then
we prove the global existence of the solutions under suitable assumptions on the variable
exponents. Second, we show that the solutions with negative-initial energy blow-up in
a finite time. Finally, we produce some numerical tests and examples to illustrate our
blow-up results.

The interaction between the damping and the source terms was first considered by Levine
[23, 24] in the linear damping case, (m = 2), in the following wave equation

ug — Au A+ alug|™?uy = blu[P"2u,in Q, t > 0, (7)

where a,b > 0, p > 2, m > 1, © is a bounded domain in R™. He showed that solutions
with negative initial energy blow up in finite time. Then, Georgiev and Todorova [25]
extended Levine’s result to the nonlinear damping case (m > 2). In their work, the
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authors introduced a different method and determined suitable relations between m and
p for which there is global existence or alternatively finite time blow up. More precisely:
they showed that solutions with any initial data continue to exist globally (in time) if
m > p and blow up in finite time if m < p and the initial energy is sufficiently negative.
Without imposing the condition that the initial energy is sufficiently negative, Messaoudi
[26] extended the blow up result of [25] to solutions with negative initial energy only.
Messaoudi [27]considered the following nonlinear viscoelastic wave equation

t
uy — Au + / g(t — 8)Au(s)ds + alug| ™ 2up = bluP?u, x €, t>0, (8)
0

where (2 is a bounded domain of R”. He proved that any weak solution with negative initial
energy blows-up in finite time if p > m. Also the case of a stronger damping is considered
and it is showed that solutions exist globally for any initial data, in the appropriate space,
provided that m < p. For more results in blow-up, we refer the reader to see [28-32] and
the references therein.

2. Preliminaries

In this section, we present some material needed in the proof of our results. Throughout
this paper Q = (0,1) and C is used to denote a generic positive constant.

e (A1): p,q,m,l:Q — [1,00) are measurable functions on  satisfying all the follow-
ing conditions
2 <p <p(r) <pz <myp <m(x) <mg < oo,
2<q <q(z) < g2 <t <{l(z) <ty < o0, where

p1 = essinfycop(z), p2 1= esssup,cop(z), my := essinfycom(x), mao := esssup,cqm(z),

q1 := essinfyeq(x), g2 = esssup,cqq(z), {1 = essinfycql(x), lo := esssup,eal(T).

and satisfy the log-Holder continuity condition; that is for any § with 0 < ¢ < 1,
there exists a constant A > 0 such that,

A

<——————— forallz,y € Q, with [z —y| <. 9)
log |z — y|
e (A2): The coefficients a;, i = 1, ...,3 satisfy ajaz — a3 > 0.

3. Technical Lemmas

In this section, we present and establish some lemmas needed for the proof of our main
results.
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Lemma 1. The energy of the problem (6) is defined by

1
Et) = B /Q [p22f + putif + asu? + a122 + 2a02,u,| dx

‘Z|m(o:) / |u,é’(m)
—c dx —d dx, 10
L o () (10)

and satisfies the following
E'(t) = —7/ |2¢|PO) da — 5/ |ug| 7 da < 0. (11)
Q Q

Proof. Multiplying the equations in (6) by z; and u; respectively and then integrating
over the interval Q = (0,1) to get

pz/ztzttdx—al/ ztzmdx—ag/ ztumd:r—l—’y/ Zt]zt\p(')_tadx
Q Q Q Q

+pu/ ututtdm—ag/ utumdm—ag/utzmdx+ﬁ/ ut|ut|Q(')_2utd:ﬂ (12)
0 0 0 0

:c/ zt|z|m(')2zdx+d/ wg|u* O 2udz.
Q Q

Using the integration by parts and the boundary conditions and summing up all the
results, Eq. (12) becomes

pz/ ztzttdx—i-al/ zxzmdx—l—ag/zxtumd:v+7/zt\zt|p(‘)_2ztdx
Q 0 0 0

pu/ Ut dT + ag/ UgtUpdx + ag/ Upr 2o AT + B/ ut]ut|q(')_2utd$ (13)
Q Q Q Q
= c/ zt|z|m(')2zdm+d/ we|ul" O udz.
Q Q
Using the following differential equations:

d d
pZ/ zizpdx = Pz & z?da:, pu/ wpupdr = Pud ufdw,

a dr = —— 22dx der = —— | uidx
1/Qzarzart 9 dt 0 2 AT, a’3/QuJ?uJ?t 9 dt 0 2T,

d
ag/ (ZptUy + Ugrzg) dac:ag/ Ugp 2, deT,
Q dt Jo

N d [ |z|m® N d [ |u
mO)=2,dy = c— d,add/ ‘f()?d:d/
C/ta|z| 2dr = c () x, an Qut|u\ udx i Jo 1)

(14)

‘f(x)
dx.

Combing (14) and (13), we obtain
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1d () o
24t Jq [pzzt + puui? 4 azu? + a1 2> +2a2,zxuw dx—[ |Z| d —d/ |u| (= ]
= _’7/ |Zt’p(')dx—ﬁ/ ’Ut|Q(')d1:

L Q
This gives

ZE( t)=FE'(t) = —fy/ ]zt\p(')dac — ﬂ/ \uth(')dw <0,
Q Q

where E(t) is defined in (10) and this completes the proof of (11).
Lemma 2. For any z,u € H}(Q) and p(-),q(-) satisfying (A1), we have

/Q |2P@ iz < CP|[zg][B + CP2] |2, |12

(15)
[ e < € lucll + CPlhusli
where C, is the embedding constant.
Proof. The proof of this lemma can be found in [33].
As in [33], we have the following:
)= [ " 2 Cleli (16)
and
:/ @z > O ul 2 (17)
Q
Lemma 3. Assume that (A1) holds. Then, we have
/ 2Dz < C (o)™ + o)1),
Q
s < ¢ (o + o). (18)
Q

Proof. The proof of this lemma can be found in [33].
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4. Local Existence

