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1. Introduction

In nearly every branch of mathematical analysis, a fundamental question arises: un-
der what conditions does an object that approximately satisfies a particular property also
lie close to an object that exactly satisfies that same property? When this question is
explicitly applied to functional equations, it leads to a crucial inquiry: if a solution to
a slightly perturbed version of a functional equation is found, under what circumstances
can we guarantee that this solution remains close to the exact solution of the original
equation? This question of stability was first raised by Ulam [1] in the context of group
homomorphisms in 1940. It has since been central to many developments in the theory
of functional equations, particularly in the study of their stability. In 1941, Hyers pro-
vided an initial answer to Ulam’s question regarding the stability of functional equations
in Banach spaces [2]. Rassias extended this foundational work in 1978, introducing a
generalized version of Hyers’ theorem by considering additive mappings with unbounded
control functions [3]. Rassias’ extension significantly contributed to the development of
what is now called Hyers-Ulam-Rassias stability for functional equations. Over time, sev-
eral mathematicians have explored related problems in various spaces, further enriching
the study of functional equations and their stability. Notable contributions include the
investigation of intuitionistic fuzzy stability [4], functional equations in Menger-¢ normed
spaces [5], and functional equations in modular spaces [6]. Additionally, research has ad-
dressed quartic functional equations [7], fractional differential equations [8, 9], and fuzzy
approximately cubic mappings [10]. Further studies have examined additive mappings in
2-Banach spaces and other related topics [11], broadening the understanding of functional
equations in diverse mathematical frameworks.

On the other hand, some mathematicians have extended the concept of normed linear
spaces. Géhler [12, 13] initiated the exploration of multi-norms within linear spaces. Sig-
nificant contributions to the development of n-normed spaces have been made by Gunawan
and Mashadi [14], Maléeski [15], Kim and Cho [16], and Misiak [17]. Park [11] studied
approximate additive mappings, Jensen mappings, and related topics in 2-Banach spaces.
In 2012, Xu and Rassias [18] investigated the stability of cubic and general mixed additive
functional equations in n-Banach spaces. In 2015, Yang et al. introduced the concepts
of non-Archimedean (n, )-normed space (NA-(n,3)-NS) and (n,/)-normed space [19].
In 2022, Jyotsana et al. examined the stability of additive functional equations, quartic
functional equations, and a-cubic and b-cubic functional equations in NA-(n, 8)-normed
spaces [20].

The theory of random normed spaces (RNS) is significant because it generalizes the
deterministic results observed in linear normed spaces and has applications in the study
of random operators and functional equations. Recent studies have extensively examined
the stability and related properties of functional equations in various mathematical spaces.
Researchers have explored fuzzy approximately cubic mappings [10], the o-quadratic func-
tional equation [21], and quadratic equations [22]. The Cauchy functional equation has
also been investigated in random normed spaces [23], alongside analyses of cubic and
quadratic mappings [24], as well as cubic and quartic mappings [25]. Additionally, Fel-
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bin’s type non-Archimedean fuzzy normed spaces [26] have been studied, further enriching
the field and expanding its theoretical foundations. In 2020, Govindan et al. [27] investi-
gated the stability and solutions of the cubic functional equation.

92U+ 1w+ v) = 3g(w + u+ ) + g(w — u +v) + 2g(w + ) + 29(u + v) — 6g(u — w)
—6g(u—v) —3g(v+w) + 29(2u — v) + 29(2u — w) — 6g(v) — 6g(w)
— 18¢(u). (1)

1.1. Preliminaries and Definitions

In this subsection, we generalize the basic definitions, terminology, notations, and
typical characteristics of (n, 3)-NS, NA-(n, 5)-NS, and RNS.

Definition 1. /20] "Let U(R) be a vector space with dimU > n, and let ||-,..., |3 : U" —
R be a mapping that satisfies the following properties:
(1) |Ju1,...,unl|g =0 if and only if u1, ..., u, are linearly dependent,

(11) ||ui, ..., unl||g remains unchanged under any permutation of the elements uy, ..., up,
(iii) ||cu, ... un|lg = |c|?||ur, ..., usl|g for any scalar c € R,

() ||ut, ..., up—1, Uy + tnt1llg < ||ut,. . Un-1,un|lg + ||u1, ... Un—1, Unt1]]8
for alluy,...,uny1 € U, and for 0 < § < 1. The mapping ||-,...,-||g is referred to as the
(n, B)-norm, and the pair (U,||-,...,-||g) is called an (n,B)-normed space (NS).”
Lemma 1. [20] “Suppose (U, ||.,...,.||g) s an (n,B)-NS, n>2,0 < <1. Ifv e U and

llv, 01, ..., un—1||g = 0 for all linearly independent vectors ui, ...,un—1 € U, then v =10.”
Definition 2. [20] “A sequence {vp} in a (n,3)-NS U is called convergent sequence if
limy, = oo ||vm — v, U1, .oy Un—1]|g = 0
and it is called the Cauchy sequence if
limy, j —oo [|Um — Uk, ut, ...y un—1l|g = 0,

foralluy, ..., up—1 € U. If every Cauchy sequence converges in linear (n, 3)-NS, it is called
complete (n, 3)-NS.”

