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Abstract. This article introduces the concept of quintuple fixed points and coincidence points
for matrix-related mappings in generalized metric spaces. Furthermore, the existence of quintuple
coincidence points is established. This task is achieved by leveraging the structure of matrices. We
derive several corollaries as special cases of our main results. These corollaries provide evidence for
the authentication of the proven results. To validate the significance of our findings, we provide
a selection of non-trivial examples. Eventually, we demonstrate the practical applicability of our
established results by applying them to determine the stationary distribution of a Markov process.
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1. Introduction

Functional analysis has far-reaching applications in various fields, including linear and
nonlinear analysis, calculus of variations, approximation theory, numerical analysis, and
differential and integral equations. In nonlinear analysis, metric fixed point theory is a
fundamental tool. Currently, finding solutions to differential and integral equations is a
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crucial research area. This task can be achieved by converting the equation into a fixed
point problem for a suitable mapping and an appropriate domain. In 1922, Stephan Ba-
nach [1] presented a vital result known as the Banach contraction principle (BCP), which
erected a base for metric fixed-point theory. In 1964, Perov [2] extended the classical BCP
on generalized metric spaces for contraction mappings. Filip and Petrusel [3] further gen-
eralized these results on vector-valued metric spaces for self-mappings. A deeper concept
of Perov-type contractions can be perceived from [4]. Later on, authors proved further
extensions of BCP on generalized structures of metric spaces [5-7].

Working on a new track, Bhaskar and Lakshmikantham [8] established the coupled fixed
point for mixed-monotone mappings under partially ordered metric spaces (PoM). Fur-
thermore, a few important partial-order metric space results were presented in [9]. In 2011,
Berinde and Borcut [10] extended the idea of coupled fixed point to tripled fixed point
(TFp) for self-mappings and set up some significant results in PoMs. One can refer to [11]
and [12] for a detailed review of these ideas. Subsequently, generalizing the concept of TFp
in 2012, Karapiar [13] opened a gateway for researchers in a new direction by proposing
the theory of quadruple fixed point of mappings and established exciting consequences in
this regard, see also [14] and [15].

Working on a similar track, we extend the idea of a quadruple fixed point and intro-
duced the notion of a quintuple fixed point(QF P). Motivated by the work of Hammad
[16] in 2022, we generalize crucial results for the existence of QF Ps in generalized met-
ric spaces and provide supportive examples and applications related to Markov process
stationary distribution analysis.

2. Preliminaries

Now, onward in this manuscript, M, ,(R"), Z, O are the symbol representations
for the set of all n x m matrices over R™, identity and zero matrices respectively, and
W = {0,1,2,3,--- } is the set of inetgers. Suppose that I" € M, ,(RT), then I is said a

convergent matrix, i.e, converges to zero matrix O if and only if lim ™ = . A deeper
n—roo

concept can be built through [17]. )
Denote a set of all n x n matrices I' € M,, ,(R"), with I'"™ — O, whenever n — oo by ZM.

SENS
for some &1,&5 € RY, then T’ € ZM.

Example 1. Let = <£1 52) be a matriz in Ms 2 (RT) with the condition that & +& < 1,

Example 2. Suppose a matriz T = (? ?) € Mso(RY), such that & + & > 1, for
1 &

some £1,& € RT, then T does not belong to ZM.

For a k dimensional vector space R¥, let 0, 1 be the zero vector and identity vector,
respectively. Also, addition and multiplication in R¥ are defined as under:

4+ =G +&,68+86,8 18, & +&) and £ = (§1.61,62.85, -+ &k,
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for any 675* € Rku where 5 = (517€27§37 e 7€k) and 5* = (5{7557&;7 T 752) One can have
a detailed study from [3].

The proof of the subsequent lemma is discussed in matrix analysis in [3].

Lemma 1. Suppose that T is a square matriz with entries from RT, then the following
statements are equivalent:

(L1) T — O;
(L2) T" = O asn — oo;
(L3) for each z € C, |z| <1 with det(T' — 2Z) = 0;

(L4) for a non-singular matriz T — T

(Z-T) ' =T 4T+ 4T+

(L5) two matrices T™w and wI™ tend to zero as n — oo, for some w € R¥.

Definition 1. A mapping T : G> — R*, where G # 0, is named as a vector-valued metric
over G, whenever the conditions below are fulfilled, that is, for each &1,&2,&3 € G,

(G1) T(&1,62) 20, T(&,62) =0 & & =&,
(G2) T(&1,62) = T(&2, &),
(G3) T(&1,62) < F(&1,8&3) +T(E&3,62)-

If &1,& € RY, where & = (1,67, &) and & = (6,83, ,€5), then & < & if and
only if & < &, for 1 <i < k. Thus, (G,%) is a generalized metric space. [3]

Bhaskar and Lakshmikantham [8] established the following concepts.

Definition 2. An element (£1,&) € G2 is named as a coupled fized point of the mapping
P:G?— G if P(&,&) =& and P(&,6) = &.

Definition 3. Two mappings P : G> — G and p : G — G have a couple fized point
(61,&) € G% if P(&1,&) = p(&1) and P(&,&1) = p(&).

Definition 4. A mapping P : G> — G on a partially ordered set (G, <) possesses the
mized-monotone property (MMP) if P(&1,&2) is non-decreasing in &1 and non-increasing
in £2; ?:.6, fOT any 51752 € g7

g.6€6, 428 = PE,&)
£.6€6, 628 = P,&)

P(S%aéZ)
P(&1,€).

Berinde and Borcut [10] constructed the idea of a tripled fixed point by generalizing
the term of a coupled fixed point.

