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Abstract. In this paper, we consider a nonlinear inverse boundary value problem for a fourth-
order pseudo hyperbolic equation with nonlocal conditions of the integral type. First, we introduce
the definition of a classical solution to the problem. The purpose of this paper is to determine the
unknown coefficient of the right-hand side and to solve the problem of interest. The problem is
considered in a rectangular domain. To study the solvability of the inverse problem, we perform a
transformation from the original problem to some auxiliary inverse problem with trivial boundary
conditions. Using the principle of contraction mappings, we prove the existence and uniqueness of
solutions to the auxiliary problem. Then we again perform a transformation to the problem and
as a result obtain the solvability of the inverse problem.
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1. Introduction

The foundations of the theory and practice of studying inverse problems were laid and
developed in the pioneering works [1], [2], [3], [4]. Subsequently, the applied significance
of inverse problems attracted the attention of many authors, and in recent decades nu-
merous articles and monographs devoted to inverse problems have been published (see,
for example, [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19] and the
literature cited therein).
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2. Problem Statement on Determining the Unknown Coefficient and
the Constant Term

In the rectangle Iy = {(z,t) : 0 <2 < 1,0 <t < T} we will consider the following
problem:
Wit (.%', t) — Wttex (-T7 t) + Wrrrr (ZL'; t)

= p(t)w(z,t) +Y(t)r(z,t) + s(x,t) (x,t) €, (1)
T
w(z,0) = e(x) —i—/o o1(t)w(x, t)dt,
wi(z,0) =v(z) + OT oo(t)w(z,t)dt (0 <z <1), (2)
w(0,t) = we(1,t) = weg(0,1) = weea(1,8) =0 (0<t<T), (3)
Wl t) = nilt) (i€ (0,1) i=1,% a1 4w 0<t<T), (1)

1)
where r(z,t), s(x,t), e(x), v(z), oi(t), ni(t) (i = 1,2) given functions, and w(x,t), ¢(t),
1 (t)-sought functions.
Let us designate

VA2(IIy) = {w(z, t) - wlx,t) € CHI7), Wepes (T, 1), Wiee (z,t € C(I17)}.

Definition 1. We call the triple of {w(x,t), p(t), ¥(t)} functions w(z,t), ¢(t) and P(t)
a classical solution of problem (1)-(4) if:

(i) w(z,t) € VH2(IIr);
(ii) o(t) € C[0,T) and 1(t) € C[0,T];
(iii) functions w(x,t), p(t) and ¥(t) satisfy all conditions (1)-(4) in the usual sense.

Let us consider the following problem: Find a triple of {w(z,t), v(t), ¥(t)} functions
w(z,t) € VI2(IIy), p(t) € C[0,T] and ¥(t) € C[0,T) from relations (1)-(3), and

h;;,(t) — Witz (l"ia t) + Wrrre (-’L‘i, t) =
= eni(t) + p@)r(zi, t) + s(zit) (i =1,2; 0 <t <T). (5)
Similarly ([1]) the following is proved

Theorem 1. Let s(z,t), r(z,t) € C(Dr), e(x),v(z) € C[0,1], n(t) = ni(t)r(za,t) —
no(t)r(z1,t) #0 (0 <t <T), ni(t) € C?[0,T) (i = 1,2), 0;(t) € C[0,T], and the matching
conditions

T T
n;(0) = /0 o1 (t)n;(t)dt + e(xz;), ni(0) = /0 oo (t)n;(t)dt + v(x;), i=1,2,
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are satisfied.

Then the following assertions are valid:

i) each classical solution {w(x,t), (t), ¥ (t)} of the problem (1)-(4) is a solution of
problem (1)-(3), (5), as well;

i) each solution {w(x,t), p(t), ¥ (t)} of the problem (1)-(3), (5), if

T
(Toe@lleto + Ior(0) legoy + 5 IoOlltom ) T <1,

is a classical solution of problem (1)-(4).

3. Study of Solvability of the Inverse Problem

It is obvious that component w(z,t) of the solution {w(z,t), p(t),1(t)} of (1)-(3), (5)
has the form:

£ =" wi(t)sin A ()\k - g(% - 1)) , (6)
k=1
where wy(t) = 2 f (x,t)sin \yxdz (k= 1,2,...)-Fourier coefficients of component w(z, t)

in the ﬁeld in the Ly(0,1) system (A, = 5(2k — 1))~
Then applying the formal Fourier scheme, from (1) and (2) we obtain

(1+ X)W (t) + Mwp(t) = Qrt;w, p,0) (0<t<T; k=1,2,..), (7)

