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Abstract. D-stability is a well-known mathematical tool used to analyze and characterize dynam-
ical systems. It plays an important role in the stability analysis of dynamical systems, particularly
in cases where stability is preserved under various types of perturbation, especially those involving
positive diagonal scaling. The analysis of D-stability ensures the stability of dynamical systems.
In this paper, we present new results on the characterization of D-stability and strong D-stability
for structured matrices of the form (In − A ⊗ P t), where In is an n × n identity matrix and the
matrices A and P associated with a lumped-parameter dynamical system{

x(t) = A x(t) +B u(t), x(0) = x0

y(t) = C x(t) +D u(t).

The results on D-stability and strong D-stability are obtained using mathematical tools from linear
algebra, matrix analysis, system theory and their interactions with the computation of structured
singular values. Furthermore, we present the numerical approximations to singular values and
pseudo-spectrum of Haar wavelet matrices associated with a lumped-parameter dynamical system.
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1. Introduction

Haar wavelets are an excellent mathematical tool for studying and analyzinglyzing
signal processing and optimal control of linear time-varying systems. Regarding system
analysis via Haar wavelets, the classical work was done by [1]. In their classical paper,
Chen and Hasiao [1] constructed and analyzed a Haar operation matrix for the integrals of
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Haar wavelets vector. The Haar product matrix was constructed and analyzed by Hasiao
[2] to study problems such as state analysis of linear time-delayed systems.

Haar wavelets hi(t) denote the group of square waves having the magnitude ±1 in some
given intervals and 0, elsewhere. The zeros make Haar transformation faster compared
with transformations associated with square functions. The scaling function is a line
h0(t) = 1, 0 ≤ t < 1. In general, the Haar wavelets as a family of single square wavelets
can be written as

hn(t) = h1
(
2it− k

)
; n = 2i + k, i ≥ 0, 0 ≤ k < 2i.

The operational matrices used to solve the optimization and identification problems
from the dynamic systems were constructed by using orthogonal functions, see [3]. Many
operational matrices were constructed using orthogonal functions, such as block pulse [4],
Lagurre [5, 6], Legendre [7], Chebyshev [8], and Fourier [9]. In [1], an operational matrix
was constructed for integration using Haar wavelets. Furthermore, this operational matrix
was used to study and analyze lumped-parameter and distributed-parameter systems.

The structural stability scheme with in-plane forces as the discretized parameters was
studied and analyzed in [10–12]. A more general methodology was presented to con-
struct the lumped-parameter force stiffness matrices for elements such as beams, curved
beams, shells and circular plates. The numerical experiments were performed to compare
the results with exact and various other solutions, for instance, the consistent geomet-
ric stiffness matrix solutions. A transfer matrix with in-plane forces in the form of a
lumped-parameters was constructed by [13], and [14].

The computation of structured singular values (µ-values) [15] is a well-known mathe-
matical tool for addressing an important problem in the analysis of linear time-invariant
systems. The µ-value also quantifies the stability analysis of linear systems subject to
structured perturbations. The computation of the µ-value is possible with respect to all
kind of perturbations and this includes, real, complex, and a mixture of both. The exact
computation of the µ-value is an NP-hard problem [16].

The NP-hard nature of computing µ-value motivates the development of iterative meth-
ods and numerical algorithms for computing upper and lower bound. For upper bounds see
[17, 18] and the references therein. For lower bounds, see [19, 20] and references therein.
For applications of µ-values in various research directions, see [15, 21–28].

The D-stability or diagonal stability was introduced in a classical paper by Arrow
and McManus [29], and then by Enthoven and Arrow [30] in the study of equilibrium.
dynamics. A given matrix A is D-stable if and only if for every positive diagonal matrix
D, the matrix product DA or AD has all eigenvalues in the left half of the complex plane.
The characterization of D-stability for various class of matrices have been extensively
studied in [31–34].

The concepts of D-stability and µ-values are closely interconnected. In [35], the novel
results were analyzed and proposed on the relationship between D-stability of real-valued
square matrices and structured singular values. It was shown that a given n-dimensional
real-valued matrix is D-stable if and only if its real-valued µ-value is greater than or equal
to 0, and strictly less than 1. Furthermore, some new results were presented on conditions
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to strong D-stability in terms of µ-values, see [36]. Additional results on the relationships
between D-stability, strong D-stability and real-valued µ-values were presented in [37].
In [38], new results on the interconnections between H-stable, D(α)-stable, semi-stable
matrices and structured singular values were analyzed and presented.

Spectra and pseudo-spectra of structured matrices play an important role to study and
analyze system of linear equations appearing across various research disciplines. Recently,
novel results on the spectral, pseudo-spectrum of D-stable matrices in economic models
were presented in [39]. Spectral properties ofD-stable matrices in transportation problems
were studied and analyzed in [40]. A detailed analysis of stability, D-stability and the
pseudo-spectrum for economic models was presented in [41]. In [42], the interconnection
between Schur stability and µ-values were analyzed, leading to new results.