=
=
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Definition 5. An element (&1, &2,£3) € G2 is termed as a triple fized point of the mapping
P g3 — g Zf P(€17§27§3) = 517 P(€27§37§1) = 627P(§37€17§2) - &3'

The definition of a quadruple fixed point introduced by Karapmar [18] is stated as
follows:

Definition 6. [18] Let G # (). An element (£1,&2,€3,€4) € G is stated as the quadruple
fized point of the mapping P : G* — G if

P(&1,82,83,84) = &1, P(62,83,84,&1) = o,

P(&3,64,61,&2) = &3, P(64,61,82,&3) = &u.

Berinde extended the idea of mixed monotone property (MMP) [10] on G2, whereas
Karapimar [18] introduced the concept of MMP on G*.

Definition 7. A partially ordered set (G, =) is termed as regular if the conditions below
are satisfied:

(A) form >0, " = & if a non-decreasing sequence " — &1,

(B) form >0, & < &5 if a non-increasing sequence £5' — &a. [19]

3. Main Results

Inspired by the results on couple, triple and quadruple fixed points, we initiate the
term of quintuple fixed points to present some related fixed point results in the partially
ordered complete generalized metric space (POCGMs) (G, T, <X).

Definition 8. Let P : G° — G be a mapping. If P is monotonically non-increasing in
£2,&4 and non-decreasing in £1,&3,&5, then P is said to have MMP. In other words, for

any §1,62,83,84,85 € G,
&.68€6, 428
£,65 €6, & 26
£,6€6, & =284 €1,62,63, 64,65
£,61€6, & 26 1,620,635, 64,6 &1,62,83,63,€
E.2eg, &= = PE,6,8,6,8) 2 P(6,6,8,64,6

The above definition can be generalized for two mappings as follows:

&1, 60,63, 60, 65

) &, 62,863,641, 65),
£1,£3,83,64,65)

)

)

)
£1,83,83,64,65),
&1,2,63,64,&5),
&5)
).

llllilll

B (
B (
B (
B ( ,

<P
=P
<P
=P
<P

Definition 9. Let P: G®> — G and p : G — G be two mappings. Then, P exhibits mixed
p-monotone property (MPMP) if, for any &1,82,83,84,85 € G,

&,60 € G, p(&1) 2 p(&F) = P(&1,60,63,60,6) = P(E7,62, 63,64, 65),
6,62 €0, p(&3) 2p(&3) = P(&1.63,&,64,65) = P(£1,63, 63,6, 65),
3.8 €G, p(&3) 2 p(&3) = P(£1,62.65,64.6) 2 P(6,6,65,8.65),
5,61 €G, p(&)) 2p(&]) = P(&1,62,8,8,8) = P(&1,62, 83,64, &),
&, €06, p&) 2p&) = P(6,%.8,4.8) = P(&1,6.83.6.8).
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Definition 10. An element (£1,&2,&3,84,&5) € G is called a quintuple fived point (QFP)
of the mapping P : G° — G if

P(éla§27€37§47€5) = 515 P(627€3a€4a£57€1) = 52) P(£37§4)§57£1552) — 537
P(€47£57€17£2)§3) - 547 P(£5)§15€27£37§4) = £5'

For a generalized metric space (G,T), a function T : G° x G° — RF, given by

i((é.b 521 537 547 55)7 (qla 42,93, 94, q5)) = ‘3(517 ‘11)‘1‘5(52, q2)+$(§3a CI3)+Z(§47 Q4)+1(557 %)7
is a GMs on G, that is, (G°,%) is a GMs induced by T.

Definition 11. An element (&1, &2,&3,64,&5) € GO is called a quintuple coincidence point
(QCP) or a common quintuple fized point of the mappings P: G®> — G and p: G — G if

P(£17£27§37§4a€5) :p(§1)7 P(§2a§37€47£57£1) :p(€2)7 P(€37£47§57§1a§2) :p(&ﬂ)a
P(£47€57§17§27E3) :p(§4)7 P(§5a§17£27£37€4) :p(£5)

Moreover, for p : G — G being the identity map, Definition 9 and Definition 11 reduce
into Definition 8 and Definition 10, respectively.

Definition 12. Let P: G> = G and p: G — G be two mappings. Then, P and p are said
to be commutable if

p(P(§1a§27€37€47§5)) = P(p(£1)7p(§2)7p(§3)7p(‘£4)7p(‘£5))a
fO?" all 517527€37§47£5 €q.

Definition 13. The mappings P : G —= G and p: G — G over a metric space (G,%) are
compatible if the following conditions hold:

lim T(p(U"),P(V')) =0,

n—-+o0o

where Ut = P(E7,&5,€5,€1,65)  and V' = (p(€]), p(&3), p(&)), p(£1), P(E5)),
lim T(p(U?), P(V?)) =0,

n—-+00

where  U? = P(&5,88,&0,€0,€7) and  V? = (p(&5), p(€5), p(£), p(E5), p(ET)),
im T(p(U?), P(V?)) =0,

where  U® = P(&),&7,&0,€7,65) and  V® = (p(&5), p(€1), p(€2), (&), D(E5)),
lim T(p(U?Y),P(V*)) =0,

n——+0o

where  U* = P(&],&8,€7,65,€8)  and  V* = (p(€7),p(€8), (&), p(£5), p(EF)),
Jdim T(p(U°), P(V?)) =0,

where  U® = P(&,€7,€5,€5,€1) and V= (p(&5), p(&7), p(€3), p(€5), p(ED)),
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whenever {1}, {5}, {€5 ), {&4} and {8} are sequences in G in such a way that

