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Abstract. Let B be a unital @-ring with a 2-torsion free that contains non-trivial symmetric
idempotent. For any By, Bo, B3, ..., B, € B, a product By o Bo = B1Bs + BB is called Jordan
product and B; ¢ By, = BBy + BQB? is recognized as a skew Jordan product. Characterize
mixed Jordan triple product as Q3(Bi, B2, B3) = By o By @ By and mixed Jordan n-product
as Qn(B1,Ba,...,B,) = ByoByo---e B, for all integer n > 3. The present paper deals
that a mapping which is called multiplicative mixed Jordan n-derivation, ¥: B — B satisfies
U(Qn(B1,Ba,...,By)) =Y i Qu(Bi,...,Bi—1,%(B;), Biy1,...,By) for all By,Bs,...,B, € B
if and only if ¥ is an additive @-derivation. Finally, primary outcome is applicable in various
specific categories of unital @-rings and @-algebras including prime @-rings, prime @-algebras and
factor von Neumann algebras.

2020 Mathematics Subject Classifications: 16W10, 46110, 47B47.
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1. Introduction

Throughout this work, B is taken to be an associative ring having Z(B) as its center.
An involution ‘@’ is described as an anti-automorphism of order 1 or 2 and B along
with an involution ‘@’ is known as a @-ring. If a®> = a = o, then o € B is termed a
symmetric idempotent and it is considered non-trivial if « is neither 0 nor I. A mapping
U: B — Bis called a derivation if it satisfies (B + B2) = V(B;1)+V(B3) and ¥(B1Bs) =
U(B1)Bs+ B1¥(Bs) for all By, By € B. For a ring B with an involution ‘@’ a mapping ¥ :
B — B is called an additive @-derivation, if it is a derivation and ¥(BY{) = ¥(B1)? holds
for all By, By € B. The expressions B o By = B1By + BoB1 and By e By = B1Bo +B231®,
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define the Jordan product and skew Jordan product of By and Bs respectively. An additive
mapping ¥ : B — Bis known as a Jordan derivation (respectively Jordan triple derivation)
if

U(B1oBy) = W(B)oBs+ BioW(B)
(resp. W((ByoBg)oBs) = (¥(By)oBs)oBs+ (Byo¥(Bsy))o B3+ (ByoBsy)oV(Bs))

holds for all By, By, Bs € B. Analogously, an additive mapping ¥ : B — B is said to be a
skew-Jordan derivation (respectively skew-Jordan triple derivation) if

U(ByeBy) = U(B;)eBy+ ByeVU(B))
(resp. W(Byo By) o By) = (U(By)eBs)e By + (B W(Ba) e Bs + (Br e B) e U(By))

holds for all By, Bs, Bs € B. In case the mappings ¥ is not necessarily additive in the
above definitions, then ¥ is called a multiplicative Jordan derivation (respectively multi-
plicative Jordan triple derivation) and multiplicative skew Jordan derivation (respectively
multiplicative skew Jordan triple derivation. In recent years, many mathematicians have
been interested in mappings with different kinds of algebras and rings. These findings to
be becoming more and more important in a variety of research areas, and many authors
have taken an interest in studying them. (see [1-6]).

Define a sequence of polynomials as follows: @, (B1, Ba,...,Bn_1,Bn) = Qn_1(B1, Ba,

.. 7Bn71) o Bn (n Z 3) where Qn(Bl,BQ, ceey anl, Bn) = anl(Bla BQ, e anl) L Bn is
recognized as mixed-Jordan n-product. We have Q3(B1, B2, B3) = Bj o By @ B3 is referred
to as the mixed-Jordan triple product (see [7]), for n = 3. We define a mapping ¥ : B — B
(not necessarily additive) is said to be multiplicative mized-Jordan n-derivation if

\I/(Qn(BlyBQw"vB”)) — Qn(\I/(Bl),BQ,7Bn)+Qn(Blle/(B2)77Bn)
+- 4+ Qn(B1,Ba,..., U (By))

for all By, Bo,...,B, € B.

Every multiplicative mixed-Jordan 3-derivations on @-rings is a multiplicative mixed-
Jordan n-derivation, in general the converse need not be true. Multiplicative mixed-
Jordan (3,4, n)-derivation are en masse recognized as multiplicative mixed-Jordan type
derivations. Recently, many researchers paid more attention to the study of Lie (Jordan)
mappings involving two different kinds of products at the same time in the nonlinear set-
tings in [8-10]. Zhou in [11] studied that: Every nonlinear mixed Lie-triple derivation
on unital prime @-algebra is an additive @-derivation. Rehman in [7], proved that: On
g-algebras, all nonlinear mixed Jordan-triple derivations qualify as additive @-derivation.
The work of Ferreira and Wei in [12] focused on characterizing nonlinear mixed @-Jordan-
type derivations on @-algebras. They established that any nonlinear mixed @-Jordan
n-derivation is an additive @-derivation. In their study presented in [13], Yu et al. demon-
strated that all skew Lie derivations on factor von Neumann algebras are equivalent to
additive @-derivations. In a recent work, Kong and Zhang [14] generalized this result to
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prime @-rings and proved that every skew Lie derivation on 2-torsion prime @-ring is an
additive @-derivation. The assumption % € B holds throughout the discussion.