In this article, we present new results on D-stability, and strong D-stability for the
structured matrix of the form (In −A⊗P t), where In is an n×n identity matrix and the
matrices A and P are from the following lumped-parameter dynamical system{

x(t) = A x(t) +B u(t), x(0) = x0

y(t) = C x(t) +D u(t).

We use an idea of interconnection between D-stability and µ-values to construct our
results. For D-stability, we aim to show that a given matrix is D-stable if its structured
singular values belong to [0, 1).
Overview of article: In section 2, we give basic concepts, definitions, and observations
on structured singular values, D-stability, and strong D-stability. The problem statement
is formulated in section 3 of the article. In section 4, we recall sufficient conditions for
D-stability and strong D-stability of an n-dimensional real-valued matrix. We provide
new results for D-stable, and strong D-stable matrices in section 5. The main idea to
construct and prove new results is based on the computation of eigenvalues, singular
values and structured singular values and their interaction with D-stability and strong
D-stability. Numerical tests for structured matrices, for instance, Haar matrices and Haar
wavelet operational matrices, are presented in section 6, and finally we conclude in section
7.

2. Preliminaries

In this section, we recall the definitions and present well-known results to provide a
background on D-stable and strong D-stable matrices and the computation of µ-values.
We also recall some existing and fundamental results on the interconnections between
D-stable, strong D-stable matrices and structured singular values.

In the µ-theory the uncertainties across the system are presented with the set of block-
diagonal matrices. There are three possible types of uncertainties, that is, repeated real
scalar blocks, repeated complex scalar blocks, and real or complex full blocks. The follow-
ing Definition 1 is about the set of block-diagonal matrices.
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Definition 1. The set B1 is the set of block-diagonal matrices and is defined as

B1 := {diag (δ1Ir1 , δ2Ir2 , · · · , δSIrS ; ∆1,∆2, · · · ,∆F ) : δi ∈ K, ∆j ∈ Kmj ,mj , i = 1 : S, j = 1 : F},

where K = R or C.

The computation of structured singular values or µ-values involve the computation of
eigenvalues and singular values. It demands the computation of the largest singular value
of an admissible perturbation ∆ from the set of block-diagonal matrices such that the
modified matrix I − M∆ for a given system matrix M has atleast one of its eigenvalue
to be exactly equal to zero. The following is the definition of µ-value for a given M with
respect to set of block-diagonal matrices B1.

Definition 2. [15] For a given M ∈ Cn,n, the structured singular value is denoted by
µB1(M) and is defined by

µB1(M) :=

{
0, if det(I −M∆) ̸= 0, ∀∆ ∈ B1

(min{||∆||2 : det(I −M∆) = 0, ∀∆ ∈ B1}) ,−1 else

where min is taken over all ∆ ∈ B1.

Remark 1. [15] The set B1 represents a multi-index of integers. Hence, it does make sense
to identify as one of the valid candidate from the set. This implies that the computation
of µ-value depends on a given matrix and the set of block-diagonal matrices.

Remark 2. [15] In the set B1, the full blocks can be taken as the rank-1 matrices, that is,
dyads.

Remark 3. [15] From the definition of µ-value, one can easily verify that for any α ∈ C,
we have that µB1(αM) = αµB1(M).

An alternative expression for the computation of µB1(M) can be followed from the
following Lemma 1.

Lemma 1. [15] For given M ∈ Cn,n and for all ∆ ∈ B1, we have µB1(M) = max ρ(∆M),
where ρ(·) denotes the spectral radius of a matrix, and max is taken over all ∆ ∈ B1.

The concept of D-stability or some time known as diagonal stability in the literature,
of a given matrix is a play an important and role in matrix theory and control theory,
particularly when analyzing the stability of linear time invariant dynamical systems.

Definition 3. [34] A given n-dimensional matrix M is said to be a D-stable matrix if for
every positive diagonal matrix D, the matrix product DM or MD has all of its eigenvalues
in the left half of the complex plane.

Remark 4. The matrix products DM and MD are the similar matrices and their D-
stability remains preserved under perturbations subject to both rows and columns.
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The following four observations given in [34] holds true for D-stable matrices.

Observation 1. The condition which holds true for matrices under consideration that im-
plying stability and remains preserved under positive diagonal multiplication is a sufficient
condition for D-stability of matrices.

Observation 2. If given M ∈ Cn,n such that DM is stable for a positive diagonal matrix
D, then non of the eigenvalue of M is exactly equal to 0, and hence M -1 is invertible,
D̂TMD̂, D̂MD, MT are all D-stable matrices, with D̂ having a positive diagonal structure.

Observation 3. If given M ∈ Cn,n such that DM is stable for a positive diagonal matrix
D, then k × k principal sub-matrix of M belongs to euclidean closure of k × k D-stable
matrices.

Observation 4. Let M ∈ Cn,n such that DM is stable for a positive diagonal matrix
D, then M is a D-stable matrix if and only if det(M ± iD) ̸= 0, for all positive diagonal
matrices D.

Definition 4. [43] A given M ∈ Cn,n is said to be strongly D-stable if there exists γ > 0
such that M + M̂ is a D-stable matrix for each M̂ ∈ Rn,n with σmax(M̂) < γ.

Remark 5. All the 13 sufficient conditions to D-stability [34] satisfies are extended to
strong D-stability, and the simpler conditions which holds true for strong D-stability are
constructed and analyzed in [36] and compare with the one which are presented in [35].

3. Problem Statement

We consider lumped-parameter dynamical system with x(t) representing the n number
of states; u(t), the input data; y(t), the output data. The lumped-parameter linear system,
with its state equation and output equation has the following mathematical formulation:{

x(t) = A x(t) +B u(t), x(0) = x0

y(t) = C x(t) +D u(t).

Assumption 1. For 0 ≤ t < 1, assume that u(t) is a square integrable function.

The Haar series expansion of square integrable function u(t) can be written as

u(t) = Ã H(t),

where Ã is a structured matrix, and H(t) is the matrix of Haar functions.

Remark 6. The Haar series of state variable vector is dx(t)
dt = FH(t).

The integration of dx(t)
dt yields x(t) as,

x(t) =

∫ t

0

(
dx(t)

dt
+ x0

)
dt = F

∫ t

0
H(r) dr + x0 = FPH(t) + x0.
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In view of u(t), and x(t), one may obtain the following matrix equation,

F = (In −A⊗ P t)Q,

where

F =


f0
f1
...

fm−1

 ;Q =


q0
q1
...

qm−1

 ,

and ⊗ denotes Kronecker-product, that is,

A⊗ P t =


P11A P12A . . . P1mA
P11A P22A . . . P2mA
...

...
. . .

...
P1mA P2mA . . . PmmA

 .

In this article, we study and analyze the lumped-parameter linear system by charac-
terizing the spectral properties of (In − A ⊗ P t). Furthermore, our results are primiraly
based on the analysis of interconnection between µ-theory and theory of matrix stability.

4. Sufficient conditions for D-stability, and strong D-stability

In this section, we provide a number of sufficient conditions for D-stability and strong
D-stability of a given n-dimensional real-valued matrix M . These sufficient conditions are
provided by C.R. Johnson [34] and W.S. Kafri [44], respectively. One may have a look at
these classical papers by Johnson and Kafri to get the proof of each and every sufficient
condition for D-stability and strong D-stability.

4.1. Sufficient condition for D-stability:

For a given M ∈ Rn,n, the sufficient conditions for D-stability are:
C1 : All the eigenvalues λi

(
DM +M tD

)
> 0, ∀i, D is a positive diagonal matrix.

C2 : Given M ∈ Rn,n is an M -matrix, that is, all the off-diagonal entries are non-positive
and all the principal minors are positive.
C3 : There exists a positive diagonal matrix D such that MD = B = (bij) which satisfies
the condition that

Re(bii) >

n∑
j=1

|bij |; i = 1 : n, j ̸= i.

C4 : Given M ∈ Rn,n is a triangular matrix and the real part of all the off-diagonal entries
mii is strictly positive.
C5 : Given M ∈ Rn,n is a sign stable matrix.
C6 : For given M ∈ Rn,n, each principal minor is positive and M is a tri-diagonal matrix.
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C7 : Given M ∈ Rn,n is an oscillatory matrix, that is, M is totally non-negative matrix.
C8 : For each x ∈ Rn,1, x ̸= 0, there exists a positive diagonal matrix D such that real
part of xtDMx is strictly positive.
C9 : For given M ∈ Rn,n, the Hadamard product of P and M is a stable matrix for each
positive definite matrix P.
C10 : For given M ∈ Rn,n each principal minor is positive and M is strictly sign symmetric
matrix.
C11 : Given M ∈ Rn,n such that M ∈ R2,2 ∩ P+

0 .

C12 : Given M ∈ Rn,n such that M ∈ R3,3 ∩ P+
0 , and M =

x a b
α y c
β α z

 .

C13 : Given Given M ∈ Rn,n such that M ∈ Rn,n ∩ P+
0 satisfies GKK condition with

n ≤ 4.

4.2. Sufficient condition for strong D-stability:

For a given M ∈ Rn,n, the sufficient conditions for the strong D-stability are:
C1 : For a positive diagonal matrix D, all the eigenvalues λi

(
DM +M tD

)
< 0, ∀i.

C2 : Given M ∈ Rn,n is an M -matrix, that is, all the off-diagonal entries are non-positive
and all the principal minors are positive.
C3 : There exists a positive diagonal matrix D such that MD = B = (bij) which satisfies
the condition that

Re(bii) < −
n∑

1≤j≤n

|bij |; 1 ≤ i ≤ n, j ̸= i.

C4 : Given M ∈ Rn,n is a sign triangular matrix, and mii < 0, i = 1 : n..
C5 : Given M ∈ Rn,n is a sign stable matrix without having a any of non-zero entry.
C6 : For given M ∈ Rn,n is a jocabi matrix, and each of jth-order principal minor is of
sign (−1)j .
C7 : Given M ∈ Rn,n is an oscillatory matrix, that is, M is totally non-negative matrix.
C8 : For each x ∈ Rn,1, x ̸= 0, there exists a positive diagonal matrix D such that real
part of xtDMx is strictly positive.
C9 : For given M ∈ Rn,n, the Hadamard product (H ◦ (M +G)) is Schur stable matrix
for each positive definite symmetric matrix H, and a perturbation matrix G such that
||G||2 < α, α ∈ R.
C10 : For given M ∈ Rn,n each jth-order principal minor is of sign (−1)j .
C11 : Given M ∈ R2,2 is strongly D-stable iff its jth-order principal minors are of sign
(−1)j .
C12 : Given M ∈ R3,3 with all of its jth-order principal minors are with sign (−1)j , and

m11m22m33 <
m12m23m31 +m21m32m13

2
.

C13 : Given Given M ∈ Rn,n is strongly D-stable matrix if for n ≤ 4, and M satisfies
GKK condition.
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5. New Results

In this section, we present new results on D-stability and strong D-stability for struc-
tured matrices associated with lumped-parameter dynamical systems, as described in the
section on Problem Statement. We make use of various mathematical tools from linear
algebra, matrix analysis and system theory to construct and present our results. The main
ideas involve the computation of the spectrum and the analysis of the interconnections
between D-stability and structured singular values.

The characterization of D-stability [35] for a given real-valued n-dimensional matrix
M in terms of the real structured singular values is given by the following Theorem 1.

Theorem 1. Let M ∈ Rn,n be the given matrix. Then M is a D-stable matrix if and only
if it is stable and none of the eigenvalues of M ± iD is exactly equal to zero, and

0 ≤ µB1

(
(iI +M)−1(iI −M)

)
< 1.

The following Theorem 2 shows that (In −A⊗ P t) ∈ Rn,n is a D-stable matrix if it is
stable and the structured singular values of (In − A⊗ P t)−1 are greater than or equal to
zero and strictly less than one.

Theorem 2. Let (In −A⊗ P t) ∈ Rn,n. Then (In −A⊗ P t) is D-stable if (In −A⊗ P t)

is stable, and 0 ≤ µB1

(
1

(In−A⊗P t)2

)
< 1.

Proof. The matrix (In −A⊗P t) is D-stable if and only if (In −A⊗P t) is stable, and
satisfy the condition that∏

i

λi

([
In −A⊗ P t −P

P In −A⊗ P t

])
̸= 0 ∀i.

To show that 0 ≤ µB1

(
1

(In−A⊗P t)2

)
< 1, it is enough to show that

∏
i

λi

([
In −A⊗ P t −P

P In −A⊗ P t

])
̸= 0 ∀i,∀P ∈ Ω,

where Ω = {P ∈ Rn,n : diag(pii) > 0 ∀i}. Since we know that

∏
i

λi

([
In −A⊗ P t −P

P In −A⊗ P t

])
̸= 0.

In turn this implies that∏
i

λi

[(
In −A⊗ P t

)2 − P

(
1

(In −A⊗ P t)

)
P (In −A⊗ P t)

]
̸= 0.
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Also,
∏
i
λi

(
In − 1

(In−A⊗P t)2
P̃
)

̸= 0, where P̃ = diag(P̃ii) = P, a positive diagonal

matrix from Ω. Further, we have∏
i

λi

(
In − 1

(In −A⊗ P t)2
P̃

)
̸= 0.

Thus, finally we have that 0 ≤ µB1

(
1

(In−A⊗P t)2

)
< 1.

The following Theorem 3 shows D-stability of (In −A⊗ P t) ∈ Rn,n if the real part of
all the eigenvalues of P (In −A⊗ P t) + (In −A⊗ P t)tP is strictly positive.

Theorem 3. Let (In −A⊗ P t) ∈ Rn,n. Then (In −A⊗ P t) is D-stable if

Re

[
λi(P (In −A⊗ P t) + (In −A⊗ P t)tP )

]
> 0, ∀i, ∀P ∈ Ω,

where Ω := {P ∈ Rn,n : diag(Pii) > 0, ∀i}, and

0 ≤ µB1

[(
iIn+P (In−A⊗P t)+(In−A⊗P t)t P

)−1(
iIn−P (In−A⊗P t)−(In−A⊗P t)t P

)]
< 1.

Proof. We aim to show that (In −A⊗ P t) is D-stable matrix if

Re

[
λi

(
P (In −A⊗ P t) + (In −A⊗ P t)tP

)]
> 0, ∀i, ∀P ∈ Ω.

To prove we have to follow all steps of Theorem 1. Next, we aim to prove that (In−A⊗P t)
is D-stable matrix if it’s structured singular value is strictly less than 1. For this, we
consider ∆ ∈ B1, a block diagonal structured matrix. Let

∆ = (i In − P )(i In + P )−1.

As, we know that for P ∈ Ω, and for given (In −A⊗ P t), we have that

λi

[
P (In −A⊗ P t) + (In −A⊗ P t)tP

]
̸= 0.

