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Abstract. In this paper, we investigate the nonlinear problem (P.) : —Au + V(z)u = fu%7 ,
u>0in Q and du/Ov = 0 on 9N, where ) is a bounded regular domain in R", with n >4, ¢ is a
small positive parameter, V and f are smooth positive functions on €. Under certain conditions
involving the function f and the mean curvature of the boundary, we construct boundary blowing
up solutions of the problem (P.) which converge weakly to 0 and blow up at some critical points
of fy := flaq. This existence of solutions leads to a multiplicity result for (P.). The proof of these
results involves expanding the gradient of the associated functional and testing the equation with
suitable vector fields. This process imposes constraints on the concentration parameters, and a
careful analysis of these constraints leads to the conclusions presented.
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1. Introduction

In the last decades, there has been a great deal of interest in studying the following
problem

(Pr) —Au+iu=u? u>0 in €,
A g—:f:(), on 09,

where  is a smooth and bounded open set of R™ with n > 3, ¢ > 1 and ) is a positive
real number.

Problem (P 4) is a well-known example encountered in various applied sciences. For
instance, it can be interpreted as the stationary problem arising in a Keller-Segel chemo-
taxis model [1, 2] , originally developed to describe cell migration in response to chemical
cues. Over time, this model has found broad application in engineering, supporting ad-
vances in targeted drug delivery, tissue engineering, microfluidic systems, and the design
of bio-inspired robots guided by chemotactic behavior [3-5].
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From a mathematical standpoint, problem (P, ,) is an interesting model due to its
solutions often exhibiting the bubbling phenomenon, with the center of the bubble located
on the boundary. This boundary bubbling highlights a strong interaction between the
geometry of the boundary and the solutions of (Py ).

A large body of research has explored problem (P ,) when the exponent g is fixed and
A is treated as the parameter. A noteworthy aspect of the problem (P ,) is the existence
of solution families, denoted u) 4, that exhibit blow up phenomena as A changes. More
precisely, these solutions blow up around certain points within € or on its boundary 0f2,
while remaining negligibly small elsewhere.

For the subcritical case, where 1 < ¢ < (n + 2)/(n — 2), the only solution to (P 4)
for small X is the constant one. However, as A grows larger, non-constant solutions arise,
which blow up at one or more points as A — oo [6]. The least energy solution experiences,
for large A, a blow-up at a boundary point where the mean curvature of the boundary
is maximized [6-9]. Numerous works, such as [6, 10-13], have analyzed higher-energy
solutions of (Py4) that exhibit this asymptotic profile, whether blow up at boundary or
interior points, as A — oo. In particular, solutions with any desired number of blow up
points, both interior and boundary, have been shown to exist.

The case when ¢ = (n + 2)/(n — 2), the critical exponent, differs significantly. For
n € {4,5,6} and small X\, (Py,) admits non-constant solutions [14-16]. On the other
hand, the limiting equation of problem (P 4), which arises when studying the asymptotic
behavior of the least-energy solution as A — 0o, does not have any solutions. Nevertheless,
least-energy solutions u) 4 still exist for large A, and concentration appears in the form
[17, 18]

Wa u (T),

where ay € 02 behaves as in the subcritical case, converging to the point that maximizes
the mean curvature of the boundary. In this context, for any a € R™ and p € (0,00), the
function w,,, represents the standard bubble defined by

M(n—2) /2

(14 p2|z — a,Q)( where S := [n(n — 2)](»2)/4 ()

wa,,u(-r) = Bo

n—2)/2°

which are the only solutions [19] of

n+2 . n
—Au=wur2, u>0 in R".

Higher-energy solutions of (P 4) with concentration on the boundary as A — oo have been
constructed in several studies, such as [17, 18, 20-27] and the references therein. Unlike
the subcritical scenario, at least one blow up point must lie on the boundary [28].
Another interesting avenue of research for problem (P, ,) involves studying blow up
phenomena by fixing A while letting the exponent ¢ approaches the critical exponent, i.e.,

q= Z—f% =+ ¢, where ¢ is a small positive parameter. This was first explored by Rey and

Wei. For n > 4 and ¢ = Z—‘fg + &, they demonstrated the existence of a solution that blows

up at a boundary point where the mean curvature is maximized [29]. They also showed
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the existence of a solution that blows up at a boundary point where the mean curvature

is minimized when ¢ = 22 — ¢ and © is not convex [29]. In dimension 3, they found a
solution with single interior blow-up point [30]. More recently, it was shown that for n > 4

and ¢ = ﬁ—f% + ¢, there are no solutions that exhibit blow-up exclusively at interior points

when ¢ is a small positive number [31]. Furthermore, in [32], the authors extended the
problem by replacing the constant A with a function V' and studied the problem

(o) Au4Vu=uritf, 4>0 in Q
. %:0, on 05,

where (2 is a smooth, bounded subset of R”, n > 6, V is a positive C?-function on €2, and
€ is a small positive parameter.

They constructed interior bubbling solutions, where the interior blow-up points of these
solutions converge, as € — 0, to the critical points of the function V. More recently, in
[33], the authors studied the case where a function f is introduced in front of the nonlinear
term. More precisely, they considered the following problem

—Au+Vu=fuPF~¢, u>0 1inQ,
(PE) ou __
=0 on 0f2,

where €2 is a smooth bounded domain of R, n > 4, V and f are positive C?-functions on
Q, € is a small positive parameter and p+1 = (2n)/(n—2) is the critical Sobolev exponent
for the embedding H'(Q) — L%(Q).

They constructed solutions of (P.) with multi-blow up points located in the interior.
A natural question arises: is it possible to construct solutions with boundary blow-up
points? As mentioned earlier, this question was partially addressed by Rey and Wei [29],
who constructed a solution with a single boundary blow-up point when {2 is non-convex
and the function f is equal to 1. In this paper, our objective is to construct solutions to
(P-) with multiple boundary blow-up points and to present a multiplicity result for this
problem. More precisely, the main results of our work are stated as follow:

Theorem 1. Let n >4 and by, - ,by be N non-degenerate critical points of f1 := flaq-
We assume that
Cs 8f C1
—— () — | = — b 0 Vke{l,---,N 2
f(bk> (91/( k) (2 C4)H( k) > S { ’ ) }’ ( )

where H is the mean curvature of the boundary 02 and c1, ¢4 and c5 are defined in Lemmas
4, 6 and 8 respectively. Then, there exists g > 0 such that, for any ¢ € (0,g9) and for
any subset {b;,,--- ,b;,} C {b1,--- by}, Problem (P:) has a solution u. which converges
weakly to zero and blows up at the points b;; ’s with the following properties

lim lim fugn/(n—Z) _ f(b,-j)Sn for each je{1,--- (},
p—0e—0 QﬂB(bij 7p)
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where Sy, is an universal constant defined in (22).
More precisely, for any £ < N, there exist ji1,..., fige having the same order as e~1/2 for
n>5, and as /2| Ine|Y? for n =4 and ¢ points aje — bi; for all j such that

0
Ue — z :waj,syﬂj,e
Jj=1

where the function wg , is defined in (1).

— 0, as €—0
H(Q)

Theorem 1 allows us to obtain the following multiplicity result for problem (P:) in
relation to the number of non-degenerate critical points of the restriction of the function
f on the boundary of €.

Theorem 2. Let n > 4 and assume that the restriction of f to the boundary has N non-
degenerate critical points by,--- , by satisfying assumption (2). Then, for small positive ,
the number of solutions to (P.) that blow up on the boundary is at least 2V — 1.

Remark 1. As examples of functions satisfying the assumption (2), let Q := B(0,1) and
g be a positive C?-function on Q such that 9lse has only non-degenerate critical points.
Let

f(a) = g(x) + ][>,
It easy to see that

of
ov

dg
W) =5 W+2y Vyed and fi,o =g +7.
Since the function H is constant on 0L, it follows that, for v large, the function f satisfies

the assumption (2).