Definition 3. [20] "Let V(R) be a vector space with dim(V') > n, equipped with a non-
Archimedean (NA) nonzero valuation | -|, and let 5 be a constant such that 0 < < 1. A
mapping ||-, ..., ||g : V" = R is referred to as a NA-(n,3)-norm on V if it satisfies the
following conditions:

(1) ||ui,...,unl|lg =0 if and only if u1,...,u, are linearly dependent,
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(it) |Ju1, ..., unl|g is invariant under any permutation of the elements ui, ..., un,

(iii) ||cu, ... un|lg = |c|?||ua, ..., u,l|g for all c € R,

(w) ||v1 +vo,u1, ... up—1||g < max{||vi,u1,. .., un—1||g, ||v2, w1, ..., un—1|5}
for all vi,va,u1,...,uy € V. The pair (V,||-,...,-||g) is called a NA-(n,3)-normed space
(NS).”

Definition 4. [28] ”A function T : [0,1] x [0,1] — [0, 1] is called a continuous t-norm if
it satisfies the following properties:

(i) T is commutative, associative, and continuous.

(1)) T(a1,1) =1 V a1 €10,1].

(i1i) T(a,a0) < T(as,aq) whenever o < ag and ay < ay, for all ay, as, a3, a4 € [0,1].
Remark 1. Let T be a t-norm and {un,} be a sequence then T)" u; is defined as

' =1.
T = o
T(T™  wg, ),  if m > 2.

Here, AT denotes the set of distribution functions, which are functions F : R — [0, 1] with
the following properties: they are left-continuous, non-decreasing over the real numbers,
and satisfy F(0) = 0. A subset of AT, denoted DV, consists of all functions F such that
["F(+00) = 1, where I~ F(u) = limy_,,,—~ F(t). The function ey is a particular distribution
function defined as follows:

L, uft>0
Eom_{o ift<o.

Definition 5. [29] “A triplet (Z,u,T') is called RNS if it satisfies the below conditions:
(i) wat) = eot) ¥ t>0 = u=0;
(i) raul®) = 1aliy) ¥ wE Zoa £0;

(1) oyt (E+ 8) = T (g, (8), iy (8)) V' wi,uz € Z and all t,s > 0.7

Definition 6. [30] Consider a RNS (Z,u,T). We define the following:

(i) A sequence {un} in Z converges to an element u € Z if, for any s > 0 and A > 0,
there exists a positive integer ng such that iy, —(s) > 1 — X for all n > ng.

(ii) A sequence {uq} in Z is termed Cauchy if, for any s > 0 and X\ > 0, there exists a
positive integer ng such that pu,, —y,,(s) >1— X for alln > m > ng.
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A RNS (Z,u,T) is called complete if every Cauchy sequence in Z converges.

The contributions of this paper lie in its comprehensive analysis of the stability of
three-dimensional cubic functional equations across distinct mathematical frameworks.
The study introduces (n, )-normed spaces and non-Archimedean (n,)-normed spaces
as novel settings for conducting stability investigations, thereby extending classical ap-
proaches into new theoretical domains. Furthermore, the inclusion of random normed
spaces adds a stochastic perspective, enhancing the scope and relevance of the analysis in
probabilistic contexts. A key feature of this work is the comparative evaluation of stability
behavior across these frameworks, which uncovers both similarities and critical differences.
In addition, the theoretical results are supported by experimental validation, demonstrat-
ing the practical applicability of the proposed stability conditions. Collectively, these
contributions offer a broader and deeper understanding of functional equation stability,
bridging deterministic and stochastic approaches in a unified framework. The motiva-
tion for this study stems from the need to explore how the nature of the underlying space
influences the stability of functional equations, particularly in higher-dimensional and non-
traditional settings. The novelty lies not only in the introduction of the (n, 3)-normed and
non-Archimedean variants but also in the integration of a stochastic viewpoint through
random normed spaces, which has not been extensively considered in previous stability
analyses. This unified and comparative approach opens new avenues for theoretical ad-
vancements and practical applications in the study of functional equations.

This article is organized into seven sections. Section 1 presents the introduction and
background of the study. In Sections 2 and 3, we investigate the stability of the cubic func-
tional equation (1) within the frameworks of (n, 5)-normed spaces and non-Archimedean
(n, B)-normed spaces, respectively. Section 4 is devoted to the analysis of stability in ran-
dom normed spaces. Sections 5 and 6 provide the experimental results and a comparative
evaluation of the findings across the different spaces. Finally, the conclusions of the study
are presented in Section 7.

Throughout this article, U is a linear sapce, V' is a complete (n,3)-NS, W is a NA-
(n, B)-NS, (X, u,min) is a complete RNS and (Z, i/, min) is a RNS. PMI stands for the
principle of mathematical induction.