. 1 _ . ny __ . 2 . ny __ : 3 _ : ny _
im U" = lim p(g)=4¢&,  Hm U"= lim p(¢z)=¢&, lIm U°= lm p(£3) =&,

n—-+00
. 4 9 ny __ . 5 . o
S U= Hm p(E) =&, Hm U7 =l p(es) =&,

fO?” some £I7£2a£37£4a£5 € g

Definition 14. The mappings P : G° — G and p : G — G are termed as reciprocally
continuous if for some & € G, where 1 <1 <5, we have

ngffoop(Ul) =p(&) and  lm P(VY) = P(&,6,65,64,8),
Jim p(U%) =p(&) and  lim P(V?) = P(&,,64,65,61),
ngffoop(Ug) =p(&) and HETOOP(V?’) = P(£3,64,85,61,62),
Jim p(UY) =p(&) and  lim P(VY) = P(&4, 85,8152, 83),

lim p(U°) =p(&) and lim P(V°) = P(&,61,6,8,8),

whenever {1}, {65}, {€5}, {&4} and {&8'} are sequences in G such that

lim U'= lim p(E}) =&, lm U= lm p(&) =&,  lim U= lm p() =&,

n—-+00 n n—+00 n—=+00
li 4 — 1 ny _ Ii 5 - 1 ny _—
Jim U= lim p(ff) =&, lim U7 = lim p(Eg) =&,

fOT some 51752753754765 S g

Definition 15. Two mappings P : G°> = G andp: G — G are known as weakly reciprocally
continuous if for some & € G, where 1 <1i <5, we have

nEIfOOP(UI) =p&) or  lim P(VY) = P(&,&,63,64,85),
Jim (U?) =p(&) or REIEOOP(W) = P(&2,83,84,65, 1),
Jim p(U7) =p(&) or lim P(V?) = P&, 8.6, 61, &),
ngrfoop(m) =p(&s) or HETEOOP(V4) = P(£4,85,61,62,83),
ngriloop(w) =p(&) or  lim P(V®) = P(&,61,6,83,6),

whenever {£7'},{&5}, {&8}, {&}} and {&'} are few sequences within the set G in such a way
that

lim U'= lim p() =&, lim U?= lim p(&)) =&,, lim U= lim p(&F) = &,

n—-+00 n—-+00 n—4o00 n—-+o00 n=+o0 n=y-+oo
lim U*= lim p(&}) = lim U°= lim p(&f) =
n—r—+00 n—>+oop(§4) §a, n=-Foo n%+oop(§5) &,

fO?" some 517527€37€4755 S g
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Example 3. Let G = [0,1]. Let T(&1,&2) = &1 — &2| and “X” be the partial order on G
defined for all £1,6 € G, & <& & & < &. Let P:G> = G andp: G — G be two
mappings defined as

ERSIS SIS

P(€15527€37£47§5) - 5 and p(&l) = 517 v fl?§2a€3ag47€5 €g.
Consider the sequences {1}, {&5}, {&5}, {&4} and {&8'} defined by
1 1 1 1 1
§?=E,§§L=m,f§:7m,$:$7 and fg:m VneN

Clearly, (G,%) is a partially ordered metric space and G is complete. In addition,

: 1 _ : ny __ : 2 : ny __
U= B e =0 Ip 07 = I p&) =0,

n—-+o0o

. 3 _ . ny __ : 4 3 ny _—
m U= Hm p(E) =0, lm U= lm p(&h) =0,
lim U° = lim p(&2) =0.

n—-+oo n—-+oo

Moreover, defined sequences, functions and metrics satisfy compatibility conditions, recip-
rocal continuity and weakly reciprocal continuity for P and p. In light of this, both P and
p exhibit compatibility, reciprocal continuity and weak reciprocal continuity.

Definition 16. For two mappings (" : G> — G and p : G — G defined on the metric space
(G,%), the sequence {("}new and p are known as compatible if

im T(p(Uh),¢"(V1) =0,

where  U' = ("(€],65,€5.€1,€65)  and V' = (p(&7), p(&5), p(&5), p(E1). (ED)),

lim_T((0%).C"(V2) =0,

where U2 = ("(&5,€5,€0,€5,€0)  and V2 = (p(&3), p(€3), p(E1), p(€5), D(ED)),

i S(p(0%), ¢ (V) = 0

where U3 = ¢" (&5, €1, €5, €7, €3)

Tim S(p(U%), ¢"(V4) =0,

where Ut = ("(€},€5,61.€3,€5)  and V4= (p(&]), p(€3), p(ET), p(€D), P(ER)),

Tim S(p(U?), ¢"(V9)) =0,

where U = ("(€4,€1,€5,€5,€10)  and V5 = (p(€8),p(&1), p(£5), p(€5), P(E1)),
whenever {1}, {5}, {€5}, {&1} and {&8'} are sequences in G such that

nd V3= (p(&8),p(€8), p(€5), p(ED), p(£5)),

S

. 71 1 n+1y __ . 7o 1 ntly . T —
i U= Jim p(§77) =&, nEIfooU = lim p(&;™") = &, Jim UP = lim p(¢5™) =&
; T4 _ 13 n+1y _ . 5 1 nbly
nllg_loo Ut = nlg&?(@ ) =&, TLEI—&I}OO U° = 71113010 p(&8T) = &,

fO?" some 517527€37€4755 S g
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Definition 17. Let (" : G° — G and p : G — G be two mappings on a metric space (G, %),
then the following conditions describe weak reciprocal continuity of {("}nen and p.

lim p(UY) =p(&), lim p(U?) =p(&), lim p(U?) = p(&)

n——+o0o n——+00 n—+00
. T4\ _ : 75\ —
Jim p(U) = p(&),  Tim p(U%) = p(&),

whenever {1}, {65}, {€5}, {&1} and {&8'} are sequences in G such that

lim U! = hm p( = ¢, hm U2 = hrn p( o) = &, hm U3 = lim p(&pt!) =

n—-+oo —+o0 —+oo n—o0
lim U%= lim p(&f*) =&, lm U°= lim p(§*) =&,

for some & in G, where 1 < < 5.

