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Abstract. The purpose of this article is to prove common fixed point theorems for pair of maps
(not necessary continuous), satisfying generalised contractions involving rational expressions and
auxiliary functions (¢, 8) in the setting of both fuzzy b-metric spaces as well as partially ordered
fuzzy b-metric spaces. To substantiate our finding, an example with graphical representation is
given. The obtained results may generalize and improve some of the well known fixed-point results
of the literature.
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1. Introduction and Preliminaries

Fuzzy logic is a mathematical approach designed to address imprecise or uncertain
information, providing a framework for representing vagueness and uncertainty in decision-
making processes. Zadeh [1], in 1965, introduced the concept of fuzzy sets, laying the
foundation for the development of fuzzy logic. Fuzzy logic is applied across a diverse array
of fields, including image processing, natural control systems, medical diagnosis, language
processing, and artificial intelligence.

Fixed point theorems are one of the most productive and successful tool in Mathematics
which has large number of applications inside as well as the outer side of the Mathematics.
The concept of fuzzy logic was also applied in the context of metric spaces. Kramosil and
Michalek [2] was the first to introduced the notion of fuzzy metric space. Two decades
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later, it was further modified by George and Veeramani [3] with the aim of incorporating
Hausdorff topology into fuzzy metric spaces. In 1988, Grabiec [4] made a significant
advancement in the development of fixed-point theorems within the context of fuzzy metric
space, by demonstrating analogue of Banach fixed-point theorem. Grabiec [4] first gives the
concept of convergence in fuzzy metric spaces and subsequently utilized it to established
a fixed-point result. Over the past three decades, numerous authors have extended and
generalized various results from metric space theory within the context of fuzzy metric
spaces. In 1994, Mishra et al. [5] gave the idea of compatible mappings in fuzzy metric
space and proved a lemma and a common fixed point theorem. In 1995, Subrahmanyam|6]
extended the result of Jungck [7] from complete metric spaces to fuzzy metric spaces.
Chauhan and Joshi [8] utilized the notion of compatible mapping to prove some fixed
point theorems in fuzzy M- metric Spaces. In 2010, Mihet [9], by utilizing the concept of
the (E.A.) -property in fuzzy metric spaces, proved a common fixed point theorem.

The concept of a b-metric (an alternative formulation of the metric concept was de-
rived by substituting the triangle inequality with a modified version) was first introduced
through the works of Bakhtin [10], who laid the groundwork for its development. Later,
Czerwik [11] formally defined the concept of b-metric space, offering a rigorous framework
for its study. In contrast, Sedghi et al. [12] and Shobe et al. [13] introduced the concept of
a fuzzy b-metric space, which is, in fact, broader than the concept of fuzzy metric spaces.

Definition 1. [12] Let 25 be a continuous conjunction, b > 1 is a real number, Y is an
arbitrary (nonempty) set and Z is a fuzzy set on Y2 x (0,00). Then a 3-tuple (Y, Z,20)
is known as a fuzzy b— metric space if for all t,;s > 0 and for all l,q,c € Y, following
conditions hold:

FB-1. Z(l,q,t) > 0,

FB-2. Z(l,q,t) =1 if and only if | = q,

FB-3. Z(l,q,t) = Z(q,l,t),

FB-4 0 (2 (10.8). 2 (5.8)) < 25,0 +9),
FB-5. Z(l,q,-) : (0,00) — [0, 1] is continuous.

Following are few examples of fuzzy b—metric spaces.

Example 1. [13] Suppose d is a b -metric on' Y. Define Z(l,q,t) = e‘w and t— norm

as W(l,q) =1lqg V l,q€]0,1]. Then Z is a fuzzy b-metric on 'Y .

Definition 2. [13] Suppose (Y, Z,20) is fuzzy b-metric space. Then we say that a sequence

(i) converges to l if Z (1;,1,t) — 1 as i — oo for each t > 0.

(ii) is called a Cauchy sequence, if for allt > 0 and € € (0,1), there exists jo € N such
that 1 —e < Z (I;,15,t) for alli,j > jo.
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Remark 1. Triplet (Y, Z,20) is said to be complete fuzzy b-metric space, if every Cauchy
sequence in Y s convergent.

In past 10 years, this theory has been extended and generalized by many authors in
various directions. Some of them are [14-20]. In 2020, Rakié et al. [21] proved a sufficient
condition for a sequence to be Cauchy in fuzzy b-metric space and then gave number of
extensions of fixed point theorems in such spaces. Recently, Mani et al. [22] proved some
fixed point theorems to guarantee the existence and uniqueness of fixed point for a selfmap
in complete fuzzy b-metric space using two different ¢ -norms.

