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Abstract. In this article, we provide a number of Hermite-Hadamard type fractional integral
inequalities for the Atangana-Baleanu and Prabhakar fractional operators, using extended gener-
alized Mittag-Leffler functions as their kernel. Significant findings are provided for the integral
inequalities involving fractional integrals of the type (314, S2—) and (%) By employing cer-
tain functions to create visual graphs with matching numerical entries that depict the inequalities,
we show the veracity of our findings.
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1. Introduction

The expansion of differentiation and integration to non-integer orders is the work of
fractional calculus, a subfield of mathematics, making it possible to represent complex pro-
cesses more intricately [1, 2]. Fractional integral operators are utilized as mathematical
tools in the study of fractional calculus because they are integrals of a certain order, which
is not limited to integer values but can be any real or complex number. In the solution
of fractional differential equations, fractional integral operators are crucial because they
generalize several classical operators, including the integral and derivative [3], and they
aid in describing processes that are not fully represented by traditional calculus, which is
limited to integer orders. Fractional calculus uses definitions such as Riemann-Liouville to
extend these operations to arbitrary real or complex numbers [4, 5]. Moreover, fractional
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calculus intersects with concepts like convex functions [6], leading to advancements in op-
timization and engineering [7, 8]. Overall, fractional calculus offers a robust framework
for understanding and analyzing complex phenomena.

Giving complex functions boundaries and approximations is an essential part that inequal-
ities play in providing important insights into their behavior. Integral inequalities are a
key area in mathematical analysis, crucial for studying integral equations and differential
equations [9, 10]. They play a crucial role in fractional differential equations, where frac-
tional integral inequalities help to establish the uniqueness of solutions and provide bounds
for fractional boundary value problems. Inequalities involving fractional derivatives are
especially valuable in determining solutions for Cauchy problems as well as their upper
limits [11, 12]. The goal of expanding the theory of integral inequalities through the use
of fractional integral operators to generalize classical inequalities has been spurred by this
significance [13], which improves theoretical comprehension and real-world applications
[14, 15]. Sajid et al. have discussed some new Griiss type inequalities associated with
generalized fractional derivatives in [16].

Special functions are closely related to fractional calculus in many ways [9, 17], like the
Mittag-Leffler function, which extends the concepts of fractional operators [18, 19] and
plays a crucial role in fractional calculus [20, 21]. Named after Gosta Mittag-Leffler, this
function is essential for solving fractional differential equations. Usually accomplished by
adding more parameters to its definition, the extended generalized Mittag-Leffler function
is a further expanded form of the standard Mittag-Leffler function that provides more
flexibility in modeling complex phenomena [22]. Two prominent models in this area that
incorporate Mittag-Leffler functions are the Atangana-Baleanu [23] and Prabhakar models
[24, 25]. These models advance fractional calculus by offering refined tools for describing
systems with memory, non-singular and non-local effects [26, 27], making them valuable in
various scientific and engineering fields [28, 29] while tackling practical issues in a variety
of fields [30, 31]. The modified (k, s) fractional integral operator involving k-Mittag-Leffler
function along with its properties is discussed in [32].

In this research, the Hermite-Hadamard (H — #) inequality [33] by applying generalized
fractional integral operators through the extended generalized Mittag-Leffler function will
be studied. The goal is to derive new inequalities that not only generalize but also en-
hance the classical (H — H) inequality [34], utilizing fractional calculus and special func-
tion methodologies.

As we continue our work, it is crucial to remember important definitions to ensure clar-
ity and consistency. These concepts help to manage complex activities and initiatives by
providing a strong foundation.

Definition 1. [7] A function Y : I — R is known as a convex function if it satisfies the
following inequality

T(cS1 4 (1 —¢)F2) <X (S1) + (1 —0)T(S9),

where ¢ € [0,1] and 1,2 € 1.
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Definition 2. [/] Let T be a function in L' on the interval [31,3s]. The G-th order
left and right sided Reimann-Liouville integrals for any c¢ € [J1, 32|, applied to Y(c) are
defined as, provided that R(G) > 0

LIS = g L (e 0T, 1)
and
LIS X = g (0% T, 2)

Definition 3. /23] Let Y be a function in L' on the interval [31,3s]. The G-th order left
and right sided Atangana-Baleanu integrals for any c € [S1, 2], applied to Y(c) and for
1> G >0, written as

A- BI%1+T(C):B(G)(R LIS . Y(e)) + @) Y(c), (3)

and

where B(G) is a normalization function that is both real and positive, having properties
B(0)=B(1) =1.

Definition 4. [24, 25] Given a function Y that belongs to L' on the interval [31, Is] and
for any c € [31,9], then the left and right sided Prabhakar fractional integral operators
applied to Y(c) with R(a*) > 0, R(S*) > 0 and v,b € C, given as

T(e), (4)

PISE T = [ (om0 e (oo = 0)) T(w)av, (5)
and
PIS T (e) = / - oF e, o (b(q,b —c)a*) T (4)d, (6)

where E7, ..(z) symbolizes the three parameters Mittag-Leffler function.
a*,3 ) p g

Definition 5. [29] For any function Y € L' on the interval [31,Js] C R and c € [I1, Ia],
then the infinite series formula for left and right Prabhakar integrals applied to Y (c), stated
as

o0

P Ry B F7+5 R—L 7 (RI+p)
IS Y (c) = Z 157777 (o), (7)
=0
and
PIN@%bT — F 7+6 R— LI(NE-&-W)T( ). (8)

OM
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Definition 6. [18] The Mittag-Leffler function with one parameter can be defined as

M8

> N5+ ;o (€ CRM > 0),

The first generalization of Mittag-Leffler function for two parameters, is given as

Enp(2) me (z,R, p € C,R(R) > 0).
0=0

Prabhakar defined the Mittag-Leffler function of three parameters [25] as

> (8)g 20

4 — .
gN,p(Z) - F(Nfﬁ + p) ol (Z7N7 @,5 € (Cv 3%(N) > O)

@]

=0

Definition 7. [22] Let N, p,7,0,c € C, with R(N), R(p), R(7) > 0 and R(b) > R(5) > 0
with 0 < g, 1 > 0 and | + R(X) > s > 0. Then the extended generalized Mittag-Leffler
function 55“[(2 g) is defined by

2 By(6+3s,b—06)  (b)gs 20
Sbsl . N _ g ’
Expr (29) ;0 B(6,b—0) T(NO+ ) (1)ar’ ©)
where (b)gs = %, is the generalized Pochhammer symbol and By( fo it

(1- t)jfle_tﬂg—f) dt with R(i), R(j), R(g) > 0, is an extended beta functwn.

Definition 8. [22] Let b,X, p,7,0,b € C with R(N), R(p), R(T) > 0 and R(b) > R(5) > 0
and let g >0,1>0 and l+R(R) > s > 0. For a function T € L£1[31, 2] and ¢ € [, J2),
the left and right sided generalized fractional integral operators 55\5_?_;[@7'1“ eg‘;’ﬁ’zlp ST

gwen as

A Tleg) = [ = wr el (e - ) g) T, (10)
and
S Tleg) = [ = e E (o6 - o%g) T, (11)

To derive the main results, we relied on theorems and lemmas provided in references
[35], [36] and [37].

Theorem 1. For an L' continuous convex function Y : [J1, 2] — R, with S > 3y, the
standard (H — H) inequality is stated as

. (slggg) - 1 /%T(c)dcg (T(sl)ﬂr(sz))_

Sy — S1 /g, 2
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Theorem 2. For T : [31,32] — R be a positive convex function with 0 < J1 < o and
T € £Y[31, 39, then we have

<

<

Theorem 3. If T : [31,S2] — R is L1 and conver, and o € (0,1), then we have the
following inequality

) B B oo
: x (A BIS T (Sy) + A 518 T(%l))

S[o—

Theorem 4. For T : [31,32] — R be a positive function with 0 < I < Jg and T €
LY[31, 39 be conver function, then we have

” <31;—%2>

a*—1 *
< 2 F(a +1) <’R£Ia* T(Sg) _’_’Rfﬁla* )_T(g1)>

T (S = 3) (@)nt (@

B (r@l);n%)) |

Lemma 1. For T : [31,32] — R in L' and have a differentiable mapping on (31, I9)
with 31 < S and if Y € L[S, $o] with a* > 0 then the following equality for fractional
integrals holds
T(S1) + T(S0) P +1) (rror R—L o”
(F5 ~ i (TN + R ()
PN

2

/01 ((1 i to‘*> T (31 + (1 — 1)) dt.

Lemma 2. For T : [$1,S2] — R in L' be a differentiable mapping on (31,S2) with
Iy < Sy and if Y€ L[Sy, o] with o > 0 then the following equality holds

200" +1) (R ar R—L ra* S1+ 32
¥ I(slgs2>+T(C) + I(%%%Q)ifr(y) -7 9

(S — 1)

Sy — Sy [ t 2t 2t t
=— [ t* (T([:S o | =T | =31+ =Sy ) ) dt.
1 /0 2\51+ 5 S 5 \51+2\52
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2. Generalized Fractional Integral Operators and Hermite-Hadamard
Inequality in the Fractional Framework

In this section, we examine inequalities involving fractional integral of the type (314, So—)
and (%) We also present some examples and their graphical representations to con-
firm our results.

2.1. Inequalities Involving Fractional Integral of the Type (3+,S%—)

Proposition 1. If b, X, o, 7,d,b € C with R(N), R(p),R(7) > 0 and R(b) > R(4) > 0 and

letg>0,1>0and0<s<I+R(R). For a function T € L*[S1,S2) and c € [I1, o], then

the addition of left and right sided generalized fractional integral operators, z—:Efsi‘yp

Eggf‘;lp _T are defined by
e T (S1g) + 0 T(Susg)
_ - ag (R Llibii—w)r(\%) 4 R- Llﬁzajp)r(\sl))’
9=0
where az = ng&?ﬁg)_&) (lz)f)gia.

Proof. Using left sided generalized fractional integral operator (10), we get

c

S Tleg) = [ o= wpr el (e - o) T,

using extended generalized Mittag-Leffler function (9) in the above expression, we get

C
b,6,b,s,1 N _
L T = [ vt

31

N~ (Byl6+05,b=0)  (bB)as By — )
Z ( B,b—6) TNo+gp) (T

)t

0=0

after rearranging, the above equation can be expressed as

b,5,b,5,1 X (By(0 + 85,0 = 6) (b)gsh”
€5, p g LG5 9) = GZ;) ( B,b—0)  (T)a

=y = 0Pt )i )

Using left sided Reimann-Liouville integral (1) in above equation, we acquire

b,8,b,,l — (By(6+0s,b—0) (0)ash”\ r_r ,(n5+)
6“1+Npr Z( B(6,b—9) (T)al I\n+ T(c). (12)
3=0
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Similarly for right sided generalized fractional integral operator (11), we have

5,05, oy (By(6 405, — 6) (0)ash®\ m_p (x0+p)
5%2— R pTT(‘Slvg) - 522% < 8(5,b _ 5) ( )51 I\sz— T(c)' (13)
Adding (12) and (13)
e T (S219) + 00 T (S3g)
(0 + 08,0 —8) (b)ast?\ [Rer ,(NO+0) R—L 7(RO+p)
= I T Iy T
Z( Bb 5 () (ST T )

- XD —£ (N0
:Za (R EIE,I_:_@)T( )+ R LI(%_W)T(%I))‘
J=

Here, the integral transform gives (X0 + p)th order left and right sided Reimann-Liouville
fractional integrals of Y(¢), provided that (X0 + p) > 0.
Theorem 5. Let T : [31,3] — R be a conver function with T € L'[S1,s] and

b, N, 0,7,0,b € C such that R(X),R(p),R(r) > 0, R(b) > R() > 0. Let g > 0,1 >0
and 0 < s <1+ R(X), then for (RO + p) > 0, we can write

e (3 Cx
ZGWT <~‘1‘2N2>
o=

1+ N 05T \sg— N 0T
o0
T(%l) +T(S2)
< ayvy ( 5 )
0=0
_ By(6+0s,—5) (b)gsh (S )RO+e)
where ag = BOb=0) (Do and vy = e

Proof. Replacing o* by (R0 + p) in Theorem 2, we get

” <%1 -5 %2>

N0+ p+1 _r (RO D
( )) (R Lyl +@)T(g2)+72 LI( +p)T(\s1))

= 2(Sy — Sp) O+ Si+ S2-
<T SH) +T(%2))
J— 2 .

(RO+p) .
Multiplying the above inequality with F(N(q\umeobfalz)'rﬁ +;+1) we obtain

2(Sy — )R ” <%1 + %2>
2
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< <R [,I(Na"rp)'r( )+R EI(N?H—@T(%l))

S1+ So—

2(%2 — Jl)(N6+p) < + T %2)
(N0 +p) + 1)

Again the above inequality is multiplied with ag to obtain
2(Sp — ) N0He) (%1+-32>
NN+ p)+1) 2

< as (R £ 00 () 4 R- LI(NFH-@)T(%l))

ap

1+ S[a—
< 2y — 1)) /(S + T(Sy)
=P+ p+ 1) 2 '

Summing over all d

Z \52 — \Sl (N5+p) T (%1 + %2)

= rNo+p+1) 2

a3 <R Ly N6+p)T(\§2)+R £I(Na+p)T( ))

S1+ S2—

R
S — 1) B0 /T (F) + T(S0)
62 (RO +p)+1) < 2 > ‘

Using Proposition 1, we get

© (% x
S agus <61;N“2>
=0

b,8,b,8,l . b,8,b,s,l .
S €§1+:N7KJ’TT(%2’ g) + €§27 N 2§, T T(%l, g)

- ad ass <T(%1) + T(Jz)> |
0=0

2
Hence the result is proved.
Proposition 2. If T : [S1,3s] — R is L' (convex) and (RO + p) € (0,1), we have

(H — H) inequality for Atangana-Baleanu fractional integrals, where, b,X, o, 7,6,b € C
with R(R), R(p), R(7) > 0 and R(b) > RN(6) >0 and let g > 0,1 >0 and 0 < s <[+ R(R)

e (3 (3
1+ 382 b,6,b,s,l b,6,b,s,l
S agus <2) < T(Syig) + M T(Sig)
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_ By(5+05,6—9) (b)gsh?
where ag = Blb—0)  (Da and

2((S2—S1) MO+ (1-RI—p)T(RI+p))  2(1-RI—p)

Us = T(Ro+p+1) Ro+p)
Proof. Replacing o* by (X0 + p) in Theorem 3, we obtain

S1+S
T( — 2)
) B(R3 + p)T'(N9 + p)
= 2((S2 — 31)®H0) 1+ (1— RO — p)T(ND + p))

(A B N8+50)T( 2) + 4 A= BI Naw (\91)>

X

S+
< < \Sl —l— T )>
% (RO+p) wehave
Multiplying the above inequality with 24827 Su® zo(%(ip;t S(Nglp)h L(x0+0)) , we get
2 (32— S1)N0F9) + (1 —RG — p)I(RD + p)) r (%1 + %2)
B(N0 + p)I'(R9 + p) 2
_ NO N0

< (ABISYIT (@) + AEIN T (3)) (14)
_2((S2 - Sp) R+ 4 (1 — NI — )T(RD + p)) (T(%l) + T(%))
- B(N0 + p)['(R0 + p) 2 ’

Adding left and right sided Atangana-Baleanu integrals (3) and (4), we acquire

ATBIE  Y(S0) +A7PIE T (S)

S+

Q" (rer SR & 1—a* (T(S1) + T(Sp)
= o (REIS L T(S) + f«sﬂ“l))*s@l)( 2 |

B(3
(RO + p) in the above expression and then put the results in (14), we get

~—

Using o* =
2 (S — 1) B0H0) + (1 — R — p)T(NT + p)) - (%l + %2)

B(RD + ©)T'(RD + p) 2

(N0 + @)) (R—EI(NFH-@)T(%z) + R—Lléifiﬂa)r(gl))

~ BRO+ p 1+
A=R0=9) 1) 4+ 1(3m)

B(RD + p)
2 (S — 1)) 4+ (1 — NI — E)T(RD + ) (T(%l) + T(%))
- B(N0 + p)I'(R0 + p) 2 ‘
Subtracting == B(N6 ) £(T(31) + T (S2)) from the above inequality and then multiplying with

B((N%Tg)) , we obtain

2 (92— )0 1 (180~ IT(NT + ) . <%1 + %2>
T((Nd+ ) + 1) 2
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1—N9 —
_ 0\287—1—@)@ (T(S1) + T(S2)) < (R*LISTP)T(QQ) 4+ R- cliic’fr@)fr(\yl))

= 2((S2 =S 4 (1 X0 — )T(XD + p)) (T(gl) + T(%))
< T((NO + ) + 1) 2

(T(S1) +T(S2))-

1-N0—p
(N0 + )

Again we multiply the above inequality with az to obtain

. (2 (32 = S0 4 (1 NG — p)T(RD + 9)) (%1 + %))

L((NO+p) +1) 2
1-NO—p N
—an (Mg (X80 + ()

R_LI(NEH_KD)T(%Q) + R—Elg‘;(?i-@)fr(%l))

_ 2 ((S2 — 1) MH9) + (1 — R — p)T(RI + ) (T(sl) + T(sg))
= a0 T((RO+ o) + 1)

By convexity of T we have, T <%1;%> < (T(%l);r(%))

ap

2 ((Sg — S1)®H0) 4 (1 -RG— P)T(RG+ )  2(1 — NI — p)
L(NJp + 1) T (NO+p)

ox x
. (Jl + og) < ay (FEISTT () + REINTOY(3))

o (2032 =N 4 (1 NG )T+ p)) 21— RO )
= T((RD + ) + 1) RO

Summing over all 0

iaa (2 ((S2 = S)®H9) 4 (1 - NO— p)P(RD+ )  2(1 — RO — @)

T((NO+ ) +1) NI

cr (S g (RS () + T (30))
<§:a 2((S2 =S+ (1-RI— T(RI+ ) 2(1— R0 — )
i TN+ ) +1) RO+ )
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" (T(%l) —;— T(%g)) .

Using Proposition 1, we get

<0 T (Sag) + e T (S159)

S —, N, 0,7

- i - (T(%l) + T(@)) |

2

It is our required result.

Proposition 3. For a function ¥ € L£1[31,39] and ¢ € [S$1,S0), the addition of the
left and right sided Prabhakar and the left and right sided gemeralized fractional integral
operators applied to Y(c) are defined by the following integral transforms, where R(N0 +
p) >0 alsob,v, R, p,7,6,b € C with R(b), R(v), RN), R(p), R(7) > 0 and R(b) > R(4) >0
and let g>0,1>0 and 0 < s <l+R(N)

N, 0,7,p b,8,b,s,l . R, 0,7,p b,8,b,s,l .
PIJFJ T(e) + 5 R Tlerg) + PISE T (e) + 03, - X (e 9)

\sngpT
_Zh (R Ly N5+@)T(C)+R CI(N3+@)T( ))

S1+ So2—
By (6+05,b—5) (b)55b? i I'(y40)bd
B(6,b—0)  (T)a LP(y)at -

Proof. Adding infinite series formula for left Prabhakar integral (7) and left sided
generalized fractional integral operator (10), we get

where hy =

PIN 2 77bT( ) byé’bwsal ’I"(C; g)

\Sl*‘r 1+7N’pv‘r
[e’) - ) o0 0 ].5
_ By(6 +0s,b—0d) (b)ash n Z Ly +0)p°% \ z- z:I(NT@)T( ). (15)
= B(6,b—6) (Ma 4= T(y)0! S

Similarly adding infinite series formula for right Prabhakar integral (8) and right sided
generalized fractional integral operator (11), we have

Pfﬁ’p’%bT( )+ EE\& b, legD Y(c9)

B (8 + 35,0 —8) ( 55b5 = 7+z~5 Rer (N0 +p) (16)
Z( B8 62 15 (c).

Finally, we add (15) and (16) to get following required result

P R0, b,6,b,5,1 ) P R0, b,6,b,5,1 )
ISET7L () +e3) R o, T(eg) + T I Y (e) + e, o Tes 9)
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B By (6 4 3s,b — 6) (0)gsh? = ['(y 4 3)h?
_<Z Bo.b—0)  (a +;})

= I'(v)o!
(R EI\(S?:Z-I—@)T(C) 4+ R- Lli?zf“jj-@ Y(c))

= (RO N\
Z (R .c_,ﬂ:p)T(C)JrR 5Ii2_+")“f(c)).
=0

Theorem 6. If T : [S1,3s] — R is L' and convex and the parameters, R(NT + p) > 0
also (), R(7), R(N), R(p),R(7) > 0 and R(b) > R() > 0 and let g > 0, I > 0 and
0<s<Il+RN), then we have the following (H — H) inequality for Prabhakar fractional
integrals and generalized fractional integral operators

0 (Y (3
>~ havgY <‘” JQF JQ)
0=0

< PISEIT() + 5 o T e g) + TISET () + 500 Tlerg)  (17)

So—,N,0,7
C\,
o Sy (T TE)
0=0

_ By(6+05,b=0) (b)gsh | T(y+0)b° _ 2(S2=S)(N0He)
where ho = 5535 T Tepor @ U0 = Tr(are)

Proof. Replacing a* by (X0 + p) in Theorem 2, we obtain

. (%;%)

DO+ p) +1) (r-rpote) R—L 7(RI+p)
= 2(%2 — Sl)(Nm‘@) ( 131+ T(32) + I T(\Sl))

o —
_ (S0 + ()
— 2 .

2(%2_%)(&3%@)

Multiplying the above inequality with ToreF Ve get

2(Sp — §y) MO+ <%1 + %2)
(RO +p) +1) 2
<

R— LI(Naw)T( )_|_R LI(NEHW)T(%l))

2(62 — gl)(Nﬁer) 2)
STt o)+ 1) (

Again we multiply the above inequality with hg to obtain

h 2(%2 — %1>(N5+p) T <%1 + %2)
ST((RG+ ) + 1) 2
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< hg (R [ZI(N5+KJ)T( )+R EI(N?H‘@)T(gl))

S1+ So—

2(%2 — \Sl)(Ns—’_@) <T(%1) + T(\Sg))

=T((NO+ ) + 1) 2

Summing over all 0

Z \SQ — Jl)(N6+p) T <%1 + %2)
= (RO +p)+1) 2

< ha (R EI(N5+@)T(\SQ)+R cI(NEi+p)T( ))

31+ So—

F((No+p) +1) 2

>
£

\Sg - \gl)(Na-‘rp) <T(%1) + T(%Q))

Using Proposition 3 in the above expression, we get

o x x
Z hivg T <\91+\92>

9=0
N,0,7,b b.6,b,s,1 . R, 0,7,b b,3,b,5,0 .
< Plglpﬁ Y(e) +e3) R, L(cg) + PLjff Y(c) + e _Y(e;g)

So—,N, 0,7
> (S T
< Zhsva < (\gl); (62)).
9=0

Hence the required result is proved.

[\

Example 1. We wverify the result of Theorem 6 for convex function Y(c) = c* on the
interval [0, 1].

Using substitution t = % in left and right sided Reimann-Liouville integrals (1) and (2),
we get

RL(Np) 2 _ I'(3)
I8 1
Sit Y2 T D(RO+ p) +3) (18)
RLI0Hg2 = 0, (19)

Using (18) in infinite series formula for left Prabhakar integrals (7) and (19) in infinite
series formula for right Prabhakar integrals (8), we have

['(y + 0)p° I'(3)
PIN P70 2 9
St 2 ;) T(yal “T((R0+ ) +3)’ (20)
e 0
N S et () (21)
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Also substitute (18) in left sided generalized fractional integral operator (10) and (19) in
right sided generalized fractional integral operator (11), we acquire

3
€E\fi§ZpT (S22 9) Zaa X G (22)

b,0,b,s,l
5$2—i~zpr 312 9) Zaa X (23)

Substituting these expressions (20), (21), (22) and (23) in the inequality (17) and after
some simplification, we get

L(NO+ ) +1)
D =y
0=0
X (T(y +9)hO I'(3) ) > < I'(3) )
<
= % < T(y)al  T((Ro+ p) + 3) +5§0 WX TR+ ) + 3)
<
- 52) L((NO+ ) + 1)
22F
20F
1.8¢ — LHS
1.6F MID
14 K
12¢
0.0 0.‘2 Oj4 0.‘6 O.‘S 1.0

Figure 1: The 2D graph exhibiting the inequality (17) for 8 = 1.

2.2. Inequalities Involving Fractional Integral of the Type (@)

Theorem 7. If T : [3q, o] — R is LY and convex and the parameters, R(RO + p) > 0
also (), R(7), R(N), R(p),R(T) > 0 and R(b) > R() > 0 and let g > 0, I > 0 and
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L LS
£ MD
I rHS

1.0

Figure 2: The 3D graph exhibiting the inequality (17) for convex function Y(c) = c? on the interval [0, 1] and
for 0 = 1.

0 < s <I+R(N), then we have a distinct fractional development of the (H — H) inequality

b,8,b,s,l b,0,b,s,l
< T (@ JN 7(\7 ) Z\ "r .
)+7N7K)7T (62’ g) + 6<J1;J2)_’N7977 (\Sl’ g)

By (6+05,b—8) (b)gsb®

where ay = BOb=8) (Mo and o5 =

(So—Gp ) (RO+p)
2(RI+0) 1D ((RO+p)+1) ©

Proof. Replacing o by (R0 + ) in Theorem 4, we get

T (%1 + %2)
2

< 2N TID((ND + p) + 1) R-L7N+0) iy 4 R-LR0H0)
(g — ) R0+0) (214224 (S2) + )- (31)

< (T(%l) ;r T(%g)) . (g2

. . . Fo— Gy ) (RO+p)
Multiply the above expression with Qmagﬁ;ﬁ_f;()(m o to get

(S — §p)(N0+9) 31+ e
2(0+0)~1((RD + ) + 1) 2

R—L 7RO+ R—r +(RO+
S( Izglgg)z)JrT(%)Jr 1055, T(%l))

(S — §p)(R0+0) T(S1) +T(S2)
+1) ( ) |

<
= 20T IT((N0 + )
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Again the above inequality is multiplied with az and then summing over all §

= — Gy ) (RO+p) T J + B
2 a0 e T DT ()

Z (R £I(NE5+§>))+T(%2)+R ﬁj(mw) T(31)>

S1+S9 (\’1"‘\’2)

i Sy — §p ) (RO+) T(S) + Y(
NEH@) IT((NO+ ) +1) 2

&
N
~

0=
Using Proposition 1 from the middle of interval [Jq, o]

© x Cx
3" agos <\‘1‘2N?)

0=0

b,8,b,s,l b,d,b,s,l
< AN T e ARSI T k-

< g}aaoa (T(%l) -QF T(%)) .

This proves the desired result.

Proposition 4. If T : [31, 3] — R is L1 and convez and the parameters, R(RO + ) > 0
also R(b), R(7), R(N), R(p), R(7) > 0 and RN(b) > RN(J) > 0 and let g > 0, I > 0 and
0<s<Il+4+R), then the (H — H) inequality for Atangana-Baleanu fractional integrals
becomes

b,0,b,s,l b,0,b,s,l
< 7(\7 ’ Z\ ’I‘ (@R 7(\7 ) 2\ ’I‘ (@ A
N

< iassa <T(%1) + T(Sg)) ’

2

By (5+05,6—5) (b)gsh? ((S2=91)N0F0) 12(N0H0) (1-_RO—p)P(RO+p))  2(1-RI—p)

where ag = =g p=5— (ng~ @d 55 = 2009~ 1T (RO+p)+1) (Ro+p)

Proof. Replacing a* by (N3 + p) in Theorem 3, we have

T (%;%)

- 2(R+0) =1 B(RG + )['(RD + p)
T (S — §q)R0H0) 4 200+0) (1 — RD — p)T(NO + p))
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A—B 7(No+p) A—B 7(Ro+p)
X < I(%;%).;.T( )+ I(\fl+\f2) T(%1)>

< <T(%1) -2F T(%2)> ‘

((S2=S1)(N0+0) 42(N0+9) (1—RI— )T (RI+p) )
2(R0+0)—1 BRI+ )T (RI+p)

((S2 = 1) ®THe) 4 200HO) (1 — NG — )T(RD + p)) r(SLt S
2(80+0)—1 B(NF + 0)I'(RD + p) 2

Multiplying the above inequality with , we get

J1+\3‘2 (\S1+\$2

A— BI(N5+§) T( )+A BI(N5+BO)> T(Sﬁ) (24)

<

(32— % NM’) +200+0)(1 - RF — )T(RD + p)) y T(31) + T(S)
2(N5+p) IB(NO + p)I'(R0 + p) 2 '

Adding left and right sided Atangana-Baleanu integrals (3) and (4) from the middle of
interval [, Sq], we have

(A sy T2 + 40y T(0)

_ o R—-L ya* R—L 1o
=By (T T+ My 1)
1—-a*

Using o = (R0 + p) in the above equation and then put the results in (24),
we get

((Sg — ) ®0+9) 4 20+0) (1 — NF — )T(RD + p)) (St
2(80+0)—1 B(RF + o)I'(RD + p) 2
(NO + p)) < R-L(O+0) (g y | R-L [(ROt0)

(25 100)

= Bo+ g (572)+
1—-N0—p
—(V(S T(S
_ (82— 91)0%%9) + 20900 (1 — N5 — )TN0 + ) T(S1) + (3)
- 2(0+0)~1 B(NG + p)['(ND + p) 2 '
Subtracting B0 ﬂf) [T(37)+ Y (S2)] from the above expression and then multiplying with
L?&%Tpp)), we obtain

(S92 — ) RO+0) 4 o(R0+0) (1 — RD — )T(ND + 0)) - 31 + o
2(R0+0) =1 ((RD + ) + 1) 2
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1_N5_pTC\ T(S < | R- [EI(NT)Jr@) TS R— LIN5+W x
- W( (S1) +1(32)) < (J1+J2>+ (S2) + (Jﬁgg) (S1)
_ (92— 89)®9) 4 2000 (1 — RO — )T (RO + o)) (T(%) + T(Jz))
PRO+O—1D((RD + p) + 1) 2
(T(S1) + T(32)).

1-N0—p
(N0 + )

Again multiplying the above inequality with a3

(S — S)N0+9) 4 200+0) (1 — NG — O)T(RT+ ) ./ S1 + By
T
2(R0+0)—17((RF 4 ) + 1)

— ap

2( 1N_5pr 0) <T(61)42rT(~*2))>

N0 N9
(R “r inl T(S2) + 7 ‘Iﬁﬂtﬁl) T(%n)

_ g N?S—i—p) +2089+0) (1 —RT — P)T(RD + ) [/ T(S1) + T(S2)
2(N3+0)—1T(RD + p + 1)

< “mzf@p) (T 7))

By convexity of T we have, T (31'5%2) < (T(SI)JQFT(%U

&2

(S — S1)RFH0) 4 200H0) (1 - RF — GIT(NRT+ ) 2(1 — NI — p)
0 2RI (RS + ) + 1) G ET)

S1+9
1 (M5) <o (R, B 1)
- ((Sg — Sp)®0+9) 4 20+0) (1 — N — )T (RI+ ) 2(1 — N — p)
= 2(R0+0)—1T((ND + ) + 1) (N0 + p)
§ (T(%l) + T(%z))
5 .

Summing over all 0

i% (((%2 — ) R0+0) 4 2(00+0) (1 — X — O)T(RD + ) 2(1 — NI — @)

200+6)—1T((RD + ) + 1) N0+ )

Y <\51+\52> Za (R ﬁlébi(”iliﬁ)z)++7€ E]((Njilt@) T(Sl)>
2
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00 — Q) NOH0) 4 2(0+0)(1 — NG — )T(RD + p)) _2(1 N0 —p)
2(R0+0)~11((RD + ) + 1) (RO + )
< S1) + T( 32))

Using Proposition 1 from the middle of interval [J7, ], we acquire

iassa"f 31+ S < hobsl T(S: 9) 4 hobasl T(S1: g)
2 — (\S1+J2>+Np7 29 (gI;»SQ),’N o 1

0=0
< iaaSa (T(%l) -2F T(%)) .

Hence the result is established.

Theorem 8. If Y : [S1,S2] — R is L1 conver and the parameters, R(ND + p) > 0
also R(b), R(7), R(N), R(p), R(T) > 0 and R(b) > RN(J) > 0 and let g > 0, I > 0 and
0<s<Il+RN), then we have the following (H — H) inequality for Prabhakar fractional
integrals and generalized fractional integral operators

> 3+ 3
Zh605f <122)

73 R,0,7,b b,6,b,s,l .
R e T (25)
o0
L PR b,8,b,5,1 T(S1) + T(39)
I T N T(c;g) < E ,
<\$1+\32> (C) + 5(\:1;\:2)7,&7@77_ (C g) = P hg03 ( 9

By (0+3s,b—3) (b)gsh® | I'(y+3)b0 (S2—S ) RO+e)

where hs = =557 (e T Tor 9 08 = 305t 1Mot 1)

Proof. Replacing o* by (R0 + p) in Theorem 4, we obtain

(St 20RO+ p) 4 1)
2 - (S — Sy ) (RO+9)

_r (NO+ £ 7RI+
(R Ty, YO+ T IS8 T<c>>
2

< <T(%1);T(32)). 2

(S2—S ) (RO+e)
2(RO+0)—1D((RO+p)+1)

Multiplying the above inequality with , we obtain

(S — Sp)RO+0) . S1+ S
2(R0+0)—1T((RD + ) + 1) 2
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o

Sy $149
20 (2:52)-

(Sg — Sp)BO+0) T(S) + T(Sa))
~ 200+~ (RD + p) + 1) '

< (R £I(N£1 ) T(C)—i—Riﬁf(Nmp ) T(C))

Again we multiply the above expression with hg, then it becomes

(%2 — %1)(N5+p) ” 9)"1 + C\\SQ
9®0+e)-1ID((RD + ) + 1) 2

< hy (R IR R AR T<c>)

(\92 — Jl)(NSer) (T(\Sl) + T(JQ))
2(R0+0)—1P((RD + ) + 1) 2 ‘

< h

Summing over all 0

i (82 -9 (S + %2)
& AR ) £ 1)\ 2
- N+ NI+
< ( T, YO+ IS T<c>> (26)
2 2

Sy — Gy ) 0+ T(S1) + T(S2)
<Z ’ N‘W 1F((N5+p)+1)( 2 )

From the middle of interval [, S2], Proposition 3 becomes

pjzt%)+qr(c) +eb<";:ll”_}§2)+’&wﬁf(c;g) P[*(*;E’;_Zﬁz) T(e)
b,0,b,s,l .
+5(@)_NWT<C’9) (27)

=2 s (R Ity TO+ T, T<c>>.

2 2

Using (27) in (26), we obtain

ih ” 31+ S < PRod T(e) + b,6,b,5,1 T(e: g)
009 9 (\:1+\$2)+ c 8(%1+%2>+Np7 G 9
=0 —5 —5— ) +.R,p,
P R 0,7,b b,8,b,s,l ‘sl + T(%Q)
+ I(JHQ) T(c) + 5(%1;%2)_7&@, (c;9) < Z hios < 5

That is our required result.
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Example 2. We verify the result of Theorem 8 for convex function Y(c) = ¢*", n € N
on the interval [—1,1].

Using substitution t = % in left and right sided Reimann-Liouville integrals (1) and (2),
we get

R—L 7(RO+p) (1\4n __ (4n)!
Iy ()™ = TR0+ p+4n+1)’ (28)

R—L7(NO+p)  1\4n _ (4n)!
Lo (1) TR+ p+4an—+1) (29)

Use (28) in infinite series formula for left Prabhakar integral (7) and (29) in infinite series
formula for right Prabhakar integral (8), we have

2 Dy + )5 (4n)!

P N7p7’77b 4an _ ‘
I 1 = 30
o (1) = I'(y)a! TR+ p+4n+1)’ (30)
2T (y 4 9)p° (4n!
P e 9l : 31
Zo ol T'(NoO+ p+4n+1) (31)

Also substitute (28) in left sided generalized fractional integral operator (10) and (29) in
right sided generalized fractional integral operator (11), we acquire

b,0,b,s,l )‘
T ( § 32
0t N 1 N5+p+4n+1) (52)

b,0,b,s,l )'
19y "r 33
60 N,0,7 Z 6 N5+p+4n—|— ) ( )

Substituting these expressions (30), (31), (32) and (33) in the inequality (25) and after
some simplification, we get

0 | h
45< ’Y+6|7 (4n) < d
0 Z( T ) TRt pran 1)

TG+ p+1)

i{at

3. Applications of Key Results in Terms of Means

(H — H) inequality are often connected to additional integral inequalities, such as
trapezoid-type (utilizing the interval’s endpoints §; and J2) and midpoint-type (utilizing
the midpoint ( @) of the interval). Many researchers have contributed to establishing
these inequalities [15, 38].

In this section, we employed an equality of trapezoid type and an inequality of midpoint
type for the (H — #) integrals.
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2.2f

2.0f

L8 — LHS

L6k — MDD
— RHS

14f

12]

-1.0 -0.5 0.0 0.5 1.0

Figure 3: The 2D graph exhibiting the inequality (25) for @ = 1.

Figure 4: The 3D graph exhibiting the inequality (25) for convex function Y (c) = (¢)*? on the interval [—1,1]
and for d = 1.

3.1. An Equality of Trapezoid Type for the Hermite-Hadamard Integrals

Lemma 3. Let T : [$1,S2] — R ds an L' function and (N3 + p) € (0,1) also a dif-
ferentiable function on (J1,2) with 1 < [, and assume Y’ € Ll[gl’%], Consider
b, N, 0, 7,0,b € C with R(N),R(p), R(1) > 0 and R(b) > R(0) > 0. Moreover, let g > 0,
[>0and0<s<l+RN) with (RO + p) > 0, then we have

b,ﬁ,b,s,l [ b767b787l [T
5 4o L(S2:9) + 65,78, - T(S159)

> T(Sq) + N(S >
= E aava( ( 1> 5 ( 2)) — E aply
0=0 9=0

&, 1
y (\92 S / <(1 B t)(NEH—p) _ t(NEH-p)) T (3 + (1 — t)sg)dt) )

2 0

By (6+3s,b—8) (b)gsh®

B (-G )(ROHe)
where ay = BOb=0 " (Do and vy =

L((No+p)+1) -

Proof. Replacing a* by (N0 + p) in Lemma 1, we get
T(S T(S r(x 1
< (\Sl) + (\52)) _ (( 0+ @) + ) (R—Elgﬁ:r@)'r(gﬂ + R—‘:I(NE’W)T(&))

2 2(Sg — S ) (R+p) 0
Sy — Sy [L
S / (1= )0950) 040 T (13 4 (1~ )3 )d.
0
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. . . . 2(Fp—Gy ) (RT+P)
Multiplying the above equation with ToreT 0 We get

T(S1) +Y(S 4 )
( (S1) ! ( 2)) <7z EISEJFW)T(“?)JFR 550 W)T(\sl)>

\92—

2(62 1)(&6—4—@)
L((Ro+p)+1)
2(Fg — §q)N+)
(N0 + ) +1)

Sy -GSy [
y <62261/ ((1 _ ) 0+e) _ tN?H@) (31 + (1 - t)%)dt> :
0

Again the above expression is multiplied with ag to get

2(Sg — ) N0H0) (T(%l) + T(%))
F(( +p)+1) 2

~ ag R—L I((\Nfi-i—p)fr(%ﬂ_{_R—ﬁlg‘fj-g?)'r(%l))

S1+
2(Fg — Fp)M0+)
F(RO+ o+ 1)

k. Cx 1
0

Summing over all d

= 23— )0 (T(S) + T(S)
gaﬁ T((RO+ ) + 1) ( )

2
_ - R—L 7 (RD+p) R—L [(R0+6) - Fy — Sy ) RO+0)
62;)@5< IS0 + PG = Zaa T((NO+ ) + 1)
ey — 1
X (dg . S1 / ((1 — ) (R3+p) _ t(Néw)) TS+ (1 - t)%2)dt>
0

Using Proposition 1

2 2(Fg — )R () 4 T (D)
62“5 (N3 + o) + 1) ( )

0
_ (N%Hp)
b,0,b,s,l b,8,b,s,l \9 \fl
(3“‘@7 ’g)+(6‘32*vwf ) ‘Slg) Z% L((RD + ) + 1)

L 1
» <“22"1/ ((1 —¢)(0+e) _ t(m”’)) (S + (1 - t)%)dt) :
0

After rearranging the above expression, we get

b,8,b,s,1 b,8,b,s,l
€q

1+Np7—T( g)+€°‘ NpTT(glﬂg)
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= Zag;vgj < \51 +T \S2 > ZaavES

o 1
0

Thus the proof is completed.

Theorem 9. Let T : [31,39] — R is an L' function and (RO + p) € (0,1) also a dif-
ferentiable function on (31,32) with $1 < S2 and assume Y' € LYS31,39].  Consider
0, N, 0, 7,0,b € C with R(X),R(p), R(1) > 0 and R(b) > R(6) > 0. Moreover, let g > 0,
[>0and0<s<Il+RN) with (Nd+p) >0

M( B0y g,y 4 A-B N0y (g ))

sz (N9 + ) St 2
>t g g o (T30 + X(3)

3]

=0

= T(S) + (S >
:ZGSUEi( ( 1)2 ( 2)>_52::oa6v6

Xy X 1
y <\92 . 31 / <(1 _ t)(NEH-p) _ t(N5+@)) (S + (1 — t)%g)dt) ;
0

By (0+05,b=6) (b)gsb” _ 2800
B(6,b—0)  (T)a and vy = C(No+p)+1) °

where ay =

Proof. Adding left and right sided Atangana-Baleanu integrals (3) and (4), we have

ATBIS  Y(S0) +A7PIS T (S)

1—a*

B(a*)

_ o rr R—L N
_B(a*)( I, 0(S2) + REIS, T (S)) +

(T(S1) + T(S2).
Replacing a* by (X0 + p) and then rearrange the above equation, we obtain

BINO+ ) (4B 080+0)p gy ) 4 A-BN+0)

1-N0-p
(RO + p)
<’R £ 00 () 4 R- LI(N5+@)T(\3\1))‘

(T(S1) +1(S2))
S+ So—
Multiplying the above expression with ag, we obtain

BRO + ) (4_p (Ro+¢) | A-B(No+p)
NG+ )( PIS 7T (S2) +A7PIS TS ))
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1-N0—p N
- aam(T(\fl) +71(S2))

— ag (R ﬁI(N5+p)T(J2) 4 R- zl(mw)T(\sl)) _

1+ S[o—
Summing over all 0
o

BRO +p) (a4_p (Ro+p) | A-B(8T+p)
Z (RO + p ( I () + 7RI, T("l))
0=

1—N0 — p N N
Z}aa ™0 1o (T(S1) +T(S2))

s RO N0
=>a (* ’ﬁiﬂ’)r(sa)ﬂ C8TIT(S))
0=0

Jo—

Using Proposition 1, we obtain

oo

NE§+@ A—B +(R+p) L A-B (RO+p)
az: (R + ) ( I ¢ 7T (S2) + 7 g, T(‘”)>
= 1-Nd-— p ~
2 g (O TE)

b,0,b,8,l b,8,b,8,1
= ((501+qu o7 T) (S239) + <532 ,SNpTT) (%139)) .

Comparing with Lemma 3, we get

> B(RN0 + p) B 1(R9+p) A—B 7 (NI+p)
Z;)aa BT (ABIST(S2) + APISTIT(Sy))

_ia 2(Se
=TT+t 1)

B i . 2(Jy — Iy ) RO+P)
— (RO + p) + 1)

0
Sy — Gy L
y <\92 S / <(1 ) 00+e) _ t(Nc’H@)) (¢S + (1 - t)%)dt) :
0

This completes desired result.
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3.2. An Inequality of Midpoint Type for the Hermite-Hadamard Integrals

Lemma 4. Let Y : [31,S2] — R is an L' function and (RO + p) € (0,1) also a dif-
ferentiable function on (31,32) with 1 < o and assume Y' € LYS1,39]. Consider
b, N, 0, 7,0,b € C with R(N), R(p), R(7) > 0 and R(b) > R(0) > 0. Moreover, let g > 0,
[>0and0< s <Il+RN). Under these conditions, the following equality for fractional
integrals holds

b,8,b,s,1 . b,8,b,s,l .
5(J1+J2)+ N7 T(S2;9) + 5<91J§92>—,N,p,7T(%1’ 9)

oo
=2 a0os

1 Na—l—p) T’ EC\ 2_t<\ - 2_t<\ E(\
< < <2\91—|— 5 S 5 \91+2\SQ dt

\S1+32
T (2L >2
+Za505 ( 5 )7

0=0

By (6+3s,b—0) (b)gsh? . Sy — Gy ) (RO+0) )
where ay = 98(5755—5) (()Tf’)al and o5 = 2(N5(+\;2)_l\ffl()(bz5+p)+1) with (X9 + p) > 0.

Proof. Replacing a* by (X0 + p) in Lemma 2, we get

20HOTID((RO +9) +1) (mer j(N3+9)
(S — §p)(R0+9) (M>+

Ly (St :32—31/1t(k¢8+m
2 TR

2—t 2—1t t
Y’ T2 9+ - .
G e e e R DK

(\rlJf\rQ

T(%2)+R KI(N5+KJ)> T(%1)>

. . . . (32— )(N(’iﬂo)
Multiplying the above expression with 5 +p2)—1Fl( oo Ve get
_ RI+p)
R—L 7(NO+p R—L 7(RO+p) (S2 %1)(
LW TS I T(S =
< (J _5\;2 N (\52) + <\;1+42) (\ﬁ)) 2(N5+p)—1F((N3 + p) + 1)

~ 31 [ s t 2t 2t t
#( +p) Y S | — Y o hle" dt
( /0 2\$1+ 5 V2 5 51+ 552

(\92 — Q) (RO+9) (31 + 32)

* 2(R0+0) =1 ((RD + ) + 1) 2

Again we multiply the above equation with ag

R—L 7(Ro+p) R—L 7(Ro+p) _ (35— S0
as < I(JHJQ)JFT(%?) + I(\‘H-Jz) T(%1)> ~ OO IT((NT + ) + 1)
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o — 1 (RO+) , 2—1t ,(2—1 t
>z >l T s | e Y
X < 1 /0 t 2\51+ 5 S | 5 \51+2\32 dt

ta (S — ) R0+0) r(SLt S
92(0+0) 1T ((RD + p) + 1) 2 )

Summing over all 0

(S — )t
)

- ;) 2R0+0)—1T((NF + ) + 1)

2 =1 [ o t 2t 2t t
=2 B0 (Y (2 o) =Y [ =91+ =92 ) at
><< 1 /0 2\91+ 5 2 5 \91+2\S2

— ) (R0+p) 31+ S
T .
+Z o0 (Naﬂ») IT((RT+ p) + 1) 2

NI+p)

Using Proposition 1 from the middle of interval [3q, S9|, we obtain

b,8,b,s,l

. b75’b7s’l .
(J1+J2)+NpTT(%2vg)+5 I+ T(glag)

+
<¥) *J‘%Wﬂ'

apoy

« C\\92 1 1 (RO+p) ([~ E%1+2_t%2 _f’ ﬁgl—i—égg dt
9 2 2 2
o0
1+ B9
T(—=21.
+;)a505( )

This is our required result.