The proof of our results relies on certain balancing conditions satisfied by the concen-
tration parameters, which are relationships that ensure equilibrium between the various
factors influencing the blow-up behavior of the solutions. These conditions are derived
by performing an asymptotic expansion of the gradient of the Euler-Lagrange functional
associated with the problem and testing the equation with appropriate vector fields. This
process leads to constraints on both the concentration points and the corresponding blow-
up rates of the solution. Through a careful analysis of these conditions, we derive our
results.

Note that traditional blow-up analysis methods depend on precise point-wise C°-
estimates and the use of Pohozaev identities. In contrast, our method, used in this paper,
deviates from these techniques. Bypassing the need for point-wise estimates and Pohozaev
identities, our method holds significant promise for handling non-compact variational prob-
lems that involve more intricate blow-up behaviors, as the existence of non-simple blow-up
points. Moreover, the method developed in this paper is specifically tailored to the varia-
tional problem and does not directly extend to non-variational settings.
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The paper is structured as follows: In Section 2, we introduce the necessary prelim-
inaries for studying the problem (P:). Section 3 focuses on the analysis of the infinite-
dimensional part of the solutions. In Section 4, we carry out an asymptotic expansion
of the gradient of the Euler-Lagrange functional associated with (P.). Section 5 presents
the proof of our main results and Section 6 explores possible avenues for future research.
Finally, the proofs rely on some technical facts, which are provided in the appendix in
Section 7 for the reader’s convenience.

2. Preliminaries

In this section, we proceed with the parametrization of the variational problem under
consideration. Indeed, problem (P:) is a variational one and its solutions are the positive
critical points of the functional

n

el [ 2 e 1
Je(u) .—Q/Q\Vu| —|-2/QVU T P Qf|u] , ue H (). (3)

The space H'(f) is equipped with the scalar product and its corresponding norm defined

by:
(u1,ug) ::/Vu1Vuz+/Vu1uz; (||| ::/ \Vu|2—|-/Vu2.
Q Q Q Q

Since V is a bounded positive continuous function on 2, it follows that this norm is
equivalent to the standard norm of H'(2).

Observe that, if u. is a solution of (P:), satisfying u. — 0 (converges weakly to zero),
by the concentration compactness principle [34], it follows that u. has to be close to

some bubbles as ¢ — 0, that is, there exist ¢ € N, py, -,y —> 00 (as ¢ — 0) and
ai,...,aq € 2 such that, as e — 0,
- i | Hy
Us — Zf(ai)@*”)/‘lwaiw —0, and — 4L+ pipjla; — aj\Q — 0.
— Ky M
=1

In this paper, we want to construct some solutions blowing up at some boundary points.
To this aim, we introduce the following set:

Let n > 4,19 be a small positive real, 79 be a fixed small positive constant and ¢ € N,
we define

9 (g,70,m0) == { (@, p, ) € (99)7x (gt 00)" x (0,00)9 : |a; — aj| =0 Vi ],

elnp; <mo and |1 — aif(ai)(”_2)/4\ <o Vi}.
Furthermore, for a € 9Q and p > 1y, we define

Fy, = {veﬂl(g):/wv%yﬂz/vuv% :/wva“’“*“zo;1<j<n—1} (4)
Q Q op Q oT;

Tj
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where the T]{S, for j = 1,...,n — 1, build an orthonormal system of coordinates of the tangent
space to 92 at the point a. In addition, for (a,u, @) € 9 (q,70,70), we introduce
]:a,u, = ﬂ Fai,p,.p (5)
1<i<gq

Our aim is to construct solutions u having the form u = Y7 | awq, 4 + v, with (a,p,a) €
9 (q,v0,m0) and v € F, ..

3. Study of the infinite-dimensional part of the solutions

In this section, we take (a,u,a) € ¥(q,7,7m0) and we are going to study the v-part of the
solution u. In the sequel, we denote by

q
ﬂ = Zaiwai,uiv fOI‘ (G,M,Oé) S 79(%’70»770) . (6)
i1=1

Furthermore, for (a, i, &) € ¥ (¢,70,70), we denote by B; := B(a;,70/2). It follows that

c . ~ c .
Waip: < o7z in Q\ B; and U= QWa, +O<ZW) in B;. (7)
1 i#i Hj

In the following, we will use the estimate given below, the proof of which is derived by applying
Taylor’s expansion. For t1,t5 € R and v > 2, we have

O ([l o' +|1af") iy >3,

8
O (|t2|") if v < 3. 8

_ 1 _
tr+ o] =[]+ |t Pt + 57(7— 1) [t 77263 + {

Thus, for v = u+v with v € F, ,,, using Eq. (8), , the expansion of J,, defined by (3), is as follows

Je(u) = J. () — Le(v) + %Qs(v) + Re(v), with 9)
Qu(0) = Il = —2) [ et (10)
L.(v) := /Qfap—au, (11)

Re(v) =o([[v]*), RLw)=o(v]) and RI(v)=o(1).
Next, we will prove the coercivity of the form Q.. More precisely, we have:

Lemma 1. Let (a, u, ) € ¥ (q,v0,m0). Then the following fact holds

n+2 Zq =
9 wﬂiu”iv .
n i=179

Proof. By using the following formula derived from Taylor’s expansion

>

Qe(v) = Q) +o([[0*[])  where  Qv) = |lv]* -

)
=M |t"+0 §:|titj|'7/2 vt €R, Vv € (0,2,
Jj#i
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we derive that

q
4 2
~p—e—1,2 __ p—e—1 n—2 ¢ == .2
/fu v = E :ai fwa v? + o wai,uiwaj,/ij)n v
Q i=1 Q

J#i

Expanding f around a;, we obtain

6 4 _¢ €
/ fo‘)aul/h f(al)/ w(;ztﬁz v +O (/ |x a'b‘o‘)azal/h )
Q
4
=10 [ Wl R o (o).

Furthermore, since €1n u; is small, we have

Warui = B0 1y i3 (1 - 25111 (1 + p? o — ai|2>> +0 (52 In? (1 + 2 | — ai|2>) (12)
= 1+ o(1). (13)

Thus, since ‘1 —a;f (ai)(n_2)/4 is small, we get

—e —< W " "
oF 7 [ R =0l @) [ whRat o (o) = [ wERe® o (lulP).

This completes the proof of Lemma 1.
At this point, we require the following important result regarding the uniform coercivity of the

quadratic form Q.

Proposition 1. Let (a,p, ) € 9(q,v0,1m0). There exists 3 > 0 (independent of a, u and a) such
that

QW) = 63||v||2 Vv € Fou-

The proof of this proposition will be presented in Subsection 7.2.
Combining Lemma 1 and Proposition 1, we deduce that the quadratic form Q. is coercive,
that is

1
Q:=(v) 2 5Bs[lv[* Vv € Fap (14)
Now, we need to estimate the norm of the linear form L.. More precisely, we have:

Lemma 2. Let a € 992, p be a large real satisfying €ln p is small. Then, for 1 and v satisfying

1
) € {waw ,ua;a”, awa“} . ve HYQ) with /Vv-Vz/J =0, (15)
o Q

n Oa
1
Lcll e+ =) .
u

4
’/ Jwan® v
Q

we have
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Proof. Observe that, since € ln p is small, then Equation (13) holds true. Therefore, using the
fact that |¢| < cwq,,, we get

4 ___ A %
[ i w0 = 1) [ wi wv+0( I |v|)
Q Q Q

— By () /Q W g + 0 ( /Q Wit n (14 w2z — al) ol + ”Z”) (16)

Easy computation leads to
/wg‘/f (ln (1—|—M2|36—a|2))V <c V>0 (17)
Q

which implies that
n+2
o [ w1+ 7o - a?) o] < eelol. 18)
Q

To estimate the first integral in the right hand side of (16), we distinguish three cases:

o Case 1. If ¥ = wq,, using (15), Holder’s inequality, Lemma 7 and the continuity of the
embedding H'(Q) — L5=2 (99), we get

ot3 Owa,
wa 0 1/)1) = wmﬂ V= —Awg v = Vwa VU — —" v
Q aQ ov
~o([f ] CULE ] ) e (R
a0 0 2

Combining Egs. (16), (18) and (19), the proof of the lemma is completed in the case where
P = Wa, -

o Case 2. If ¢ = pu (Owq,,/0p), it holds:

n—2 ow
Ty — A Ean
/Qw w = n+2/sz (M ou >v
- n—2 awa# 0 awa,u
_n+2(/szv(u o )W /asz@v(u A )U>
0 U v ] " [ i ] :0(”“”),
0 0 H

by using Claims () and (i¢) of Lemma 7.
This completes the proof of of the lemma in the case where 1 = p (0w, /0p).