In this section, we give a detailed proof of the local existence theorem by using the
Faedo- Galerkin approximations and the Banach-Fixed-point theorem. We multiply the
first equation in (6) by ¢ € C5°(€2) and the second equation by ¢ € C§°(2), integrate each
result over €0, use Green’s formula and the boundary conditions to obtain the following
definition:

Definition 1. Let T > 0. Any pair of functions
zu € Lo([0,T), Hy(Q), 2 € L=([0,T), L*(R2)) N LP( x (0, 7))

and uy € L>=([0,T), L2(Q)) N L4(2 x (0,T)) is called a weak solution of system (6), if

p

% fQ pzztgb(x)dx +ax fQ zx¢x($)dx + ag fQ U;pd)x(x)dl‘

1) 2" P (@) da = ¢ fo |2V P26 () da

% fQ puty(x)d + a3 [ upthe( )dx —|— aQ Jo Zathe (x)dx (19)
+5 fQ ‘ut’q( )= QWZJ( dr = de \u] up(x)dx

2(0) = z0, 2¢(0) = 21, u(0) = wug, ut(0) = uy,

for a.e. t € [0,T] and all test functions ¢,v» € H(Q). Note that C§°(Q) is dense in
HY(Q). In addition, the spaces H} () C LPO(Q) N LI)(Q), under the conditions (A1)
and (A2).

Before establishing the existence theorem of a local weak solution of problem (6), we
first consider, the following initial-boundary-value problem:

Pz2tt — A1Zzg — A2Ugzy + “Y’Zt|p Zt f(x, t)7 in 2 x (Oa OO),

Pultt — Q3Ugy — A22xx + /8|ut’q( )- QUt - g(iU,t), in Q x (07 OO)J
2(0,t) = z(1,t) = u(0,t) = u(1,t) =0 t>0,

(2(0),u(0)) = (20,u0), (2:(0), ut(0)) = (21, u1), in &,

where f,g € L?(Q x (0,T)) and (ug,u1), (vo,v1) € HE(Q) x L*(Q).

Theorem 1. Assume that (A1) and (A2) hold and let (ug,u1), (vo,v1) € HE () x L2(2),
then problem (Q) has a unique local weak solution (u,v) on [0,T).

Proof. UNIQUENESS: Suppose that (@) has two solutions (z1,u;) and (z2,us2).
Then, (z,u) = (21 — 22, u1 —u2) satisfies, in the sense of distribution, the following problem:

Pz2tt — A1 Zgx — AUy + 7Y |th|p(x)f2 21t — ‘ZZt’p(x)72 Zot = 07 in © x (0, OO),
Putiss — A3Ugs — AnZas + B |u1e| " 72 ury — Bluge| "2 ugy = 0, in Q x (0,00),

1) = z(1,t) = u(0,

t):u( )_o 150,
u(0)) = (20, u0), (2:(0), u

t )) = (zl,ul), n Q.
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Multiplying the first differential equation by z; and the second by u; and then integrating
the result over €2, we obtain

d a a

1 | GV Gl + el + el + a2 [ oo

+ 'y/ <|th‘p(m)_2 T Z2t) (211 — 220)da (20)
Q

+ ﬁ/ <|u1t|q(g£)_2 g — Jug |12 U2t) (u1t — uge)dz = 0.
Q
Integrating (20) over (0,t), to get
a a
el el + el el + 2 [ o
2 2 2 2 0
t
+ ’y/ / (|th|p(a€)—2 21 — | 29e P2 22,5) (214 — 29¢)dxds (21)
0 JQ
t
+ / / (|mt|q(v"?>—2 iy — [uge 7772 th) (wry — ugg)dads = 0.
0 JQ
By using the following inequality
Y12y = 21022 (Y = 2) 2.0, bla) 2 2, (22)
forall z € Q and Y, Z € R, we have
a a
%M@+?W%+;MW+SWM+WA%%MSQ (23)
Applying the following Cauchy-Schwarz’ inequality:
| (v1,02) | < [loalllloall,  Vor, 02 € L2(0,1), (24)

and the following Young inequality:

1 1
jab] < 5 <6a2 + ebQ) , Va,b€eR, Ve >0, (25)

we see that, for any € > 0,

a
az ||ug || + a1 [|2]1 + 2@2/ U2z dT > ( 3= las] ; |) [l + (a1 — lazle) 2|,
Q

by choosing € = ﬁ <a2 —ay + \/(al —a3)?+ 4(1%) (e is well defined and positive, since
az # 0), we obtain

o [z + a P + 20 [ sz 2 C (ol + o). (26)
Q
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where C := <a1 + a3 — /(a1 —a3z)? + 4a%>.
Combining (23) and (26), we find

pa |22 + a1 |22 = 0.

Similarly, we obtain

pu [l + az ||uz|l = 0.
Therefore, z(x,.) = w(z,.) =0 on Q and uy(.,t) = 2,(.,t) = 0, for a.e t € (0,7). This
implies u = z =0 on 2x (0,7, since u = z = 0 on I x (0, T"). This proves the uniqueness.
EXISTENCE: The proof of the existence of a weak solution of (Q) consists of four steps:
Step 1. Approximate problem: In this step, we consider {w]} ° , an orthogonal basis

of H}(Q) and define, for all k > 1, (2%, u¥) a sequence in the finite - dimensional subspace
(Vi x Vi), where Vj, = span{w, wa, ..., wy}, as follows:

k k
)= aj(thw;, u(x,t) = bj(thw,
=1 j=1

for all x € Q and t € (0,T) satisfying the following approximate problem:

(- <2£7Uh> +—a1<zz auhx>L2«n *‘a2<U§>UUI>L2@n

+(|zF \ Zm i@ = (f(@ 1), wj)r2), J=12,...k,

pu(ufy, w]>L2(Q) + az(ug” w]x> @ + az(zh, w; )20 (27)
+ B(|u t\ wj) 20 = (9(z, ) wJ>L2(Q)a J=12, .k,