2. Stability in (n, 5)-Normed Space

The (n, 8)-normed space ((n, 3)-NS) is a generalization of normed linear spaces, where
instead of a single norm, a family of norms is considered. The parameters n and § provide
flexibility in defining the size metric and influence the behavior of the norms. (n, 3)-NS is
used to explore the stability and convergence of solutions in functional equations. These
spaces help analyze the characteristics of the functions involved, allowing us to determine
how small perturbations affect the solutions. Using the approach from [19], we address
the stability problem for the given functional equation (1) in (n, 5)-NS.
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Theorem 1. Let Q: U x U x U — [0,00) be a mapping holds

o] 1 -
)= CITALCE 14,0,0) < o0 (2)
j=1
and L

If ¢ : V=1 —[0,00) is a function and f : U — V is an odd mapping holding

1F(2u+w+v) = 3 (0 +w -+ ) — f(w — u+v) — 2f (u+v)
—2f(w~+u)+6f(u—v)+6f(u—w)+3f(w+v)—2f(2u—v)

—2f(2u — w) 4 6f(v) + 6f(w) + 18f(u), 61, ..., 61l

< Qu, v,w)Y(d1, .eey Op—1) (4)

for all u,v,w € U and 61, ...,0,_1 € V, then there is a unique cubic mapping Q : U — V
satisfying

1 (w) = Q(u), 01, -, Onallp < @(w)th(d1, +ovs Op1)- (5)

Proof. Putting (u,v,w) = (u,0,0) in (4) and multiplying both side by 3%5, we have

1£(2u) — 23 F(u), 61, o ntllp < 37PL(w,0,0)8(1, ..., 6p1).-

Let
Q(u,0,0)1(81, ... 6p_1) = M(u,01, ..., 6p_1).
This implies that
1 (2u) — 22 f(u), 61, .oes0n1llg < 3P M (u, 81, .., 6p1). (6)

Replace u by 2u in (6)

1 £(2%u) — 2° f(2u), 61, ..., 6p1llp < 3P M(2u, 61, ..., 6p—1). (7)
Now, using (6) and (7)

1£(2%u) — (2%)* f (), 01, ... On1llg

= || £(2%u) — 23 f(2u) + 23 f(2u) — (2°)? f(u), 01, .., On1]|

< [1f(2%u) = 2°f(2u), 61, ey Sl |p + 2°7|| F(2u) — (2°) f (), 61, wves |5
< 3PM(2u, 01, ... 0n_1) + 37P23B M (u, 61, ..., 60_1).
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By using PMI on m, we assume that

127 0) = (25) f(u), 61, ony nallp < 37F D230 DAN(2™ T, 6y, .., 6 1) (8)
j=1

for all u € U, 41, ...,0p,—1 € V and m € N. From (6), we can say that inequality (8) holds
for m = 1.

Suppose (8) is true for certain m > 1 . Changing u by 2u in (8), we get

I F (27 u) = (2%)™ £ (2u), 61, ..., G| |p < 370 - 280 VBN (2T 5y, b)),
j=1

Hence, it follows from (8)

£ 27 ) = (2°)™ 1 f (w), 61, ey Gna ||
< Hf(2m+1u) - (23)771']0(2“)751’ ceey 6n—1HB + QSmBHf(ZU/) - 23f(U), 617 "-7671—1"5
<370 2P DBM (2 w6y, 6n) + 3P M (u, 6, B

j=1

m—+1

—3 B Z 23(j—1)/3M(2m+1_ju, 01,y ... (5n_1).
j=1

By using (8), we get
12757 £ (27u) = flw), 61,y Bl < 370 3 2207 VIM 2" w61, Ba). - (9)
j=1

If k,m € N with k& > m then authors observe from (6) that

1273 f(25u) — 275 £ (27), 61, ..., 61 |5

k—1
<3703 )27 f(2u) — 2730 £( 27w, 61, G|

j=m
k—1 ‘ A ‘
-3 Z 2—3(J+1)B||23f(2yu) _ f(2]+1u), Spsnn 5n71|’5

< 3,5 Z 273(j+1)ﬁ]\4(2ju7 01, ..., 5n—1)
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By using Lemma(1) and applying limit as m, k — oo, we get
Limum koo [273F £ (2F0) — 273™ £(2™u), 61, .., 6p1||p = O.

According to definition(2), we say that {273™ f(2™u)} is a Cauchy sequence in V (complete
(n, 8)-NS), therefore this sequence converges to the point Q(u) € V. Now, we consider a
mapping @ : U — V such that

Q(u) = limp 5002 3™ f(2™u).

Replacing (u,v,w) by (2™u,2™v,2™w) in (4) and multiplying both side by 23mﬁ , we have

27| F(2™ (2u + w + v)) = BF (2™ (v + w + w)) = F27(w — u+v))
=2f(2™(u+v)) —2f(2™(w+u)) +6f(2™(u —v)) + 6f(2™(u — w))
+3f(2™(w +v)) — 2f(2™(2u —v)) — 2f(2™(2u — w)) + 18f(2™u) + 6 f(2™v)
+6£(2™w), 81, ..., On1|]p < 37P273MBQ(2Mu, 20, 2w )4 (81, ey On1).-

Thus by using equation (3) and Lemma (1), we get

1Q(2u+w+v) = Q(w —u+v) = 3Q(w +u+v) —2Q(u+v)
+6Q(u —v) — 2Q(w + u) + 6Q(u — w) +3Q(w+v) —2Q(2u — v)
—2Q(2u — w) + 18Q(u) + 6Q(v) + 6Q(w), v1, ..., vn-1l|g

= iMool 275 F(2u 4+ w + v)) — 3.273™F (2™ (w + u + v))

—273M (2™ (w — u 4 v)) — 2273 F(2™ (u + v))

—2.273M £(2™ (y 4 w)) + 6.2 f (2" (1 — v)) + 6.2 (2™ (u — w))
—2.273M £(2™ (24 — v)) 4+ 3.2 F (2™ (w + v)) — 2£(273™ (2u — w))
F18.273™ £(2™u) + 6.273™ £(2™0) + 6.273™ F(2™w), 81, ..., 01|

< i —0e372.273MBQ(2™ 0, 20, 2™ w)eh (61, .., 6p_1) = 0.