Example 4. Let G = [0, 1] be endowed with the metric T(&1, &) = 61—, Let (" : G° — G
and p: G — G be two mappings defined as

RIS

(€1, 62,88, 80, 65) = o — = and p(&1) =&, V&,6,8,6,.6€0.
Consider the five sequences {€7},{&5},{&5},{&1} and {&L'} € G defined as
= 8= o= 6= 6 = o e = g Ve N
Then,
Ut =l pl™) =0, lm U2 =l (6™ =0,
i, U7 =l o6 =0, lim U= i pl€5™) =0
Ml U7 = fim pl&57) =0
Also,
Jim T(p(U),¢"(V1) =0, lim T(p(U2),("(V?) =0,
Jim T(pU2),¢"(V3) =0, lim T(pUY),¢"(VY) =0,
Jm T(p(U?),¢"(V9) =0,
and
Jim p(U) =p(&) =0, lim p(U?) =p(&) =0,  lim p(U%) =p(&) =0
im_p(UY) = pl&) =0, lim_p(U%) = p(&s) =0,

which proves the compatibility and weak reciprocal continuity of {¢"}nen and p.

&3
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Definition 18. Let (G, <) be a partially ordered set (PoS) and (™ : G° — G andp:G — G

be two mappmgs on g; then {Cn}new 18 said to have MpMP foO'f’ any §17 527 637 547 557 q1,92,93,94, 95 <
g,

p(&) 2p(a) = ("(6,62.6,8,8) 2 ¢C"THa1, 92,93, 94, 95),
p(&) =p(a2) = ("(&,65,61,6.6) = (" (92,93, 94,95, 91),
p(&) =2 p(as) = ("(63,640,65,81.6) 2" (03,04, 95, 91, 92),
p(&) =p(as) = ("(64,&,61,€2,8) = C"TH(q4, 95, 91, 92, 93),
p(&) 2p(as) = (&, &.&.6.8) 2 ¢ (a5, 91,92, 03, da).

Definition 19. Let ¢! : G> — G and p : G — G be two mappings. Then, {(*}iew and p
are said to satisfy the (C) condition if

T(Ci(€17£27£37§4a§5)7Cj(qlvq2aq37q47q5)) f[z(p(él) C (§I7§2a§37€47£5))
+”£(p(q1) ¢?(a1,92,93,94,95))] (1)
Y[Z(p(&), p(a)],
for some &;,q; € G, where 1 < i <5, provided that p(&§) = p(g;), for 1
p(&) = p(ai), for 1 <i <5, Inaddztzon IT#T = (Ty) and I # 7T = (V)

the condition that (T + T)(Z —T)~' € ZM.

<1 <5, or
€ ZM satisfy

Example 5. Let G = [0, 1] be equipped with metric T(&1,&2) = &1 — &2, for all £1,62 € G.

- 1 - 1 - . ~
(1) Let T' = <8 ?) and YT = (? 8) € ZM. Then, T+ Y1) (Z-T)"'e; ZM.
5 5

(2) LetT = €T, and ¥ = (1-€)3—€)T € ZM such that € = 1,1, 1 1, then (T+7)(Z—
~teZM.

Definition 20. Let (° : G> — G and p : G — G be two mappings, then (° and p are said to
have mized quintuple transcendence point (MQ TP) if there exists some £5,£5,£9,£7,2 € G
such that

(7, €3,€5,€4,68) = p(&1),  C°(€9,65,64, 85, &7) 2 p(&3),
C°(£3,€0. 68,67, 65) = p(&3),  C°(&4,€5.€7,€5,€5) = p(&9), (2)
(68,61, 63,63, 64) = p(&5),

gwen that ¢° and p have non-decreasing transcendent point in &7, &5, 2 and a non-increasing
o " o o
transcendence point in £3,€3.

Lemma 2. Let (' : G° — G and p: G — G be two mappings in the setting of a partially
ordered complete generalized metric space (POCGMs) (G, T, =). Suppose that {¢'}iew have
MpMP such that ('(G®) C p(G). If ¢° and p have MQ Tp, then
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(a): 3 sequences {&1'},{€5'}, {€5}, {€4'} and {&5'} € G such that
p(E) = ¢ N e g g, ped) =i g e gl ah,
p(Ey) = ¢ ey, (el = ¢ T e T e g e,
p(&3) = ¢ ThgTheghe).
b): {p(EN)} {pEN)}, {p(&F)} are non-decreasing sequences and {p(§5)}, {p(§})} are non-
INCreasing Sequences.
Proof. (a): Suppose that condition in (2) is fulfilled for some &7, &9, £5,£9,£2 € G. Since
¢°(G%) € p(G), then some elements &},€3,€3,64,63 € G
p&1) =C°(&7. 65,5, €5, €3). p(&) = C°(€3. €8, €4, 5. €1),
p(&%) :Co(é-g, 64(173 gga é?a gg)’ p(&b = CO(€Z> §§a Ei)’ gg’ fg), (3)
p(&3) =C° (€2, €7, 63,68, €9).
Since ¢°(G%) C p(G), then some elements can be set as £2,£3,£3,€3, €2 € G such that
() =C(&1,6.65,65.6), p(&3) = ¢1(63, 63,6165, €1),
p(€3) =C' (65,165, 61.62), p(€D) = C1(€1. 65, 61,62, 63),
p(€3) =C' (&5, 162,65, 60)-

Proceeding similarly, we obtain

p(&r) = "M g e g,
p(&y) = ¢ M e g,
p(&5) = " He e, (4)
p(&) = ¢ T g g,
p(&d) = ¢ Mg e ah.