(2(0) = 20, zf<0> A <0> = ug, uf(0) = uy,
where ( , ) is the inner product in LQ(Q) and

k
= Z<207 wi>wi7 U(k): =
i=1

By the Projection Theorem in Hilbert spaces, the approximated initial data z’(‘;, ulg , zf, u’f
are obtained via orthogonal projection onto the finite-dimensional subspace Vj, providing
the best approximation in the corresponding norm. Since Vj is dense in H&(Q) and
L?(€2), and due to the finite-dimensional approximation property, the projections converge
strongly to the original initial data. Furthermore, the Banach—Alaoglu theorem guarantees
weak compactness of bounded sequences, but in this case, weak convergence implies the
following strong convergence,

] =

<217 wi>wi7 U]f =
i=1 =1

<u07wi>wi7 Z{c = (ul,wi>wi.

iM-
o

2k — 29 and uf — ug in H(Q)
and (28)

2F = 21 and u} — wpin L2(Q).
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Based on standard existence theory for ordinal differential equations, the system (27)
admits a unique local solution (z*,u*) on a maximal time interval [0, T}), 0 < T} < T, for
each k € N.

Step 2. A priori Estimates: In this step, we show, by a priory estimates, that T}, = T,
for each k € N. We multiply the first equation by ag- (t) and the second equation by b; (t)
n (27), sum over j = 1,2,...k and add the two equations to obtain

1d
335 | P E13 + pulla 18+ aal=518 + bl + 202 | beks
. (29)
== [ 1@ orae = [ a0 ae+ [ (50 + o) do
Integration of (29) over (0,t) leads to
1 k k k_k
3 pl12E 115 + pulluf |15 + avl|2E]|; + asllub] 5 + 20 Q%Z;ﬁdw
+7/ /\zt )PC dmds—i—ﬂ//]ut ) dzds
(30)

1 ko k
=5 (Pz||z1||2+9u||u1||2+Pz||zox|\2+0u||uoz|2+2a2/QZoonxd$)

/ / f x,t) +utg(x t)) dxds, for all t < Tj,.

Using the identity (26) and Young’s inequality on the last two terms, Eq. (30) becomes
for any € > 0,

1
5 (PllzE115 + pulluflls + € (Ihua > + l1221) )

o o ¢
+7/ /]zt dxds+ﬁ/ /|ut N dxds

1 k12 k12
< 5 (pellb15 + pulledlls + el 28,115 + pullub,|15) + e (1126115 + lluf I13)

+s/0Tk (pu szz) ds—l—CE/OTk/Q(|f(a:,t)|2—|—|g(x,t)|2> duds.

Using (22) and recalling that f,g € L?(Q x (0,7T)), we have

(31)

2
uf [, +p

28— 29 and wk — ug in HY(Q),
k k 2
27 — z1 and uy — uy in L*(Q)

and appling Gronwall’s lemma, estimate (31) becomes, for some C' > 0,

2 2 2 2
C sup | |17l + [luflly + (|21l + 1]l

0,7}
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+/0Tk/9<fy‘zf(a:,t)

< C: + €T sup <pu
(0,T%)

p()

+ ‘uf(m,t)‘qm> dxds

2
uf | +p

2
sz2> VT < T,k > 1.

Choosing € = ﬁ, we find
k)2 k)2 k)2 k)2
sup [HztHz"‘H“tHQ"‘Hszz‘FHUH2] <C.

0, T

12 of 29

Therefore, the local solution (2*, u*) of system (27) can be extended to (0, T), for all k > 1.

Furthermore, we have
(2%, (u*) are bounded in L=((0,T), H}(Q)),
(2F) is bounded in L=((0,T), L*(Q)) N LPY(Q x (0,T)),
(u¥) is bounded in L>((0,T), L*(Q)) N LIV (Q x (0,T)).

Consequently, we have, up to two subsequences,

2F — 2 and u* — u weakly * in L>((0,T), H3(R2)),

2F — 2, weakly * in L>®((0,T), L*(Q)) and weakly in L) (Q x (0,T)),
ulf — u; weakly * in L=((0,T), L*(€2)) and weakly in L0 (2 x (0,T)).

Step 3. The Nonlinear terms: In this step, we show that

()
| 2 PO=2 2k ) 2, PO=2 4, weakly in L0 (Q x (0, 7)),

()
[ f 7072 uf = | g |90, weakly in L0 (2 x (0,T))

and that (z,u) satisfies the partial differential equations of (@) on 2 x (0, 7).

. r ) BPO=2 gy i LT
Since (z;) is bounded in LPY(Q x (0,7)), then (|zf] z;') is bounded in LrO-1(Q x

(0,7)). Hence, up to a subsequence,

|p(')72

|2F ZF sy i L%
t ¢ —x1 in LrO=T(€ % (0,T)).

Similarly, we have
— (@)
Qu,’féxg in LT (Qx(0,7)).
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We can show that x; = |zt\p(')_2zt and yg = \ut|q(')_2ut by following the same steps as in
[34]. Now, integrate (27) on (0,¢) to obtain Vj < k,

/sz]( )dx /zle d:c—l—al/ /z wj ( dzds—l—ag/ /u wj (r)dxds
+7/ /\zt szj(a:)ddeZ/ /wjf(x,t)dxds,
0 JQ
t t
/utw]( )dx — /u’fwj(a:)dx—i—ag/ /u];wjx(x)dxds-i-ag/ /z’;wjm(x)dx
Q 0 JQ 0 JQ
' (-2 & '
+ﬁ/ /\uf\q utwj(a:)ddeZ/ /wjg(x,t)dxds.
0 JQ 0 JQ