Owa, .

ov

2
0 Wa,u

a ovou

e Case 3. If ¢ = ! (Owq, i /0a;), the proof can be done in the same way. Hence, we omit it.
The proof of Lemma 2 is thereby completed.

Now, we are ready to present the estimate of the linear form L. defined in (11).

Proposition 2. Let (a,pu,a) € 9(q,7v0,m0). Then, we have

1
V)| = ’/ faP==u| < ¢fjv|| (5—: +y M) Yo € Fap
Q 4
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Proof. We will use the following formula, the proof of which follows from Taylor expansion.
For t; > 0,

W) ip <o,
(Zt> Z”*; t71)> liziz (20)

(n+2)

Observe that, if n > 6, it follows that p := o=y

deduce that
=S [+ 20 ([ i) ).
Q

i#]
Thus, using Lemma 2 and Holder’s inequality, we get

< 2, and therefore, using (20) and (13), we

n+2

1 2n
ILe(0)] < cllo] (wzm) Tl ( / wa,,ﬁlwaj,zj) |

But, since |a; — a;| > o, let By, = B (ak,Y0/2), using (7), it follows that

n C n c T C ln
/ W iy < 5 / wa, i + / Wapiy T / do < B Us).
Q MJ.Q B; MZ? B (,Ufi,uj) > Ja\B,us;) (,LLZ/L])

J

//\

This completes the proof for n > 6. However, for n < 5, we need to estimate

+2

n
_4 ___8n 2n
/Q Wa, i Wa; (0] < ]| ( /Q wé’i;ﬁ“’"“) wéﬁ%) :

But, since |a; — a;j| > 7o, using (7), we get

2n 2n
s c ey c c
(n— 2)(n+2) n+2 (n— 2)(n+2) n+2
/2 Wag,pus Wy S ey / Was, i +t / Wajp; + o aes
¢ nt2 B; 71 B nt2 (n+2)
Ky i ! Hi o My
C
n(n—2) °

(pipes) 52
This completes the proof of the proposition.

<

Proposition 3. Let (a,p, ) € 9(q,7,m0). Then, for ¢ small, there exists a unique v € Fg
verifying

~ 1
(VI:(u+7),v) =0 Vv e F,,. and I7]] <C<E+ZM) .
Proof. The proof follows from (9), (14) and Proposition 2 by using the implicit function
theorem.
4. Asymptotic expansion of the gradient in the potential sets

This section is devoted to the asymptotic expansion of the gradient of the functional J. defined
in (3). To this aim, by easy computation, we see that

(VJ-(u). g) = (u, ) — / fluP~"lug Vu,g € H(9). (21)

We start by the expansion with respect to the variable a.
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Proposition 4. Let (a, 1, ) € U (q,70,70), & be defined in (6) and v € F, ,, where Fy , is defined
in (5). Then, for e small and i € {1,...,q}, it holds

—€nf;2 —e— 1
(Ve o)) = i8S, (1= % o™ ) +.0 (Wl + -+ ).

1 1
3 — 2 n/2/ . 22
with Sh 2[n(n )] e 1 |x|2)”dx (22)

Proof. Since v € Fg ;,, using Lemmas 4 and 5, it follows that

q
<11+v,wa,i,,“ Z Waj,ujwal,uq> = (S + 0 ( )) + ZO ( (n= 2)/2> . (23)
Mzﬂj

Jj=1 Hi J#i

Now, observe that
ls +t|7(s + 1)z = |s|sz + (v + 1)|s|"tz + O(|s|"t* + |t|"?) V¥V s,t € R,|z| < |s| and v > 0.
Thus, for each 1; satisfying |1;| < cwq, p,, in B; := B (al,'yO/Q) N £, using (7) and (13), it holds
G+ 0P @ )5 = AP E i+ (0 — ) () | 3 sy + 0 |
J#i

+O<w5“i7 [Z —=g +of? +Z—+|v|f"+1 5) in B;. (24)

But, in Q\B;, we have
ol < (o= + Yo wh, ) sl in Q\B. (25)
Thus, the integral in Eq. (21) becomes

/ Fla+vP= 7@ + v)wa,

+1—
o [ rrtie [0 [ et + [ et

J#i
+0 \|v||2+Z—+Z [ o ””'p : (26)
n 2 s, l"z Q\B Qj,pj

Using (13) and Lemma 5, we get

C
€
/ Wag s Waj g < C/ Way,uWajpg S (n—2)/2" (27)
B; B (pips)

3

In addition, using (13), (17) and Lemma 6, we get

_ _e —£(n—2)/2
/B‘ fng:llh = Byu; e(n—2)/ f(az)/ﬂwp:i:llh

—|—O</ ngfil +€/ wfl’fil In (1+M?\x—ai|2) —|—/ |x—al|wfl’jﬁl>
Q\B; Q B

7
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i 1
= Bo "1 ( 2)/2f(ai)5n +0 (N' + E) .

Furthermore, taking ¢ = w,,, in Lemma 2 and using (7), we deduce that

[, st [ seisol [ )

=0(Jlel [E+H) +0(M5ﬂfm) =0(Jol [”H) (29)

Combining (29), (28) and (27), the equation (26) becomes

11 of 31

(28)

/ F1i 4 P (4 O = D202 (a) S, +O<u *””"’”2> (30)

Combining (23) and (30), the proof of Proposition 4 follows

Next, we deal with the expansion with respect to u
Proposition 5. Let (a, p, @) € ¥ (q,70,m0) and v € F, .. For e small and i

- Owa, . n—2 _en=2 H(ai) (c Cen=2 5 o
<VJ5(U+’U)a,Ufi o 1’>= 1 comy = of “f(ai)e+a; li ) (51—,%5 7 af lf(ai)a;)

cs Of _enz2 po. ln,ul 9 1
_ Y : ; 0] (0] E
Oy (a;) p; ol "+ 2o\ 2 + lol|? + 2 + 2 + ;L )

< ¢, we have

(2

where ( 04) appears only if n = 4 and the constants c1, c4, ¢5 and cg are defined in (
n=

n (55), (56),
(57), (58) respectively.

Proof. Observe that, using Lemmas 4, 5, 9 and the fact that v € F, ,,, we obtain
~ awaivl"i . awaial‘i
UJF’U,/MTM ;Oéj wajv#j?u’iTm

_a,, e | (
2 i
In addition, using (24) and (25), we get

Oow OWa; p;
U+l 1 U+ v TG ap*E/ WwPE 1. iy i
1 e 1 [ g e

OWa; s 1
+(p—e)al ™" / Juh i o =t +0(27_ /Bw
7 J . .

