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Abstract. In this paper, we introduce a new operator based on the Salagean g¢-differential ap-
proach to define a new class of analytic functions. Using this operator, we obtain estimates for the
first two coefficients in the Taylor series, |az| and |as|. A significant part of the study focuses on the
Fekete—Szeg6 inequalities for the function classes ./\/lC oa. SO\, K, @) and MU " "< (v, N, k). Through
our analysis, we derive several important results, 1nclud1ng some special cases that we present in
this paper as Corollaries.
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1. Introduction

Let A denote the class of all analytic functions J defined in the open unit disk U =
{z € C:|z| < 1} and normalized by the conditions J(0) = 0 and J'(0) = 1. Each J € A
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has a Taylor series expansion of the form:
oo
J(z) =z + Zanz”, zZ €U, (1)
n=2

For every J € S, there exists an inverse map J~! satisfying the following conditions:

37N 3(2) =2, zeu,

e

I @) =w, el <ro(3); r0(3) >
The inverse function is given by the series:
T Y w) = w — ayw? + (203 — a3)w® — (5a3 — Sagaz + ag)w* + - - - . (2)

Definition 1. A single-valued complex function J is said to be univalent in a simply
connected domain D if it does not take the same value twice in D; that is, J(z1) # J(22)
whenever z1 # zo, for all z1,20 € D.

Definition 2. A function 3 € A is said to be bi-univalent in U if both J(z) and I~1(2)
are uniwalent in Y.

Let ¥ denote the class of bi-univalent functions in U defined by (1). Examples of

functions in ¥ include:
1 1
—log(1 — z), 2log< +Z>,....

1—2’ 1—2

It is worth noting that the familiar Koebe function is not a member of ¥ because it
maps the unit disk U univalently onto the entire complex plane except for the part of the
negative real axis from —% to —o0.

The class S*(«) of starlike functions of order o in U has been extensively studied and
is a subset of S. By definition:

S*(a) = {’J €S:Re (jj/((j))

Ezrohi [1] introduced the class H(«), defined as:

>>a,z€w,0§a<1}. (3)

H(a) ={TeS:Re{J(2)} >, z2€U, 0 << 1}. (4)
Similarly, the class K(«) was introduced by [2]:
1/
K(a):{.FES:Re<1+Z;($)>>a,z€@,0§a<1}. (5)

A function J € A belongs to the class S5,(«) of strongly bi-starlike functions of order o

0<a<l)if
27 (2) am
|arg j(z) |<7, z ey,
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o (T <7 o

where G = L.

Here, we revisit the g-difference operator, a fundamental tool in g-calculus that plays
a key role in various fields such as hypergeometric series, quantum physics, and opera-
tor theory. The g-calculus framework, introduced by Jackson [3], has been extended to
fractional g-calculus operators, as utilized by Kanas and Raducanu [4]. For more details,
readers are referred to [3, 5-31]. Below, we outline key definitions and concepts, assuming

0<g<l
The Jackson g-derivative of a function J € A is defined as [3]:
3(2)=3(g2) 0
D)= G0 70 ©)
’j/(())’ z=0,

with the second g-derivative given by:

D23(z) = Dyg(Dg3(2)).

Using the above, D;J(z) can be expressed as:
oo
D3(2) =1+ ) [nlganz""", (7)
n=2

where the g-basic number [n], is defined as:

As ¢ — 17, [n]y = n. For h(z) = 2", the g-derivative becomes:

This result converges to the classical derivative h/(z) = nz""!as ¢ — 1.
Recently, Govindaraj and Sivasubramanian [32] introduced the Salagean g-differential
operator:

DYI(z) =3(2), D,I(z) = 2D,3(z),

D;'3(z) = 2D (D 13(z2)),
o0
Dy'3(z) =z + Z[n]@”anz", m € Ng, z € U. (8)
n=2

[33] Define the generalized operator:

DY3(z) = DJ'3(2),
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/

]D)},’mj(z) = (1-0)Dy"3(2) + az(D;”ﬁ(z)) ,

_z+z [1+ (n—1)o]ayz", (9)

DS (2 _z+Z [1+(n—1)0]%anz", o>0,(eN, (10)