(b): Now, from (2) and (3),
p(&9) <X p(&1), p(E5) = p(&3), p(&2) 2 p(&3), p(€8) = s(&3) and s(€9) = s(&y).
Then, V n > 0, by mathematical induction, it is obtained that

p(E1) 2 p(E7T),  p(E5) 2 p(&™h), (&) = p(E™), 5)
(&) = p(&™"), and p(€}) = p(¢fT).

Hence, (4) and (5) complete the required result.

p
p

Our next theorem is the core part of this section.



S. Batul et a. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6131 11 of 22

Theorem 1. Suppose that all suppositions of Lemma 2 hold, let {(*}icw and p be two
monotonically decreasing mappings such that they satisfy (C) condition. In addition,
suppose that both mappings are compatible and weakly reciprocally continuous and p is
continuous. If p(G) C G is complete and regular, then there exists a quintuple coincidence

point (QCP) of {¢'}iew and p provided that T, T # O belongs to ZM.

Proof. Let {&7'}, {65}, {¢€5 }, {&4} and {&0'} be the sequences in G constructed by Lemma
2, then from (2) it follows that

T(p(&7), ( ”+1>> TN G T T T, CMET €5, 65, €0, 68))
DT ), ¢ e et aha™)
+ T(p(E), ¢ (€, 65, &8, &8, E0))] + T(T(p(&F 1), p(€M)))
= T+ D)T(pE), p(ED) + TTp(E1), pEFTH).
It results in
Tp(E), pEr™) < T+ TN - D) 2P, p(E1)). (6)

Similar operations generate

T(p(€3),p(&31) < T+ TNT - 1) 'T(p(&5 ™), p(€3)),
T(p(&y),p(&5™) < T+ )T - D) 'T(p(&5 ), p(€7)), (7)
T(p(ED), pEth)) < @+ DT -D)'Tp(E ™), p(EN),
and
T(p(&), p(&8™) < T+ )T - D) 'T(p(&F ), p(€D)). (8)

Adding (3.6) - (3.8), one writes

p" = T(p(ED), p(€1T) + T(p(€5), p(&T)) + Tp(&8), p(E5TH) + T(p(ED), p(&4T))
+T(p(&L), p(&8™))
< T+ -0 [ZpEr ), pEl) + Tp(E5™1), () + T(p(€5 ™), p(€3))
+T(p(Egh), P(ED) + Z(p(&5 ™), P(ED))]
(C+T)(Z-T)

Take (I + T)(Z — )~ = @, hence for n € N,
O< ' <QuU << <"’
In light of triangular inequality, for m > 0,

T(p (51) PETT™) +Tp(&3), p(&™) + Tp(&), p(&5™™) + Tp(E4), p(E4T™))
T(p(&3), p(&5T™)
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( (1), (&) + T(p(€5), (E571) + T(p(€5), p(&5T)) + T(p(EF), (1))

T(p(€5), p(EETH) +T(p(E1 ™), (1)) + Tp(&3™), p(E572)) + T(p(&5™). p(&577))
T(p(E5) p(&572)) + T(p(E4 ™), p(a§ ™) + - + T(p(ET™ ), p(E7T™)

+T( (&), p(&™™)

+ TP, p(ET™) + Tp(ET T, pEFT™) + T ), p(ET™)
=1 +Mn+1+ —l—,u"""m 1

< (Qn + Q’n+1 . Qn+mfl)uo
=Q"(ZIT+Q+- Qm‘1+---)u°
= Q"(T- Q)‘l

This implies that

lim [T(p(€7), p(E77™) + T(p(€2), (&3 T™) + Tp(€3), p(E5T™)) + Tp(E), p(E5™™))

n—-+00
+T(p(&5), p(65™™))]
<[(F+TT D) T~ (T + DT - D)
=[(C+T)T-D) "~ @+ 1) 1) '

Applying ngrfoo on both sides yields that

nggloo[f( p(ED), P(ET™)) + T(p(€2), p(67™)) + T(p(€5), P(E5™™)) + T(p(EX), P(ES"™))
T(p(&5).p(&™))] =0,

or

i S, pET™) = lim T(p(ed),p(E5 ™) = Tim T(p(Eh), p(&T)) =
- M;ﬂ(&)(M”mznggﬂM%)@”mﬂ 0.

n—+

Hence, {p(&")}, {p(&3)}. {p(&%)}, {p(&})} and {p(&Z)} are Cauchy sequences within the set

G. Moreover, by completeness of p(G), there must exist (&5, &5, €5, &5, &%) € G such that
Jim p() = p(&1) = &, lim p(&) = p(&3) = &,
Jm p(&y) = p(&5) = &, lim p(&d) = p(&D) = &,
Jm p(ég) = p(&s) = &,

which results in

lim p(e7h) = Tim (M(eV, €565, €0.65), Tim p(¢rTh) = lim ((€5,€5, 81,65, €1,

n—-+0o0

lim p(énJrl) = hm Cn(§3754 55’51752) lim p(glﬂrl):ngg}oocn(fzjgg’f?’fgjgg)’

n—-+oo n—-+o00

lim p(§n+1) —nhm C" (&5, €1,65, 63,0

n—-+o0o



S. Batul et a. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6131 13 of 22

Also, from the weak reciprocal continuity and compatibility of {¢};cw and p, it is derived
that

Jm ¢ (p(Er), p(€2), (E3), p(E5), p(&5)) = p(&),
Jm ¢ (p(€2), p(€5), p(E), p(E5), (&T)) = p(&2),
S (M(p(&5), p(€), p(&3), p(ET), p(€7)) = P(&3),
S ¢"(p(€4), p(&5), p(ET), p(€2), p(EF)) = p(&a),
Jm ¢ (p(65), p(ET), p(E2), 5(85), p(E7)) = p(&5).