This yields that

λi

[
P (In −A⊗ P t) + (In −A⊗ P t)tP + iP

]
̸= 0, ∀i

if

λi

[
P (In −A⊗ P t) + (In −A⊗ P t)tP + i(i In +∆)−1(i In −∆)

]
̸= 0.
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In turn this implies that

λi

[(
i In+P (In−A⊗P t)+(In−A⊗P t)tP

)
−
(
i In−P (In−A⊗P t)−(In−A⊗P t)tP

)
∆

]
̸= 0, ∀∆ ∈ B1.

Thus final we have that

λi

[(
In−(i In+P (In−A⊗P t)+(In−A⊗P t)t)P

)(
i In−P (In−A⊗P t)−(In−A⊗P t)tP

)
∆

]
̸= 0, ∀∆ ∈ B1.

The last expression for λi(·) implies that

0 ≤ µB1

[(
i In+P (In−A⊗P t)+(In−A⊗P t)t)P

)−1(
i In−P (In−A⊗P t)−(i In−A⊗P t)tP

)]
< 1.

The following Theorem 4 shows that given (In − A⊗ P t) ∈ Rn,n is a D-stable matrix

if it is stable, and

(
i In + (In − A ⊗ P t)

)−1

(i In − A ⊗ P t) are greater than or equal to

zero and strictly less than one.

Theorem 4. Let (In−A⊗P t) ∈ Rn,n. Then (In−A⊗P t) is D-stable matrix if (In−A⊗P t)
is stable, and

0 ≤ µB1

[(
i In + (In −A⊗ P t)

)−1

(i In −A⊗ P t)

]
< 1, ∀P ∈ Ω.

Proof.

The matrix (In − A ⊗ P t) is D-stable if it is stable and λi

(
(In − A ⊗ P t) + i P

)
̸=

0, ∀P ∈ Ω.
We aim to prove that (In −A⊗P t) is D-stable if it is structured singular value is strictly
less than 1. For this we assume that (In − A ⊗ P t) is D-stable. Let ∆ ∈ B1 with block
diagonal structure, ∆ = (i In − P )(i In + P )−1, ∀P ∈ Ω. Then, P ∈ Ω in terms of ∆ can

be re-written as P = (i In+∆)−1(i In−∆), ∀∆ ∈ B1. Since, λi

(
(In−A⊗P t)+i P

)
̸= 0,

for some P ∈ Ω.
This yields

λi

[
(In −A⊗ P t) + i(i In +∆)−1(i In −∆)

]
̸= 0, ∀i, ∀∆ ∈ B1.

By making use of singular value decomposition, we have

σi

[
(In−A⊗P t)+i(i In+∆)−1(i In−∆)

]
= σi

[(
i In+(In−A⊗P t)

)
−
(
i In−(In−A⊗P t)

)
∆

]
, ∀∆ ∈ B1.

The σi(·) denotes that number of non-zero singular-value of a matrix. From this, we have(
i In+(In−A⊗P t)

)
−
(
i In−(In−A⊗P t)

)
∆ =

(
In−(i In+(In−A⊗P t)−1(i In−(In−A⊗P t))∆

)
.
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This further yields

λi

[
In −

(
i In + (In −A⊗ P t)

)−1(
i In − (In −A⊗ P t)

)
∆

]
̸= 0, ∀∆ ∈ B1,

and hence

0 ≤ µB1

[(
i In + (In −A⊗ P t)

)−1

(i In −A⊗ P t)

]
< 1, ∀P ∈ Ω.

The following Theorem 5 is to give the necessary condition for the D-stability of
(In −A⊗P t) ∈ Rn,n. It is shown that this given matrix is D-stable if we can express it in

matrix series for such the structured singular value of

(
In+(In+A+ A2

2! + . . .)

)−1(
In−

(In +A+ A2

2! + . . .)

)
is greater than and equal to zero and strictly less than one.

Theorem 5. Let (In −A⊗P t) ∈ Rn,n. The necessary condition for (In −A⊗P t) to be a
D-stable matrix i s that for A ∈ Rn,n, (In −A⊗ P t) can be expressed as (In −A⊗ P t) =

In +A+ A2

2! + . . ., and

0 ≤ µB1

[(
In + (In +A+

A2

2!
+ . . .)

)−1(
In − (In +A+

A2

2!
+ . . .)

)]
< 1.

Proof. For the necessary condition of (In − A ⊗ P t) to be a D-stable matrix, we aim
to show that

λi

[
i In + (In +A+

A2

2!
+ . . .)P

]
̸= 0, ∀i, ∀P ∈ Ω.

Let ∆ ∈ B1 with a block-diagonal structure, and ∆ = (In − P )(In + P )−1 such that
P = (In +∆)−1(In −∆). This further yields that

λi

[
i In + (In +A+

A2

2!
+ . . .)(In +∆)−1(In −∆)

]
̸= 0, ∀i, ∀∆ ∈ B1.

Furthermore,

λi

[(
i In + (In +A+

A2

2!
+ . . .)

)−1(
i In − (In +A+

A2

2!
+ . . .)

)
∆

]
̸= 0, ∀i, ∀∆ ∈ B1.

Finally, we conclude that

0 ≤ µB1

[(
In + (In +A+

A2

2!
+ . . .)

)−1(
In − (In +A+

A2

2!
+ . . .)