Inspired by the preceding studies, this paper examines the relationship between multi-
plicative mixed-Jordan n-derivations and additive @-derivation in arbitrary @-rings. Our
results demonstrate that, under specific conditions, every multiplicative mixed-Jordan n-
derivation defined is an additive @-derivation, on @-ring with unity.

2. The principal conclusion

The key result of this work can be summarized as follows:

Theorem 1. Suppose that B is a 2-torsion free @-ring having unity uw containing a non-
trivial symmetric idempotent ay. Write as = u — a1 and assume that B fullfils

YBap,=0=Y =0 fork=1,2 (M)

where Y € B. Then a map V : B — B (need not necessarily additive) satisfies
n
U(Qn(B1,By,...,By)) = > Qu(Bi,...,Bi1,9(By),Bit1,...,Bn) (2.1
i=1

for all By, B, ..., By, € B if and only if ¥ is an additive &-derivation.

Assume B;; = P;BP; with ¢,j7 = 1,2, then by the Peirce decomposition, we have B =
Bi1 ® Bio ® Boy @ Bao. Clearly any R € B can be written as R = By1 + Bia + Bo1 + Boo,
where B;; € B;; for 4,5 = 1,2. To conclude the proof of the stated theorem, a number of
following lemmas are necessary:

Lemma 1. ¥(0) = 0.
Proof. We have

T(0) = ¥(Qn(0,0,...,0))
= Qn(7(0),0,...,0) 4+ Qn(0,¥(0),...,0) + -4+ Qn(0,0,...,%¥(0)) = 0.

Lemma 2. For any Bio € Bio and By € Bo1, we have
U(Big + Ba1) = ¥(B12) + V(Boy).

PT’OOf. Let H = \I/(Blg + Bgl) — \I’(Blg) — \I’(Bgl) We need to prove that H = 0.
Applying Q. (u,u, ..., B, az,a1) = 0 and Lemma 1 to get
qj(Qn(ua Uyonny BIQ + BQl7a27a1))
= V(Qn(u,u,...,Bia, a0, 1)) + ¥ (Qn(u,u,..., B, a, 1))
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= Qu(¥(u),u,...,Bia,az2,01) + Qn(u, ¥(u), ..., Big,az,01) + -+ +
Qn(u,u,...,V(B2),as,a1) + Qn(u,u, ..., B, ¥(ag),a1) + Qn(u,u, ..., Bia, as,
U(aq)) + Qn(¥(u),u,...,Bar, a0, 1) + Qn(u, ¥(u),...,Bo,az,a1) + -+
Qn(u,u, ..., U(Ba),as, 1) + Qn(u,u, ..., B, V(ag),a1) + Qn(u,u,..., B, a,
¥(a1))

= Qn(¥(u),u,...,Bia+ Bo,as, a1) + Qn(u, ¥(u),
Qn(u,u,...,U(B12) + VU (Ba1),az, 1) + Qn(u,u,
Qn(u,u,...,Bia+ Ba, a2, ¥(aq)).

Alternatively, we obtain
U (Qn(u,u,...,Bi2+ Bai, a2, 1))
= Qn(¥(u),u,...,Bi2+ Bo1,as,a1) + Qn(u, ¥(u),...,Bia + Ba, a2, 1) + -+ +
Qn(u,u, ..., U(Bia + Ba1), a2, a1) + Qn(u,u,. .., Bia + Bai, ¥(ag), aq)
+Qn(u,u,...,Bia + Bai, a2, ¥(ay)).

.,B]_2+BQ]_,O[2,0[]_) + +
.y B2 + Ba1, ¥(a2), 1) +

A comparison of the aforementioned expressions reveals that Qp(u,u,...,H, a2, a1) = 0.
This futher implies that Hs; = 0. Similarly, we can show that Hi5 = 0. Based on the fact
Qn(u,u,...,u, (a; —az), Ba1) = 0 and use Lemma 1 to have
U(Qn(u,u,...,u,aq — g, Bia + Bay))
= U(Qn(u,u,...,u,a1 —ag, B12)) + V(Qn(u,u,...,u,a; — ag, Bay))
= Qn(¥(u),u,...,u,a; —ag, B12) + Qn(u, ¥(u),...,u,a1 — ag, Bia) + -+ +
Qn(u,u, ..., V(u),a1 — ag, B12) + Qn(u,u, ..., u, ¥(a; — az), B1a) + Qn(u, u,
couyap — ag, U(B2)) + Qn(Y(u),u,. .. ,u,a1 — ag, Bar) +
Qn(u, ¥(u),...,uya; — g, Bop) + -+ + Qnlu,u, ..., ¥(u), a1 — g, Bai)
+Qn(u,uy ... u, V(g — 1), Bo1) + Qn(u,u, ... ,u,a1 — ag, ¥(Bay))
= Qun(¥Y(u),u,...,u,a; —ag, Bia + Ba1) + Qn(u, ¥(u), ..., u,a1 — o, Bia + Boy)
+o+ Qn(usu,y ..., U (u), 1 —ag, Bia + Ba1) + Qn(u,u, ..., u, U(ag — ag), Bio
+Bo1) + Qn(u,u, ..., u,aq — ag, ¥(Bi2) + ¥(Bay)).

Alternatively, we have

U(Qn(u,u, ..., u,a1 — g, Bia + Bay))
= Qun(¥Y(u),u,...,u,a; —ag, Bia + Ba1) + Qn(u, ¥(u), ..., u,a; — ag, Bia + Bo1) +
o4 Quluyuy .o, U (u), 00 — ag, Bia + Bo1) + Qn(u, u, ... ,u, ¥(ag — ag), Bi2 + Ba1)
+Qn(u,su, ... u, a1 — ag, (B + Boy).
From the above, Q,(u,u,...,u,a;1 — az,H) = 0 that implies H;; = 0 and Hao = 0.

Therefore, H = 0, i.e.,
V(B2 + Bo1) = ¥(Bi2) + V(Ba1).
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Lemma 3. For any By € Bll,BlQ € 312, By € 821, and Boy € ng, we have
U(By1 + Bia + Ba1) = ¥(By1) + V(Bi2) + ¥(B21)

and
U(B12 + Ba1 + Baz) = V(B12) + V(B21) + ¥(B22).

Proof. Let H = U(By1+ Bia+B21) —V(B11) —V(B12) —¥(B21). The aim to prove that
‘H = 0. Applying Qn(u,u,..., By, a1,0a2) = Qn(u,u,..., B, a1,a2) = 0 and Lemma 1,
we find

U(Qn(u,u,...,B11 + B2 + Bai, a1, a3))

= U(Qn(u,u,...,Bi1,a1,02)) + ¥ (Qn(u,u,..., B2, a1, a2)) + ¥(Qn(u,u,...,Ba,ai,
az))

= Qun(¥(u),u,...,Bi1,a1,02) + Qun(u,¥(u),...,Bi1,a1,2) + - + Qpn(u,u,. ..,
U (B11),a1,02) + Qun(u,u, ..., B, V(ar),a2) + Qn(u,u,. .., B, a1, Y(ag)) +
Qn(Y(u),u,...,Bia,a1,a2) + Qn(u,¥(u),...,Bia,a1,a) + -+ + Qnlu,u,. ..,
U (Bi2), a1, 2) + Qn(u,u, ..., Bi2, V(ay),as) + Qn(u,u,. .., B2, a1, ¥(ag)) +
Qn(Y(u),u,...,Bor,a1,a2) + Qun(u,¥(u),...,Ba,a1,a0) + - + Qulu,u,. ..,
U (Bo1),a1,2) + Qun(u,u, ..., Bo,V(ay),as) + Qn(u,u,. .., Ba,ar, ¥(ag))

= Qn((Y(u),u,...,B11 + Bia + Bo1,a1,a2) + Qn((u, ¥(u), ..., B11 + B2 + Ba1, a1, a2)
++ Qn((usu, ..., U(B11) + U(Bi2) + ¥(Ba1), a1, a2) + Qn((uws u, ..., Bir +
Bis + Bo1, V(aq),a2) + Qn(u,u, ..., B11 + Bia + Bai, a1, V(ag)).

Alternatively, we obtain

U(Qn(u,u,...,B11 + B2 + Bai,aq,a3))
= Qn(¥(u),u,...,B11 + Bia+ Boi,a1,02) + Qn(u, ¥(u),..., B + Bia + Bai, a1, a2)
+o - +Qn(u,u, .., U(Byy + Big + Bay), a1, 02) + Qn(u,u,. .., By + Bia + Boy,
U(aq),a2) + Qn(u,u,...,B11 + Bia + Bai, a1, ¥(ag)).

Comparing the last expressions for ¥(Q,,(u,u, ..., Bi1+ Bia+ Bo1, a1, a2)) to get Qp(u, u,
ooy H,a1,a) = 0. That implies H12 = 0, and Ha; = 0. Based on the facts Q(u,u. .., (a1
— ), B12) = Qn(u,u,...(a; — a2), Ba1) = 0 and use Lemma 1 to get that

U(Qn(u,u, ..., (a1 —a2), (B11 + Bi2 + Ba21)))
= Y (Qn(u,u,...,(a1 —ag),Bi11)) + ¥(Qn(u,u,..., (a1 — az), Bi2)
+¥(Qn(u,u,..., (a1 —az), Bay))
= Qn(\Il(u),u, ce (041 — az),Bu) + Qn(u, \I/(’U,), ce (041 — OQ),BH)
+ 4 Qnuyu, ..., ¥(ag —a2), Bi1) + Qn(u,u, ..., (an — a2), ¥ (B11))
+Qn(¥(u),u,..., (a1 —az), Bia) + Qn(u, ¥(u),. .., (a1 — a2), Bi2)
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+- o+ Qunlu,u, ..., ¥(ag — a2), Bi2) + Qn(u,u, ..., (a1 —ag), ¥(B12))
+Qn(Y(u),u..., (1 — a2),Ba1) + Qn(u, ¥(u),...,(a; —ag), Bay)
+ooF+ Qnusu, ..., ¥ (g — ag), Ba1) + Qu(u,u, ..., (a1 — a2), ¥(Bay))

= Qn(¥(u),u,..., (a1 —az),(Bi1 + B2 + Ba1)) + Qn(u, Y(u),..., (a1 — a2), (B
+Bi2 + Bo1)) + -+ + Qu(u,u,. .., ¥(a1 — az), (B11 + Bi2
+B21)) + Qn(u,u,. .., (a1 — az), ¥(Bi1) + Y(Bi2) + V(Ba21)).