Since {p(¢7)}, {p(&5)} {p(&5)} are non-decreasing sequences and {p(¢3)}, {p(&})} are
non-increasing sequences, from the regularity of G, for all n > 0, it is obtained that

p(g?) j 51752 j p(ﬁg%p({:@ j €37§4 j p(52)7p(£g) j £5- Thenv from (1)> it is Computed
as

T(C (1,62, 63,60, &), ¢ (P(ED), (€5), p(&5), (E1), P(&F))
< T[T(p(&1), ¢ (&1, &2, €3, €4, E5))

+T(p(p(ED)), C"(P(ED), p(ER), D(ER), D(ED), D(EM))]

+ TT(p(&1), p(P(ED))).

Hence, taking n — 400, one gets

T(Cz(é—l) §2a 535 547 55)71)(51)) < f“z(p(gl)a Ci(flv 527 €37 54’ 55))7
which only holds if

T(C(&1, 62, 63,64,65),p(61)) = 0 = ("(&1,&2. 63,6, 65) = p(&).

Similar operation generates

Ci(€27§37€47€57€1) :p(§2)7 Ci(§37£47€57§17§2) = p(€3)7
("(&4, &5, 61,62, 63) = p(&4) and ('(&5, 61,62, 83,&4) = p(&5).

Hence7 (glv 527 £3> §47 55) is a QCP of {GZ}ZEW and D-

The next result is an extension of Theorem 1 by introducing s = Z; as an identity
map.

Corollary 1. Let {Ci}iew : G° = G be a mized-monotone sequence over a POCGMs
(G, %, =) such that {Ci}iew and Ly : G — G satisfy (C) condition and Zy(R) is regular. If
Ty and ¢° have MQ TP, then 3 (£1,&2,63,€4,&5) € GO such that
C'(61,62,63,60,8) = &1, ("(£,83,64,65,61) = &,
Ci(£37 547 557 517 62) = 537 Ci(éﬁla 657 517 527 53) = 547
and (&, &1, 62,83,81) = &.
forieW.
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By excluding some of the conditions from Corollary 1, taking T' as a zero matrix and
expanding the distance T(&1,&2), we conclude an important outcome.

Corollary 2. Let F : G° — G be a mized-monotone mapping in the setting of a POCGMs
(G, %, =) such that F has a MQTP and F satisfy the condition

T(‘I((éla 627 637 64, 65)7 (qlv q2,493, 94, CI5)))

T(F (61,82, €3, 64,85), F (a1, 92, 93,94, 95)) <
Then, their exists a QFP of F in G.

Definition 21. Two points (&1,&2,€3,84,&5) and (41,92, 93,94, q5) € G are called quintuple

comparable (QC) if and only if

§12q1, &= a2, 3203, &a=qa, &5 205
§1 =202, &27=0a3, &=q4, Sa=q5, &2 m
§1=203, o= d4, 3205, Sa=q1, §5 202
§1=204, 2205, &3 21, §a =2, §5 203
§1 205, &= a1, 3202, &a=q3, & 2 a4

or

or

or

or

or

S17q1, 2202, 3703, &4 =24, &5 =05
§1702, &2=0a3, &=q4, §a=20q5, &= m
§17=43, &2 =3d4, 3205, §a=20q1, §5 = a2
§1 7204, 22305, &322 q1, §5 2 d2, §5 = a3

&170q5, &2 201, €3> g2, &4 = q3, & >~ qa.

If we replace (51752753764755) and (Cllacl2ch3aCI4aCI5) with (p(é.l)vp(éé)vp(§3)7p(§4)7p(£5))
and (p(q1),
p(a2), p(a3),p(d4), p(q5)) in above Definition, then we say that (£1,€2,83,€4,85) a QC with

(qa q2, 93, 44,
q5) with respect to (w.r.t) p.

Theorem 2. Let {(*}iew : G° — G and p : G — G be two mappings over a POCGM:s
(G, T, =) such that {¢*}iew and p have quintuple coincidence point with quintuple compa-
rable (w.r.t) p and satisfy (C) condition. Then, there is a unique quintuple coincidence

point {C*}iew and p.

Proof. Theorem 1 shows that the existence of a QCPs of mappings is ensured. Let
(51) 627 537 547 55) and ((CIL 92,93, 94, CIS) be QCPS) that iS7 if

p(&) = ("(&,£,8,84,8), p(&2) = ('(&2.63.84,&5, &), p(&3) = (63,64, 65,61, &2),

¢
p(£4) = Cl(g 55551752753)5 p(£5) = Ci(€57€1)527€37§4)7
p(ql) Cl((q17q2aq3aq4aq5) (q2) = Ci(Q2aCI3aCI4,CI5>CI1), p(q3) = Ci(CI3,CI4aCI57Q1a‘12)7
p(da) = ¢ (44, 5,41, 42, 43), (a5) = ' (a5, q1, G2, 43, Ga),

then, p(&1) = p(a), p(&2) = plaz), (&) = p(as), p(&4) = p(a4) and p(&s) = p(qs). Since,
QCPs are also QC, then from (1), it is obtained that

T(p(&1),p(a1) = T(C' (&1, €2, 63,64, 65), ¢ (a1, 92, 93, 94 95))
f[T(P(i ), C'(€1,€2,€3,€4,65)) + T(p(an), ¢ (a1, 92, 93, 44, 95)))]
+ T[E(p(&1), p(a1))];
< T[Z(p(

= E(p(&1),p(a1)) < TIE(p(&), plar))]-

or

or

or

or
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Since Z # Y € ZM, then T(p(&),p(q)) =
that p(§2) = plaz), (&) = p(as), p(€4) = p(as) and p(&s) = p(gs). Hence, p(&1) =
p(&2) = p(&3) = p(&a) = p(&s) = pla1) = p(a2) = p(as) = p(q4) = p(ds). Which shows
that (p(€1), p(€2), P(€3), P(Er), P(E5)) is a wnique quintuple coincidence point of {C'}icw
and p. Moreover, {¢‘};cw and p being compatible are also commutable, which proves the
uniqueness of the QF P (£1, &2, €3, 64,65) of {(*icw and p.

