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Abstract. In this present work, we prove a fixed point result for generalized contraction mappings
in the setting of a double control metric space (DCMS) by using a-orbital admissibility. The
uniqueness of the fixed point is established by adding further hypotheses. The presented result is
supported by a concrete example. Moreover, we ensure the existence of a solution of a Fredholm
type integral equation via a fixed point technique. Some consequences are also presented to make
effective the obtained results.
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1. Introduction

The fixed point result due to Banach [1] is considered as the most essential theorem
in fixed point theory. It asserts that a contraction mapping on a complete metric space
admits a unique fixed point. In 1989, an interesting extension of the metric space was
explored by Bakhtin [2] and Czerwik [3] by initiating the concept of b-metric spaces.
Later, in 2017, this setting was generalized to extended b-metric spaces initiated by Kiran
et al. [4], where the triangular inequality is extended via a controlled function. On the
other hand, using two control functions w,e : U x U — [1,00), the notion of a double
controlled metric space [5] (DCMS) was considred by Abdeljawad et al. [5]. Many related
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works in this direction appeared, see as examples [6-9]. These generalizations led to study
several fixed point results for contractions arising in many real applications for several
problems in nonlinear analysis. Integral equations appear naturally in several branches of
and engineering and science. Particularly, Fredholm integral equations appeared widely in
various scientific areas, like computational mathematics, physics, continuum mechanics,
medicine, acoustics and approximation theory. There are several analytical and numerical
methods to solve Fredholm integral equations. In 2018, Karapinar et al. [10] solved a
Fredholm integral equation given as follows:

b
(s) = / R(<, 0, Bv))dv + C(s), (1)

by using a fixed point method in the context of extended b-metric spaces. Several works in
literature dealing with the existence of a solution of a Fredholm type integhral equations
arise. For more details, see the papers [11-14]. In this work, by generalizing the equation
(1), the following Fredholm functional integral equation is studied:

b
() = / K (t, 7, h(r), h(g(r)). h(a), h(b))dr + f(t). (2)

Under appropriate conditions on functions K, g and f, we aim to resolve the equation
(2) via a fixed point technique. Namely, we give some fixed point results in a DCMS via
orbital a-admissibility. We also present some illustrated concrete examples. At the end,
we solve a Fredhom type integral equation in order to show that our required conditions
are applicable.

2. Preliminaries

Definition 1. /5] Consider a nonempty set U. A function ¢ : U x U — [0,00) is termed
as a DCM with controlled functions w,e : 5 x U — [1,00) if for all n,y,3 € U, we have
(11): C(n,y) =0<=n=y;

(12): C(n,y) = ¢y, m);

(/1’3)" C(U»y) < W(TI,J)C(%J) + €(j7y)g(:‘7y)
Here, (U, () is termed as a DCMS.

Example 1. Let U = [0,00]. Given ