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Abstract. This study examines the transmission with hearing loss disability risk of Lassa fever using a
gender-spesific model based on nonlinear differential equations. The human population is divided into
susceptible females, infected females, susceptible males, infected males, and recovered humans. Empir-
ical data from LASV-endemic regions are employed for rigorous validation and parameter estimation,
ensuring alignment with observed cases. The basic reproduction number Ry, obtained using the next-
generation matrix approach, functions as a necessary limit to quantify outbreak prospects and evaluate
control efficacy. Sensitivity analysis identifies dominant transmission drivers such as rodent-human con-
tact rate. Analyzing optimal control techniques using Pontryagin’s maximum principle, assess the impact
of time-dependent interventions such as rodent population suppression and community-led hygiene edu-
cation.
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1. Introduction

Lassa fever is a hemorrhagic illness carried by rats, with its origins traced back to Nigeria [1].
It has existed in Nigeria since the 1950s. It received notice in 1969 when two nurses succumbed
to the illness in Lassa town, located in Borno State [2]. This disease is mostly confined to
West Africa and constitutes a severe regional health challenge, resulting in substantial annual
morbidity and mortality.

The elimination of the Lassa virus in West Africa remains difficult because of the unpredictabil-
ity of recovery. The virus can stay in human body secretions, such as sperm, even after recovery
[3]. Cases of Lassa fever are most prevalent in Nigeria, Liberia, Sierra Leone, and Guinea. Mas-
tomys natalensis is widespread across these regions. The Lassa virus primarily spreads to
humans through contact with Mastomys rodent urine or by eating infected food, as shown in
Figure 1. Sexual contact is another way that the Lassa virus spreads. The virus can be identi-
fied in semen during the healing phase. Infection can also occur through open cuts or wounds
exposed to the virus [4, 5].

Reports indicate that in certain areas of Liberia and Sierra Leone, approximately 10%-16% of
annual hospitalizations are attributed to Lassa fever, highlighting its serious health implications

*Corresponding author.
DOL: https://doi.org/10.29020/nybg.ejpam.v18i2.6104

Email addresses: aziz.math@pu.edu.pk (Aziz Ullah Awan)

https://www.ejpam.com 1 Copyright: (© 2025 The Author(s). (CC BY-NC 4.0)



K Guedri et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6104 2 of 18

for these populations [6]. Transmission from one individual to another and spread in the lab
can occur due to insufficient prevention and control measures [7]. Lassa fever incidence peaks
during the dry season despite the reproduction of multimammate rodents occurring during the

wet season [8-11].
[@

Mostomys Natalensis transmits the Lassa
virus by contaminating food and grains
with its urine and feces.

®

Figure 1: Transmission of Lassa virus

Development duration of Lassa fever ranges from 6 to 21 days. In about 80% of cases, signs are
mild and often go unnoticed, including moderate fever, general pain, fatigue, and headaches.
However, 20% of infected individuals may experience severe symptoms that can escalate to
acute conditions such as respiratory distress, persistent vomiting, severe pain in various body
parts, facial disfigurement, and shock [12]. Lassa virus affects around 500,000 people annually
and can lead to sudden-onset sensorineural hearing loss in about one-third of survivors. The
World Health Organization estimates that 368 million people globally have hearing impairment,
primarily in developing countries. Sudden-onset sensorineural hearing loss is characterized by
cochlear hair cell or inner ear nerve damage, resulting in a hearing loss of 30 dB or more across
at least three frequencies within 72 hours. [13].

Many authors use mathematical modeling to depict various real-life phenomena such as docu-
mented in [14-18] . Different models such as [19-22] have been developed for diseases to address
specific challenges and enhance our understanding of epidemiological patterns. Onah et al. [23],
Ibrahim et al. [24], and Peter et al. [25] earlier proposed optimal Lassa fever control models,
but their models did not divide the human population by gender. In contrast, the current study
extends previous work by investigating Lassa virus transmission in both human and rodent
populations with a novel emphasis on gender-specific categorization in humans. This model
addresses viral propagation between genders through sexual interactions, providing a nuanced
perspective on how infection pathways may alter depending on sex-based behavioral and bio-
logical factors, a feature missing from previous investigations.