However, we also have

U(Qn(u,u, ..., (a1 — o), By + Bia + Bo1))
= Qn(¥Y(u),u,...,(a1 —a2),(B11 + Bia + Ba1)) + Qun(u, ¥(u),..., (a1 — az), (B +
Bia+ Ba1)) + -+ Qn(u,u, ..., ¥(ay — az), (B11 + Bi2 + Boa1))
+Qn(u,u, ..., (a1 — ),V (B11 + Bz + Boy)).

Examine the two relations for ¥(Q,(u,u, ..., (a1 — as), Bi1 + Bia + Bs1)) to have
Qn(u,u, ..., (a1 —az),H) =0 that gives H11 = 0 and Hae2 = 0. Hence H = 0, that is,

U(B11 + Bi2 + Ba1) = U(B11) + Y(Bi2) + ¥(B21).

Similarly, we can show that \I’(Blg + Bo1 + BQQ) = \P(Blg) + \I’(Bgl) + \I’(BQQ)

Lemma 4. For any By1 € By1, Bis € Big, Bo1 € Bo1, and Bagy € Bao, we have
V(Bi1 + Bi2 + B21 + Baz) = Y(B11) + Y(Bi2) + ¥(B21) + ¥(Ba2).

Proof. Let H = ¥(B11 + Bia + Ba1 + Bag) — V(Bi11) — V(Bi2) — ¥(Bg1) — ¥(Baa).
Applying Qn(u,u, ..., a1, Bag) = 0 with the above lemmas, we get the following

\Il(Qn(u, Uy on, O, (Bu + Bis + Bo1 + BQQ)))

= V(Qn(u,u,...,a1, (B + Bz + Ba1))) + ¥ (Qn(u,u, ..., a1, Bo))

= Qun(¥Y(u),u,...,a1,(B11 + Bia + Ba1)) + Qn(u, ¥(u),...,a1,(B11 + Bi2 + Ba1))
+-+ Qn(u,u, ..., V(a), (Bi1 + Bi2 + Ba21)) + Qn(u,u, ..., a1, (¥(Bn) +
U (Bi2) + Y (Ba1))) + Qn(¥(u),u,...,a1,Ba) + Qn(u, ¥(u),. .., a1, Ba)
+o+ Qn(u,u, ..., W(ay), Bag) + Qnlu, u, . .., a1, ¥(Ba))

= Qn(¥(u),u,...,a1,(B11 + Bia + Bo1 + B22)) + Qn(u, ¥(u),. .., a1, (B11 + B2
+Ba1 + Ba2)) + - + Qu(u,u,...,¥(a1), (B11 + B2 + Ba1 + Ba2))
+Qn(u,u, ... a1, (¥(B11) + ¥(Bia) + ¥(Ba1) + ¥(Bgy))).

On the other hand, we have

U(Qn(u,u,...,a1,(Bi1 + Bi2 + B21 + Ba2)))
= Qn(¥(u),u,...,a1,(Bi1 + Biz + Ba1 + B22)) + Qun(u, ¥(u),..., a1, (B11 + Bi2
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+Ba1 + B2g)) + -+ 4+ Qn(u,u, ..., V(ay), (Bi1 + Bi2 + Ba + Ba2))
+Qn(u,u, ..., a1, (Y(B11 + Biz + B2 + Ba2))).

Similarly, for U(Q, (u,u, ..., a1, (Bi1 + Bi2 + B21 + B22))), we get Qn(u,u,...,a1,H) =0
This leads to the conclusion that Hi1 = His = Ho1 = 0. Similarly, we can show that
Hoo = 0. Thus H = 0, that is,

U(B11 + Bi2 + Ba1 + Bag) = ¥(B11) + U(Bi2) + VU(B21) + ¥ (B22).

Lemma 5. For any Bia, Bj, € Biz and Bay, By, € Bay we have

U(Bia + Byy) = U(Bia) + ¥(Bj,) and W(By + By,) = ¥(By) + ¥(B,).
Proof. Using the fact that Q,(%,5,..., %, (a1 + Bi2), (a2 + B/12)) = B+ B;Q + B3+
B|,B%, and Lemma 4, we have
U(Biz + Byp) + W(BF,) + ¥(ByB)
= U(Bi2 + By + B, + Bi»2B)

u u u
= \I](Qn(§) 57 ey 57 (Oé]_ + 312)7 (O[Q + BlQ/)))
u, u u ’ u u u
= Qn(\y(g)aga"'aia(al+312)5(a2+312))+Qn(§a\1j(§)a"'v§a(al+B12)7
’ u u u ’ u u u
(a2+B12))+”'+Qn(§7§?“‘7\p(§)v(al+B12)7(a2+BIQ))+QH(§7§>"'7§>
’ u u u ’
(a1 + Bi2), (a2 + Byy)) + Qn(§, DI (a1 + Bi2), ¥(az + Byy))
U u u u u u ’ u u u
- W(Qn(g,g,...,g,al,()m))+\II(Qn(§,§,...,§,OZ1,B12))+W(Qn(5,§,...,§,

Bia, a9)) + \P(Qn(§a CRRRRE 573127312))
= U(Byy) + W(B),y) + ¥(B) + ¥(B,B5).

Hence ¥ (B2 + B/H) = V(Bj2) + \11(312) for any Bqo, B/12 € Bis. The proof for the other
part follows similarly.

Lemma 6. For any B, B;i € By; for (i =1,2), we have

U(Bi1 + Byy) = U(B11) + U(By,) and U(Bay + Byy) = U(Bay) + U(Bayy).

Proof. Let H = W(By1+Bj,)—¥(B11)—¥(By,). Using the fact that Q,(u,u, . ..,u, az,
B11) = Qn(u,u,. .., u, aQ,B/H) = 0. Lemma 1 gives

\I[(Qn(ua Uy ..oy Uy 2, (Bll + Blll)))
= \P(Qn(uv Uy ..oy Uy 2, Bll)) + \I/(Qn(u7 Uy ...y Uy 2, Bll))
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= Qn(Y(u),u,...,u,a2,B11) + Qn(u,¥(u),...,u,as, B11) + -+
Qn(u,u, ..,\I/( ), 2, B11) + Qn(u,u, ..., u, ¥(ag), B11) + Qn(u, u, ..., u, as,
U(B11)) + Qn(¥(u), u .,u,ag,BH)+Qn(u,\11(u),...,u,a2,B'H)+---+
Qn(u,u,...,\lf(u),ag,B,H)+Qn(u,u,...,u,\ll(a2),B’11)—|—Qn(u,u,...,u,a2,
V(B);))

= Qn(¥(u),u,...,u,a, (B + B/H)) + Qn(u,¥(u),...,u,as, (B11 + B/H)) +- 4
Qu(u,u, ..., U(u), s, (Bi1 + Bi1)) + Qulu, u, . .., u, ¥(as), (Biy + By))
+Qu (U, u, . u, 02, (W(Biy) + ¥(B)y))).

Alternatively, we have
U(Qnlu,u,. .. u,as (B + Byy)))
- Qn(‘ll(u)7u '7u7a27(Bll+Bll))+
Qn(u7 Uy ..., \IJ(U), g, (Bll + Bll)) +
+Qn(u7 Uy ..., U, 02, (\I/(Bll + Bll)))

Compare the above for ¥(Qy,(u, u,. ..

Qn(ua\ll
Qn(u,u,...,

,u,a, (B114By,))), we find that Q,, (u,u, . ..

(W), ..., u, a9, (Bi1 + Byy)) + - +
u, ¥(az2), (B11 + Byy))

, Uy (2,

H) = 0, This suggests that Hias = Ho1 = Hoo = 0. Next, we show that H;; = 0. Let

X129 € Byo and it is straightforward to observe that Qy(u,u,..., a1, Bi1, X12),
Qn(u,u,... a1, Bil, X12) € Bia. Hence, apply Lemma 5 to get
(Qn(u U, ... o1, (B + Byy), X12))
(Qn(u u,...,o1, By, X12)) + ¥(Qu(u,u, ..., a1, Bjy, X12))
= Qn(V (u),u . ,Oél,Bll,X12) + Qn(u, ¥(u),...,a1, B, X12)
4+t Qn(u Uy ..., ¥(aq), B11, X12) + Qn(u,u, ..., a1, ¥(B11), X12)
+Qn(u,u, ... a1, Bir, U(X12)) + Qu(¥(u),u, . .., a1, By, X12)
+Qu(u, ( ) o1, By, X)) 4 4 Qulu,u, .., W (o), By, X12)
+Qn(uyu, ... a1, U(BY), X12) + Qulu,u, . .. a1, By, ¥(Xi2))
= Qn(¥(u )7 a1, (B + B/11)7X12) + Qn(u, ¥(u),... o1, (B + 311)7X12)
oo+ Quluyu, ..., (o), (Bii + Byy), X12)
+Qn(u,u, ... a1, (U(Bi1) + U(B})), X12) + Qu(u, u, . .., a1, (Bi + Byy), ¥(X12)).

However, in contrast, we get

U(Qulu,u, ... a1, (B + Byy), X12))
= Qn(¥Y(u),u
+ 4 Qn(u,u, ..., ¥(«
+Qn(u,u, . ..

Examine just the last two statements for ¥(Q,(u,u,...

Qn(u,u,.. .,

., a1, (Bu + B;l),Xlg) + Qn(u, \Il(u), ..
1), (B11 + B/11)aX12)
sa1, (U(Biy + B)y)), X12) + Qn(u, u

a1, (B + B11)7X12)

. a1, (Bi1 + Bjy), ¥(X12)).

,a1, (B + Bjy), X12)) to get

a1, H, X12) = 0, implies that a1 T X712+ Hay X12 + X12H? ;. = 0. Multiplying
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it both sides by a; and as from left and right respectively, we obtain a1T a1 Xas = 0 for
all Y € B. Utilizing condition (#) yields H1; = 0. Hence H = 0, that is, ¥(By; + B},) =
W(By1) + ¥(By,). Symmetrically, one can prove that ¥(Bay + Byy) = ¥(Bay) + U(By,).