Hence,

|Qu+w+v) —3Q(v+w+u)—Qw—u+v) —2Q(v+ w)
+6Q(u —v) — 2Q(w + u) + 6Q(u — w) + 3Q(w + v) — 2Q(2u — v)
—2@(211, — w) + 6@(1)) + 18Q(U) + 6Q(w), o1, ..., 5n—1”ﬂ =0.

In (9), putting the limit as m — oo, we get
HQ(U) - f(u)a 617 ""571*1”/3

m
< iMoo Y27 17Q27 4, 0,0)9(81, .., 1)
j=1

= @(u)w(él, ceey 571—1)
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which shows (5). To establish uniqueness of the mapping @, suppose another cubic map-
ping Q' : U — V satisfies (5). We get

1Q(w) — Q' (), v1, ..., va1llp < 37727 ||Q(2™u) — f(2™u), 81, .., 61|
+377.27m8) | F(2™u) — Q' (2™u), b1, ..y On1]]
< 3782 ML (2™ (8y, ..., 0 1) = 0 as m — o0,

now, with the help of Lemma(1), it is proved that Q(u) = Q'(u).

Corollary 1. If f: U — V is a function satisfying

IfQu+v+w)—=3f(ut+v+w)— f(—ut+v+w)—2f(u+v)—2f(u+ w)
+6f(u—v)+6f(u—w)+3f(v+w)—2f(2u—v)—2f(2u —w) + 18f(u)
+6f(v) +6f(w), 01, ... 0n-1llg < €([[ullg + [|v]]s + [[wl]s),

then there is a unique cubic function Q : U — V holding
1

- N Y g — .

Hf(u) Q(u)7(517 76 1”ﬁ—665<22ﬂ_1)|’u”ﬁ

Proof. Put Q(u,0,0) = (||ul|g+||v||s+]|w||s) and ¢ (d1, ..., 0p—1) = € in above Theorem,
We get the intended outcome.

Example 1. Let ¢ : V"1 — [0,00) be a constant mapping such that

¢(517 EE) 577,71) =1

for all 61, ...6,—1 €V and f : U — V be a mapping defined as f(u) = u? + ||ul|guo, where
ug is the unit vector in U. An easy calculation demonstrates that

lf2u+w+v)— flw—u+v)=3f(w+u+v)—2f(ut+v) —2f(w+u)
+6f(u—v)+6f(u—w)—2f2u—v)+3f(w+v) —2f(2u —w)+ 18f(u)
+6f(v) +6f(w), 01, ... 0n-1llg < (48||ul[s + 24][v[|5 + 24|w]|)uo,

and
o) 1 i
P(u) = Z W(‘BH? ul|guo) =
j=1

24P )
|[ul|guo, 1

71 mﬂﬁ)loonQmUH,BUo) =0.

Consequently, all the requirements of Theorem 2.1 are satisfied, implying the existence of
a unique cubic mapping Q : U — V' such that

[lullguo.

8
Hf(u) - Q(u),dl, ~--5n—1H,3 < 45 1
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3. Stability in Non-Archimedean-(n, §)-Normed Spaces

In NA-(n, 8)-NS, the triangular property is modified such that the distance between

two points can be dominated by the maximum magnitudes of the vectors rather than their
sum of two distances. This space provides a framework for analyzing the stability of solu-
tions to FEs over NA fields such as the p-adic numbers. Also, the convergence behavior
in this space helps characterize the behavior of solutions and their limiting properties. By
motivating the approach used in [20], we find stability problems for FE (1) in NA-(n, 3)-
NS.
In the following theorem 2 the , # > 0: A constant controlling the “degree” of approxima-
tion. p,r,q > 0 : Exponents that influence how the right-hand side scales with respect to
the norms of u, v, w. And ¢ : V"1 — [0, 00) is a control function depending on parameters
01, ...,0n,_1 used to describe perturbation or control of deviation.