As k goes to +00, we easily check that Vj < k,

t t

/ztwj(x)d:c—/zle(x)dx—f-al/ /zijx(x)dxds-i-ag/ /uzwjm(x)dxds

Q Q 0 JQ 0 JQ
t t
—i—’y/ /|zt]p(')22twj(x)da:ds:/ /wjf(x,t)dxds,
0 JQ

/utwj( )daz—/ulw] dm—i—ag/ /uzw]x dxds—l—ag/ /zijm

0 JQ

¢
—i—ﬂ/ / g 72 wwj(x)drds = wjig(x,t)dzds.
0 JQ

Consequently, we have Vw € H{ ()

t t
/ztw(x)dx—/zlw(x)dx—i—al/ /zmwx(x)dajds—l—ag/ /uxwm(:n)d:vds
Q Q 0 JQ 0 JQ
t t
+’y/ / ]zt|p(')2ztw(:v)dxd5:/ /wf(a:,t)dxds,
0 JOQ 0 JQ
t t
/utw(x)dx/ulw(x)dx+a3/ /uxwx(:v)d:z:derag/ /zxwx(x)d:vds
Q Q 0 JQ 0 JQ
¢ ¢
+B/ / ]ut|q(')2utw(:c)d:pd5:/ /wg(m,t)dmds.
0 JQ 0 JQ

All terms define absolute continuous functions, so we get, for a.e. ¢ € [0,7] and Yw €
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().
/zttw(:c)dx—l—al/zxwx(aﬁ)dx—i-ag/uxwx(:c)da:—i-’y/ |2e[P 2 2zw(z) da
Q Q Q Q
:/wf(:v,t)d:v,
Q
/uttw(x)dx—f—ag/uxwz(x)derag/zxwx(x)da:qLﬁ/ |ut|q(')72utw($)daz
Q Q Q Q
:/wg(a;,t)dx.
Q

This implies that
Pz2tt — 01 Zzx — A2Uggy + 7’2t|p(.)722’t = f7 in DI(Q X (O, T))
Pulltt — A3Ugzy — 2220 + ﬂ|ut]q(')_2ut =g, in D'(2 x (0,T)).

This implies that (z,u) satisfies the two differential equations in (Q), on 2 x (0,7).
Step 4. The Initial Conditions: We can handle the initial conditions like the one in
[34]. Hence, we deduce that (z,u) is the unique local solution of (Q). This completes the
proof of Theorem 1.

Now, we proceed to establish the local existence result for problem (P), we first recall
the following elementary inequalities:

al* = 16| < Cla =l (Ja*~" + ) . (34)
for some constant C' > 0, all £k > 1 and all a,b € R. Also

llal* a b

< Cla—0| (| + ), (35)
for some constant C' > 0, all kg > 0 and all a,b € R.

Remark 1. For a.e. © € Q and m(x) and {(x) satisfying (A1), the functions hi(s) =
c|s|™®)=2 and hy(s) = d|s|*®) =2 are differentiable and | (s)| = |¢||m(z) — 1||s|™®)2,
[Py(s)| = [d]|€(x) — 1|2,
Theorem 2. Let (ug,u1), (vo,v1) € HE(Q) x L*(Q) be given. Assume that (A1)-(A2)
hold. Then, problem (P) has a unique weak local solution (z,u) on [0,T), in the sense of
Definition 1, for some T > 0.

Proof. EXISTENCE: Let vi,vy € L™ ([0,T), Hj(2)). Using Lemma 15 and the
embedding property, we have

th(vl)H%:/ oy 2@ =D g < |ef (/ \v1]2(m2_1)dac+/ ymF(ml—l)dx) < 400
Q Q Q

(36)
ha(2)|3 = / @Dz < |4 ( / o 22D gy + / |v2|2<fl—1>dx> < 4o
QO Q QO
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Hence,
hi(v1), ha(ve) € L¥([0,T), L*(R)) € L*(Q x (0,T)).

Therefore, for each vy, vy € L¥([0,T), H}(£2)), there exists a unique solution
(2yu) € L0, T), BY()), = € L0, T), I3(©) 0 IX(2 x (0,T))

and uz € L>([0,T), L3(Q)) N LY(Q x (0,T)) satisfying the following nonlinear problem

P2zt — 01 Zap — GUzy +7 |2/PP 2 2 = i (v1) i Qx (0,T),
Pullys — A3Ugy — A22an + B |17 2wy = ho(va) in Q x (0,7),

u=z=0 on 90 x (0,7, (R)
u (0) = up and ug (0) = uy in Q,
2 (0) = 20 and 2 (0) = z; in Q.

Now, let
Wr = {w € LOO((()?T)aH(%(Q))/wt € Loo((()’T)aLQ(Q))} )

and define the map K : Wp x Wp — Wy x Wy by K(v1,v2) = (z,u). We note that Wp
is a Banach space with respect to the following norm

ol = sup |t o+ sup [ .

and K is well defined by virtue of Theorem 1. In what follows, we prove that K is a
contraction mapping from a closed bounded ball B(0, M) into itself, where

B(0,M) = { (01,02) € W x W/ (01, 02) lyyyawy < M

for M > 1 and Ty > 0 to be fixed later. Multiplying the first equation in (R) by z, the
second one by u; and integrating the two results over € x (0,t) we get, for all t < T,

2, P 2, a3 2, a1 2 P 2 P 2
“HUtIIQJrZIIZtHﬁ||uxH2+Hzx!ﬁaz/ﬂuxzzdx—“IImHz—Z\lelz

= G ol = 5 sl = a2 [ wosz0sde -+ / |l dads 5 / [ i dwas
/ /zthl 1 dxds—l—/ /uthg vg)dxds. (37)

Using the definitions of h;,7 = 1,2, Lemma 15 and Young’s and Poincaré’s inequalities,

we have for € > 0,
2d$+ / ‘1)1’2

/"Ul’mx
| et e [loralEm== + for |

38
o (38)