As ¢ — 17, the operator reduces to:

D$™I(2) = z + an[l +(n— l)a}canz", o >0, m,( e Np. (11)
n=2
Definition 3. A function J(z), as described in (1), belongs to the class ./\/lg’ s(ON K, @)
if:
1 d DS73(2) am
14+ =[(1 = X)(=D$™7 ol | —
\arg( + L1 = NCEDERI(E) + XL 1)|< .

and

1 d _cm ngyg(w) am
|arg (1 + E[(l — %)(d—q]D)g’q G(w)) + %f — 1]) | < R

where 0<a<1l, X>0,k>1,0>0,m,( €ENyz,weU.

Definition 4. A function J(2), as described in (1), belongs to the class ./\/lc’ (7N K)
if:

1 d D573 (2)
1+ =[(1=X)(=D5™3 PNt Bk G2 |
Re< + %)(dq o J(2)) + . I >

and

¢,m
Re (1 + L1 =N DG G() + nE A 1]) >,

where 0<~vy<1, X>0,k>1,0>0,m(€eNyz,weU.
To prove our theorem, we will make use of the following lemma:

Lemma 1 ([34]). If h belongs to the family H, where H represents all analytic functions
in U satisfying Re(h(z)) >0 and h(z) = 1+ hyz + ho2® + - -+, then |h;| < 2 for each index
7.
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Coefficients Bounds for Classes M5 (X, k, o) and MS™ (v, X, k)

U,q,E U,(LE

Theorem 1. Let J(z) given by (1) be in the class Mg’gn’z(%, Kya), with 0<a<1, x>
0, k>1,0>0,m,( €Ny z,w € WU. Then

8ak

\/4a/<;[1 +20] (1= 2B+ X[B]) = (@ = 1)[1+ 0] (1 = N2+ + N [2]m)2

las| <

I

and
2c 8a?k?

|ag| < ; T 2 mt1 ’
[1"'2‘7} ((1— >\)[3]Zn+1 + >\[3]2”)’ ’[1 + U] ((1— >\)[2]q + >\[2]31n)2‘

=

Proof. To establish the theorem, the definition (3) is utilized in its equivalent forms:

Cmay

1 20 - WD) + 3 gy e, (12)
(o

1+ 210 - W DERG(@) + 3L g = el (13)

where v(z) and ¢(w) belong to the class H and satisfy the conditions defined in (1) .
These functions can be expressed as:

v(z) =1+ vz +vez? +ugzd +-- (14)

c(w) =14 1w + cow? + c3w® + -+ . (15)

By equating coefficients in the above equations, the following relations are obtained:

¢

Lol (1ot + nes = an, (16)
[1 + 2G]C m—+1 m a(a B 1) 2

T((1—>\)[3]q +X[3]y")as :am—i—TUl, (17)

¢
Sl o len = ac, (18)

and <

M((1 = XN)BIF -+ XN[B]7")(2a3 — as) = acy + O‘(O‘Q_Dc% (19)

Using the equations (16),(18) , it follows that:

v = —Cq, (20)
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[1+a}2<

7 (L= N)2I7H + 120773 = o*(vF + ). (21)

K
From equations (17) and (19) , it can be concluded that:

dak[1+20]((1 = 2B+ XBM)a3 = 20262 (v2 + c2)+

2 m m
(@ — 1)1+ 0] (1 =221+ + N[22, (22)
Consequently, we obtain:

202 K2 (vg + ¢2)

2
a2 = 5
dak[1+20] (1= 2B+ XB]m) — (@ — 1)[1+ 0] (1= )2+ + X [2)m)?2
(23)
and the upper bound for |as| is determined as:
8ak
lag| <

- \/4%[1 +20]°((1 = 2Bl + XN[38]m) — (= )[4+ 0] (1 = N[5+ + x[g]gn)z'
By using equations (17) , (19) and (21) we have:

a(vy — c3) a?k2(v? + c3)

+ [1+0] QC((l — )2+ X[Q]Z@)f (24)

4= [1+20] ¢

K

2

(1 =>0)BFH +X1[3]m)
and the following upper bound is obtained:

2 8a?K?