Theorem 2. Let § > 0, p,r,q > 0 with (p+r+q)p1 < 35, 0 < 3,61 < 1. and

¢: V"t = 10,00) be a function. If f:V — W is an odd function that fulfills inequality
lfQu+w+v)=3flv+w+u)— flw—u+v)—2f(ut+v)—2f(u+w)
+6f(u—v)+6f(u—w)—2f2u—v)+3f(v+w)—2f(2u—w)+ 18f(u)

+6.£(v) +6f(w), 01, ... dn1llg < Ol[ul[, [[0][5, [[w][5,¢(01, ... dn-1), (10)
then there is a unique cubic mapping @ : W — V such that
1/ (@) = Q(u), 81, ., 6-1lls < 627 [[ul[§, &(1, .., 6n—1) (11)

for all u,v,w € W and 61, ...,0,_1 € V.
Proof. Putting (u,v,w) = (u,0,0) in (10) and multiplying both side by ﬁ, we get
120
By putting v = 2™ in (12) and multiplying both side by 23%5, we get

f@m ) f(2M) B3B8
| =gmrs — “ogm O nalls < 63 Bo=88=3mB| 2my| 2 ¢(dy, ..., 0n1)

= 937P2735273mIYMB [u|[§ 6 (b1, ..., G1)
— 93~ Bo389=3mB (9(pB1=36))" ull, (51, ey 1)

— f(u),01, .., 601l < 0377273 [ G(1, ..., 1) (12)

Since pBy < 38, taking limit as m — oo, we have

fEm ) fem)
|| 23m+3 o 923m 7517'”7571—1”5:0.

Hence, in complete space V, the sequence < 273" f(2™u) > is a Cauchy sequence. There-
fore, this sequence converges to Q(u) € V. Now, we consider @ : W — V a mapping
holds

Q1) = lim 002 5™ f(2M0). (13)
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Now, we have to prove that @ is a cubic. By using (10), (13) and Lemma (1), we get

1Q(2u+ v+ w) — 3Q(v + 1w+ u) — Qw — u -+ ) — 2Q(w + u) — 2Q(u + v)
+6Q(u — w) + 6Q(u —v) + 3Q(w + v) — 2Q(2u — v) — 2Q(2u — w) + 18Q(u)
+6Q(v) + 6Q(w), 81, vy S| g = limim—so0|273™P||| F(2™(2u + w + v))
=3f2"(w+u+wv)) - f2"(w—u+wv)) —2f2"(u+v)) —2f(2"(u+w))
+6f(2™(u—w)) +6f(2"(u—v)) +3f(2"(v+w)) —2f(2"(2u — v))
—2f(2™(2u —w)) + 18f(2™u) + 6 f(2™v) + 6 f(2™w), 01, ..., On—1]|3

< B2 |20 2705, 2265, 6510

= Lt 0BT TIID 12 | (][5, (51, . B 1).

Since (p+r + q)p1 < 38, we get

1Qu -+ v+ w) — Q(—ut v+ w) — 3Q(u+ v+ w) — 2Q(u + w) — 2Q(u +v)
+6Q(u —v) + 6Q(u — w) + 3Q(v + w) — 2Q(2u — w) — 2Q(2u — v) + 18Q(u)
+6Q(U) + 6Q(w)a 01, -"75n71”ﬁ =0.

Hence, @ is a cubic mapping. By substituting u with 2u in (12) and multiplying both side
by 23% , we obtain

f(2%)  f(2u)

I R J 015 ey O l]p < 03772738120 (61, ..y 51 ). (14)
Thus, by (12) and (14), we get
f(2%u
10—~ T2 5 aalls
f2u f(2%u f2u
< mCL.’E{H (23 ) _f(u)a(sla"'a(snleﬁaH (26 ) - (23 )7517"-35n71||ﬁ}

< max{03~ 72| |ul[5 ¢ (51, ..., 6n-1),037727%)|2u[[5 $(61, ..., 6n 1)}
Since (p+ 1+ q)B1 < 33, we get

f(2%u)

£ - 255

J 015y Ona||g < 0377273 ul B ¢(61, ..., 6n).

By applying PMI on m, we that

f(2"u e
1)~ L2 bl < 03792l 661 Bu). (15)

Taking u = 2u in (15) and multiplying both side by 2%[3, we have

fQu)  f2" )

] 23 93m+3

,51, ...,5n,1|‘/3 S 3_62_66Hu||g1¢(51, --'75n71)- (16)
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By using (12) and (16), we have

femtiy B
1)~ T2 1 bl < 0322l 601,01,

Hence, the result (15) is true for all m. Now, taking limit as m — oo in (15), we obtained
(11). Now, to prove the @ is unique, assume @’ is an another cubic mapping which follows
(11),

Q1) = Q' (), 81, ey Sualls = 2737 |Q(27 ) — @ (27), 81, ey 5
< 2 man{||Q(27u) — F(2™), 01, e, St g, 127 0) — @ (270), 81, ey G5}
< 37P93mBY=30G] |9y |8 6(31, .., G 1)-

Applying limit as m — oo, we find
1Q(w) — Q'(u), 01, ..., dn—1llg = 0.
By using Lemma (1), we find the uniqueness of mapping Q.
Theorem 3. Let ¢ : U x U x U — [0,00) be a mapping holds
limmﬁoo]i\d)@mu, 2Mp, 2Mw) =0 (17)
23mB
and ¢ : V"1 —[0,00) be a mapping. The limit
lith s somaz{273P4(2771u,0,0) : m > j > 1} (18)
exists and it is denoted by qz(u) Let f:U — V be an odd function fulfilling

1fRutw+v) = flv—utw) =3f(v+w+u) = 2f(w+u) = 2f(w+0)
+6f(u—v)+3f(w+v)+6f(u—w)—2f2u—w)—2f2u—v)+6f(v)
+18f(u) + 6 f(w), 01, ..., 0n—1|lg < d(u, v, W) (61, ..., 6p—1)- (19)