This study offers valuable information for governing bodies and healthcare officials by eval-
uating the impact of different control measures. Additionally, a visual representation of the
control strategy is presented. The findings highlight that limiting human-to-human transmis-
sion, improving recovery rates, and reducing interactions between humans and infected rodents
are crucial steps in bringing the basic reproduction number below one, ultimately helping to
control the outbreak. By combining mathematical modeling with real-world epidemiological
data, this study enhances the accuracy of disease predictions, providing a strong foundation for
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informed decision-making in epidemic management.

2. Mathematical Framework

Lassa fever system consists of the human population and rodent population represented by H ()
and M (t) consequently, which are consistent across time. To study Lassa virus transmission, the
human population is categorized into five groups such as Fs(t) for susceptible females, F;(t) for
infected females, M(t) for susceptible males, M;(¢t) for infected males, and R(t) for recovered
individuals. The whole human population is expressed as:

H(t) = Fis(t) + F;(t) + Ms(t) + M;(t) + R(¢).

Likewise, the species rodent is divided into two groups such as Rs(t) for susceptible rodents and
R;(t) for infected rodents, with the entire rodent population stated as:

M(t) = Rs(t) + Ri(t).

Individuals are assumed to become part of susceptible classes Fs(t) and M(t) along birth at
rates IT and A separately. The principal transmission mechanisms are encounters between rats
and people and human interactions. It can also be transmitted through sexual interaction
among humans [26]. Females and males have rates of rat infestation represented as a; and as
while the rate of male-to-female and female to-male transmission is represented like 81 and s
individually. Infectious females F;(t) and males M;(t) encounter deafness at rates d; and ds.
Both infectious females Fj(t) and males M;(t) recovers at rates p; and po.

Additionally, rodents are assumed to fall into the susceptible class Rs(t) along birth at a rate
U. Susceptible rats can get the Lassa virus by contact with infectious rats R;(t) at a rate
¢. The natural mortality rates for human individuals and rodents are indicated by p and &,
respectively. These presumptions developed the differential equations (1) to characterize the
problem’s biological dynamics. Figure 2 displays the flow diagram for the model (1). The
following is the formulation of the differential equation system:

F, F,M; FsR;
ddt == ﬁlH - alMR —Hhs
d;? - &%Mi + alﬁRi — (n+ 01+ p1) Fy,
M M,F; M;R;
djl\fz‘ _ 52]\]/—_;55 I 0‘2]\]\?& — (@4 02 + p2) M;, (1)
% — 1 Fy + paM; — R,
dRs
= U — ¢R,R; — R,
dR;

pTal ORsR; — {R;.
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Figure 2: Flow diagram for model (1)

2.1. Invariant Region

The interpretation of the invariant region is:
=Ty xT, € R} xR%,

where

(2)

I+ A
Fh:{(FS,FZ-,MS,M,;,R)|H:FS+F1-+MS+MZ-+R< }7

1
and

rr—{(stRi)\M—RﬁRigf}. (3)

The theorem on local invariant sets [27, 28] supports the statement a certain region I' has a
positive invariance. The region I' indicates that the mathematical framework of model (1) re-
maings valid within it.

2.2. Basic Reproduction Number (R))

The likelihood of Lassa fever spreading increases when an individual in the population becomes
infected. The basic reproduction number in epidemiology is a critical threshold for disease
transmissibility. This metric will be calculated for model (1) to help predict whether an outbreak
of Lassa fever will likely occur within the population. The next-generation matrix approach
[29] is used to calculate the basic reproduction number Ry.

Ry = max(Ry, R,), (4)

Ry = 1 ATLBy B2
A+TI\ (p+ 014 p1)(p+ 02+ p2)’

o
R

So, Ry & R, represents the basic reproduction number of rats & humans.

R, =
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2.3. Stability at Disease-Free Equilibrium

This study examines the local stability of the system at disease-free equilibrium (DFE) to
measure immediate systemic trends [29, 30]. The disease-free equilibrium of the model (1) can
be identified by establishing the derivatives of all infected compartments to zero.

Im A ]
(FO, F?, MO M?, R° RO, RY) = <,0, =,0,0, g’0> . (5)
B

At the DFE, the Jacobian matrix J° is

00 om0 o
0 —(,U«‘l‘/(zl +p1) 0 N 0 0 Hf,l‘jl
o o e S 0 0 0 A
J'=10 Nt 0 —(p+d+p) 0 0 K
0 p1 0 p2 -0 0
0 0 0 0 Sy i 4
0 0 0 0 0 0 ¢
The Jacobian matrix J? has the following eigenvalues:
AL = —p,
)‘2 = _Ea
v
)\3:¢Z_€:§(RT_1)’
—(2u+ 01+ 62+ m +P2)+\/(2M+51 +d2 + p1 +P2)2—4((H+51 +p1) (1 + 62 + p2) — (ff%z)
Ay = 5 ,
—(2u+ 01+ 62 + p1 + p2) — \/(2M+51+52+P1+P2)2—4((M+51+,01)(,u+52+p2) —%>
A5 =
2

Clearly A1, A2 and A5 possess negativity. The expression As is also negative when R, < 1. The
negativity of Ay can be checked by taking reproduction number

o 1\/ AL, _
A+TIV (1 + 01 4 p1)(p + 62 + p2)
using
m<(u+51+m)(u+5g+p2)
)\4<—(2u+51+52+p1+p2)+\/(2u+51—|—522+p1+p2)2—4(,u+61+p1)(,u+62+p2)
A <0

Also, it’s clear that A4 has negativity. Negative eigenvalues show the disease’s gradual erad-
ication, leading to stability at DFE. Consequently, the following theorem can be utilized to
understand.

Theorem 1. When Ry < 1, the model (1) shows local asymptotic stability (LAS) at DFE [31].
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A locally stable DFE is achieved by the population when the basic reproduction number Ry is
below 1, indicating a strong possibility of eliminating Lassa fever from the community. This
result is of great importance from an epidemiological perspective. However, if Ry exceeds
one, the infection persists, establishing an endemic presence in the population. Analyzing the
global stability at the disease-free equilibrium is essential to ensuring the disease’s elimination
irrespective of the initial infection levels.

Theorem 2. The model (1) shows global asymptotic stability (GAS) at DFE for Ry <1 [31].

To analyze GAS at DFE, it is enough to verify that conditions Hy and Hs hold when Ry < 1,
as detailed in [32]. The model (1) variables are categorized as M = (Fs, M5, Rs) and My =

I A
(Fi, M;, R;). Furthermore, the DFE can be represented as M; = (—, —, E) By solving the
w o
system of linear equations
Condition (H;): The non-infected subsystem % = F(M;,0) is (GAS) at the DFE. The
non-infected compartments My = (Fs, My, R,) satisfy:
dF, 1I
=1II — uF, Fy(t) —» —
dt /"L S — 8( ) M 9
dM A
=A—puM M,(t) —» —
dt lu’ S :> S( ) /,L Y
dRs v
=V — t —
dt gRS — RS( ) — g?
All solutions converge to M| = <%, %, %) satisfying H;.
Condition (Hz): The infected subsystem dg/f = G(M;y,My) = AMs — G(Ml,Mg) where

A = Dy, G(M7,0) is Metzler and G > 0. The Jacobian matrix block for My = (F;, M;, R;) at
DFE is:

I Bl 1L T
OH_;;\JFM) T+ A “Xi
A= 2 —(u+d a2
II+A (024 p2) @fﬂll
0 0 — ¢
L 3 i
Metzler Property: Off-diagonal entries Gl - SA > 0. Diagonal entries are negative if
IM+A'TI+A —

Ry < 1. Thus, A is Metzler. Define G(My, My) = AMy — G(M;, My):

[/ 10 F, e F, T
= — 7 | BiM; — = i
(H+A H)ﬁl +<M\I/ M)O”R

A M A M
_— = F; — - R;| >0.