Definition 3. Self mappings A and B of a fuzzy b-metric are said to satisfied property
(E.A.) if there exist a sequence {l,} € Y such that lim,_ Bl, = lim,_,~ Al, =¢ €Y.

Definition 4. Two mappings A and B of a fuzzy b-metric (Y, Z, ) into itself are said to
be compatible maps if limy,_,o0 Z(ABl,, BAl,,t) = 1, for all t > 0, where {l,} € Y such
that lim,, oo Al,, = lim,, oo Bl, =c €Y.

In this article, to ensure the existence and uniqueness of fixed point for a pair of self-
maps utilizing auxiliary functions (¢, ) and a rational expression, two common fixed point
theorems are established within the framework of fuzzy b -metric spaces. To illustrate the
applicability of the main results, example accompanied by graphical representation is also
given.

2. Common Fixed Point Theorem for a Pair of Weakly Increasing
Mappings

We begin this section by presenting a fixed point result for a pair of weakly increas-
ing mappings (not necessary continuous) in partially ordered fuzzy b— metric space (not
necessary complete) involving auxiliary functions (1, 3).

Theorem 1. Let (Z,Y,20,=) be a partially ordered fuzzy b - metric space with continuous
t -norms WW(l1,1l2) = lils. Let A,B:Y — Y be weakly increasing mappings of Y. Further
assume that:

(i) For every comparable pair (I,q) € Y and for all X\ € (0,1), maps A, B satisfies

t

U(Z(ALBg, ) 2 BN, 7)), (1

where

N, g5 e{ Z(q,Bq, 1) Z(1, AL, L) Z(q,Bq, 1)1+ Z(1, Al, L)) }
o 2003 0 1+Z0a3)
and ¥, B : (0,1] — (0,1] are continuous functions such that (1) = (1) = 1 with

plr)>4(r), v re(0,1) (2)
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(ii) For all comparable pair (I,q) €Y, if

20, 3)2(00.5) <1 )

Then the maps A and B have a unique common fixed point in Z.

Proof. Let ly € Y be any arbitrary point. Define Aly = [; and Bl; = [5. Continuing in
this manner, in general, we can construct sequences lay,11,lopt+2 € Y such that

lons1 = Alay, and  lopi2 = Blop41.

Lets assume that lo,11 # lon1o.
For all n > 0, we can construct a sequence {g,} € Y such that

{ Gon = lont1 = Aly, and @
P2on+1 = l2n+2 = BlZn-H-

Since A and B are both weakly increasing mapping, therefore
o=h=A2Bh=q=Il-.
By repeating this process, we obtain
030 2¢ " 2Gm 2 Gnt1 =0
Let us assume that,
G2n = G2n+1 for non € N. (5)

Since l9, and loy 1 are comparable, therefore on substituting | = ls,, and ¢ = loy 41 in Eq.
(1), we obtain

U2, i1, 1)) = (2 (Al Blans1, 1)) = BN (nst, sz, 5) (6)

where

( Z(l2n+178l2n+la %)Z(ZQNJAZ2TL7 %)

t Z(lon, lan+1, §) ’
N(lnt1, lony2, 1) € : ) :
Z(lon+1, Blant1, 5) (1 + Z(lan, Alon, 5))
L 1+ Z(lan, lant1, %)

Z(lant1, lant2, 5) Z (lans lans1, 5)
Z(lan, lon+1, %) 7
Z(lon+1, lan+2, %)(1 + Z(lon, lant1, %))
1+ Z(lzn, lgn+1, %)




S. Thakur et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6078 5 of 15

t t
= Z(lan+1, lant2, X) = Z(q2n, @2n+1, X)

Thus, from Eq.(6)
t t
w(Z(ana qon+1, X)) 2 B(Z(Q2n7 q2n+1, X))

This is a contradiction to our assumption (2). Thus our assumption in (5) is false and so
G2n = Qon+1 for some n € N, say n = k. Consequently, with gor, = qor1+1 and ¢ = log4 1, we
get Bs = ¢, by (4). This proves that ¢ is a fixed point of B.

Next, we prove that any fixed point of B is also a fixed point of A.

Suppose not, i.e Ag # .

If we take | = ¢ =¢ in (1), we get

v (20a05.5)) =v (204086.9) 2 8 (Vs 3) ) )

where

N, by { ZEBoRZ0A0Y) ZloBo il H26403) |

g 268 126 H)
E{ Z(s,.$)Z(s, A5, 4) Z(c,s. A+ Z(s, As, 1)) }
255 1 1+Z(655)

Z(s,5, £) 1+ Z(s, As, £)) }

E{ Z(Q““Q%)a 1—|—Z(§ < §)

Here, two possible cases arise.