)]
< 1.
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5.1. Strong D-stability:

In this subsection, we provide new results on strong D-stability of (In − A ⊗ P t),
which is a n-dimensional real-valued matrix. The following Theorem 6 shows the strong
D-stability and we have made use of the eigenvalue perturbation result to the largest and
simple eigenvalue to analyze its behaviour, which in turn helps us to conclude our results
for D-stability.

Theorem 6. Let (In−A⊗P t) be a n-dimensional real-valued matrix. Then (In−A⊗P t)
is strongly D-stable if for n-dimensional matrices A1, A2, · · · , Ar, the matrix log(In−A⊗

P t) +

[(
log(In−A⊗P t)⊗ (A1+α2A2+ · · ·+αr Ar)

)t

∆+∆

(
log(In−A⊗P t)⊗ (A1+

α2A2+ · · ·+α2Ar)

)]
is a D-stable matrix for all ∆ ∈ B1, here ⊗ denotes the entry-wise

product of matrices, and αi ∈ R, αi > 0 ∀i.

Proof. Suppose that ∆ ∈ B1 has a block-diagonal structure, whereas the set B1 can
have a matrix of real and complex uncertainties. For 0 < θ ≤ 2π, let λ(t) = |λ(t)|eiθ be
the simple and largest eigenvalue. Assume that x(t), y(t) have structure and size similar
to given matrix (In−A⊗P t), and are the right hand and left hand eigen-vectors. Consider
that x̃(t) of the form(
log(In−A⊗P t)⊗ (A1+α2A2+· · ·+αr Ar)

)t

∆ + ∆

(
log(In−A⊗P t)⊗(A1+α2A2+· · ·+α2Ar)

)
y(t)

The eigenvalue perturbation result by Kato to λ(t) which yields

d

dt
|λ(t)|2 = 2ϵ

|λ(t)|
r

Re
(
x̃t(t)∆̇(t)x(t)

)
; r = eiθ yt(t)x(t), ϵ > 0.

This further implies that(
log(In−A⊗P t)⊗ (A1+α2A2+· · ·+αr Ar)

)t

∆ +∆

(
log(In−A⊗P t)⊗(A1+α2A2+· · ·+α2Ar)

)
> 0.

In turn, this further yields

log(In − A ⊗ P t) +

[(
log(In − A ⊗ P t) ⊗ (A1 + α2A2 + · · · + αr Ar)

)t

∆+∆

(
log(In −

A⊗ P t)⊗ (A1 + α2A2 + · · ·+ α2Ar)

)]
is a D-stable matrix.

In Theorem 7, we show the D-stability of a 2-dimensional real-valued matrix, that is,(
I2 − (A⊗ P t)

)
∈ R2,2. We again make use of the eigenvalue perturbation result for the

largest and simple eigenvalue to analyze its behaviour, which in turn helps us to conclude
our results for D-stability.
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Theorem 7. Let
(
I2 − (A⊗ P t)

)
∈ R2,2 such that

I2 − (A⊗ P t) = cos(A1 + α2A2 + · · ·+ αr Ar) + i sin(A1 + α2A2 + · · ·+ αr Ar)

where A1, A2, · · · , Ar are 2-dimensional matrices. Then (I2−A⊗P t) is strongly D-stable
matrix if it is stable, and for some α̃ > 0, (I2 − A ⊗ P t) + M is a D-stable matrix with
||M || < γ, where

M :=

(
(I2−A⊗P t)⊗(A1+α2A2+· · ·+αr Ar)

)t

∆+∆

(
log(I2−A⊗P t)⊗(A1+α2A2+· · ·+α2Ar)

)
.

Proof. Let ∆ ∈ B1, λ(t), x(t), y(t) be same as described in the proof of Theorem-5.
Let x̃(t) = M ty(t). We use eigenvalue perturbation result by Kato on simple and largest
eigenvalue λ(t) to have

d

dt
|λ(t)|2 = 2ϵ

|λ(t)|
r

Re
(
x̃t(t)∆̇(t)x(t)

)
; r = eiθ yt(t)x(t), ϵ > 0.

Since, we know that Re
(
x̃t(t)∆̇(t)x(t)

)
> 0, thus(

(I2−A⊗P t)⊗(A1+α2A2+· · ·+αr Ar)

)t

∆(t)+∆(t)

(
(I2−A⊗P t)⊗(A1+α2A2+· · ·+α2Ar)

)
is such that all of its eigenvalues are strictly positive. Next, for D =

(
d1 0
0 d2

)
; d1, d2 > 0,

the matrix(
d1 0
0 d2

)
cos(A1 + α2A2 + · · ·+ α2Ar) + i sin(A1 + α2A2 + · · ·+ α2Ar) +M

allows us to have

log(I2−A⊗P t)+M = log(I2−A⊗P t)+

(
log(I2−A⊗P t)⊗(A1+α2A2+· · ·+αr Ar)

)t

∆+

∆

(
log(I2 −A⊗ P t)⊗ (A1 + α2A2 + · · ·+ α2Ar)

)
as a D-stable matrix.