,LLQL 2)/2

2 p—¢
#3  [hr E ( X f )
J#L I

Notice that, the remainder term can be estimated as

) 0, (h;’;) (31)

(32)

q

O(Z/;?—&-HMQ).

j=1"7J
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Furthermore, taking ¢ = 0w, /0p in Lemma 2 and using (7), we get
OWa, 4, ow
p—e— 1 @i li p—e— 1 el IR20% O( D )
/ f a7 s ’L 8/};1 / f aznuw Z 8,“/’L + \/Q\BI wat 223 U|
=0(Jlel [Hi}) +0(7””” ) =0(Il [5+iD (33)
i (n+2)/2 will
To complete the estimate of (32), using (12), we write
azam e 8Wa,-,m n—2
/ fwh a“/m 1L = ﬁO i o B, fwgum'uiTM + 2 ex
/ fu a7,p7:Ll’Z a7 i 1y (1 + p? |z — a; )} +0 <52/ WT;IL In? (1 +p? |z — ai|2)> .
B;
Expanding f around a; and using Lemmas 6 and 8, we obtain
5‘wa7 ;
/ f aulh —
OWa,; i OWa,; i
= gte) [ 9 @) [ o-aet e o ([ -ala,, )

i i

= f(a;) <c H;h )+O<uz>>+gf( )<m+0(ul>)+0(;>

For the second integral in the right hand side of (34), expanding f around a; and using Lemma 8,

we get
/f “““lln<1+u2|z—ai\2>=f(ai) “Sio(E))+o(2).
Wa i M i v 2 %5 i

Thus, using (17), (34) becomes

(34)

"H(a,-)+058f n—2

) 8 (o) - Pt )]

’L

/ f a,,ul a“p‘l _/80 i 671772 |:C4f(a”i)
1

This completes the proof of (32) and we get (by combining (35) and (33))

n—2

Ow, en=2
[ s o — 52 et )

—n;206f(a2) }+O<||v||2+€ _’_7_,_2 nl ) (36)

Hlai) | e 0f
Wi i Ov

(ai)

Thus, Combining (36) and (31), the proof of Proposition 5 follows.

We end this section by expanding the gradient of J. with respect to the concentration point a.
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Proposition 6. Let (a,p,a) € Y (q,70,7m0) and v € Fo . Let i € {1,...,q}, we denote by (af),

where 1 < k < n—1, an orthonormal system of coordinates on the tangent space to the boundary
o at a;. It holds

1 Owa, 1 af 1
<VJ (U+U) /J,lao'k#> 07,uz Olz Mla k (a1)+0 <5 +;+Z n— ) +||1;||2>

3
where c7 is defined in (59).

Proof. To simply the presentation, without loss of generality, we will assume that a; = 0 and
the normal exterior vector v,, = —e,. By this choose, we deduce that the tangent space to the
boundary 9 at the point a; = 0 is R"~! x {0}. Let k € {1,--- ,n — 1}, using Lemmas 4, 5, the
proof is similar to the proof of Proposition 5. Here, we will give a sketch and precise the argument
of the estimate of some integrals. Using Lemma 9 and the fact that v € 7, ,,, we deduce that

u+v, 1 Wasus *iw w 1 Wy +Z
i aaz k B j=1 ’ ok 2 80/1,/@

For the other part of the gradient, using (24) and (25), we deduce that (32), (33) and (34) hold

true by taklng M instead of p; O “’ 2L Now, using Lemmas 6 and 8, it holds
f 1 3wal s
al Hi i aaz k
1 Ow 1 Jw
_ . D T i \V4 _ D TG G o) _ 2 p+1
f(al)/Bi wai,mu dag y + f(al)/Bi (z az)wal,mﬂ Dai p + (/BZ |z — a Wa i

el

3

1 8 OWay,pu; 1
[t 5t a) - (1)

by expanding f around a;. Hence, we obtain

e 1 aWa, YWa;,p; —e —&(n—2)/2 Cr af ]-
/f Cann L Dayy, =fo"h Mial'k( @)+ 0 1 +OE).

This completes the proof of Proposition 6.

5. Proof of Theorems 1 and 2

Since Theorem 2 is a direct consequence of Theorem 1, it is sufficient to prove the latter.
Adopting the proof strategy from [35], let N € N, by,...,by be as defined in Theorem 1 and € > 0
be small. We consider the set

D, n = {(a, p, a,v) € ()N x (0,00)" x (0,00)N x H'(Q) : |a; — b;| < Ve ;
M7t < e < My |1 — ozif(ai)("_m/‘l‘ <elne,we F,y and o] < ﬁ}

where M; is a fixed large constant. Let J. be the function defined by

J. Den — R 5 A= (a,p,0,0) —> J(A) = JE(Zaiwai,m —|—v).
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There exists a biunivoque relation between the critical points of jg and the ones of J..

Proposition 7. Let A := (a, 1, 0,v) € De y. u = Zi\;l Qi Wa, u, +0 @5 a critical point of J. if and

only if A is a critical point of J., i.,e., there exists (v,m,0) € (R"‘l)N x RY x RN such that the
following system is satisfied:

(Ay) g;y )=0 Yk,
991,k 992,k n 093,k
(V) G (8) = S0l (e 255 (0) + 0 225 (A) + 5] s 2522 (1)) .
52 wa " wq "
(M) 322 () = oy foo Voo 7 (e i ) 4+ 5072 1fyk,jfqu;-v(ﬂikmaik;),vk,
O*wq m 82wa, s
(1) 25 (A) = 0% f VoV (1 amé;;k';) 3 s o Vo V(S VY L

Proof. Observe that D, y is not an open set in (9Q)Y x (0,00)" x (0,00)N x H(2) since the
elements A of D, n have to satisfy the following orthogonality constraints:

i) i= [ VooVu =0, ke (Lo N
Q
8wak;ﬂk _
g2,k(A) _/QVUV(MICTW)_O’ k€{177N}a
1 Ow,

&):0, ke{l,...,N}, jef{l,....,n—1}.
s (LN} e )

g3 (A) = /Q Vo - v(

Therefore, it follows from the multiplier Lagrange theorem that A is a critical point of J. in D. N
if and only if there exist some constants v € (R”’l)N ,n € RN and o € RY such that

N
V(M) =) (nngm(A) +opVgr(A) + Y %,ngg,k,j(A)>- (38)

k=1 1<j<n—1

Notice that

i 97.(\) 2J.(A) 9J.(A) 0L\ BLA)
J(A) = S . 39
VJe(A) (( OTk1 )ng’ ’(87;67”_1)1@51\1’( O )ng’( Doy, )ng’ Ov ) (39)
Combining (38), (39) and the fact that the functions gk, g2.x and g3 are independent of the
variable a, we easily derive the result.

To prove Theorem 1, we observe that Proposition 7 implies that it is sufficient to study the
system (37) and demonstrate that (37) has a solution. First, for A € D, y, let u = vazl 0 We, 1, 0,
the definition of J. implies that, for each k € {1,..., N},

ajs _ 8j€ awﬂk,#k
V() = V), S 4) = (V) oo P ) "
d.J. aJ MWay
= e = 2 < < —
Do (A) =(VJ(u), Way ) 5 o (A) <VJE(u),oqC s > ,1<57<n-1

Second, using Proposition 3, for each (a, i, o,0) € D, n, there exists U := ¥z q .0 € Fa,u such that

N
<VJ5(Z%'W@W +v>,h> =0 VYheF,, and |7||<c (a + Z :) . (41)
=1 7
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Therefore, Eqs. (40) and (41) imply the existence of n € RN, o € RN and v € (R"il)N such that

N
- 1 Ow,
VJ.(u) = VJ(A) = Z MeWay e + Ukuk "’”k + Z Vi j— ” aﬂ’:’“" (42)
k=1 J

where A = (a,p, o, ) and @ = Zf\il 0 Wq, u; + . Thus, (42) implies that the second equation of
(37) is satisfied for each (a, p, o, 0) € De N

Hence, it remains to solve the three other equations. To do so, we start by giving the estimate
of the multiplier Lagrange coefficients (1, o, 7).