<H+A H>62 * (u\y M)ﬁ2

v

— — B, ) oR;
)
Both conditions H; and Hs hold when Ry < 1. Hence, the system is globally asymptotically
stable at DFE. This completes the proof.

o
I

3. Parametric Estimation

Finding the best parameter within a model to closely match empirical data is the main goal of
data fitting and parameter estimation. This procedure involves modifying these parameters to
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lessen the differences between expected outcomes and actual observations. Various statistical
tools, optimization strategies, and curve-fitting techniques effectively match the model with
real-world data. For parameter estimate, data from the Nigeria Centre for Disease Control and
Prevention (NCDC) database is used [33], which records Lassa fever cases over the last eight
years from 2018 to 2024.

It is important to remember that the number of verified infections keeps increasing as the year
progresses, underscoring the urgent need for efficient steps to stop the virus’s spread. Nigeria’s
average life expectancy was 53 years in 2018 [34]. The population of Nigeria was 198387623
in 2018 [35] with 98222504 females [36] and 100165119 males [37]. To determine values for 10
parameters, the model (1) has been calibrated to actual case data, assuming a total rodent
population of 500000. After calibration of the model, Figure 3 compares real and estimated
confirmed cases sorted by female and male, encompassing seven years of data from 2018 to 2024.

6501 @ Actual @ Actual
— Estimated 6501 — Estimated
600 1
600 -
=
550 1
Q c
3 § 550-
3 2
3 _
g% 2 500
o Q
7 5
*g 4501 % 450
z
o 4007 = 4001
: s
S
9 350 350 ]
300 300 -
250 250 -
1 2 3 4 5 6 7 1 2 3 4 5 6 7
Years Years

Figure 3: Comparison of estimated and actual cases

In Tables (1) and (2), the estimated parameter values based on the population of different
genders and real-world data are provided after calibration with the model. Females’ basic
reproduction number is between 0.289781 and 4.95163, while for males, it varies from 0.505957
to 7.83412. The basic reproductive number for rodents is 3.4626.
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Table 1: Lassa fever model (1) parameters based on the female human population

Notations Values Designation Source
I 1853254.8 Growth rate of female human population (34, 36]
A 1889907.9 Growth rate of male human population (34, 37]
v 125000 Growth rate of rodents population assumed
i 0.0188679 Humans natural mortality rate (34]

& [0.19,0.246] Rodents natural mortality rate fitted
ay [2.97 x 1075,3.93 x 107°]  Rate of infection prevalence among female humans via rodents fitted
Qs 1x107° Rate of infection prevalence among male humans via rodents fitted
51 0.25 Rate of infection prevalence from male to female humans fitted
Bo 0.35 Rate of infection prevalence from female to male humans fitted
p1 [0.01, 0.245] Rate of recuperation for female humans fitted
P2 [0.01, 0.246] Rate of recuperation for male humans fitted
01 [0.001,0.246] The rate at which female loss their hearing sense fitted
02 [0.001,0.246] The rate at which male loss their hearing sense fitted

¢ 0.000001 Rate of contamination between rodents fitted

Table 2: Lassa fever model (1) parameters based on the male human population

Notations Values Designation Source
I 1853254.8 Growth rate of female human population [34, 36]
A 1889907.9 Growth rate of male human population [34, 37]
v 125000 Growth rate of rodents population assumed
L 0.0188679 Humans natural mortality rate [34]