Then, there is exactly one cubic mapping Q : U — V holds
1/ () = Q(u), b1, 6nrllp < 377 G(w)th (1, ... 61) (20)
and
Limg—soolimu soomaz{2 2 ¢(u,0,0) : 1+ k; < j < k+m} =0 (21)

for allu e U and 61,...,6p_1 € V.
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Proof. Putting (u,v,w) = (u,0,0) in (19) and multiplying both side by 3772738 we
have

f(2u)
=

— f(w), 31, s 0n1||p < 37727 p(1,0,0)8(81, ..., Gp1).- (22)

Changing u by 2™u in (22) and multiplying both side by 273™8 we get

f omtly, f(2™u —Be—38e—3m m
I (23m+3 ) _ (23m ),51,...,5n_1\|ﬂ < 37A9738973mbB g 9my, 0,0)9 (01, ..., Op_1).

Using (17) and take limit m — oo, we get

F@™ ) f(2Mu)
|| 23m+3 - 23m ,(51,...,5n_1||520_

Using definition (2), we obtain that < 273™f(2™u) > is a Cauchy sequence in complete
space V', therefore, this sequence has convergence point Q(u) € V. Now, we consider a
function @ : U — V holds

Q(u) = LMy 5002 5™ f(2™u).
Now, we have to prove that @ is a cubic. Using (17), we get

1Q(2u + 1w+ v) — 3Q(v +w + u) — Qw — u+v) — 2Q(u +v) — 2Q(w + )
+6Q(u —v) + 6Q(u —w) + 3Q(v+ w) — 2Q(2u — v) — 2Q(2u — w) + 18Q (u)
+6Q(v) + 6Q(w), 01, ..., p1l[5 = lim_ 273mA | £ (2™ (2u + w + v))
=3f2"v4+w+u) — f2™Mw—u+wv)) —2f2"(u+v)) —2f(2"(w + u))
+6f(2™(u—v)) +6f(2"(u—w)) +3f(2™(w+v)) —2f(2"(2u — v))
—2£(2™(2u — w)) + 18£(2™u) + 6 (2™v) + 6 (2™ w), 61, ..., 6n—1|p

< lim 273™B (2™ u, 2™, 2™ w) (81, .., Op_y) = 0,

m— 00

—~ o~

hence

1QR2u~+v+w) —3Qv+w+u) —Q(w—u+v) —2Q(u+v) —2Q(w + u)
+6Q(u —v) +6Q(u — w) + 3Q(w + v) — 2Q(2u — v) — 2Q(2u — w) + 18Q(u)
+6Q(U) + GQ(U)), 517 ) 5n71|’,3 =0.

Using Lemma (1), we obtain @ is cubic mapping. Next, substituting u by 2u in (22) and
multiplying both side by 2722, the authors get

f(2%0)  f(2u)

|| 26 - 23 761a"'75n71”6 < |3|_B|2|_65¢(2u3070)¢(61a75n71)

By using (22), we get

22
1 - L2 s
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< mam{3_ﬂ2_36¢(u7 07 0)1)[)(517 ey 5n71)a 3_62_65¢(2u7 07 O)sz)(él? ey 5n71)}'

Apply PMI on m, we have

1w - L2705, bl

k-1
S ma.’I}{?)_BW 01 S k S m}w(ély ...7(5n—1)- (23)

Changing « by 2u in (23) and multiplying both side by 2737, we have

f 2m+1u
1)~ T2 5 bucalls

k
_5¢(’U,,0,0) —,8¢(2 U,0,0) i
< max{3 535 ,3 3 DB m>k>1p(01,...,0n-1)

2k, 0,0
= max{?)ﬁw m >k > 0}¢(51, ey Op—1)

k—1
= max{3ﬁW tm+ 1 Z k Z 1}’1/)(51, '--76n—1)-

Hence, the result (23) is true for all m. Taking limit as m — oo in (23), we get (20). To
prove @ is unique mapping. Assume @’ is another cubic mapping which follows (20). Now

limg_003 2738 (2% 0)
. g 1 _3; ke
= liMp—003 Bﬁ—kﬁlzmmﬁwmax{Q 33ﬂ1/}(2]+k Yu,0,0):1 <k <m}
= 1M —sooliMum oomaz {32734 (297 1y, 0,0) : 1+ k < j < m + k},
by using (21), we have
HQ(’U’) - Ql(“)? 015 eeny 671—1”5
= limy 002 ")|Q(2%u) — Q' (2%u), 01, .., 001l

< lzmk_WOQ_SkBmax{HQ(2ku) - f(Qku)’ 517 ] 6n—1”/37 Hf(2ku) - Q’(Qku), 617 sty 6n—1||5}
< limp 002 (2" ) (81, o 6pm1) = 0

By using Lemma (1), we find the uniqueness of mapping Q.

These are generalized Hyers-Ulam-Rassias stability of a cubic functional equation in
a non-Archimedean (n, 5)— normed space. The original inequality shows an approximate
cubic behavior. The conclusion guarantees the existence and uniqueness of a true cubic
mapping nearby. The bound tells how close f is to this true cubic mapping.