T T
wk(())zek—i—/o o1 (t)wi(t)dt, w;(O):vH/O o(Wwpt)dt (k=1,2,..), (8)

where

Qu(t;w, 0, v) = p(t)wi(t) + Y (t)ry(t) + sk(t),

1 1
sE(t) = 2/ s(z,t)sin \gz dx, ri(t) = 2/ r(x,t)sin A\gx dx,
0 0

1 1
Ep = 2/ e(x) sin \gzdr, v = 2/ v(z)sin \pxdr (k=1,2,...).
0 0

It is easy to see that the solution to problem (7)-(8) has the form:

wi(t) = <€k + /OT o1 (t)wk(t)dt> cos Bt + ﬂlk <vk + /OT og(t)wk(t)dt> sin Brt+

+5+A2/ Qr(T;w, @, ) sin By(t — 7)dr (k=1,2,...), 9)

where
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Now, after substituting expression wi(t) (k = 1,2,...) to determine w(zx,t), we have:

o0

wlz,t) =Y <€k + /0 ' Ul(t)wk(t)dt> cos Bt + 61k (vk + /O ' Jg(t)wk(t)dt> sin B t+

k=1

t
—I—m /0 Qr(T;w, p, 1) sin i (t — T)dT} sin A\, T. (10)

Next, using equation (9), from (5) and (6) we obtain:

o) = [n(®)] "] (@t) — s(z1,t)r(za, ) — (nh(t) — s(za,t))r(z1, )+
: 3 \Y o2(t)w sin
+;5k Kaﬁ—/o o1 (t)wg(t)d >cosﬁk;t + 5 < k+/ 2(t) k(t)dt) 3

+51+)\2/ Qr(T;w, p, 1) sin Bi(t — 7)dT+

1
+FQ]€(T;W, o, )| (r(ze,t)sin \gxy —r(x1,t) sin Agze) o, (11)
k

P(t) = [n(t)] " H{(n(t) — s(xa, t))na(t) — (0] (t) — s(z1,t))na(t)+
—i—;ﬂk |:<€k —i—/o o1t > cos [t + B <Uk —i—/o og(t)wk(t)dt> sin 8 +

¢
—I-M/O Qr (15w, p, 1) sin B (t — 7)dT+

1 . .
—I—)\—%Qk(T;w,gp,w) (r(xg,t) sin A\gzy —r(z1,t) sin \gxa) p +

k

—I—%Qk(T; w, P, ¢)] (nq(t) sin Agzg —no(t) sin Agzq) } ) (12)

To study the problem of the uniqueness of the solution of problem (1)-(3), (5), the
following lemma plays an important role.

Lemma 1. If {w(:p t), p(t), ¥(t)} any solution of problem (1)-(3), (5), then the function
= 2f0 (x,t)sin \pzdr (K = 1,2,...), i.e. the Fourier coefficients w(x,t) in the
system (M =502k — ))2021 satisfy the [0, T]system (9).

This lemma implies the validity of the following
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Corollary 1. Let system (10), (11), (12) have a unique solution. Then problem (1)-(3),
(5) cannot have more than one solution, i.e. if problem (1)-(3), (5) has a solution, then
it 15 unique.

In order to study the problem (1)-(3), (5), we define the following spaces.
Denote by BS}T [20], [21] the set of all functions w(z,t) of the form

t) = Zwk(t) sin \g (x\k = g(Qk - 1)) ;
k=1

defined on II7, where each of the functions wy(t) € C[0,T] (k=1,2,...) and

ol

Jr(w) = (ZO\Z ’Wk(t)HC[O,T])2> < +o0.

k=1

The norm in this space is defined as
oot )l 5, = T(@)

By E2 we denote the space of the vector functions {w(z,t), ¢(t), ¥(t)} such that
w(z,t) € B2T7 ©(t),(t) € C[0,T], and equip this space by the norm

1l s, = Hw(a:,t)Hng + el e + 1Ol e -

Clearly, Bg o and Egl are Banach spaces.
Now we consider in E:‘:;, the operator

H(w’ P ¢) = {Hl(wv 90,1/1)7 H2(wv @v¢)a H3(w7 @ ¢)}a

where Hy(w, p, ) = w(x,t) = l§1 Wk (t) sin Az, Ha(w,p, ) = ¢(1),

H3(w, 0, 1) = p(t),op(t (k= 1,2,...), $(t) and 9)(t) are the right hand sides of (9) and
(13), (14) correspondingly.
Now, let the given problems satisfy the following conditions:
Le(x) € C*0,1], 5(5)(96) € Ly(0,1),
e(0) =¢'(1) =¢ (0) e”(1) = e™(0) =
0) = ( ) = 0"(0) = "(1)

2.0(z) € C?[0,1], v¥(z) € Ly(0,1), o( =0;
3.5(x,t),5.(x,t) € C(Dr), Szz(x,t) € Lo(Dr), 5(0,t) =s,(1,t) =0 (0<t<T);
dr(x,t),rz(2,t) € C(Dr), 7T22(x,t) € La(Dr), r(0,t) =rz(1,1)=0 (0<t<T);
5.0i(t) € C[0,T], ni(t) € C?0,T] (i=1,2),

n(t) = mi(t)r(ze,t) — na(t)r(z1,1) #0 (0<t <T)

Now, from (15)-(17) we find:

6, 0)llpg, < AT) + Bi(T) lo(®) o ol ), +
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+CU(D) Jw(, )l g, + DD O lepor (13)
16@ ey < A2(T) + Ba(D) lle®)llcpory oo, g, +