13 0.19 Rodents natural mortality rate fitted
a [2.97 x 107%,6.3 x 1075] Rate of infection prevalence among female humans via rodents fitted
1% 1x107° Rate of infection prevalence among male humans via rodents fitted
51 0.468 Rate of infection prevalence from male to female humans fitted
Ba 0.468 Rate of infection prevalence from female to male humans fitted
p1 [0.01,0.2218] Rate of recuperation for female humans fitted
P2 [0.01,0.2218] Rate of recuperation for male humans fitted
o [0.001, 0.2218] The rate at which female loss their hearing sense fitted
02 [0.001, 0.2218] The rate at which male loss their hearing sense fitted

) 0.000001 Rate of contamination between rodents fitted

4. Sensitivity Analysis

Sensitivity analysis investigates the effects of parameter changes on a model’s results. It con-
tributes to the model’s robustness by establishing how changes in different parameters affect
the findings, identifying key elements, and assessing their overall impact. This analysis is useful
for decision-making since it emphasizes the factors significantly impacting the findings, allowing
for more accurate and reliable forecasts or choices.

4.1. Sensitivity Indices

Sensitivity indices measure how different parameters affect the variables in a given problem.
The sensitivity index Ffo, which evaluates the impact of each parameter on Ry, is computed

using the methods described in [38, 39] and is represented by the following equation:

O0Ry x

ko= Z 2 « =
r ox ><Ro7

(6)
Tables (3) and (4) provide an overview of the sensitivity indices. Lassa fever is spread by
increasing values of the parameters 51 (male to female human infection rate), B2 (female to male
human infection rate), and ¢ (rodent-to-rodent infection rate). Parameters p; (female human
recovery rate), ps2 (male human recovery rate), d; (rate at which female loss their hearing sense),
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Jo (rate at which male loss their hearing sense) and £ (rodent mortality rate) inversely influence
disease spread. Notably, £ demonstrates the most significant negative impact, underscoring its
role in outbreak mitigation.

Table 3: Parameters of female population’s sensitivity indices of Ry

Notations Description Sensitivity Index Sign

b1 Rate of infection prevalence from male to female humans 0.5 +ve

55, Rate of infection prevalence from female to male humans 0.5 +ve

p1 Rate of recuperation for female humans [—0.240258, —0.167404]  -ve

P2 Rate of recuperation for male humans [—0.240767, —0.167404]  -ve

01 The rate at which female loss their hearing sense [—0.241239, —0.0167404] -ve

P The rate at which male loss their hearing sense [—0.240767,—0.0167404] -ve

13 Rodents natural mortality rate -2 -ve

0] Rate of contamination between rodents 1 +ve
Table 4: Parameters of male population’s sensitivity indices of Ry

Notations Description Sensitivity Index Sign

b1 Rate of infection prevalence from male to female humans 0.5 +ve

Ba Rate of infection prevalence from female to male humans 0.5 +ve

p1 Rate of recuperation for female humans [—0.2398, —0.167404]  -ve

02 Rate of recuperation for male humans [—0.2398,—0.167404]  -ve

01 The rate at which female loss their hearing sense [—0.2398, —0.0167404] -ve

02 The rate at which male loss their hearing sense [—0.2398, —0.0167404] -ve

¢ Rodents natural mortality rate -2 -ve

10 Rate of contamination between rodents 1 +ve

The sensitivity study demonstrates that parameters 81 and s, which reflect the infection preva-
lence among female and male humans via human have a positive sensitivity index, which signifies
that if the value increases, it causes a hike in reproduction number. Similarly, the sensitivity
analysis demonstrates that parameter ¢ representing the infection rate between rodents has a
positive sensitivity index, which signifies that the reproduction number would spike if ¢ in-
creases. Similarly, the parameter £ reflects the rodents’ natural death rate, and engagement has
a negative sensitivity index, which signifies that increasing the value causes a fall in reproduction

number.
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Sensitivity Index for Female Population
Sensitivity Index for Male Population

Br B2 p1 p2 O1 B2 ¢ ¢ i Br B2 p1 p2 O61 B2 § 0]

Figure 4: Visual representation of sensitivity indices for the basic reproduction number Ry