Corollary 2. If f: U — V is a function satisfying

1F2u+w+v) =3f(utv+w) = flw—-ut+v)=2f(utv)
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—2f(w+u)+6f(u—2v)+6f(u—w)+3f(w+v)—2f(2u—0)
—2f(2u — w) + 6(v) +18f(u) + 6f(w), 61, ..., n-1l[g < ([[ul[ + [|v]| + [[w])e,
then there is a unique cubic function Q : U — V such that
1f(w) = Q(u), 81, ., n1lls < 247 Jue.

Proof. Put ¢(u,0,0) = ||u|| + [|v|| + ||w]| and ¥ (1, ..., 6n—1) = € in above Theorem, we
obtained desired outcome.

4. Stability in Random Normed Space

An RNS is a generalization of the concept of an NS, where the norm can vary randomly.
The study of RNS in functional analysis allows for investigating random variations in
normed structures. In the study of the stability of FEs in RNS, one examines how small
changes in the FE or its solutions behave under random variations of the norm. Using
concepts from [30], we solve the stability problem for FE (1) in RNS.

Theorem 4. Suppose ¢ : U x U x U — Z is a function holds
Hep(,0,0) (8) = My (1,0,0) (5) (24)
and
limm%oo:“iﬁ(wuznvmw) (8"s) =1
Vuw,velU,s>0and0< k<8 If f:U — X is an odd function having
N@(s) > :U'Zz;(u,v,w)(s)7 (25)
where

© = futw+o)=3f(v+w+u)—flo+w—u)=2f(ut+w)—2f(v+u)
+ 6f(u—w)+6f(u—v)+3f(w+v)—2f(2u—v)—2f(2u—w)
+ 6f(v) +18f(u) +6f(w)

then there is exactly one cubic mapping Q : U — V holds

Hf ) Qu)(8) = Hip(u0,0)(3(8 — K)s). (26)

Proof. Putting (u,v,w) by (u,0,0) in (25), we have
M%—f(u) (s) > M:{)(u,0,0) (24s). (27)

Replacing u by 2™ in (27), we get

fpentiy  semg (8) 2 /”';5(2"74,0,0) (3.2°0 ). (28)

23(n+1) 231
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Since

ny n—1 i u iu
f2 )—f(u)=Z{f(2,H ) [ )}. (29)

By using (28) and (29), we get

n—1 ;
sk* —

i@ _ g() ( > 3><23(n+1>> =T (”;““’0’0)(80 = Moo () (30)

=0
Therefore,
S
frern on (8) > B0 <n_1> (31)

an /() >0 ST

Switching v by 2™w in (31), we have

S
1 pemtru  pemu, (8) > B0 ( : ) (32)
( 2(m-+n) ) (100 E?:t? 3X2§(i+1)

S

Zn—i—m ki
i=m 3x23(i+1)

limn,m%w%(u,o,o)( ) =1,

therefore, the sequence {f (2237:1")} is a Cauchy in X (complete-RNS), therefore there exists

the convergence point Q(u) € X such that lim, e f(;;;u) = Q(u). Fix u € U and taking
m =0 in (32), we have

5
T NN C) = A (_1> (33)

and for every ¢ > 0, we have

> Ty Ty
1Q)—fu) (s +¢) > T(MQ(U)_J‘@ >(C),Mf<223n>_f(u)(5)>

23n

/ S
> T<MQ(U)_f<223T>(C)a Hi(,0,0) (ZM)), (34)

1=0 3x23(n+1)

considering limit as n — oo in (34),

1Qu)— f(u) (8 + ) = (0,0 (3(8 — k)s). (35)

taking arbitrary ¢ — 0 in (35), we have

Q) — F(u)(8) = Hip(u0,0)(3(8 — k)s). (36)
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Replacing (u,v,w) by (2™u,2"v,2"w) in (25), we obtain

/’Lel (S) Z M;ﬁ(?nu72nv72nw) (2n8)7 (37)
where
01 = f(22"u+2"v 4+ 2"w) —3f(2"u + 2"v + 2"w) — f(—2"u + 2"v + 2"w)
— 2f(2"u + 2™0) — 2f (2"u + 2%w) + 6 (2"u — 2™0) + 6f(2"u — 2"w)
+ 32" +2"w) —2f(2.2"u — 2"v) — 2f(2.2"u — 2"w) + 18 f(2"u)
+ 6f(2") 4+ 6f(2"w),
taking the limit as n — oo in (37) and using the following equality
limmﬁooﬂ/zb(znugnvgnw) (8ns) = 17 (38)
we conclude that @) satisfies (1).