!
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Similarly, we have

/|1)2|£($)_2’U2’u,tdx< de—f—/ |wg |2
. . (39)
< P [ Rde o 3572 4 (o3
Q0 15
Thus, (37) becomes
ag ay
“L||ut|r§+”z|zt||3+|ux||3+Hzx||§+az/uzzmdm
2 2 2 2 o
T T
§A0+5 Pz sup/zfala:—k5 Pu sup/ufdm
0.1) /% 4 omn /o
C,
=5 Iora 3™+ fora 13727 + oz 1372 + ez 3972
where, by using (26),
2
Yo = 5l + 5 Nl + 5 a5 + 5 Nzoal+ a2 | woazoade >0,
and C, is the embedding constant. Choosing ¢ such that €T = 1, we get
2 1 1 2(¢ 1 Z 1
121y + ully < Ao+ TC (Iloallf ™ + ol 5™ + el + ol ™) -

Suppose that max {||v1||wy, ||v2|lwy } < M, for some M large. Then, we have for large
M >0,

[ul By + |12l < Ao +TCM < M?,

where M = max{M2m2=D 2= and M2 > Mg and T < Ty < % Hence, we
conclude that that K maps B(0, M) into B(0, M).

Next, we prove, for Tp(even smaller), K is a contraction. For this purpose, let (z1,u1) =
K(v1,v1) and (22, u2) = K(ve,v2) and set (Z,U) = (v1 — v, V1 — ¥U2) then (Z,U) satisfies
the following

P22y — @1 Zyz — a2Ugy + (Jv1[PO 201, — g PL _2v2t) = ¢ (Ju1|O 20y — [vo| M) "20y)
puUtt — a3Upy — a2 240 + B (’rult’q( |U2t‘q U2t) =d (‘7;1’@(-)72171 — ‘172’6(.)72’52) ,

U(x,0) =Up(x),U(z,0) = Ui(z), Z(x,0)= Zy(zx), Zi(z,0) = Z1(x),
Z(0,t) = Z(1,t) =U(0,t) =U(1,t) = 0.

(40)
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Multiplication the first equation by Z; and the second by U, integration over € x (0,t)
and addition of the two equations yield

a a
MWW%”W&M+3MM%—W%@+@/w4m
2 2 2 2 0

t t
+ ’y/ / (]vlt‘p(‘)_%u — |02t\p(')_2v2t> Zidxds + ﬁ/ / <\v~1t’q(')_2v~1t — ]ﬁzt’q(’)_2ﬁ2t> Uidxds
0 JQ 0 JO

_ /0 t /Q (h(v1) — ha(v2)) Zodwds + /0 t /Q (ha(61) — ha(Ga)) Usdads.

Hence, we have

u - a a
pumﬁ+pwﬂ+3ww%—W%@+@/wam
2 2 2 2 0

t ¢ (41)
S / / (h1(1)2) — hl (1)2)) thde +/ / (hg(’lﬁ) - hg(ﬁg)) Utda:ds.

0 JQ 0 JQ

Now, we evaluate I} = [, |h1(v1) — hi(v2)||Z¢] and Iy = [o, |h2(01) — ho(02)||Uy].
Therefore, It = [, |h1(v1) — hi(v2)||Zi| = [ 1Py (€)||v]|Zi|,where v = v; — vy and & =
avy — (1 —a)vg, 0 <a < 1.
Applying Young’s inequality, we get for any d > 0 and some positive constant C,

2
L < 5/ Zther/ (W) |v]Pda
2 Ja 0 Ja

/ Z2dx + C/ lavy — (1 — @)vg| 2@ =2 |y 2 da
Q 4 Q

/ Zfd:v
Q
n—2 2 2
+ Cs </ |U|712—n?> X [</ |OzUl + (1 — Oé)vgyn(m22)> + </ |ozvl 4 (1 _ a)v2’n(m12)> ] )
Q Q Q

By recalling Lemma (15), we arrive at

<

IN
IS N>,

h<j@ﬁm+@@mm%mm@m%+wuﬂmﬁ+m%ﬂm%+u%ﬂm”d
<3 [ Zdo+ CoCeTurlf
Similarly, we can show that
b <3 [ Uide+ GO0
where 0 = 0] — v3. Therefore, (41) takes the form

o ~ -
1Z, D)y < 5 ToCll(Z, Uy sy +4CsMToC | (v, 9) [ ewy -
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Choosing § small enough, we arrive at
1Z, U Fvzsewy < CToll (v, 9) vy
Taking Ty small enough, we get, for some 0 < k < 1,
1(Z, U)llwswr < Kl (v, 0) 1wy

Thus K is a contraction. The Banach fixed theorem implies the existence of a unique
(z,u) € D(0, M), such that K(z,u) = (z,u). Hence,, (z,u) is a weak solution of system
(6). The uniqueness of this solution can be obtained by applying the energy method.

5. Global existence

In this section, we prove that system (6) has a global solution if p < m and ¢ < /.

Proposition 1. Assume that p < m and q < . Then, system 6 admits a unique global
solution.

Proof. Similar to [25], we define the following

E(t) = E(t)+2c/ ‘Z|m(x)da:+2d/ RN
' o m(z) o Uz)
1
= 5 / [pzzf + puu? + azu® + a1 22 + 2022, Ug ) d
Q
2| /Iul“f”
—i—c/ dr +d dz. 42
e o () “2)
Therefore,
E't) = —y / 2PV da — 8 / ue| 1V d + 2¢ / 12|22 da + 2d / |u|“O 2, dr.
Q Q Q Q
By using Young’s inequality, we obtain for any &, > 0,
Et) < —y / |ze[POdx — / ug|90) das (43)
Q Q
+e / 2"V + 6 / |ug| ) dae (44)
Q Q
+ / Ce(2)|2)™Vdax + / Cs(z)|ul"Vd. (45)
Q Q

By noting that p < m and ¢ < ¢, we have

E't) < —7/ |zt|p(')dm—ﬁ/ |ut|Q(')dac+C€/ |zt|p(')dm+05/ lug |7 dz (46)
Q Q Q Q
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+ / C(2)) 2|V dz + / Cs(x)|u)da. (47)
Q Q

Choosing ¢ and § such that v — Ce > 0 and § — C§ > 0, we obtain

z|m(2) wl€®)
E't) < C’<m2/Q |’I’)’|L(l') da:—}-fz/g%dx) < CE(t). (48)

A simple integration gives

Et) < £(0)e“. (49)

The last estimate together with the continuation principle completes our proof.