5. Optimal Control

To develop control model (7), four time-varying variables for control hi, ha, hs and hy are
added to the existing model framework (1). The explanations below provide details about these
time-varying control variables:

e The variables h; and ho are control measures intended to limit virus transmission from
infected rodents to female and male human beings. These precautions include various
actions such as educational initiatives to encourage proper hygiene practices, prohibit
rat utilization, conduct environmental disinfection, and promote the usage of condoms.
It’s critical to understand that the efficacy among these measures to restrain infections
depends on hj and ho to 1. In contrast, providing a zero value to these variables would
fail these measures to stop transmission. Hence, effectively executing these precautionary
measures is vital to eliminate disease.

e The approach of using technology for mobile healthcare to permit timely identification of
possible Lassa-related illness instances from rural or underdeveloped locations is repre-
sented by the control variable hs. This can be accomplished by SMS-based programs or
mobile applications that enable community members and healthcare professionals to re-
port possible cases promptly and provide timely treatment. Proper utilization of resources
and a prompt reaction are made possible by timely reporting, which aids in controlling
outbreaks before they get out of control.

e The variable under control of a comprehensive plan to reduce the spread of the virus
from infected to vulnerable rats is described in h4. This strategy involves several control
methods, including caulking building cracks and gaps, putting wire screens on windows
and door frames, catching and eliminating rodents (ideally using live traps), using roden-
ticides, fumigating infested areas, and possibly bringing in natural predators like dogs,
cats, and barn owls.
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Based on the descriptions above, an optimal control framework for Lassa fever can be developed
by incorporating four time-dependent variables as outlined below:

dFs B1Fs M; o s,
—r - My _ uF;,

dF; — B1FsM; ay FsI,

dt - H +(1 hl) Vi (u+51 —|-,01)F (91h3FZ,
dM; _ BaMsF; M,

g Ak =y o MM
dM; MF; g M,

) 2R 2Ty 4 )M — O, @
dR

i p1ly + palo — pR + 01h3 F; + 01hg M,

dR

=W = 0(1 = 02h)ReR; — €R, — BahuR,

dR;

Cg = ¢(1 — O2hs) RsR; — ER; — O2hyR;.

The objective is to decrease the Lassa virus’s transmission among rats and people in society
while preserving affordability by implementing the four control strategies. The framework is
defined as follows:

Glhy) = /Otf

Let t; denote the terminal time for control implementation with ¢t € [0,t¢]. The constant
weighting coefficients Z1, Zy, Z3, Z4 and X; (i = 1,...,4) quantify the costs associated with the

control strategies h; (i = 1,...,4). The optimization goal is to find the ideal control quadruplet:
h* = {h}, h%, hy, h}},

4
1
Z1F; + ZoM; + Z3Rs + Z4R; + 3 § X;hi(t)] dt, (8)
1=1

G(h1,h3, h3, hy) = min{G(hy, ho, hg, ha) : h1, ha, hs, hy € (}, 9)

which minimizes the total cost of intervention strategies over the time horizon [0,ty].

¢ = {(h1,h2, b3, ha) 2 0 < ha(t), ha(t), h(t), ha(t) < 1, t € [0, 2]}

Within the optimum control framework (7), the control reduction problem (9) is transformed
into a point-by-point Hamiltonian minimization problem by Pontryagin’s maximum principle.
The resulting change is studied in detail in [40], and H is the Hamiltonian equation that results.