Theorem 8 shows that given (In−A⊗P t) ∈ Rn,n is a D-stable matrix iff it is a stable
matrix and the structured singular value of Ã is greater than or equal to zero and strictly
less than one.

Theorem 8. Let (In − A ⊗ P t) ∈ Rn,n. Then (In − A ⊗ P t) is strongly D-stable if and
only if (In −A⊗ P t) is stable and ∃ ϵ > 0 such that 0 ≤ µB1(Ã) < 1, where

Ã :=


(
i In + (In −A⊗ P t)

)−1(
i In − (In −A⊗ P t)

)
2i

(
i In + (In −A⊗ P t)

)−1

ϵ

(
i In + (In −A⊗ P t)

)−1

−ϵ

(
i In + (In −A⊗ P t)

)−1

 .
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Proof. As (In −A⊗ P t) is strongly D-stable if and only if (In −A⊗ P t) is stable and

∃ ϵ > 0 such that ∆(In−A⊗P t) ∈ Rn,n having σmax

(
∆(In−A⊗P t)

)
< ϵ, the inequality

0 ≤ µB1

[(
i In+(In−A⊗P t)+∆(In−A⊗P t)

)−1(
i In−(In−A⊗P t)−∆(In−A⊗P t)

)]
< 1

holds true. Consider,

Ã

(
∆(In−A⊗P t)

)
=

(
i In+(In−A⊗P t)+∆(In−A⊗P t)

)−1(
i In−(In−A⊗P t)−∆(In−A⊗P t)

)

= 2i

(
In + (In −A⊗ P t) + ∆(In −A⊗ P t)

)−1

− In

=

(
i In + (In −A⊗ P t)

)−1(
i In − (In −A⊗ P t)

)
− 2i

(
i In + (In −A⊗ P t)

)−1

where

X =
∆(In −A⊗ P t)

ϵ

[
In+ϵ

(
i In+(In−A⊗P t)

)−1∆(In −A⊗ P t)

ϵ

]−1

ϵ

(
i In+(In−A⊗P t)

)−1

.

From [35], it follows that 0 ≤ µB1

[
Ã

(
∆(In −A⊗ P t)

]
< 1, ∀∆ ∈ B1 and for all

σmax

(
∆(In −A⊗ P t)

)
< ϵ

if and only if

0 ≤ µB1

[(
i In + (In −A⊗ P t)

)−1(
i In − (In −A⊗ P t)

)]
< 1,

and thus implying that 0 ≤ µB1(Ã) < 1.

6. Numerical Experimentation

This section is about the numerical experimentation for the approximation and visu-
alization of eigenvalues, singular values, structured singular values, and pseudo-spectra
for Haar matrices and structured matrices corresponding to lumped-parameter dynamical
systems. For pseudo-spectrum in the complex plane, we display the level sets correspond-
ing to resolvent norm ||(A− zIn)

−1||, for a given matrix A.



S. Mazhar, M. U. Rehman / Eur. J. Pure Appl. Math, 18 (2) (2025), 6111 15 of 25

Example 1. For the family of Haar wavelets, the scaling function h1(x) is defined as

h1(x) =

{
1 for x ∈ [0, 1)

0, else.

The Haar wavelets for [0, 1) maybe defined as

hi(x) =


1 for x ∈ [α, β)

−1, for x ∈ [β, γ)

0, else,

where α = k
m , β = k+5

m , γ = k+1
m , m = 2l, l = 1 : j, k = 0 : m− 1. Here, l and k are the

level of resolution and translation parameters, respectively. For j = 3, and n = 16 (the
size of matrix), the Haar matrix H = H(i, j) = hi(xj) taken from [45] is:

H = H(i, j) =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
1 1 1 1 −1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1



.

The spectral properties such as the computation of spectrum, singular values, structured
singular values, and pseudo-spectrum of H(i, j) are presented in Figure 1. In Figure 2,
we plot the eigenmode corresponding to the eigenvalues. The top plot in the figure shows
an envelope which is produced by plotting the absolute value of an eigenmode minus the
absolute value. The real part is shown with a cyan line. The plot at the bottom level
shows absolute value of eigenmode being plotted at a log scale. Further it shows how
quickly an eigenmode is decaying with the time. The condition number computed for an
eigenvalue is shown in the top plot. The large condition number means that eigenvalue is
sensitive to perturbations.

In Figure 2, we plot the value of the inverse of the resolvent norm. We show the
real part of the pseudomode in magenta. The right singular vector corresponding to the
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Figure 1: Spectral properties of matrix H = H(i, j) in Example-1.

smallest singular value of the matrix (zI16 −H(i, j)), is shown in pseudomode.