6. Blow-up

In this section, we show that the solution of system (6) blows up in a finite time. Our
blow-up result reads as follows:

Theorem 3. Assume that (A1) and (A2) hold and E(0) < 0. Then the solution of
system 6 blows-up in a finite time.

Proof. We set H(t) := —E(t) then H'(t) = —FE’(t) > 0 and then for every t € [0,T),
we have

0<H()<H()< C/ |2|™®) d; + d/ |u|“®) dez. (50)
mi1 Jo b Jo
We then define
F(t)=H"t) + s/ (pzzzt + puuug)de, (51)
Q

for 0 < @ < 1 and a positive number € to be chosen later. By taking the derivative of F
and using Eq. (6), we obtain

F'(t) = (1—a)H_a(t)H’(t)+6/pzztzdx—&-a/ﬂpuufd:v—Eagéuﬁdx—sal/gzgdx
—26ag/uxzxdx—z—:’y/z|zt|p ztdx—eﬁ/u|ut|q 2udz
/\z|m )dx+€c/ |u|Cdz. (52)

Adding and subtracting (1 — §)m1¢1 H(t), for 0 < 6 < 1, to the right-hand side of (52),
we arrive at

Fi(t) = (1—a)H O Ht) +e(1— 0)myl H(t)
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1-— 1—
+ep, <1 + 7( 0)m1€1> / zfd,a: + €pu (1 + 7( 0)m1€1> / ufda?
2 Q 2 Q

ey <<1—9>m1f1 _ 1> / W2d — cay <<1—9>m1f1 _ 1) / 2da
2 Q 2 Q

—%aq (M)mlgl—1>/uxz$da:—l—ac€1/ \z|m(-)dx+€cm1/ | dz
—5’}// z|ztp(')_2ztd1:—56/ u|ut|Q(')_2utd:L‘. (53)
0 0

For 6 small enough, we have for some positive constant 7

Fi(t) > (1-a)H *(O)H(t)

+en [H(t) 4 uel)3 + |12el13 + |uell3 + ||22] 2 JF/Q|Z|m(.)Cher /Q 1!UIZ(')da:]
_e’y/ z]zt\P(.)—2ztdx—gﬁ/ U‘Ut’q(’)_Qutdm, (54)
@ 0

Now, by using Young’s inequality, we estimate the last term in (54) as follows:
For any 1,02 > 0, we have

1 T -1 —p(z)
/]zHZt]p(')_ldx < /011)( )!2\p(x)d:€+(M)/afm_lyzt\p(x)d%
Q pP1Jo D2 Q
1 T -1 77?(1)
/]uHut\q(')ldm‘ < = ag()\u|q(x)dx+(%)/02"(“)1|ut\q(x)d:c. (55)

Therefore, by choosing o1 and o9 such that

—p(z) —p(z)

o! T = G HT(t), 03T = &HT(t) (56)

for sufficiently large constants &;, ¢ = 1, 2, to be specified later, and substituting these into
(55), we obtain:

/ |2 2¢[PO)~ da + / Juf|ug |10 de
Q Q

< [ e D 2D ey
1 1—q(z) |, |q(z) pra(g(z)—1) (QQ — 1) —« /

+— [ & |u| """ H dx + T&H (t)H'(t). (57)
a1 Ja q2

Combining (54) and (57), we obtain
Pz [0-a-e (g ) s (20 ) e

D2
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+er [H(t)JrIIUtH§+|!Zt||§+||ua:|!§+\lzx||§+/ Iz\m(')da:Jr/ IU|€(')d$}
Q
1 —p1 é.l—
2L golpa@)=1) ¢ /‘Z|p —de>2— pgele@)-1 )/ lu|7®) dz.(58)
T Q
Recalling (16) and (17), then Eq. (18) becomes

HOw - / 2P dge 4 H =@ () / |7 d
Q Q

< gHoP=@)=1) () [/ |Z’p(w)d$+/ |u’q(w)dx]
Q Q

z - P ta(p« (@ 4 «(x 92 4 o (py(z)—
< O (o) PP o) FHRO- D g ey Eel- )0
< C (1213 + o(2) + [lua|l3 + o(w)) ,

where p,(z) = max{p2(z), g2(2)}.
Using (58), we arrive at

) > [0-a) e (Pl ) - (g )| mewm

b2
+e(n — ) [H () + [Judl 5+ |1z [5 + ual5 + (12215 + 0(2) + o(u)],  (59)

A= cflz;pl al5 > 0 and £ = max{{y, &}
Now, we choose & large enough such that

pwi=n—-A>0.

Then, we pick € small enough so that

e[ () o

F(0) = H'"*(0) + s/ (pz2021 + putiour)dz > 0.
Q

and

Using the last results, recalling (17) and (16), Eq. (60) becomes

F/(t) > e () + ol B+ Nzl + el + 12213 + 0(z) + o)
l
> pue [H) + [lual B + 1z B + I3 + 11213 + 1210 +1ull2] 0. (60)

Hence, F' is non-decreasing; that is, we have

F(t) > F(0), ¥ t > 0. (61)
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Using (51) and (60), we have
F'(t) > vFTs, Y ¢ > 0. (62)

A simple integration of (62), we obtain

a 1
FRa(l) 2 g, (63)
Fi=5(0) - 14

where 0 < a < 1 and v > 0. Therefore, (63) shows that F' blows-up in the finite time

1l -«

Ty < ——mM8 ———.
valF(0)]s

IA

(64)
This completes the proof.