Lemma 3. The multiplier Lagrange coefficients (n,0,7) found in (42) satisfy:

c65/2

el < celn®e; okl < g |myl <
for each k € {1,...,N} and each j € {1,...,n —1}.

Proof. Using A := (a, i, @, 9) € D x and Propositions 4, 5 and 6, it follows that

(VI (@), way ) = O (£ + |1 =l "7 f (@) + £ inef) = O (el mef?),

oy L OWay g \ _ 2\ _ 3/2
<VJE(U),MC ore s >—O(6|ak bk|+a)—0(5 )

Furthermore, for

awai,ui iawamm
B,ui )22 87’7;_’]'

)

N
wkawZGU{wai,pwHi P} je{l,.,n—l}}’
=1

using Lemmas 4, 5 and 9, we deduce that

[ c+0(e) if k=1,
W) { O() il kAL

1 Owa,;
and i Oty

for some positive constant c. Thus, the scalar products of (42) with w, ,,, [LZ
respectively, give the following quasi-diagonal system:

eng + Y O (e (Il + low| + lm])) = O (e e)
k

coi+ Y O (e (Jyel + ol + Ie)) = O(e),
k

cvij + O (e (1] + low| + k) = O (53/2) ,

which implies the result.

Now, we are ready to solve the equations (Ay, My, Ty) for k € {1,..., N} defined in Proposition



R. Almushahhin, M. Ben Ayed / Eur. J. Pure Appl. Math, 18 (2) (2025), 6102 16 of 31

First, using Lemma 3 and Eq. (41), for A = (a, y1, ., ¥), the equations (Ag, My, T}) in the system
(37) are equivalent to:

a.J.

G M) =0, he {1 N},
aJ. - _ 2

gy ) =0 ((lowl + 32 bl ) I91]) = O (%) vk € {1, N}, (43)
oJ. - _ ,

Mlkamj (A =0 ((|ak| +Z|y,w-|) Hv||) —0(2), Yke{l,... N},Vie{l,....n—1}.

Second, using (41) and Propositions 4, 5 and 6, we derive that the system (43) is equivalent to

1— =220 =10 1 (a)) = O(e), Wik,

n—2 c H(ag) ¢ 1 al _ 0(52) if n>5,
4 665+( _64) (k)_{0(52|1n6|) if n=4, vk, (44)

2 we o f (ag) ov

iV]ﬁ (ak) = O (62) 5 VEk.

At this step, to solve the system (44), it is better to take a change of variables to obtain an easier
system to solve. Notice that oy € (0,00) and px € (0,00), however a;, € 9Q and therefore, we
need to be move careful in the change of variables for ay. To be more precise, let y € 92 and
(6/1, ce €, —Vy) be an orthonormal basis of R™. In this basis, the tangent space to Q2 at y is
R~ x {0}. Written y = (v/,y,) € R*~! x R, since € is a C?-domain, there exist p > 0 (small)
and a C?-function g : B,,_1(0,p) C R"~! — R such that:

e g(0) =0, Vg(0) =0 and therefore |g(2')] <cl|2/|* VZ,

e QN B, (y,p) ={(y/ + 2 yn +2,) ER" I XR:[(z,2,)| <p and z, >g ()},

e 0NN B, (y,p) = {(y’ + 2 Yn+2n) ERPEXR (2, 2,)| < p and z, :g(z’)} )

Furthermore, assume that y is a critical point of f := fjsq (the restriction of f on the boundary),
for a € 02N B(y, p), written a as

a:=(d,a,) =y +2,yn+9 (7)) with 2’ € B,_1(0,p), (45)

then it holds that

Vrf(a) =V fila) = D*fi(y) ((z,0),-) + O (|z']"). (46)
Recall that (a, u, @,0) € D y which implies that ay is close to by (which is a critical point of fi)
and oy f (ak)”_Z/ % is close to 1 for each k. Hence, let us consider the following change of variables:

pr =1 —apf(be)""2*, ke{l,...,N}, (47)
1 o Cs 8f C1 _171_2

Lo S - (F-e) o] Paeae, ()
ay, = (Vy + 25, (b)), + 9 (24)), ke{l,...,N}, (49)

by using the notation of (45). Using this change of variables, we get:

f @) = fi (@) = f(b) + O (Jaw = bl ) = £ () + O (J24*) .
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M (ar) = H (br) + O (12])

1 af 1 af

flar) ov (ax) = 7 (o) dv (bx) + O (|2i)

4 P
1-— M;ZE(n_Q)/QOz,:*Z flap) =1—a 2 fi(bg)+ 0 (|z'|2 +e |1n5|)

= 2ot 0 (R 41 +elmel), (50)
n—2 1 [/ cs Of
T + m [(2 — 64) H (ar) — Flan) v (ak)]
_n—2 1 cs Of c1 1.,
= —Coc — . {f(bk)al/ (br) — (5 — 04) H(bk)] +0 (,uk |2 >
M2+ O, (51)

Thus, using (46), (50) and (51), the system (44) becomes equivalent to:
Pk :O(pi+|z'|2+5|ln5\), ke{l,...,N},
/\k=O<|z’|—|—(if n > 5)e + (if n=4)6|ln5|> (52)
D21 () ((/,0),) = O (e + 127), ke {l,...,N}

Since D?f; (b) is assumed to be non-degenerate, the last equation in (52) implies that |2/| <

c (E + 12 |2) , and therefore, the system (52) can be rewritten as

pk:O(pﬁ+|z'|2+5\lns|>, ke{l,...,N},
)\k:O<|z’|2+(if n>5)e+ (if n=4) |eln£\), (53)
D2f1(bk):O<a+\z’|2), ke{l,... N}

Since, D2 f; (by,) is non-degenerate, using Brouwer’s fixed point theorem, we deduce that (53) has
a solution (ps, A°, (z’)e) . Furthermore, it holds, for each k € {1,..., N},

pr. =0 (e|lnel) ; A = O((if nx=b)e+ (if n=4) |aln6|> i (21)° = 0(e).

Taking o5, 15 and a§ by using the equations (47), (48) and (49) and taking u. = Zgil QA Was e +
Ve, we deduce that u. is a critical point of I. and therefore it satisfies

(—A +V)ue = fluc|72 “u.  in Q,
Oue/Ov =0 on ON).

Finally, we have to prove that w. > 0. To this aim, let u_ := max(0, —u), it follows that
0 <u. < |v.|. Furthermore, multiplying the previous equation by u_ and integrating over €2, we

obtain
||u€_|\2:/Vu€Vu€_+/ Vueus
Q Q
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= —A cU_ Ep—e—l SUS = —\p—e+1
/Q( + V)ucug /Qf|u | Uuz /Qf(u’E) (54)

which implies that ||u_[|? = o(1) (since 0 < uz < [v.|). Now, using the Holder’s inequality, we
obtain
luz 1 < elluz [IP*=.

Thus, u_ has to be zero and therefore, by the maximum principle, we derive that u. > 0 in .
Hence u. is a solution of Problem (P.). This completes the proof of Theorem 1.

6. Conclusion

By expanding the gradient of the associated functional and testing the equation with appro-
priate vector fields, we were able to construct boundary blow-up solutions for the problem (P.),
which exhibit isolated bubbles. This construction exploits the structure of the problem, using
asymptotic analysis to capture the intricate behavior of the concentration points and the cor-
responding blow-up rates of the solution as the perturbation parameter € approaches zero. By
carefully analyzing the interaction between the nonlinearities of the equation and the boundary
conditions, we establish a connection between the number of isolated bubbles and the topology
of the problem. This approach ultimately leads to a multiplicity result, demonstrating that the
number of boundary blow-up solutions is closely related to the number of non-degenerate critical
points of the restriction of the function f on the boundary of the domain 2. This result provides
a deeper understanding of the solution structure, offering insights into bifurcation behavior and
the stability of solutions as the boundary conditions are varied. Nevertheless, several promising
avenues for further research and open questions remain:

(i) Do boundary clustered bubble solutions exist for the problem?