0, or p(&1) = p(qq). Similarly, it is obtained
p(q

Example 6. Let G = [0,1] be the non-empty set equipped with the metric T(&§1,&2) =

_ - 1 _ 1

('51 £2|> and " = (5 ?) Y= (1 ®)e ZM. Hence, (G, %, <) is clearly a POCGMs.
’§1 _52‘ 0 5 35 0

Let ¢': G° = G and s : G = G be two mappings defined as ¢'(€1,&2,63,61,65) = § and

p(&1) = &y respectively. Then,

, , S qm
T(C"(€1,82,83,84,85),¢7 (a1, 92,93, 94, 95)) = (;1 B g’iD
5 5
IRN(IC S SRNC )
5<K§“—§)+@} )
< L [15& — ?) + (B = 5q1) + (& —q)
=5 (56 — 35) + (F —4an) + (& — 1)
11 (156 \5ql—q§>>
§5<<w& ?w>+<m1—£

1 (156 — 5q1]
" <I5€1 - 5Cl1|>

_ <8 9) (TE). € (€1, 2,65, 60,65)

5
—i—T(p q1), J c|1,C|27CI3,CI47Q5)))

(@), ¢
1
(1) sie)sta),

Consequently,

T(C (61,62, 63,64, 65), ¢ (01,92, 93, 94, 95)) < T[T (p(&1), ¢ (€1, &2, €3, 64, E5))
+3( (91), ¢’ (a1, 42, 43, d4, 95) )]
+TE(p(&1), plan))-
Hence, the (C) condition is fulfilled. All the conditions of Theorem 1 are accomplished.

Moreover, (0,0,0,0,0) being a QCP of {¢'}iew and p is also a unique quintuple coinci-
dence point of both mappings according to Theorem 2.
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4. Application

Suppose that R? = {& = (£],&3,63,---,&4) & >,i > 1} and ©_, being 5(n — 1)
dimensional unit simplex defined as

O)_1 ={0 = (61,62,6,64,65) €RL x R x R} x R} x R
Yohi= Y (G +G+G+E+E) =1
=1

i=1

Let 0 € @2_1 be the probability over 5n prospective states. As a stochastic process, the
Markov process asserts that 5n states are achieved in each period # = 1,2,3,--- with
the probability events over the currently attained states. For each m = 1,2,3,---, ¢;;
shows the probability event achieved by state ¢ in the next period starting from state j.
Then, the preceding probability vector ™ and the succeeding probability vector 7! in
the period m and 7 + 1 respectively, written as 9?“ = Zj e;;07, for each j > 1. Let
6™ be a column vector, then to obtain matrix form, consider the mapping 87+t = Fg~.
In addition with that for all e;; > 0,1, e;; = 1, required for conditional probability.
Finding the stationary distribution for the Markov process is the same as finding the fixed
point of F, i.e., there exists some § € ©>_; such that F6™ = 6™, whenever 67! = g7,
The period 0™ is called the stationary distribution of the Markov process. Suppose that
gbl' = minj €ij, for each ¢ and d) = Z:-L:l (;51

Now, the major part of this section is stated here.

Theorem 3. By supposition e;; > 0, the Markov process has a unique stationary distri-
bution.

Proof. Let T: 0 _; x ©3_; — R? be a mapping defined as
‘I(Ma N) :T(<£17 527 §3a 547 55)7 (q17 q2, 493, 94, %))

=(Z<r§i a4 16— ahl + € — ai + [€h — gt + €k — g,
=1
S — ]+ 16— abl + 16— o] + JE — ail + |5;q;\>),

=1

where M = (£1,62,€3,64,&5) and N = (a1, d2, d3, 44, q5) belongs to ©;_;.
Since, T(M,N) > (0,0) for all M and N in ©)_,. Also, if T(M,N) = (0,0), then this
implies that

(zua a4+ 16— ahl + (€ — qf + €] — ail + € — gk,
=1
SO — a4+ 16— abl + 16 — a1 — il + 1€ —qgn) — (0,0,

=1
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or
€5 — ail + 165 — abl + 65 — ab] + 185 — q4] + 15 — a5 = 0,
= & — a1l =16 —a5| = [€5 — as| = [&4 — a4 + |&5 — a5[ =0,
= =41, & =03, §5=45, & =dy, § = ;.
Hence, M = N.
Conversely, let M = N, then & = q}, & = q, & = a5, & = dq}, & = qi,

= |8 —qil =16 —ab| = |¢& — a5 = &4 — a4 = & — qb| = 0.