RN

<
las] < [1420]°

=

(1 =>)Blg " + X3l

This concludes the proof.

Theorem 2. Let J(z) given by (1) be in the class Mg:g?z(%%,n), where 0 < v <
1, X,6 >0, k>1,0>0,m,( €Ngz,weU. Then

las] < 2k(1 —7)
TV 200 0Bl + N3l

and
8k2(1 — )2 N 2k(1 =)
[+ 0] (=2 X202 [[1+20](@ = 2[B! + X [3]m)|

las| <
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Proof. Tt can be inferred from definition (4) that there exist v(z) and ¢(w) € H such
that

Comme
L4 L0 -G - s o), @)
and m
1+ %[(1 - x)(;‘gmgf;lg(w)) + xD”’qu(w) — =7+ 1 =)ec(w). (26)
Equating coefficients in (25) and (26) , we obtain:
¢
[120]((1 = XRIFT N as = (1= v, (27)
¢
[1:20]((1 = MBI+ NBIas = (1= ), (28)
¢
L ZU] (=N + X [27)az = (1= e, (29)
and )
[1:20}((1 = XNBI HXBIT) (205 - ag) = (1= 7). (30)

Utilizing equations (27) and (29) , we deduce the following:
v1 = —Cq, (31)

and
[1 + a} 2

7 (L= NI+ 7[207)%a3 = (1= 7)*(vf +¢f). (32)

K
From equations (28) and (30) , it can be concluded that:

¢
2o I+ 8Bl = (- (e + ) o

Consequently, we obtain:

S S ) L — 0
2[1+20]%((1 = 2B+ 1 [3l)

This determines the upper bound for |asl:

" 26(1 —7)
= \/\ [14+20]°((1 = 2)[3L + X [3]m)] %)
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Next, for the purpose of establishing the constraint on |ag|, we subtract (28) and (30),
using (32), we get:
¢
2|14+ 20
[H]((l = N)BIFH +XBIT)(as — a3) = (1 —7)(v2 — c2). (36)
Alternatively, it can be expressed as:

v — a2 r(1—7)(v2 — c2)
’ " 2[1+20]°((1 = X[+ + x[g]gz)' 37)

By using equation (31) in (32), we have:

as = KA1 —7)*(vf +¢f) " k(1 —7)(va — ca) (38)

(14 0] (1= X2 )22 2[1 4 20]°((1 = 2Bl + X[3]m)

We can establish the following upper bound for |ag|:

|a3| < 8’%2(1 B 7)2 + 2’%<1 — 7) (39)

T+ o] =R N2 L+ 20] (1 = N[BT+ N3]
This completes the proof.

2. Corollaries and Consequences

By substituting X = 1 in Theorem (1) and Theorem (2), we arrive at the following
corollaries, respectively:

Corollary 1. Let 3(z) given by (1) be in the class /\/lg’;nz(l, Kya), with 0<a<l1, kK>
1l,o >0, x=1m,( €Ny z,w € U. Then

8ak

lag| < R 2 '
VAar[L+20](3]7) — (0 — 1)1+ 0] * (212

and
20 82k

laal < [1120]¢ " 1+ o] ([21m)2]

[ (B

Corollary 2. Let J(z) given by (1) be in the class ngz(%laf‘?); where 0 < v <
1, k>1,o>0x=1m,( €Ny z,w € U. Then

lag| <
] 1+20 )|

8k%(1 —v)? 26(1 =)
< 5 +
[1+a]™ (22 |1+ 20]° ([3]m)]

and
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By substituting £ = 1 in Theorem (1) and Theorem (2), we arrive at the following
corollaries, respectively:

Corollary 3. Let J3(z) given by (1) be in the class Mgﬁz(k, l,a), with 0<a<1, N>
0, k=1,0>0,m,( €Ny z,w € U. Then

8«
laz| < :
i \/4a[1 +20] (1= 2Bl + XBIm) — (@ — 1)1+ 0] (1= 227+ + X [2)m)?2

and
2 8a?