+Oo(T) (@, )l g, + Do) V) eporry (14)
[0 gy = AST) BT oDl cpoy ot ), +

+Co(T) o, 1) g, + Do) 8oz (15)

where

= Vi@ 0+ VI
+m‘|5xx(xat)||L2(DT) vBl( ) = \/TTa

L2(0,1) L201)

O\(T) = VT T(nal(>\|C[0,T}+uaa<>||cm) A(T) = VT [raa(a, )l 1y

A(0) = @17 AN — stan, ), 1) — (5(0) — s, (e, ) gy +

et

L2(0,1)

1
0 2
i) + e Dl (35052 [0
k=1

VIR VI el Dl + [l cam] |

L»(0,1)

Il (2, )] + [r (@1, )]l ooz <ZA ) (T'+1),

By(T) =2 [n(t)]”!
k=1

[

Co(T) :2H[n(t)]‘1HC[O 7 (z2, )] + (21, )| ojo.79 (ZA )

k=1

‘T (uammcm i Hoz(t)nc[o,ﬂ) 7

N

DoT) = 2[ln] |, W@, D]+ Ir(en, Dl (ZA )

k=1
<\/ﬁ||rm(w ooy + HHTW z,t) HCOT]HL (0.1) )

A1) = @] 7|, U050 = st 0))m(6) = (0 (2) = sar.)na(0) | o 1y +

clo,1)

1

2l + Ol (3267)[Je060
k=1

+WH @z

L>(0,1) L2(0,1)
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VAT fsaa(o o) + [lsanCe Ol ctom], o |

lna ()] + 1 (O]l ooz (ZA ) (T +1),

k=1

By(T) =2 ()|,

SIS

Oo(T) =2 |[o0)] |, MmO+ @ llego (ZA ) x

k=1

‘T (||al<t>|0[o,ﬂ n Hoz(t)nc[o,ﬂ) |

NI

Dy(T) =2|[ln@] 7|, W] + I @)l (Z Af) x
’ k=1

x (m I, )l a(opy + Hurm@,tﬂ\cm,ﬂHMO_D) .

From inequalities (18)-(20) we conclude

o, Ol gz.s + le@ll e, + Hi(t)HC[O ]

B(T) @l I Dllgg . + CT) o, Ol g, + DO 6Ol ciozy» (16)

where

A(T) = A1(T) + Ax(T) + A3(T), B(T) = Bi(T) + Bo(T) + B3(T),
C(T) = Ci(T) + Co(T) + C3(T), D(T) = Di(T) + D2o(T) + D3(T).
So, we can prove the following theorem.
Theorem 2. Let conditions 1-5 be satisfied and
(A(T)+2)(B(T)(A(T)+2)+C(T)+ D(T)) < 1. (17)

The problem (1)-(3), (5) has a unique solution in the ball K = KR(H”HE% < R =
A(T) + 2) of the space E3.

Proof. In the space E:5F consider the equation
n = Hn, (18)

where n = {w, p, 1}, the components H;(w, p,¥) (i = 1,2,3) of the operator H(w, , )
are defined by the right hand sides of equations (10), (11) and (12).

Consider the operator H(w,,1) in the ball K = Kg from E>. Similarly to (18) we
obtain that the estimations

1H0]l g5, < A(T) + B(T) ()l ogo,my llo (@, O)ll 53 . + C(T) lw(z, )| g5+
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+D(T) [[9() e,y < AT) + (AT) + 2)(B(T)(A(T) +2) + C(T) + D(T)),  (19)

nHm—Hmm@gBﬂWAH»+m(wmaw—mm¢w@j+wuw—mamme

+O(T) flwi(z, t) = walz, )l gz, + D(T) [[91(t) = 2Dl o1 - (20)

for the arbitrary n, 71, 72 € Kgi. Taking into account (17), from estimates (19), (20) it
follows that the operator H acts in the ball K = Kg and is contracting. Therefore in the
ball K = Kp the operator H has a single fixed point {w, ¢, 1} which is a unique solution
to equation (18) in the ball K = Kg, i.e. {w,¢,?} is a unique solution to system (10),
(11) and (12) in the ball K = Kp.

The function w(z, t) as an element of the space B;T has continuous derivatives w, (x, t),
War (2, 1), Weze (2, 1), Wazgs(x,t), in Iz,

Similarly, [17] it can be shown that wy(z,t), wie(x,t), Wi (x,t), are continuous in
;.

It is easy to verify that equation (1) and conditions (2), (3) and (5) are satisfied in
the usual sense. Therefore, {w(z,t), ¢(t), ¥ (t)} is a solution to problem (1)-(3), (5), and,
by virtue of the corollary of Lemma 1, it is unique in the ball K = Kg. The theorem is
proved.

Using Theorem 1, we prove the following

Theorem 3. Let all conditions of Theorem 2 be satisfied and

T T
n;(0) = /0 o1 (t)ni(t)dt + e(z;), ni(0) = /0 oo (t)n;(t)dt + v(x;), i=1,2,

T
(Tlo2@lltom + lor(®) ey + 5 (AT +2)) T <1

Then problem (1)-(4) has unique classical solution in the ball K = KR(HUHE% <R=
A(T) + 2) from E3.
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