(ii) Can we provide a complete description of the asymptotic profile of the boundary blowing up
solutions?

(iii) What occurs if the critical points of the restriction f; of the function f on the boundary are
degenerate? In particular, what occurs when f; satisfies certain flatness conditions?

(iv) Is it possible to get the same results presented in this paper when the solutions do not
converge weakly to zero?

7. Appendix

In this section, we gather estimates for several integrals, which are crucial for refining the
expansion of the gradient of the Euler-Lagrange functional J.. Additionally, we prove the coercivity
of the quadratic form defined by (10).

7.1. Useful estimates of some integrals

We start by the following lemma which is extracted from [27] (see equations (D.6), (D.7) and
(D.8)).

Lemma 4. [27] Let n > 3, a € 9Q and p be a large real. We have
) H 1
0 [Vl =5, -0 o ().
Q H

W
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. aw%“ c1 H(a) 1
1 0w 1
Vwe V-2 ) =0 =) Vie{l,...,n—1},
(1) /Q o <u 0T; > (u2> JEtb

where T]/-S, for 5 = 1,...,n — 1, build an orthonormal system of coordinates on the tangent

space to 9 at the point a € 99, the constant S, is defined in (22) and the constant ¢; is defined
by

¢ = [n(n — 2)](11—2)/2 (n ;2)2 meas (Sn72) r (7?‘;_‘)(71;)(7123) ' (55)

We notice that, in this paper we use wq,, = BoU,,, where Sy = [n(n — 2)](”’2)/4 and U, , is the
function used in [27]. For this reason, there is some changes in the constants found in Lemma 4
and the following lemmas with the corresponding results in [27].

The second lemma deals with some integrals involving the bubbles.

Lemma 5. Letn >4, a € 022 and p be a large real. It holds:
_92 . 2 5
(Z) / UJg <c N’_Q an )
o pooInpifn=4,
(i1) /w c W ifn 25,
ikl g 8,u pw2lnp  ifn=4,

(iii) ‘/ wa#i&g‘;“ <

\/_1,3'

Proof. Notice that, since €2 is bounded, there exists R > 0 such that 2 C B(a, R).
Claim (%) follows by standard computations. Concerning Claim (i), it follows from the first one

and the fact that p ’ ag‘;“

< cwq,y,. Finally, for Claim (i7), observe that

1

Owa,
plz—a] "

i

Hence, the result follows by standard computations.

The next lemma is extracted from [27] (see the equations (D.17), (D.18) and (D.19)).

Lemma 6. [27] Let n > 4,a € 9Q and u be a large real. There hold:

) 2n_ 2n H(a) 1
@ [ s eo ()
. 242 Qway  Ha) 1

N )]

21 Owa, (1) ,
110 ngz =0 vie{l,...,n—1},
(i) /Q "o om n { :

where
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We also have the following estimates:

Lemma 7. Let a € 92 and p be a large real. It holds:

D*Wa Ow
. a, < a,p
) M‘ oo | c‘ ov |
(2n—2)/n\ n/(2n—2)
(ii) ( / ‘M ) <°
aa ! Ov w

" *wa
() ( /BQ Oovda

Proof. Claims (i) and (#ii) are extracted from [27] (See the equations (D.49) and (D.50)).
Concerning Claim (3), it follows easily.

(2n—2)/n> n/(2n—2)

<ec.

We end this subsection by the following two lemmas:

Lemma 8. Let a € 02 and i be a large real. It holds:

(i) /(:E a) wf:f% oy ) ! Vi e{l n—1}
- *TjWa = ) Yooy - ’
Q J e M a‘u ,LLQ J

. 242 Qg cs 1
(i1) / T—a) Vewa p—2t :+O<),
J P ou 12

%t; awam‘ 2 o) 7076 l

(iii) /Qwa,u I o In <1+u |z — al ) =5 +O(M>’
nt2 | “ o) -2 i k .’

(iv) /Q(:L‘ —a) - TeWi " Qayp _ { (17%) f k#]

pon \g+o(k) i k=j
foreach je{l,....n—1} and k € {1,...,n},

75 1 0wa,p 20, 12\ _ 1 ; _
(v) /chw o, ln(lJru |z a|>70 e Vie{l,...,n—1},

njo L —2 21
cs :=[n(n — 2] /2 L/ ananx > 0, (57)
2 Jry (14 12?)

n—2

1'27
[man@AnOLLJ;Hhﬂl+m%dz>m (58)

n—2 ||
c7 = n(n — 2 "/2/ ————dx. 59
P =2 [ (59)

Proof. Without loss of generality, we can assume that a = 0 and

Vg = —€p.

(60)

Since we assumed that € is smooth, there exit p > 0 (we take it small) and a function ¢ :
B,—1(0,p) C R"™1 — R such that

©(0) =0, ¢'(0) =0 and QN B,(0,p) = {z = (2',2,) € B,_1(0,p) xR: z, > p(2')}.
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Since ¢'(0) = 0, it is easy to see that
o@) =0 <|x'|2) Va' € Bu1(0, p). (61)
Observe that
= |z] ¢
Q\B(0,p) Q\B(0,p) M || e
To estimate the integral over Q N B(0, p), we introduce the following sets

B (0,p) :={z = (2/,2,) € B(0,p) : m, >0},
O :={x=(2",2,) € B(0,p): 0<z, <p(x)},
(2',x,) € B(0,p): ¢ (2') <zp, <0},
/QmB(o,p)m

/Bﬂom)...—/gl...—k/ﬂz.... (63)

Proof of (i): Let j € {1,--- ,n —1}. By (60), it follows that ( —a) - 7; = z;. By oddness of the
function, it is easy to get that the first integral is zero. Concerning the other ones, using (61), we
derive that

and we have

al <9 (@) =0 (]o'F) V(') €y i = 1,2, (64)

Furthermore, it is easy to see that 1+ p2|z[2 > 1+ p? |2/)*. Thus, we obtain, for i € {1,2},

2y || p || c
/ ’g/ |:z:’|wa”7;2<c/ ﬁda@’dwngc/ —di' < =
Q Q a, (1+p22'| Bn-1(0,p) (1 + p? |x’|2) H

Hence, Egs. (62), (63) and (65) end the proof of Claim (7).
Proof of (ii): From (60), we deduce that (z —a) - v, = —x,. As in the proof of Claim (), for
i € {1,2}, we have (using (64))

nt2 - Gy,
xnwél:?/ﬁ a,p
’/n P op
For the integral over B*(0, p), it holds
/ it Qo :/ _gj <”2>wf1‘aluz|x|2dx
B+(0.0) nwo,u a'u B+(0,p) n 2 0,p 1+ N2|33|2
2 n — 2 n 1 — pi?|zf?
= _BO 2 2 / M xnﬁdw
B+(0,p) (1 + p2fa]?)

2 —21 1—|zf? 1
L e o(L) @
R I

[

(65)

4
/‘ d.’E/<

<c/ el gc/ ST s < (66)
Q (1 + 2 |x’|2) B,_1(0,p) (1 + p2 |$/|2) w

2 "1+ )"

Combining Eqs. (62), (66) and (67), the proof of Claim (ii) follows.
Proof of (iii): Following the proof of the previous claims, we need to estimate:

/ﬂ\B(om o

2n_ 1
< / wiye In (1 e — a|2) <ot (68)
Q\B(0.p) p
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2,,, _ 2 n 1— 2 T 2
/ _ g n / 1Y ( I n|+)1 n (1 +M2‘1‘|2> da
BH(0,0) 2 et (1+ p2z)?)