Lemma 7. The mapping ¥ is additive on B.

Proof. For any element L,R € B, we get L = Li1 + Lio + Lo1 + Loo and R =
Bi1 + Bis + Bo1 + Baa. Applying the Lemmas, we get

U(L+R) = Y(Li1+ Lia + Loi + Lag + Bi1 + Bi2 + Ba1 + Ba)
= V(L + B11) + V(L2 + Bi2) + W(Lat + Bar) + ¥ (Lo + Bao)
= W(L11)+ VY (By1) + ¥(L12) + ¥(B12) + ¥(Loy) + ¥(Ba21) + ¥(Lao) +
(B2
(
(

S
U:J

2)
Li1 + Lio + Loy + Log) + ¥(B11 + B2 + Boy + Bao)
= Y(L)+ ¥Y(R).

|
S

Lemma 8. (1) Ckl\I/(Oél)OJQ = —Otl\I/(OéQ)OéQ.
(2) w¥(ar)a; = —aa¥(ag)ag.
(3) 051\11(042)051 = OéQ\I/(al)OQ =0.

Proof. Using the fact that Q, (a1, a1,01,...,a1,a2) =0 and Lemma 1 , we obtain

0 = Y (Qnla,ar,aq,...,a1,a2))
= Qn(¥Y(a1),00,01,...,a1,02) + Qnlar, V), a1, ...,a1,a) + Qnlar, a1, ¥(aq),
Lap,an)+ o+ Qular, ar,an, ., P (), 0) + Qnlar, ar, o, ..., a1, U(ag))
= aV()ag + a¥(a1)?a; + a1¥(ar)as + as¥(ag)?aq + 201 ¥ (ag)az + 200 (aq)?
o+ -+ 2”_3041\11(041)042 + 2”_3a2\11(a1)®a1 + 2"_2041\11(042) + 2”_2\Il(a2)a1.

By multiplying the above relation by «; on the left and as on the right, we obtain

al\Il(al)ag = —OéllI/(OJQ)CMQ.

(2) Since Qn (a2, a2, as,...,as,a1) =0 and Lemma 1 , we obtain

0 = Y(Qnlag,as,a,...,az,01))
= Qn(¥(a2),a2,a9,...,a2,a1) + Qnlaz, ¥(ag),as,...,as,a1) + Qnlaz, as, ¥(as),
Lag,a1)+ o+ Qplag, ag, .., W), aq) + Qn(ag, ag, ag, ..., a0, ¥(aq))
= a¥(ag)ag + a1 ¥(a2)?as + as¥(ag)ar + a1¥(as)?as + 2a2¥ (ag)ag + 2a1 ¥ (an)?
a4+ 2" B W(ag)ar + 2" 30 U(an)an + 2" 2 U (ay) + 2720 (o ) .
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After multiplying the final relation by a9 from the left and by a; from the right, we get

OéQ\If(Oll)Oél = *042\1/(042)0[1.

(3) un (1), we have

0 = 041\11(041)0[2 + ag\I/(al)@al + 041\11(041)042 + QQ\P(al)ng + 2041\11(041)042 + 2042111(041)®
a + -+ 2”_3a1\II(a1)a2 + 2”_3042\11(041)‘3041 + 2"_2a1\11(a2) + 2”_2111(a2)a1.

Taking the left and right sides and multiplying them by a1, respectively, yields
Oél\I/(ag)Ckl =0.
Similarly, in (2), we have

0 = a¥(az)ar +a1¥(an)%as + ¥ (as)ag + a1¥(az)?as + 202V (ag)ag + 2a1 ¥ (az)?
Qg + -+ 2”730[2\11(042)041 + 2”73(11\11(&2)@(12 + 2"72042\I'(a1) + 2”72\11(051)012.

When we take the left and right sides and multiply them by «s, respectively, we get

052\11(041)042 = 0.

Lemma 9. ;¥ (ag)ag = aa¥(ag)ay = 0.

Proof. For By € Bia, we have 2" 2By = Qn(ai,0q,a1,...,a1,B12) and Using
Lemma 7, we obtain

2"2W(Bry) = U(Qnl(on,c1,01,...,a1,01, Bia))
= Qn(¥(v),a1,01,...,01,a1,B12) + Qunai, ¥(a1),aq,...,a1,a1, Bi2)
+Qn(a1, 01,V (1), ..., 1,00, B12) + -+ Qunlag, a1, a1, ..., ¥(ag), a1,
Bi2) + Qn(ai,aq,a1,...,a1,%(aq), Bi2) + Qn(aq, a1, a1, ..., a1, a1,
¥(B12))
= V(o) Bra + (272 = 2){ay¥(a;1)a1Bia} + a1V (a1)Bya + Bia¥(ay)?
a1 4 ¥(ar)og Bio + (2772 — 2){a1V (o)1 Bia} 4+ a1 ¥(ay)Bio +
Bi12V(a1)?aq + 2% (ay)ag Bra + (2”*2 — {1V (a1)a1 Bia} + 201 ¥ (ay)
Bio + 2B1o%(a)%aq + - - - + 2774 (o )y Big 4 (2772 — 2773)
{a1¥ (1)1 Bia} + 2" *an U(ar) Bz + 2" *B1a¥(an)?aq +
2" 301U (a1)Byg + 2"_3\Il(a1)alB12 + 2" 3B1oW(a)%a; +
2" 20, W(Bya) + 2" 72U (Bya)ay.
Multiplying both sides by a; and as from left and right, respectively and using 2-torsion

freeness of B. We obtain a1V (aq)ai Bia = 0, implies ay ¥ (aq)aySag =0 for all S € B. Tt
follows from (#) that ay¥(a;)a; = 0. Similarly, we can prove that aeW(ag)as = 0.
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Lemma 10. ¥(u) = 0.