4 7
1
H = Z1F; + Z2M; + Z3Rs + ZaRi + ;Xih?(t) + 2 oiYi., (10)
1= 1=

Here, adjoint functions connected to state variables of the optimal control system are represented
by 7; for i = 1,...,7 and the differential equations governing the system’s (7) state variables
on the right-hand side is represented by Y; for ¢ = 1,...,7. The following is the extended form
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of the Hamiltonian equation:

1 1 1 1
M= Z1Fi + ZoMi + ZyRs + ZaRi + 5 X1 + S Xoh3 + 5 Xshj + o Xahj

FsMi Fst
+T1(H—ﬂ1 7 (I —=hy)og i —,UF5>
F,M; F.R;
+ (b= 4 (1= h)ar—— — (u+ 01 + p1)F; — O1hsE;
H M
M F; MR,
+T3<A—(1—hg)52 H — ag Vi _MM3>
MsFi MSRZ
+ 74((1 — ha) [ I + az o (e~ 02 + p2) M; — 91h3Mz'>
+ 75 (Ple' + p2M; — pR + 01h3 F; + 91h3Mi>
+44W—wywﬁg&m—§m—%m39

+ 7 (61 = Oaha) RoRi — ER, — 02h ;)

The subsequent theorem outlines the command h* that addresses the challenge of minimization
(9). It’s vital to remember that the method utilized here is based on the techniques covered in
[41, 42].

Theorem 3. The following system of equations is satisfied by a collection of adjoint func-
tions Ti(t), 72(t), ..., 77(t) if there is an optimal control set hi,h3, h3, h} € ¢ that satisfies (9)
concerning the associated state system (7) as outlined in [42]:

d i M; i

% =7ip+ (11 — 7-2)0[]1\5 + (11— Tg)ﬁl — (1 — 1)l a]l\f

dT Ms MS
2 = 7+ o+ by + (r2 = 75)p1 + (73 — T4)ﬂ2 + (12 — 75)01hg — (73 — T4)h2ﬁ2

dt H H
% =13+ (13 — Ta) aj\f + (73 — 74) 52 — (13— 7'4>h25jq

dr. F

d7t4 = —Zy + Tapp + 1402 + (74 — 75)p2 + (11 — 7_2)5}1 + (14 — 75)01hs3

s _ |

a 51

dT6

o= —Z3 + 16§ + (16 — T7)PR; + T602hs — (16 — T7) 0102y

dr

d7t7 = —Zy+ 16 + (16 — 1) Rs + (11 — T2) 1 Fis + (13 — T4) oM + m702hy — (11 — T2) 1 Fsh1 — (76 — T7) R0

Under the specified boundary limits:
Tlty) =0 Vi=1,2,..,7,
The derived set is determined as follows:

h* = (hi, ha, k3, hy) .
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- Fs 7
h] = min {max{(), (72 Tl)ozl r },1},

X, M
* . 7—4 _T3 MSRZ
h3 = min {maX{O, ( X, )ﬁz T },1}7
(11)
hi = min {max {0, (r2 = 75)00Fi + (74 — 7—5)01Mi} , 1} ,
X3
- 0 s4lg S 19
h} = min {maX {0, (77 = 75)062 RX+ (76 s + 71 i)0 } , 1} .
4

Proof. Pontryagin’s maximal principle can be used to establish the conditions for the exis-
tence of the optimal control problem by utilizing the technique described in [41]. To determine
the adjoint variables, the partial derivatives of the Hamiltonian function must be evaluated for
the state variables.

dmy oH dmo OH dr oH

dt  OF, dt = OF’ dt  OMg’

dry OH dTs OH  drg oH

dt — OM;” dt  9R’ dt  OR’

dr;  OH

dt — OR;
Differentiating the Hamiltonian H with respect to the optimal control quadruplet h* = (h}, h3, hi, b))
within the control set ¢ can determine the behaviour of the controls. Considering the condition

ity =0Vi=1,2,...,7.

OH

oh;
By using basic logic to attach restrictions on the values they contain, the controls can now be
defined

0, i=1,2,...,4

0, ifA; <0,
hi={ AY, Hf0<A <1,
1, A >1.
(1o — 1) Rion F
A =
1 Xl )
A (T4 — 73)P1Fi M,
2 — )
Xo
A . (7’2 — T5)91FZ' + (7’4 — T5)91Mi
3 = )
X3
A= (P16 + Q77)02 — (16 — T7) Rs Ri 06
X4 )

This brings the proof to its conclusion.