Example 2. The integration of Hm(t) = [ho(t), h1(t), · · · , hm−1(t)]
t maybe approximated

as ∫ t

0
Hm(τ)dτ ≈ QHm(t),

where Q is Haar wavelet operational matrix with order n. The Haar wavelet operational
matrix of fractional order integration Qα and is given by

QαHm(t) = JαHm(t) = [Qh0(t), Qh0(t), · · · , Qhm−1(t)].
t

Figure 2: Eigenmode (left) and inverse of resolvent norm (right) of matrix H in Example-1
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Here, Qh0(t) =
1√
m

tα

Γ(1+α) ,

Qhi(t) =
1√
m


0, 0 ≤ t < k−1

2j

2
j
2ϕ1(t),

k−1
2j

≤ t < k−0.5
2j

2
j
2ϕ2(t),

k−0.5
2j

≤ t < k
2j

2
j
2ϕ3(t),

k
2j

≤ t < 1,

ϕ1(t) =
1

Γ(α+1)

(
t− k−1

2j

)α
,

ϕ2(t) =
1

Γ(α+1)

(
t− k−1

2j

)α − 2
Γ(α+1)

(
t− k−0.5

2j

)α
,

ϕ3(t) =
1

Γ(α+1)

(
t− k−1

2j

)α − 2
Γ(α+1)

(
t− k−0.5

2j

)α
+ 1

Γ(α+1)(t−
k
2j
)α.

For α = 1.5 and m = 8, the Haar wavelet operational matrix [46] is:

QαH8 =



0.0042 0.0216 0.0465 0.0770 0.1122 0.1516 0.1948 0.2414
0.0042 0.0216 0.0465 0.0770 0.1039 0.1084 0.1019 0.0875
0.0059 0.0305 0.0540 0.0478 0.0331 0.0273 0.0238 0.0214

0 0 0 0 0.0059 0.0305 0.0540 0.0478
0.0083 0.0266 0.0149 0.0113 0.0095 0.0083 0.0075 0.0069

0 0 0.0083 0.0266 0.0149 0.0113 0.0095 0.0083
0 0 0 0 0.0083 0.0266 0.0149 0.0113
0 0 0 0 0 0 0.0083 0.0266


.

The spectral properties such as the computation of spectrum, singular values, structured
singular values, and pseudo-spectrum of H(i, j) are presented in Figure 3. In Figure 4,
we plot the eigenmode corresponding to the eigenvalues. The top plot in the figure shows
an envelope which is produced by plotting the absolute value of an eigenmode and minus
the absolute value. The real part is shown with a cyan line. The plot at the bottom level
shows the absolute value of eigenmode being plotted at a log scale. Further, it shows that
how quickly an eigenmode is decaying with the time. The condition number computed
for an eigenvalue is shown in the top plot. A large condition number means that the
eigenvalue is sensitive to perturbations.

In Figure 4, we plot the value of the inverse of the resolvent norm. We show real
part of pseudomode in magenta. The right singular vector corresponding to the smallest
singular value to the matrix (zI16 −H(i, j)), is shown in pseudomode.

Example 3. We consider 50, 100 and 200 dimensional Haar matrices which are generated
by MATLAB command haarmtx(n). The spectral properties like the computation of
spectrum, singular values, structured singular values, and pseudo-spectrum of 50, 100 and
200 dimensional Haar matrices are presented in Figure 5.

In Figures 6-8, we plot the eigenmode corresponding to the eigenvalues. The top plot
in each figure shows an envelope which is produced by plotting the absolute value of an
eigenmode and minus the absolute value. The real part is shown with a cyan line. The
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Figure 3: Spectral properties of matrix QαH8 in Example-2.

plot at the bottom level in each figure show absolute value of eigenmode being ploted at a
log scale. Further it shows that how quickly an eigenmode is decaying with the time. The
condition number computed for an eigenvalue is shown in the top plot. The large condition
number means that eigenvalue is sensitive to perturbations. Further, we present the plot of
the value of inverse of the resolvent norm. We show real part of pseudomode in magenta.
The right singular vector corresponding to the smallest singular value corresponding to
matrix zI −M , is shown in pseudomde.
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Figure 4: Eigenmode (left) and inverse of resolvent norm (right) of matrix QαH8 in
Example-2



S. Mazhar, M. U. Rehman / Eur. J. Pure Appl. Math, 18 (2) (2025), 6111 20 of 25

Figure 5: Spectral properties of 50, 100 and 200 Haar matrices in Example-3.
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Figure 6: Eigenmode (left) and inverse of resolvent norm (right) of 50 dimensional Haar
matrix in Example-3

Figure 7: Eigenmode (left) and inverse of resolvent norm (right) of 100 dimensional Haar
matrix in Example-3

Figure 8: Eigenmode (left) and inverse of resolvent norm (right) of 200 dimensional Haar
matrix in Example-3
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7. Conclusion

In this article, we have presented new results on D-stability and strong D-stability for
the structured matrix of the form (In−A⊗P t), where In is an n×n identity matrix and the
matrices A and P correspond to the following lumped-parameter dynamical system. Our
proposed methodology is based on the collection of various tools from linear algebra, matrix
analysis and system theory. The analytical and numerical results on D-stability, strong
D-stability, spectrum and pseudo-spectrum are obtained by interconnecting the concepts
from D-stability theory and µ-theory. In order to further advance the understanding of
D-stability analysis for the lumped parameter dynamical systems, our future research
aim is to develop a comprehensive lumped-parameter models for the stability, H-stable,
D(α)-stable, and D-semistable matrices.
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