Remark 2. In the context of swelling porous-elastic systems, blow-up represents the on-
set of mechanical failure, which can manifest physically as excessive deformation, material
rupture, or cracking, depending on the specific application. When a solution blows up in
finite time, it signifies that certain physical quantities, such as stress, strain, or displace-
ment, become unbounded, indicating an irreversible breakdown of the material structure.
Thus, blow-up in our model provides a mathematical framework for predicting critical
thresholds beyond which the material loses stability, aiding in failure analysis and design
optimization of porous-elastic structures.

7. Numerical Tests

In the following section, we illustrate the blow up results proved in Theorems 6.1. We
perform four numerical tests for the blow up behavior of a one-dimensional real-valued
function. We discretize the system 1.6 using a second order finite difference method explicit
in time and in space. For more stability, we combine the finite difference method with the
conservative scheme of Lax-Wendroff. For more details, we refer to our previous works
[12, 35]. We examine the following four tests. For these test, we define the parameters
a; = ag = 1 and ay = 0.95 satisfying the conditions (A2). The used spatial-temporal
domain is [0, 1]? x [0, 1]:

e TEST 1: In the first test, we examine the blow up of the energy function using the
nonlinear exponent function

1 2
<m(z) ={(x) :2+m,

p@) = a(0) = 1+ oy

which satisfies the condition (A1).
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e TEST 2: In the second numerical test, we modify the inequality in the first test

1 2

p($):q(x):m(x):1+m<€(:L‘):2+m,

which satisfies the condition (A1).
e TEST 3: Similarly, in the third numerical test, we use

(14 22)

which satisfies the condition (A1).

e TEST 4: In the fourth numerical test, we set the following equality of the non-linear
exponent functions

p@) = o(&) = m(a) = £a) = 1+ o5,
which satisfies the condition (A1).
We run our code using the following initial solution:
u(z,0) = sin(mz), (65)
z(x,0) = 2z(x—1) (66)

As mentioned in the system (1.6), we set u;(x,0) = u(z,,0).

We also have to mention that to visualize the blow up behavior of the initial solution
(65), we use a very small and constant temporal step At = 1075 and the equidistant
spatial step Az = Ay = 1072,

In the left two column of the Figures 3-6, we plot the cross section of the evolution of
the solution at different time steps t = 0, t = 0.25 and ¢t = 0.75. In the right column of
the Figures 3-6, we plot the blow up of the energies for the four tests.
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Figure 6: Test 4: Blow up under p(z) = m(z) and £(z) = m(x) .

Finally, we remarked that even for a fine spatial and temporal discretization, the blow
up occurs after a finite number of steps for all the Tests.

Conclusion

In this work, we investigated a swelling soil system incorporating two nonlinear damp-
ing and source terms of variable exponent-type. By employing the Faedo-Galerkin method
and the Banach Contraction Theorem, we established the local existence and uniqueness
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of weak solutions under suitable conditions on the variable exponent functions. Further-
more, we demonstrated the global existence of solutions and identified conditions leading
to finite-time blow-up. A key contribution of this study is the consideration of damp-
ing terms with variable exponents, which significantly generalizes classical models with
constant exponent damping. This formulation allows for a more flexible and realistic
representation of energy dissipation, capturing heterogeneous material properties and dy-
namic changes in the system. The presence of variable exponent damping plays a crucial
role in influencing the stability and long-term behavior of solutions. Finally, we provided
numerical simulations to illustrate the blow-up behavior, further validating our theoretical
findings. While this study establishes significant results on the existence, uniqueness, and
blow-up of solutions for swelling porous-elastic systems with variable exponent damping
and source terms, several questions remain open for further investigation:

1. Extension to Higher Dimensions and General Domains
The current analysis is restricted to one-dimensional settings. Extending the results
to higher-dimensional porous-elastic systems with variable exponent nonlinearity is
a significant challenge that could lead to new theoretical developments.

II. Impact of Additional Nonlinear Effects
The current model does not include nonlocal effects, memory terms, or fractional
diffusion. Introducing these effects could provide more accurate representations of
real-world swelling porous media and lead to new mathematical difficulties in exis-
tence and blow-up analysis.

Acknowledgements

The first two authors would like to express their profound gratitude to King Fahd
University of Petroleum and Minerals (KFUPM) for its continuous support. This work is
funded by KFUPM, Grant No. INCB2528.

Data Availability

No data were used to support this study.

Conflict of interest

The authors declare that there is no conflict of interest.

References

[1] Richard L. Handy. A stress path model for collapsible loess. In Genesis and Properties
of Collapsible Soils, pages 33—47. Springer, 1995.

[2] John Nelson and Debora J. Miller. Ezpansive Soils: Problems and Practice in Foun-
dation and Pavement Engineering. John Wiley & Sons, 1997.



A. M. Al-Mahdi et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6073 27 of 29

[3]

A. Cemal Eringen. A continuum theory of swelling porous elastic soils. International
Journal of Engineering Science, 32(8):1337-1349, 1994.

A. Bedford and D. S. Drumbheller. Theories of immiscible and structured mixtures.
International Journal of Engineering Science, 21(8):863-960, 1983.

Behzad Kalantari et al. Engineering significance of swelling soils. Research Journal
of Applied Sciences, Engineering and Technology, 4(17):2874-2878, 2012.

D. Iesan. On the theory of mixtures of thermoelastic solids. Journal of Thermal
Stresses, 14(4):389-408, 1991.

R. Quintanilla. Exponential stability for one-dimensional problem of swelling porous
elastic soils with fluid saturation. Journal of Computational and Applied Mathematics,
145(2):525-533, 2002.

Jun-Min Wang and Bao-Zhu Guo. On the stability of swelling porous elastic soils
with fluid saturation by one internal damping. IMA Journal of Applied Mathematics,
71(4):565-582, 2006.