Hence,
(Z(\si a4 16— ahl 4 € — gl + 1€k — il + €57 — g,
=1
SO — il + 165 — bl + 16— al + 16k — ai + 1€ —qgw) — (0,0
=1
~  I(M,N) = (0,0).
Moreover,
(M, N) =(Z<|fi’ a4 16 — qbl & 1€k — ] + [€h — a4+ € — qb),
=1
SUE — ]+ 165 — bl + 16 — g + I — gl + 1€ — qg|>)
=1
=<Z(!qi € Lo — €]+ b — €]+ I — €4+ Jaf — €2,
=1
S0 — €1+ b — €51+l — €51+ 1ai — €11 + la é‘él))
=1
—%(N, M).
Now,
S<M,N>:< (160 = qil + 165 — abl + 165 — qil + 1€} — qil + € — qi),
7—1
n . . . . . . . . . .
SUE — a1k — abl + 165 — al + 1€k — ail + 1€ q@)
=1

_ (i( (6 — #9) + (K5 — a1)] +1(85 — #5) + (K5 — a3)| +[(£5 — K5) )
+(rs — a3)| + (61— w4) + (k3 — az)| + (&5 — #5) + (55— a5)[ )

i=1
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n

(&5 = K1) + (61 = a1)| + (&5 — kh) + (55 — a3)| + 1(&5 — K5)
> ))

+(n5 — a3)| + (65 — wh) + (55 — ai)| + (& — k5) + (k5 — a5)]

- (i( €1 = K1| + 51 — a1 + 1€ — w5 + kb — ab] + €5 — >
- iy — @bl + 163 — wi] + |k — ai] + 165 — w5l + |55 — a5

i=1

1—1
Z( €1 — i + K] — qi] + (€5 — wb| + [Kh — gb| + |€5 — K] ))
2 \ | — a3] + 1€ — w4l + Ik — ai] + [ — w5] + | — a3

n . . . . . . . . . .
={(Z(!ﬁ—mil*\f%—r»él+Ifé—/-@él+|€i—nil+|€é—ﬂél)7
i=1
n

(€L — Rl IE — wbl + 16 — mbl 4+ €] — mil 4+ 16 fez‘-,n)

=1

n
+ (Z(Ifﬂﬁ — q1] + |ky — as| + [k — as] + [k} — ai| + k5 — az]),

i=1
> (55 — ai| + |wh — a5] + [k} — ab| + [s4 — qi| + |x5 — UIEI)>}
i=1

=%(M,L)+%(L,N),

where, L = (K1, ko, K3, k4, k5) € O3 ;. Hence, (05 _;, T) is a generalized metric space.
Completeness of ©3_; can be easily proved. Moreover, define the partial order on ©5
as for all (§17 527 537 547 55)7 (qla 92,493, 94, CI5) € 62717

(£1,62,83,84,85) = (91,92,93,94,05) <= &1 201,62 = 92,83 2 93, &4 = q4, &5 =2 gs.

Hence, (©2_;, T, <) is a POCGMs.
Let F:©5_, — ©5 | be a mapping defined as for all § € ©>_;, F0 = «; such that for
each j, aj = Y 1" | e;;0;. As,

Yoaj=Y > eli=Y ey (E+G+G+E.8)
7=1 7j=11i=1 =1 =1
=Y +g+d+¢.¢) =1,
j=1

therefore, aj € ©5_,, so mapping is defined. Now, we have to show that F satis-

fies the contraction condition. For this, let «; be the it row of a. Then, for all

(5176%53754755)’ (qla CI2»¢I3,CI475I5) in 6751—1> we have

s(]:(glv 527 53) 547 55)3 ]:(qla q2, 93, 94, CIS))

= (D (Dl +d+d+e+&)—esl+af+ab+at+ad) |||
i=1 \|j=1
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3 XX%€+§+§+Q+%)6Mﬂ+%+%+ﬁ+%ﬁ )

i=1 =1

(Z(Z% HE+E+8+8+8) —(al +ab+a} +ai+a))}

i=1
rod@+e+E+ &) - W+ d+d+da))

> <| Dl — o +E+G+G+8) — (@l +al+af+ai+al)}

i=1 \ j=1

+@«a+g+g+a+g»«ﬁ+@+%+ﬁ+%»o)

( |(eij — pi){(&] + &+ &+ &+ &) — (4] + g} + a} + qf + ab)}]

>0 @Z{ g+8+8+e+€)—(al +ab+dh+q]+ad)} )
=1 7=1

< (i — o{(E] + & + &+ € + &) — (al + ah + o} + o] + )}
i=1 j=1

+ ¢¢Z{(§{+£%+£§+§i+§é)—(q{+qé+q§+qi+qé)}>>
i=1| j=1

- Doy Z?zl(\fj q1| +1& - qgl +16 - qgl +1¢ - q4\ +1¢ —q5|) leij — &il),

A\ X Z?ﬂ(’g Cl1| + |52 - q2‘ + ’53 - q3| + |§4 - q4] + |§5 - q5| X lei; — ¢il)

:(I— ¢) Z] 1(’5] Cl1| + |§2 - QQ’ + |§3 cl3| + |§4 - q4] + |§5 - q%|),
i1 (1€ —afl + 165 — a3l + €] — a3l + 1] — ail + 1€ — adl)
:TT(<517527§3,§4755)7(QI7QZ7Q37CI47CI5)),

where (Z — ¢) = T € ZM, therefore all conditions of Corollary 2 have been met. Then,
there is a unique quintuple fixed point for F or, in other words, a unique stationary
distribution of the Markov process. Moreover, the sequence {F"6*} converges to a unique
stationary distribution for any 6% € ©5_,

5. Conclusion

In this work, we found some Quadruple fixed point theorems for solving integral equa-
tions involved with matrices and the Markov process in generalized metric spaces. In this
study, the notions introduced in [16] are structured with a mapping defined on quintuples.
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The research study investigated the existence of quintuple fixed points (QF Ps) for map-
pings in generalized metric spaces, utilizing matrix-based methods. Several definitions of
(QFPs) are formulated, and new fixed point theorems is established. To illustrate the
findings, an example is provided. Additionally, an application was developed to verify the
results by determining the stationary distribution of a Markov process. Future research
on quintuple fixed points could explore alternative approaches, such as:

(a): By working on different structures, e.g., by generalizing the obtained results in the
setting of “ b-metric spaces”.

(b): Different contraction conditions can be adopted by involving new parameters and
introducing more properties of contraction mappings.
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