Uniqueness: To show the function @ is unique, we suppose that there is any other
cubic mapping @’ : U — X which holds (26). Since f, @ and Q' all are cubic mapping
then for every u € U, we can write Q(2"u) = 23"Q(u) and Q'(2"u) = 23"Q(u). Therefore,
we have

HQ(u)—Q' (u) (8) = limpooftgeny _o/emw (8). (39)

23n 23n

Now,

. S s
MQ(znuLQ’@nu)(S) > min MQ(Wu)_f@;u)(5)7HQ’<2nu),f<2”u>(§)

23n 23n 23n 2 23n 23n
p (3x8)(8—k)s p (3x8")(8—k)s
=z /%(2%,0,0)( 2 Z Heo(u,0,0) o -
. . 3n(g_ . n —
Since, lim, 0 Ed 2(—§nk)s = 00, we get lzmnﬁwug(u’w)((iﬁwﬁ(ﬁ k)s> —1
Hence, it follows that poen. o/@ra (s) =1 and so Q(u) = Q' (u).
oI s

Corollary 3. Suppose p € (0,1) anduy € U. If f: U — X is a function such that

16(8) = Hijy|jpuq (5),
where
O = fRu+w+v)—3flw+u+v)—flv+w—u)—2f(u+v)—2f(w+u)
+ 6f(u—w)+6f(u—v)+3f(v+w)—2f2u—w)—2f(2u—v)+ 18f(u)
+ 6f(w)+6f(v)
then there is a unique cubic mapping @ : U — X holds
HQ(u) 1 (w)(5) = Hugjur (3(8 — 8)s).

Proof. Let k =8P and ¢ : U — X be defined as ¢(u, v, w) = ||u|[Pup and ¢(u,v,w) =
(llw||P + ||v||P + ||u|[P)up in theorem (4). We obtain the desired results.
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5. Results of Experiment

In this segment, the authors discuss the graphs of the approximate and exact solutions
for the given equation. It is simple to demonstrate that function f(u) = u®
lution to a cubic equation. For experimental purposes, we explored an alternative function
Q(u) = u® +u®(u — |u])3|u], (Here, |.] represents a floor function) which differs from a
cubic function. These two functions were graphed using Matlab, and it was observed that
the graphs of both functions, f(u) and Q(u), coincide at multiple points. This suggests
that Q(u) is an approximate solution to the given cubic equation. The Table 1 shows the
behavior of the exact solution, the approximate solution, and the difference between their
values between —1 and 1. Also, the graphs of the functions f(u) and Q(u) are shown in
Figure 1.

i1s an exact so-

_1 1 1 1
-1 -0.5 0 0.5 1

Uu
Figure 1: Graph of f(u) and Q(u)



J. Jakhar et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6098 19 of 23

Table 1: Error of Approximation

Values of u Exact Solution f(u) Approximate Solution Q(u) Absolute error |f(u) — Q(u)|

-1 -1 -1 0

-0.9 -0.729 -0.728 0.001
-0.8 -0.512 -0.508 0.004
-0.7 -0.343 -0.333 0.010
-0.6 -0.216 -0.202 0.014
-0.5 -0.125 -0.109 0.016
-0.4 -0.064 -0.050 0.014
-0.3 -0.027 -0.017 0.010
-0.2 -0.008 -0.004 0.004
-0.1 -0.001 -0.0003 0.0007
0.1 0.001 0.001 0.000
0.2 0.008 0.0008 0.000
0.3 0.027 0.027 0.000
0.4 0.064 0.0064 0.000
0.5 0.125 0.125 0.000
0.6 0.216 0.216 0.000
0.7 0.343 0.343 0.000
0.8 0.512 0.512 0.000
0.9 0.729 0.729 0.000

1 1 1 0




J. Jakhar et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6098 20 of 23

6. Comparative evaluation of the results

This study established the stability of given cubic FE across the spaces, including
(n, B)-NS, NA-(n, 8)-NS, and RNS. The main results obtained are summarized as follows:

Corollary No. Space setting Stability result

Corollary 1 n, 3)-NS _ €
(. 5) 1) = Q(w), 81, 8-l < g lulle

Corollary 2 NA-(n, B)-NS £ () — Q1) 81, e, 6|5 < 247 %] Jul| -

11 RNS
Corollary 3 O - fw)(8) > “Tlullpuo (3(8 — 87)s)

Upon comparing the results presented in the table, it is evident that the approximate
solution closely aligns with the exact solution within the framework of NA-(n, $)-NS since
the upper bound 247%||u|e is less when compared with upper bound in (n, 3)-NS and
RNS. The stability results concerning Hyers-Ulam stability regarding the upper bound
are obtained in Corollaries (1), (2), and (3).

This study is limited to the analysis of a specific three-dimensional cubic functional
equation, and the results may not directly extend to other types. While novel spaces
are introduced, other generalized normed structures remain unexplored. Additionally, the
experimental validation is based on limited examples, and deeper stochastic modeling in
random normed spaces is left for future work.

7. Conclusions

The study of stability for cubic functional equations has been a focal point for many
mathematicians, with significant progress achieved across various mathematical spaces.
In this work, we investigated the stability of three-dimensional cubic functional equations
within the frameworks of (n,$)-normed spaces, non-Archimedean (n, 3)-normed spaces,
and random normed spaces. Through theoretical analysis and experimental validation,
we confirmed the stability properties of these functional equations in each of these dis-
tinct spaces. Furthermore, a comparative analysis was performed, highlighting both the
similarities and differences in stability behavior across these spaces. The introduction of
(n, B)-normed and non-Archimedean (n, 3)-normed spaces offers a novel perspective for
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understanding stability, while the incorporation of random normed spaces adds a stochas-
tic dimension, providing a more comprehensive understanding of the stability dynamics.
This comparative evaluation not only deepens the insights into stability across different
normed structures but also bridges deterministic and probabilistic approaches in functional
equation theory.
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