201 — 2 1 — |z|?
2 JBroa (1+z[?)

2nn — 2 |z|? — 1 5 <1nu)
=—= In(1+|z|*)de+0O|— |. 69
T e ) o (69)

For the integrals over €;,i = 1,2, note that, using Eq. (64), we have |z,,| < ¢|2/|?, which implies
that
L a2 = 1 g2 0/ 4 el <1+ 21l (14 el ) <200+ 2 |2, (70)

since |2/| < p which is small. Thus we obtain

2 2 /2
n (14 @/ (14 221" ?)
/...‘gc/u(ﬂm)daj<c/ uwr —2dx’
Q; Q ( Bn_1(0,p)

i L+ p2fzf?)" <1+M2|$’\2)
. / |2/? In (1 + |x’|2>
< - n
u Jrn-1 (1 + |£L”|2>
Hence, (68), (69) and (71) imply the proof of Cham (4i7).

Proof of (iv): Note that, by (60), it follows that (z — a) - 7, = z; and M = dw“ Zan - Ag before,
we compute:

dx’ < (71)

<
"

1 2n c
Jef e .
/Q\B(O,p) | S Javsog | plx| TR T
where we have uses the fact that ‘6% T crz‘jz‘.

Concerning the integral over QN B(0, p), using (63), we need to compute:

/ 2 pr e,
= (= 2B / - —dr =0, k], (73)
BH0.) P Jer (U plaf?)
(by oddness with respect to the variable z;). However, if k = j, we obtain
2n_ /,Ln—H 2
:(n—2) n—2/ S S — dx
/B+<o,p> P S (L4 2l
1n—2 3
= n "*2 / S — 1 diC
2 B(O,up) (1 +[2[?)
1n—2 2o |z|? cr 1
= LS — A w=-“40 . (74)
2u n 0 BOup) (14 [2[2)" H prtt

It remains the integrals over €;, i = 1,2. Using (70), it holds

1 e pr! ,
. <e Tr| —wan® <c ————da'dx
L, ‘\ e e’ < [ o ayrden
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PP e
< c/ % < - (75)
Br-1(0,p) (1 + p? |x’\2) H

Thus, Combining (72) - (75), the proof of Claim (iv) follows.
Proof of (v): It can be done in the same way than the proof of Claims (iéi) and (iv). Hence, we
omit it.

Lemma 9. Let aj,as € 9Q with |a; — as| > ¢ > 0 and pq, p2 be large reals. We have:

Cc Cc c

i Vwa) Vwa, < < — + j)
0 [ Vel Vel € sy R

dw c c c
v (/,L a27M2>’ < < n— + n—27
Oy (papg) =272 = =2 p=?
1 Jw, c In po
v ()] < ¢ e
o )| <

. c C C
(iv) /wlll p1Waz iz S (p1p2)(n=2)/2 S /«L?J " pa v

(ii) / Ve |
Q

(i) / Ve |
Q

OWay s c c c
v w = < < +
e 5| < G <
. 1 Oway s c c c
vi : < ——
( ) / a17u1 L2 8(12 Mgnfg)/zlug/z #711 1 M;L 1’
.. ;‘*3 < c < c c
(vii) Way,p Was,us X (N1M2)(n_2)/2 = H?_Q + ug—w
o n+2 awaz i c C C
(’UZZZ) / (JJal ulll2 8/1,2 X (Mlﬂg)(n_Q)/g < ,LL?_Q + ,u721,—2 s
] n+2 1 8wa2 L c c c
%3 wa s 2 < +
( ) A at,p1 " 11 aa2 = M(ln—z)/zlug/Q = M;L 1 'ug 1

Proof. We will focus on the proof of the first one and the other proofs can be done in the same
way. Note that

n,+2
p o —ail c

<
n/2 >~ (n—2)/2 n—1
(1+u?\x—ai|2) My |z — ai

Thus, let p :=|a; — as| /2, it holds :

1
Vs | Ve a] < / 7_ +/ lda
/ﬂ o BT el 2 Blawe) |7 —ai"™" Ja\uB(ai)

=1,2

|Vwaivﬂi| <e

o c o ( 1 N 1 )
X ¢ n— n—
()" 272 T

Hence, the proof of Claim (7) is completed.
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7.2. Coercivity of the quadratic form

The goal of this subsection is to prove Proposition 1. To this aim, for g > 0 and = =
(z1,...,2,) € R" we denote by

M(n—2)/2
V1(x) == wo,u(z) == Bo ;
S (1 p2laf2) 27
Owo n—2 _ pn=2/2 (1 — ,u2|m|2)
o(x) :=p H(g) = 0 , 76
Op 2 (14 paf2)" i
,Ltn/QIj_z

Yi(x) == (n—2)F for j€{3,---,n+2}.

We begin by the following lemma:
Lemma 10. Let p > 0 be a small radius and
Bf i={x:=(a/,2,) eR" ' xR:|z|<p and z,>0}.

For p large and 7 > 0, let us define

n+2 4
= Voul? + A 2 _ / n—2,2
Q+(v) /Bj' v +’7/B:rv N B;wo,u v

Then there exists a constant B1 > 0 such that

Q+(v) = B (/ |Vol|? —G—”y/ v2> Yo e E},  where
Bf Bf

P

E: = {UEHl (B;') :/B+VU-V1/szo Vj € {1,...,n+1}}.
Proof. Let us introduce the function @ defined on B(0, p) by for y := (v, y,) € B(0, p),

_ v(y) if yn >0,
o(y) = , .
v (y ) _yn) if Yn < 0.

Easy Computations imply that
o€ H' (B(0,p)),

=~ . - _ - n+2 =5 .
2040) = Qu0)i= [ il [ @r-tER o upE (77)
B(0,p) B(0,p) =2 JB(0,p)

Notice that the function C~2+ is a positive definite quadratic form on the space

Ey, = {’UGHl (B(O,p)):/ VoViy; =0 Vj:l,...,n—l—Z},
B(

0,p)

(See Proposition 1 of [32] and equation (19) by taking @ = B(0,1), K =5 and N = 1). This
implies that there exists a constant 3y > 0 such that

Q+(w) = Bollwll i (Bo,p) Yw € Eop. (78)
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In the following, we will prove that v € Ey . For this aim, for 1 < j < n+ 1, we compute

/ V’Dij = 2/ Vvij = 0,
B(0,p) By

since v € E;f Now, for j = n + 2, observe that (by easy computations)

8wn+2
ov

n+2

Ao = mWOMﬁnH in B(0,p) ;

= c(p, p)xn, on IB(0, p).

Thus, by oddness (with respect the variable x,,), we obtain

Ot .
/ ViViniz = / —AtyaB+ / %vzo,
B(0,p) B(0,p) aB(0,p) OV

Hence, v € Ey,,, and the assumptions of Proposition 1 of [32] are satisfied.
Combining (77) and (78) (by taking w = v), we get

Q+(v) = (Bo/2) 19111 (B0,0)) = 50””‘@11(&*)’

We remark that

1
/ |V1}|2 _A'_fy/ v? < HU”iIl(B‘*') < - (/ |VU‘2 _|_:y/ 1;2) if <1,
Bf Bf ° Y \/B} Bf
P P P P
. (79)
L 2 ~ 2 < 2 < 2 ~ 2 if & 1.
ﬁ</3j|w +v/ij> ol 55 /ij +v/ij it 5>

The proof of the lemma is thereby completed.

Notice that, for a € 92, a neighborhood of a in 2 is not necessary a half ball. For this reason,
we need to take a general case.