A. J. A. Ramos, M. M. Freitas, D. S. Almeida Jr, A. S. Noé, and M. J. Dos Santos.
Stability results for elastic porous media swelling with nonlinear damping. Journal
of Mathematical Physics, 61(10):101505, 2020.

Tijani A. Apalara. General decay of solutions in one-dimensional porous-elastic sys-
tem with memory. Journal of Mathematical Analysis and Applications, 469(2):457—
471, 2019.

Abderrahmane Youkana, Adel M. Al-Mahdi, and Salim A. Messaoudi. General en-
ergy decay result for a viscoelastic swelling porous-elastic system. Zeitschrift fir
Angewandte Mathematik und Physik, 73(3):1-17, 2022.

Adel M. Al-Mahdi, Mohammad M. Al-Gharabli, and Mostafa Zahri. Theoretical and
computational decay results for a memory type wave equation with variable-exponent
nonlinearity. Mathematical Control and Related Fields, 2022.

Emilio Acerbi and Giuseppe Mingione. Regularity results for stationary electro-
rheological fluids. Archive for Rational Mechanics and Analysis, 164(3):213-2509,
2002.

Michael Ruzicka. FElectrorheological Fluids: Modeling and Mathematical Theory.
Springer Science & Business Media, 2000.

Stanislav Antontsev. Wave equation with p(z,t)-laplacian and damping term: Exis-
tence and blow-up. Differential Equations and Applications, 3(4):503-525, 2011.
Stanislav Antontsev. Wave equation with p(z,t)-laplacian and damping term: Blow-
up of solutions. Comptes Rendus Mécanique, 339(12):751-755, 2011.

Salim A. Messaoudi and Ala A. Talahmeh. A blow-up result for a nonlinear wave
equation with variable-exponent nonlinearities. Applicable Analysis, 96(9):1509-1515,
2017.

Salim A. Messaoudi, Ala A. Talahmeh, and Jamal H. Al-Smail. Nonlinear damped
wave equation: Existence and blow-up. Computers & Mathematics with Applications,
74(12):3024-3041, 2017.

Mustafa Turkyilmazoglu. Buckling phenomenon of vertical beam/column of variable
density carrying a top mass. Journal of Engineering Mathematics, 147(1):4, 2024.



A. M. Al-Mahdi et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6073 28 of 29

[20]

[21]

22]

Mustafa Turkyilmazoglu. Solution of initial and boundary value problems by
an effective accurate method. International Journal of Computational Methods,
14(06):1750069, 2017.

Ali Kandil, Yasser Salah Hamed, and Abdullah M. Alsharif. Rotor active magnetic
bearings system control via a tuned nonlinear saturation oscillator. IEEE Access,
9:133694-133709, 2021.

A. Al-Mahdi, M. Al-Gharabli, I. Kissami, A. Soufyane, and M. Zahri. Exponential
and polynomial decay results for a swelling porous elastic system with a single non-
linear variable exponent damping: Theory and numerics. Zeitschrift fir Angewandte
Mathematik und Physik, 74(2):72, 2023.

Howard A. Levine. Instability and nonexistence of global solutions to nonlinear wave
equations of the form puy = —au—+ f(u). Transactions of the American Mathematical
Society, 192:1-21, 1974.

Howard A. Levine. Some additional remarks on the nonexistence of global solutions
to nonlinear wave equations. SIAM Journal on Mathematical Analysis, 5(1):138-146,
1974.

Vladimir Georgiev and Grozdena Todorova. Existence of a solution of the wave
equation with nonlinear damping and source terms. Journal of Differential Equations,
109(2):295-308, 1994.

Salim A. Messaoudi. Blow up in the cauchy problem for a nonlinearly damped wave
equation. Communications in Applied Analysis, 7(2-3):379-386, 2003.

Salim A. Messaoudi. Blow up and global existence in a nonlinear viscoelastic wave
equation. Mathematische Nachrichten, 260(1):58-66, 2003.

Salim A. Messaoudi and Ala A. Talahmeh. Blow up of negative initial-energy solu-
tions of a system of nonlinear wave equations with variable-exponent nonlinearities.
Discrete and Continuous Dynamical Systems-S, 15(5):1233, 2022.

Mohammad Kafini. On the blow-up of the cauchy problem of higher-order non-
linear viscoelastic wave equation. Discrete and Continuous Dynamical Systems-S,
15(5):1221, 2022.

Y. Nguyen Van, Le Xuan Truong, et al. On a thermo-viscoelastic system with variable
exponent sources. Nonlinear Analysis: Real World Applications, 71:103807, 2023.
Sen Ming, Xiongmei Fan, Cui Ren, and Yeqin Su. Blow-up dynamic of solution to the
semilinear moore-gibson-thompson equation with memory terms. AIMS Mathematics,
8(2):4630-4644, 2023.

Soh Edwin Mukiawa and Salim A. Messaoudi. Blow up result for a viscoelastic plate
equation with nonlinear source. Boletim da Sociedade Paranaense de Matemdtica,
41:1-11, 2023.

Salim A. Messaoudi, Ala A. Talahmeh, and Jamal H. Al-Smail. Nonlinear damped
wave equation: Existence and blow-up. Computers & Mathematics with Applications,
74(12):3024-3041, 2017.

Salim Messaoudi, Mohammad Al-Gharabli, and Adel Al-Mahdi. On the existence
and decay of a viscoelastic system with variable-exponent nonlinearity. Discrete and
Continuous Dynamical Systems-S, pages 0-0, 2022.



A. M. Al-Mahdi et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6073 29 of 29

[35] Abdelaziz Soufyane, Adel M. Al-Mahdi, Mohammed M. Al-Gharabli, Imad Kissami,
and Mostafa Zahri. Exponential and polynomial decay results for a swelling porous
elastic system with a single nonlinear variable exponent damping: Theory and nu-
merics. Zeitschrift fir Angewandte Mathematik und Physik, 74(2):72, 2022.