Proof. Applying the last three lemmas to get the desired outcome.

Lemma 11. For every S € B, ¥(S9) = ¥(9)“.

Proof. Notice that Qy(u,u,...,S,u) = 2""2(S + 89), for all S € B. Apply Lemmas 7,
10 and using the condition that rings B is 2-torsion free to get

2" 2(W(S) + U(S?)) = U(Qn(u,u,...,S uu))
= Qn(u,u,...,¥(9),u,u)
= 2" 2(P(S) + ¥(5)?)

which implies

T(S?) = B(S)°.

Now, let M = a1¥(aq)as — ao¥(ay)aq, then M? = —M. Define a mapping ¢ : B —
B by ¢((L) = ¥(L) — (LM — ML) for every L € B. It is simple to confirm that
C(Qn(Lla L27 ce ,Ln)) = Z?:l Qn(Lh ooy Li—17 C(Li)7Li+17 ce 7Ln) fOI‘ all Ll, LQ, N ,Ln c
B’

Remark 2.1. ( possesses the following behaviors

(a) ¢(L?) and ((L)? identical.

(b) ¢ is additive.

(¢) (1) and ((ag) are vanish.

(d) ¢(u) is zero.

(

e) ¢ is a D-derivation iff ¥ is a D-derivation.
Lemma 12. ((A;;) C A;j i,j=1,2.
Proof. From Q(u,u,...,u, a1, Ajs) = 2" 2 A5 and the above remark, we get
2" 2((A1n) = C(Qulu,u,...,u,aq, A1s))

= Qn(u)ua"'auaalaC(AIZ)
= 2" Ha1((Ar12) + ((A12)ar}.

This implies that a1((A12)a; = 0 and as((A12)as = 0, applying Q, (u, u, . .., u, Aja, 1) =
0 and the last remark 2.1, we find
0 = C(Qn(ua Uy ..., U, Al?a 041))
= Qn(u, Uy.ooy Uy C(A12)7 061)
2" 2{¢(A12)a1 + a1((A12)?}.

This implies that as((A12)a; = 0, thus ((A12) € Aje. Similarly, we can show that
((A21) C Ag;. Similar as last two steps,

0 = C(Qn(u,U,---;U7a27All))
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Qn(ua Uy v oy Uy Qi2, C(All))
= 2" Hau((An1) + ((A11)as}.

This implies that OéQC(All)OCQ = @1C(A11)a2 = OJQC(AH)OQ = 0, thus C(All) g AH. Simi-
larly, we can show that ((Ag2) C Ago.

Lemma 13. For any A;;, Bij € Bij,1 <1, <2, we get

(1) ¢(A11B12) = ((A11)Bi2 + A1 ((Bi2) and ((A22B21) = ((A2)Ba1 + A22((B21).
(2) ((A12B21) = ((A12)Ba1 + A12¢(Ba21) and ((A21B12) = ((A21)B12 + A21((B12).
(3) C(A11B11) = ((A11)Bi1 + A (Bi1) and  ((A22Ba2) = ((Ag2)Baz + A22((B22).
(4) ((A12B22) = ((A12) B2 + A12((B22) and ((A21B11) = ((A21)B11 + A21((B11).

Proof. (1) From Q,(u,u,..., A1, Bi2) = 2" 2(A11B12) and Remark 2.1, we find

2" 2((A11B12) = ((Qn(u,u,..., A1, Br2))
= Qn(u,u,...,C(A11), B12) + Qn(u,u, ..., A1, ((B12)).

Using the last lemma, we find
C(A11B12) = ((A11)Bi2 + A11¢(B12).

Simﬂarly, we can prove that C(A22B21) = C(AgQ)BQl + AQQC(BQl).
(2) Again, Qy(u,u, ..., A2, Bo) = 2" 2A19By; and last remark, we get

2""2((A19B21) = ((Qn(u,u,..., A2, Bay))
= Qnlu,u,...,((A12), Ba1) + Qn(u,u, ..., A1, {(B21))

Applying the last Lemma, we have

((A12B21) = ((A12)Ba1 + A12((B21).

Similarly, we can prove that C(Alelg) = C(Agl)Blg + Azlg(Blg).