The problem has been solved numerically, and the efficacy of the controls put in place has
been evaluated. With the information in Tables (1) and (2), it is estimated that the ideal
campaign will run for 15 years. Positive weights have been set to Z; = 1, Z2 = 5, Z3 = 10,
Zy =15, X1 =3, X9 =6, X3 =9, and X4y = 12. Where, F(0) = 103084231, F;(0) = 9,
M,(0) = 105243174, M;(0) =9, R(0) = 50, R4(0) = 500000, and R;(0) = 10000 are the initial
conditions. The objective of implementing all control measures is to minimize the number of
victims while increasing the number of recovered individuals, as demonstrated by graphical
representations.
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5.1. Control Effects

The best possible control utilizing the baseline parameter values is shown in Figure 5, provid-
ing a comprehensive view of the effectiveness of various intervention strategies. As shown in
Figures 5a and 5b, implementing preventive measures at the onset significantly impacts the
susceptible human population. Initially, as these measures take effect, susceptible females and
males transition into other compartments, leading to a noticeable decline in their numbers.
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Figure 5: Visualization of controls hy, ho, h3, hy
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The effect of these controls on the infected population is evident in Figures 5¢ and 5d, which
display a notable decline in the overall amount of female and male affected people, respectively.
This decline indicates that the control strategies slow down new infections, enhance recovery
rates and limit transmission. This leads to a significant rise in the amount of people recovering
from the illness, as seen in Figure 5e. The growing population of recovered individuals suggests
that applied interventions such as medical treatment, awareness campaigns, and preventive
measures are important in mitigating the spread of Lassa fever and enhancing public health
outcomes.

Moreover, the effect of these control measures is not limited to the human population alone.
Figure 5f demonstrates how applying these interventions reduces the number of susceptible
rodents with time. The control measures continue to be used, indicating the effectiveness of
rodent-targeted interventions such as habitat control and rodenticides. Similarly, Figure 5g
reveals a significant decrease in the number of diseased rodents, further reinforcing the success
of these measures in reducing the reservoir population of the Lassa virus.

Finally, numerical findings that demonstrate the overall efficacy of different optimal control
measures in controlling the spread of Lassa fever are presented in Figure bh. The results
demonstrate that every action substantially slows the virus’s long-term spread. Especially
control hy depicts the best efficacy starting by 100% at the first year and then stabilizes at 75%
efficacy for the next 14 years. By assessing these tactics, the study offers insightful information
on the best methods for disease control, which eventually helps public health officials create
well-informed policies to fight Lassa fever.

6. Conclusion

This study comprehensively explores Lassa fever transmission dynamics across human popula-
tions by taking a mathematical model on opposite gender and rodent reservoirs, demonstrating
its biological validity through evidence of a positively invariant solution and stability at disease-
free equilibrium. The model is calibrated with real-world epidemiological data to estimate
essential parameters, allowing accurate forecasts of the basic reproduction number (Rp).

A sensitivity analysis revealed additional high-impact parameters, such as rodent mortality
(&) and inter-species transmission rates (1, 82), disproportionately influencing outbreak trajec-
tories. Based on these findings, cost-effective intervention techniques are developed, including
targeted health campaigns, mobile technologies for early detection, structural pest-proofing, and
rodent population control by trapping and rodenticides. Finally, graphical simulations assessed
the efficacy of these controls, revealing their ability to reduce illness prevalence significantly and
emphasizing the practicality of the proposed treatments in mitigating Lassa fever epidemics.
These findings bridge theoretical modeling and actionable public health practice, equipping
policymakers with evidence-based tools to mitigate outbreaks. By synergizing stability anal-
ysis, parameter estimation, and sensitivity-driven control design, this work underscores the
transformative role of interdisciplinary mathematical approaches in addressing complex health
challenges.

Future directions include expanding the model to incorporate climate and mobility factors,
conducting real-world trials of interventions, and integrating socioeconomic determinants to
refine predictions and improve control strategies.
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