(i) If N(s,s, %) = Z(s, As, £) then from Eq. (7), we have

t t
w(Z(-AQ S, X)) Z 5(Z(§7 A§, X)) )
which contradicts Eq. (2). This means that A = ¢ for all ¢ € Y. Therefore, we get
A¢ = Bs = ¢, that is, ¢ is a common fixed point of A and B.
Z(s,5, H(1+ Z(s, As, 1))
1+ 2(s,¢, %)

¥ (Z(Acas ;)) >3 (W) > 1) (W)

(ii) If N(s,s, %) = , then, again from Eq. (7), we get

which is a contradiction. This means that A¢ = ¢ for all ¢ € Y. Therefore, we get
A¢ = Bg = ¢, that is, ¢ is a common fixed point of A and B.
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In order to prove uniqueness of the fixed point, suppose on contrary that ¢ # p are two
fixed points of A and B such that A¢ = Bs =¢ and Ap = Bo = .

That is, Z(s, o, %) # 1.

Let us proceed by considering two distinct possibilities:

(1)

If ¢ is comparable to g, then Ag = ¢ is comparable to o = Bp. Also from Eq. (1),
and above discussion it is clear that if ¢ is a fixed point of B, then A¢ = o for all ¢
comparable with p.

Again on substituting [ = ¢ and ¢ = ¢ in Eq. (1), we have

0 (2(.0.5)) =4 (2(A5, B0, ) = 5(N(s,0,3)), (5)
where
t Z(0,Bo, %) Z(s, As, %) Z(0,Bo,£)(1+ Z(s, As, £))
Moey)e { Zcoh) 1 1+Z(0d) }
G{Z@@ﬁﬂﬁ@i)HQQDO+Z@@9)}_1
Z(s,0.%) 1+ 2Z(s,0,%) '

Eq (8) implies that

t
v(2(05) 2 80) =1
This is possible only if Z(s, o, %) = 1. This gives, ¢ = p.

If ¢ is not comparable to o, then there exists ¢ € Y comparable to ¢ and ¢ such that
By = ¢ is comparable to ¢ = B¢ and Ap = p. We claim that ¢ = ¢ and ¢ = .
Indeed, uniqueness of limit gives that ¢ = p.

Suppose ¥ # g, then Z(p, ¥, %) # 1.

Once again from Eq. (1), on substituting [ = p and ¢ = ¥, we have

t t

0 (209, ) = v(2(40,80, 1)) = B(N (2.9, 3). )

t)e{ Z(9,B9,%)Z(0, Ao, ) Z(9,89,£)(1 + Z(0, Ao, %)) }
Z(g,ﬁ,%) ’ 1+Z(Q,19,§)
e{ Z(0,9,%)Z(0,0,%) Z(0,9,5)(1+ Z(0,0,%)) }
Z(0,0,%) 1+ Z(0,9,%)

1 2
S ) .
This implies that

t 1 t 2

ither N(0,9,~) = ———— NV, 3) = 1————50
either N (p, 7)\) Z(0,9, %) ot (e, ’)\) 1+ Z(0,9,%)
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b1
A Z(e,9,%)
Then from Eq. (9), we get
t 1
2o, ) 28 L
() >4 (7575)

DN

First assume that N (o, 9,

Continuity of ¥, and Eq. (2), gives that

t t
—)Z(0,9, - 1
)\) (Q’ 7)\) >

which is contradiction to our assumption (Eq. 3).
Thus Z(p, 7, %) =1, ie ¥ =op.

Z(0,7,

2

Secondly, that N (¢, 9, ¥) = -—————~-
econdly, assume that Nle. 4, 3) = =70 57

Again from Eq. (9), we get

o(#e03) 20 (o) > ()

On using the fact 1 is continuous, and on simplification we arrive at contradiction
that Z(p, v, %) > 1. Thus our assumption is wrong. Hence ¢ = p. Following the
same argument as above, we can prove that ¥ = .

This completes the proof of the Theorem 1.

3. Common Fixed Point Theorem for a Pair of Mappings Satisfying
(E.A.) and Weakly Compatible Property

In our next result, we utilized the concept of (E.A.) property and weakly compatible
for pair of three maps to guarantee the existence and uniqueness of fixed point involving
auxiliary functions (1, 3).