(3) For any X129 € Bz and Q,(u,u, ..., A11B11, X12) = 2" 2(A11B11X12) and making use
of the last remark, we get

2"2C(AnBuX12) = ((Qn(u,u,...,A11B11, X1)
= Qn(u,u,...,((A11B11), X12) + Qn(u,u,. .., A11B11,((X12))
= 2" 3{((A11B11)X12 + X12C(A11B11) + A1 Bii¢(X12) + ((X12)
AnBu}.
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Lemma 12 yields that
C(A11B11X12) = C((AnBi1)Xi2 + A11B1i¢(Xi2).

Further, Qn(u,u,..., A1, B11X12) = 2" 2(A11B11X12) and making use of Remark 2.1
implies the following

2" (A BiiXi2) = {(Qn(u,u,...,A11, BiiXi2)
= Qn(u,u,...,¢((A1n), BuuX12) + Qn(u,u,. .., A11,{(B11X12))
2"2{((A11)B11 X129 + A11¢(B11X12) }.

Using Lemma 13(1), we have
C(AnBnXi2) = C((A11)B11Xi2+ A11¢(B11)X12 + A11B11¢(X12).

Comparing the above two expressions for ((A11B11X12), we get (((A11B11) —((A11)Bi1 —
A11C(311))X12 = O, implies (C(AllBll) — g(All)Bll — A11C(Bll))Ya2 =0 forall Y € B.
it follows from (Q) that C(AHBH) = C(AII)BH —|—A11C(B11). Similarly, we can prove that

((A22B22) = ((A22)Baa + A22((Ba2).

(4) Apply Qn(u,u,...,u,ar, A1z, Bag) = 2" 3(A12Bas + By A%,) and making use of Re-
mark 2.1 to get

2" 3{((A12B22) + ((B22 A7)}
= ((Qn(u,u,...,u,a1, A2, By))
= Qn(u; Uy ...y U, O, C(AlQ)a 322) + Qn(u7 Uy .oy Uy, 0, A127 <(322)>

Lemma 12 yields
C(A19B92) + ((Ba2A%,) = ((A12)Baa + Baa((A12)? + A12¢(Ba2) + ((Ba2) AL,

From Lemmas 11 and 13(1), we obtain

C(A12B22) + ((B22) AT, + B22((AT,) = ((A12)Ba2 + B22((A12)? + A12((Ba2)
+C(BQQ)A1®2.

Hence
((A12B22) = ((A12) B2z + A12((Ba2).

Similarly, we can prove that C(A21Bll) = C(A21)B11 + A21C(Bll)‘

Lemma 14. ((LR) = ((L)R + L((R), for all L, R € B.
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PT’OOf. For any L ,Re B, write L = L11+Lio+Lo1+ Loy and R = B11+Bio+ By +Bas.
Use the additivity of ( Lemma 13 to get

C(LR) = ((L11B11 + L11B12 + L12Boy + L12Ba
+Lo1B11 + L21B12 4+ LaaBai + LaoBa))
= ((L11B11) + ((L11B12) + ((L12B21)¢(L12B22)
+((Lo1B11) + ¢(L21B12) + ((L22Ba1) + ((L22B22)
= ((L11 + L12 + Loy + La2)(B11 + B2 + Ba + Ba2)
+(L11 + L12 + Loy + L2)((B11 + Bi2 + Ba1 + Ba).
= ((L)R+ L¢(R).

Lemma 14 and Remark 2.1 show that ( is an additive @-derivation. As a result, it deduces
that ¥ will be an additive @- derivation. Which completes the proof of the Theorem 1.

3. Corollaries

Remember that a ring B is said to be prime if, By, By € B, B1BBs = {0} implies that
either By = 0 or By = 0. it’s easy to observed that every prime @-rings satisfies property
(#). Therefore, Theorem 1 directly leads to the following conclusion:

Corollary 3.1. Let B be a 2-torsion free unital prime @-rings having a non-trivial sym-
metric idempotent. Then a map ¥ : B — B (not necessarily additive) satisfies

\II(QTL(BlaBQa"'aBn)) = ZQH(BD'"7B’i*1’\IJ(B’L')7Bi+1?'"7Bn) (31)
=1

for all By, Bs, ..., B, € B iff V is an additive @-derivation.

Remember that a algebra B is said to be prime if, By, By € B, BiBBs = {0} implies
that either By = 0 or By = 0. it’s easy to observed that every prime &-algebra satisfies
property (#). Thus, we can infer the following outcome as ac immediate implication of
Theorem 1:

Corollary 3.2. If B is a unital prime @-algebra containing a non-trivial projection oy
and g = u — ay, then a mapping ¥ : B — B (not necessarily additive) satisfies

U(Qn(B1,Ba,...,Bn)) = > Qu(Bi,...,Bi-1,¥(By),Bij1,...,B,)  (32)
=1

for all By, Bs, ..., By, € B if and only if ¥ is an additive @-derivation.

Since a factor von Neumann algebra is also prime, it always satisfies (#). The following
result follows as a consequence this corollary 3.2:
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Corollary 3.3. If B is a factor von Neumann algebra having a dimension greater than or
equal to 2, then a mapping ¥ : B — B (not necessarily additive) fulfills

U(Qn(B1,Ba,...,Bn)) = > @Qu(Bi,...,Bi-1,¥(B),Bij1,...,B,)  (3.3)
=1

for all B1,Bs, ..., By, € B iff ¥ is an additive @-derivation.
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