Lemma 11. Let a € 09, u be a large real and p be a small radius. Let

2 _4
Q)= [ Py [ o RER [ e
B(a,p)nQ B(a,p)nQ n =2 JB(a,p)n0

Then, there exists a constant B2 > 0 such that

Qap(v) = B2 (/ Vol? +’7/ v2) +o (||v||§{1<m) Vo € Fy,,
B(a,p)NQ B(a,p)NQ

where F, ,, is defined in (4).

Proof. Let (eq,...,ey,) be the canonical basis of R™. Without loss of generality, we can assume
that a = 0 and v, = —e,, (which implies that the tangent space to 9 at a = 0 is R~ x {0} and
a basis of this tangent space is (e1,...,€,-1)).

Since p is small and € is a regular domain, there exists a smooth function f : R"~! — R,
satisfying

f(0)=0, Vf(0)=0and QN B(0,p) = {x:: (2',2,) ER"I X R: 2| < p, zp >f(w’)}.
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Now, we define
©:QNB0,p) — R xR, o, 2,) = (2,2, — f(2))). (80)

From (80), we remark that there exists a neighborhood V of 0 in B (0, p) such that ¢ induces a
diffeomorphism between V N Q and BT := {z = (¢/,x,) € B(0,p/2) : =, > 0}, that is

o(VNQ) =BT. (81)
In addition, we have B (0, p/4) C V. Furthermore, from the definition of ¢ in (80), we deduce that

% (a) = i~ 2L
al'ix_el axz

()e, for1<i<n—1 and 887@(1“) = en, (82)

which implies that the Jacobian of ¢ at each point z is 1 (|Jace| =1). Now, let us define the
function vy by
v1: BT — R, v :=vop L (83)

Using (82), easy computations imply that

[Vo(@)]* = (For) (p(@) + O (p](Vor) ((@))]) ,

which implies that, by using (81),

/Vrm |VU($)|2d$ = /B+ |Vv1(z)|2dz +0 (,O/B+ |Vv1(z)2dz) ,

and therefore

/ |W|2+1/ |v|2:/ |w1|2+w/ (vl)Q—FO(p/ |w1|2>. (84)
YN ynQ B+ B+ B+

Concerning the last integral in the definition of @, ,, we have

| wii@i@i= [ wiemee = [ ol (@) e 6)

ynQ

Observe that equation (C. 25) of [27] gives us
8! -
(L4 12al?)” = (12 o7 (2)7) = (1 u2122) T+ 0 (1 + #21212) " 1?)2%p)
- (1+u2|z|2)”+0((1+u2|z\2)”p). (86)

Hence we obtain

/ wﬁ (ap_l(z)) vi(2)dz = /+ wﬁv%(z)dz +0 (,0 /B+ va%(z)dz)

B
_4
— [ 3@+ 0 (plulionen) . 67

Combining (84), (85) and (87), we get

2 _4_
Qa,p(v) = / (IVol? +30%) = = + / W, v
(B(0,p)N2)\V " =2 J(B(0,0)n)\V
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_ n—+2
w [ valer [ @2 [ wgrd o (elulmen).  69)
B+ B+ B+

n—2

Observe that, since B(0, p/4) C V, we deduce that

n—

2/n
4 2 c
wi2v? < cv|? / Wl < ol .
/<B<o,p>m\w v FECD Jampopa) (pp)2 "I ABORND)

Thus (88) becomes
Qup(v) = / (Vo +70%) + Qs (12) + O (pllollars (B0 - (89)
(B(0,p)NQ)\V

At this step, we need to apply Lemma 10 to the function vy, defined by (83), but vy ¢ E*. For
this reason, we decompose v; as follows:

n+1
Z@%—H}l with vi- GE+
Jj=1

where the 1;’s are defined in (76).
Now, we need to estimate the parameters o;’s. Observe that, on one hand we have:

/B+ Vo, Vi = oy /B+ Vb1 |* + J;/m Vi Vi, = coy + 0 (Z |aj|) . (90)

On the other hand, we have:

0
VoV = / V'UIVWO,H = / (_AWO,M) U1 +/ <8WO7M> U1
B+ B+ B+ aB+ v

n+2 a
= wl v —|—/ —w V1. 91
~/B+ 0,p Y1 Y. (ay O,H) 1 ( )

Let Ty := {x = (2/,2,) : |[x| = p and z, > 0} and T'y := {& = (z,0) : |z| < p}. It is easy to see
that

0 0 1
+ _ _ _
0B™ = FlUFQ, %WQ w= 0 on FQ and aa/b’“ =0 <M(n_2)/2) on Fl-
Thus
4 2
[ (o) | < o [ 101 < e oo 92
For the other integral, we get
=2 e “1 =
[ wfido=[ wfiene@e- [ uiieunea. (93)
B+ B+ Vo

Using (86), (93) becomes

nt2 nt2 n+2
[ebin= [ siiemwio(pf i f@hwle)
B+ ynQ ynQ

n+2 n+2
n—2 n—2
_ / Wil - / w0+ 0 (plfol] amsm-aqv gy
Q oV

) 1
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Using the fact that v € F, ,, and equation (19), we obtain

42 1 1
/B+ WO’HQ v =0 <U||L2n/n2(Q) |:M +p+ W]) =0 (HUHLzﬂ/(nfm(Q)) . (94)
Combining (90), (91), (92) and (94), we get
o1 =0 (Z |0’j|) + o0 (H'UHHI(Q)) .
In the same way, we get the estimate of o; for i > 2 and therefore we obtain

o =0 (Z |aj\) +o(lvlme) Yi=1,...n+1,

which implies that
UiZO(HUHHl(Q)) Vi=1,...,n+ 1.

Hence we deduce that
o1 = ot =o(ellwo,) and V(v = of) =0 (ol Y [Vey]). (95)

This implies that (by using vy € E}})

Q+ (v1) :/ |Vv1|2+7/ U%_LH/ w(?%vf
B+ B+ n—2J g+
:/ |vaf2+/ |V (01 —vf)|2+7/ (vf)2+27/ (v1) (v1 —o1)
B* Bt B+ Bt
+2 4
+;7/B+ (”1_Uf_)2_z_2/3+w(i;2 {(Uf')2+2vf' (U1—vf‘)+(v1—vf‘)2]

= Q4 (vF) + ol I2 + I1o]?)

%51 (/B |wf|2+~7/3+ (vff) +o(|lol?), (96)

by using Lemma 10, Eq. (79) and the fact that vi- € Ef.
Combining (96), (95), (89) and (84), the proof of Lemma 11 follows.

WV

Now, we are ready to prove Proposition 1.
Proof of Proposition 1 Let p be a small radius and let B; := B (a;, p)N Q2. Since |a; —aj| = ¢ >0
for i # j, it follows that B; N B; = () for each i # j. Thus we get

Q(v)_zq:</ |Vl + va_n+2/ w"421)2>
=1 \/B; B; n—2Jp, o

n+2 4 4
+/ |Vv|2+/ Vo2 - Z/ Wi 0
O\(UB,) Q\(UB;) n =2~ Jos,

Observe that, for each i € {1,...,q}, we have

n—2

- 2/n
2 28 = <« ¢ 2 97
Wai,pu U X vn Wai,p; X 2||UHH1(Q)' ( )
O\B; Q\B; Q\B; (1ip)
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In addition, let ¥ = min V' > 0, using (97) and Lemma 11, we derive that

Q(v)>2q:62 (v)+/ |V1}|2+/ ve2+ 30 o]
= - a;,p Q\(UBi) Q\(UBi) (sz)Q

g

3 ; o (Ll
= 5(/ VUQ-F’Y/ U2>+/ Vv2+/ Vo? + O
i B; Vel B; Q\UB; Vel Q\UB; (ip)?

= ﬂ3 |U||27

for some positive constant 83 (since p is fixed and the p;’s are large). This completes the proof. B
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