Theorem 2. Let A, B, and C are three self maps defined on a fuzzy b-metric space
(Y, Z,20) such that for each l,q €Y, t >0 and X € (0,1), following holds:

(i) AY) C C(Y) and B(Y) C C(Y).
(i1) (A,C) or (B,C) satisfies E.A property with

o(zam0.5) 2 6 (b00.9). (10)

where
Z(Cl,Cq, %), Z(Cl, By, %), Z(Cq, By, %),
M(l,q, §> = min Z(Cl,Cq, %).Z(Cq,Bg, %)
Z(Cl, Bg, %)
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and ¥, B : [0,1] — [0,1] are continuous functions such that (1) = B(1) = 1,
»(0) = B(0) = 0 with

B(r)>(r), ¥ re(0,1). (11)
(i1i) (A,C) and (B,C) are weakly compatible.

Further, if any of the ranges of A, B and C is a complete subspace of Y, then there exist
a unique ¥ € Y such that A9 = By = C9 =9.

Proof. Since B(Y') C C(Y'), then for some sequence {¢g,} in Y,
Bl, = Cqn, = 9.

Also, the pair (B,C) satisfies (E.A.) property, therefore there exist sequences {l,} € Y
such that, for some ¥ € Y

limy, o0 Bl = limy, oo Cl,, = 9.
limy,, 00 Cqpn, = lim,, o Cl,, = 0.
Next, we prove that lim, .o Ag, = 9.
Substitute | = ¢, and ¢ = l,, in Eq. (10), we obtain
t t t
0 (20400.9)) = (200 B, D) 26 (Mantn ) (13)

where
Z(CQn7Clm%)7Z(CQnaBln7%)aZ(Clanlna%)7
(M(Gny bn, ~) = min Z(Can,Clyn, £).Z(Cly, Blyy, .
dn, )T (Qn; n7X)‘ ( ny naX)
Z(Can, Bln, %)

Taking lim,,_,~, in above equality, and make use of Eq. (11), we get
Z(197 197 %)7 Z(ﬁa ’197 %)7 Z(197 797 %)7

. t :
Jim M(l, g, ) = min 20,9, 5)-2(9,9, 5) =1
Z(9,9,%)

Thus from Eq. (12), we get

n—o0 A

lim 1 <Z(Aqn,19, t)) > B(1) = 1.

This is possible only if, lim;,, o0 Ag, = ¥ = limy,_, o Bl,,.
Suppose that C(Y') is a complete subspace of Y, then Cs = ¥, for at least one ¢ € Y. Thus
we have

lim Ag, =¥ = lim Bl, = lim Cq, = lim Cl,, = Cs. (14)
n—o0 n—oo n—o0 n—oo
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Next we claim that A¢ = Cg.

Consider,
Z(As,Co, 1)) = 1im o Z(As, Bl,, )
¢ ( §, §, )\) _nl_)ngow C, s )\
) t
> lim f (M(c,ln, /\))
. t
>p <nh_>IEOM(§’l”’ )\)) ,
where
Z(Cs,Cly, L), Z(Cs, Bly, L), Z(Cly, Bln, £,
. t ) .
Jim M(c,ln, 3) = lim min Z(Cs,Cly, 1) Z(Cln, Bly, 1) =1

Z(Cs, Bly, %)

This is possible only if Z(.Ag, Cg, %) =1, implies that A¢ = Cs.
Since the pair (A, C) is weakly compatible, therefore AC¢ = C.Ag.
This implies that

AAs = ACc = CAc = CCs.

But, as A(Y) C C(Y), therefore 3 a o € Y such that Ag = Co.
By the similar arguments as above, we can prove that Co = Bp.
Thus,

As =Cs =Cp = Bo.

Further, on using the fact that the pair (B,C) is weakly compatible, we can deduce that
BCo=CBp=CCp = BBo.

Next we prove that AAc = Ag.
Suppose not, that is, AAs # Ac,implies Z(AAg, Ag, £) # 1.
From Eq. (10), we have

o(zasan D)) v (2480 5)) 25 (MAse D)) 09

where
Z(CAs,Co, %), Z(CAs, Bo, %), Z(Co, Bo, %),

= min Z(CAg,CQ,%)Z(C&B&%)
Z(CAs,Bo, £)

_ min{Z(AAc,Ag, %), 1}.

t
M(AC, 9, X)
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This implies that, either M (A, v, %) =1 or M(Ag,p, %) = Z(AAg, Ag, %)
If M(Ac,v, %) =1, then from Eq. (15)

o (2045446, 5)) = () =1 (16)

This is true only if Z(Ag, AAg, %) = 1.
Further, if M (A, o, %) = Z(AAs, Ag, %), then again from Eq.(15), we have

" <Z(A§, AAs, i)) > 8 <Z(AA<,A<, i)) ,

which contradict the assumption Eq(11). Thus for both possibilities, we have our claim
that AA¢ = Ag.