¢ m+1 m - 2¢ m+1 my2|
[1+20]7((1 =28 +XBlm] - [[1+0] (1 =221 + X [2]7)?

laz| <

Corollary 4. Let J(z) given by (1) be in the class Mgzgﬁz(’y,k,l), where 0 < v <
1, x>0, k=1,0 >0, m,( € Ngz,w € U. Then

|a2| < 2(1 B 7)
VI 20000 = 0Bl 1 3])|
and

8(1—)? N 2(1—7)
2¢ . m-+1 m\2 ¢ _ m+1 m
[[1+ 0] (=217 + X222 |[1+20]>((1 = X)BIF + X[B]7)|

las| <

By substituting a = 1 and v = 0 respectively in The previous corollaries , we arrive:

Corollary 5. Let J(z) given by (1) be in the class Mg’:z(%, 1,1), with 0<a<1, N>
0, k=1,0>0,m,( €Ny z,w € U. Then

8
|a2| S .
\/4[1 +20]5((1 = )[BT + X [3]m)
and
jas] < 2 + 8

[1+20]°((1 = 2Bl +X\BIm)| [T+ 0] (1 = 225 + X[2m)?|

Corollary 6. Let J(z) given by (1) be in the class Mg”;’:‘z(o,x,l), where 0 < v <
1, x>0, k=1,0 >0, m,( € Ngz,w € U. Then

ol < G
[T+ 20]>((1 =) BF™ +X[B]m)|

and
8 2

S T oo+ 1+ 2005 — B+ Bl
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3. Fekete—Szegd Inequalities for the Functions in the Classes
ME™ (N, K, ) and MS™ (7, N, K)

0',q72 0'7Q7Z

In this section, the focus is on the Fekete—Szeg6 inequalities for the Functions in the

Classes Mgzg?z(%, K, a) and Mg’,zz(’y, N, K).

Theorem 3. Let J(z) given by (1) be in the class Mg’;n’z(x, Kya), with 0<a<1, x>
0, k>1,0>0,m,( €Ny z,w € WU. Then

[1 2]( e fOT’|h(@)’S [1 2]( !
L (a=oBr s L (a=oBl sy
laz — Oa3| <
2a[1(6) for WO} 2
22 (@B s |
(40)
Proof. From equations (23) and (24), it is derived that:
as — Qa2 = T afvy — c2) +(1—0)d2
20— (1= )BF + X8
Also,
as — @a% = - vz — c3)
2122l (1o +nslp)
N 2(1 — ©)a?k%(v2 + c2)

dar[1+20]° (1= 2B +X[B1) — (@ — D1+ 0] (1 =221+ + X [2m)°

Simplify to:

a3 — Qa3 = o (h(@) + : ! )Ug
[H,ja} (1 =X Bl +X[3]m) -
+ (h(@) — c ! )(:2]
2ol (1ol + sl
where
h©) 2a(1 — ©)K?

N dar[1+20]° (1= 2B +X[BM) — (@ — D1+ 0] (1 =221+ + X[2m)°
(42)
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Theorem 4. Let J(z) given by (1) be in the class Mg’Z’E(%x,n), where 0 < v <
1, X,6>0,xk>1,0>0,m,( €Ngz,weU. Then

2r(1-1) for |n()] < L
[2[14+20] " (2B T3l = pe[1+20] (B
lag — ¥a3| <
26(1 = )|h(9)] Jor |n(d)] = :
121520 (1= B 4Bl
(43)
Proof. From equations (37) and (33), it is derived that:
as — 9a2 = ,2(1 =)z = o) +(1— )
2[1+20]°((1 = XN)[B]F™ +X[3]m)
Also,
S r(1—7)(v2 — c2)

2[1+20]°((1 = )37 + X3
k(1 —9)(1 —7)(vo + c2)
2[1+ 2015 ((1 = N [BI7 " + X3

Simplify to:

ag—ﬂa%:nﬂ—v)[(h(ﬁ” ¢ : m )UQ
1
+ (h(ﬁ) - 2[1 N 20]€(<1 . >\)[3]gn+1 4 >\[3]Zz)>62]
where
o (1—9) (45)

21+ 20]°((1 = 2B+ + X [3]m)

4. Corollaries and Consequences

By substituting X = 1 in Theorem (1) and Theorem (2), we arrive at the following
corollaries, respectively:

Corollary 7. Let J(z) given by (1) be in the class Mgzg?z(l, k,a), with 0<a<1, N>
0, k>1,0>0,m,( €Ny z,w e WU. Then
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m for [n(©)] < ﬂ](m
a3 —Od3| < , 1o
\20['4% [1+20]<([31?)(:«?—)T>[1+a] 24([21@2' el = | [Hi”]% (1)1
where 20(1 — O)r2
h®) = 4aﬁ[1+20]<([315 " (o _Iil)[l_i_a.]ZC(p]gn)z (47)

Corollary 8. Let J(z) given by (1) be in the class Mg’;nz(”y,l,/i), where 0 < v <
1, X\,0>0,k>1,0>0,m,( €Ny z,w € U. Then

M fO'f’ ‘ (1-9) < 1
\2[1+20]C([3]{1’l)| 2[1+20]<([3]{Z") - |2[1+20]<([3}{In)\
las — 75‘@%\ < (48)
2(1 — )| —=D | for (1-9) > 1
2[1+20] ‘@m) 2[1+20]<([3]{Z") |2[1+20]<([3}{In)\

By substituting x = 1 in Theorem (1) and Theorem (2), we arrive at the following
corollaries, respectively:

Corollary 9. Let 3(z) given by (1) be in the class /\/lg:zfz(%, lLa), with 0<a<1l, N>
0, 0 >0,m,(eNgz,welU. Then

2a h(O)| < 1
[[1420]* (A0l sl ) | Jor RO} = |[14+20]* (A0l sl ) |
lag — @a§| <
h(© h(© 1
2a1h(®)| Jor |h(©)] 2 |[1420] * (A=20 B3I
(49)
where
2a(1 — ©)
h(©) = ¢ +1 2¢ +1 2
414 20]> (1 =XN)BIFT +XB]P) — (= 1)[1+0]™ (1 —XN)[27 + X[2(]g”g
50

Corollary 10. Let 3(z) given by (1) be in the class Mg’g?z(’y,k, 1), where 0 <~ <
1, X,6>0,0>0,m,( €Ngyz,wel. Then
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2(1—7) 1
12[1420] (LB BT Jor WD) < 12[1420] (L) B BT
lag — 19a3| <
— > 1
2(1 — 7)|h(9)] for |n(d9)| > ATEN RN peryr—
(51)
where
9) = d-9) (52)

21+ 20]°((1 = 2B+ + X [3]m)
By substituting a = 1 and v = 0 respectively in The previous corollaries , we arrive:

Corollary 11. Let 3(z) given by (1) be in the class Mgﬁz(k,l,l), with 0 < a <
1, x>0, 0>0,m,( €Ny z,weU. Then

2 1
for |h(©)] <
|[1+20] ‘ (@=BIF+ 31| |[1+20] ¢ (@=BIF+ 31|
laz — ©a3| <
2[h(©)] for |n(©)| = !
|[1+20] ¢ (@=BIF+ 31|
(53)
where 51— 6
0) - 1-9) (54)

4[1+20]° (1= 2B +X3])

Corollary 12. Let J(z) given by (1) be in the class MEZZZ(O,X, 1), where 0 <~y <
1, \,0>0,0>0,m,( € NygzweU. Then

1 1
for [p(9)] <
|[1420] (-0 B 31 j2[1+20] (Bl 413l
jag — da3| < (55)
2|h(9)] for [p(9)] = !

12 [1+20] (BB

where

(1-9)
21+ 20]°((1 = 2Bl + X[3]m)

h(v) = (56)

5. Conclusions

In this paper, we introduced a new operator based on the Salagean g¢-differential ap-
proach to define a new class of analytic functions. We provided estimates for the Maclau-
rin coefficients |az| and |ag|, and addressed the Fekete-Szegd problems. Additionally, by
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specializing the parameters ME’ZLZO\, K,a) and MSZZE (7, N, k), we hope this study will

inspire other researchers to extend this family to harmonic functions and symmetric g-
calculus. Our approach can also be adapted to incorporate the symmetric ¢-sine and
g-cosine domains as alternatives to the current domain.
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