OM8

Theorem 10. Let Y : [31,32] — R is an L' function and (Rd+ p) € (0,1) also a
differentiable function on (J1,J2) with I1 < I and assume Y € L[S, Ss]. Consider

b, N, 0,7,0,b € C with R(N),R(p), R(T) > 0 and R(b) > R(4) > 0. Moreover, let g > 0,
[>0and0<s<Il+RN)

56,0, . b,8,b,s,l )
<€(W)+w, T) (S239) + (5@1;%),&@}) (S159)
x x
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%2—%1/1 (NO+ t 2t 2t t

x {00 S (-G Sy ) = S+ -9 ) pdt

< 1 ; 2\91 + 5 S 5 1+ 2\92

o (% x

S1+ 32
T .

()

By (6+35,b—08) (b)5sb?
where ag = gﬁ;(&b,g) ) (():)az and o5 =

(32_31)(N5+K9)

T 11 (RO ) 7T with (RO + p) > 0.

Proof. Adding left and right sided Atangana-Baleanu integrals (3) and (4) from the
middle of interval [, J2], we have

(ABIE¥;1+32)+T(%2) + ABI{(X;H‘;SQ)_T(%H)

2

— o R—-L ro* R—-L ro*
= (g T2+ T g T30)

1-—a*

B(a*)

(T(S1) + T(S2)).
Using o* = (R0 + p) in the above expression, we get

N0+ <RLI(N6+p) ) T(Ss) + ngl(NEHp) ) T(%ﬂ)

B(N0 + p) (314%2)+ (g2

_ | A-B;(NO+p) A—B 1(R0+p)

- ( I(C\?l+g2)+’r(%2) + I(E}l«rp%Q)_T(%l))
2 2

1-N0—p

M(T(gﬂ + 1 (J2)).

Multiplying the above equality with B((N%Etrg)) and then subtracting T (glg%), we obtain

Cx Cx
(REI(N5+KJ) )+T(S2) _|_’RfLIN5+p ) T(%ﬂ) T (Jl + \$2>

F1+S9 SF1+S9 2
2 2

_ B(R0 + p) <ABI RO+ T(32) | A-BRO+p ) T(%ﬂ)

(RO + o) 1152 )+ G
21 =R —p) (T(S) +T(Se) " 31+ S
(N0 + p) 2 2 )

Again we multiply the above equality with az to get

—L N0 — N+ %1—1—%2
s (R I, YO+ ‘?IE%;@)_T&)) - (252)

B(NO + p) [ 45, (No+p) A—B RO+
= ag T B) 1890 (g ey
ORI+ p) ( (21532)+ (32) + (3rg32)- (1)
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2(1 - N0 — p) (T(S1) + T(S2) 1 + Dy
TR+ p) 2 “‘“( 2 )

Summing over all 0

(NO NO C\\91 + 992
Zaa (R TRy, YO+ TR T(sn)) —Z%T( )

0
2%, T + AL ml)) (34)

(3572)-

By convexity of T we have, T (%1‘532) < (T(gl);r(%v with positive multiplier ag

2

i N5+@ ( I(N5+p) (S )+,4 BI(N6+p)) T(%))

S (R S T ) - Yt (M)
0=0 < )+ ( ) 9=0

5: (NG + ) (2522 + (21522
S (25

Using Proposition 1 from the middle of interval [J7, ], we acquire

b,6,b,5, b,8,b,5,1 1+ S
1(: ) ;\ T Cen e 7(: ) Z\ T
g(dl—g\sg)-i—,?‘%pﬂ' (S2:9) + 6(\‘1362)_’;\%@, Z a5 ( 2 )
o0
Z aaB N6 + @ I(N5+p) T(%Q) A B[(N5+W 1
e (), B

_Z ( 1N—5pr)@)+1> <T(%1)—2FT(%2)>‘

Using Lemma 4 in the above inequality, we get

ia 02_01)(N8+p)
24 050N + ) + 1)

ey 1 _
« (B3 / 000 S (T 4 200y ) o (2 e 4 L ) Lt
i, 2 2 2

(S — Sp)M0+0) 31+ S
—i—Zaa( ey —1]r

(No+0) =17 (XD + p)
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&N+ ) (2422)+ S
> 2(1 — N3 — p) T(S1) +T(S2)
_;)5< N+ ) H)( 2 >

Using (34) in the above expression
(Sg — %1)(N8+p)

az%%?(mmlw(m +9)+1)

%2—%1/1 (NO+ { (t 2t 2t t
x (2L [ ) Iy 2G4+ ) - (=S + Qg | pdt
< 4 2 2 2 2
TP G T 1 L I PY R

20\ 20901 ((RD + ) + 1) 2

- _ NO _ NO
<>a (R e OR ‘f(s-iiil)—m“)

(%5

Using Proposition 1 from the middle of interval [31, J2], we have

b,8,b,s,l b,8,b,s,l
7(\7 ) 2\ T (@R 7(\7 ) z\ T (@
(6(41;\92)—‘,—’}(,@77' ) (0279) - (5("1;"2)—,1‘(7@77' ) (Jlﬂg)
x x

o o Cx
S+ 8
3 (B3,

0=0

Hence the required result is obtained.

4. Conclusion

Hermite-Hadamard inequalities are essential to many areas of mathematics, such as
calculus, real analysis, and convex functions with practical applications in diverse areas
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such as physics, economics, optimization and engineering. In this article, we look into
fractional integral inequalities to Atangana-Baleanu and Prabhakar fractional calculus op-
erators. Using extended generalized Mittag-Leffler functions as their kernel, we present
several Hermite-Hadamard type fractional integral inequalities for the Atangana-Baleanu
and Prabhakar fractional operators. For the integral inequalities involving fractional in-
tegral of the kind (314, S2—) and (@), important results are given. We demonstrate
the validity of our results by using certain functions to generate visual graphs that illus-
trate the inequalities with corresponding numerical entries. This article seeks to provide
more precise bounds and enhance the theoretical foundation for further studies to broaden
the classical (% — H) inequality with generalized fractional integral operators. The latest
inequalities will assist to boost comprehension in fractional calculus and convex analysis,
with inference through several domains.
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