Similarly, we can prove that BAs = A¢ and CAs = Ag. This proves our claim.

For uniqueness suppose there exist ¢ and o as two fixed point of maps A, B and C.
Therefore

A =B9=CI =19 and Ap = Bo=Cp = o.

Consider,
o (20.0.9) = (204080, )) = 5 (210.0.5) ) a7)
where
Z(C9,Co,%), Z(CY,Bo, §), Z(Co, Bo, ),
M (9, e, ;) = min Z(C9,Co, £)Z(Co, Bo, £)

{ Z(CY,Bo, %)

Z(9,0,%),2(0,0,%), Z(0, 0, %),

Z(9,0,%)Z(0, 0, %)
Z(9,0,%)

This implies that either M (¥, o, %) =1or M(¥,o, %) =Z(9, 0, %)
If M(9,0,%) =1, then from Eq. (17), we get

This is true only if Z (¥, o, %) = 1, which proves that ¥ = p. Further, if M (¥, o, %) =
Z(9,0,%), then again from Eq. (17), we get
t t t
v(20.0.9) = v (2040.50.5)) 2 5 (200.0.5)).

which is contradiction for Eq(11).
This proves the uniqueness and completes the proof of result. O
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4. Numerical Illustrations

Example 2. Let Y = [1,00) . We define partial order < on'Y as 1 = q if and only if
qg <l foralll,q €Y. Define fuzzy metric as

t
Z(l,q,x) = exp

Then clearly, (Y, Z,20,=) is a partially ordered fuzzy b-metric spaces.

201
1.5+
1.0+
W\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 |
L 06 0.8 1.0 1.2 14 1.6 1.8 2.0
05F
12 T T T T T T T
—%—LHS.
—*—RHS-EL|
RHS-E2
I I I I I I I
0 5 10 15 2 5 30 3 40

Figure 1: Graph of the functions defined in Example 2 and the inequality (1)
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Consider two maps A,B:Y — Y, defined as

:Ll; Bl:i,vzaé
l+1 Vi

Let ¢, :[0,1] — [0,1] be defined as:
Y(r)=r%  Blr)=r ¥(1)=pB(1)=1,4(0) = 5(0) =0.

Then for all r € (0,1), B(r) > ¥(r).

Without loss of generality, if we assume that | > q, then all the condition of Theorem 1
are satisfied. Also, form Figure 1 it can be observed that A(1) =1 = B(1). Thus 1 is the
only one common fized point of maps A and B.

Al

Example 3. Let Y = [1,00). Define fuzzy metric as

t —(l — q)?
Z(l7q7X) :eXpM

>l |

Then clearly, (Y, Z,20) is a fuzzy b-metric spaces.
Consider three self maps A,B,C :Y — Y, defined as

21 1
Al 1 Bl i Cl=1,Vie
Clearly, A(Y) C C(Y) and B(Y') C C(Y).
Define a sequence
1
l,=1+—-¢€¢Y
n
such that
lim [, =1€Y.
n—oo
Further,
lim Al, = lim Bl, = lim Cl, = 1.
n— o0 n—oo n—oo
Thus the pair (A,C) and (B,C) satisfies (E.A.) property.
Moreover,
2(1+ L 2+ 2
ACl,, = ( T n) = 1
(1+-)+1 24+
and . )
2(1+4 = 2+ £
1+:)+1 24
Therefore,

lim Z(ACly, CAly, ) = 1.

Similarly, we can have

lim Z(BCly,CBly,t) = 1.

n—oo
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T T T T T T T T T

1+ —5—LHS. |7
—%—RHS.

08 7
06 7
04r 7
021 7
oF 4

1 1 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18 20

Figure 2: Graph of the functions defined in Example 3 and the inequality (10)

Thus the pairs (A,C) and (B,C) are weakly compatible.
Further, define maps ¢, 5 :[0,1] — [0,1] as:

such that (1) = B(1) = 1,1(0) = B(0) = 0.. Clearly, for all r € (0,1), B(r) > ¥(r).
On following the graph of the inequality (11) in Figure 2, we can say that all the condition

of Theorem 2 are satisfied. Also, A(1) = 1 = B(1) = C(1). that is, 1 is the only one
common fixed point of maps A, B and C.
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5. Conclusion

Utilizing the concept of auxiliary functions, we have established the existence and
uniqueness of fixed points for a pair of self-mappings in both partially ordered fuzzy b -
metric spaces and in fuzzy b - metric spaces. Furthermore, two supporting examples with
graphical representations have been provided to illustrate the main findings.
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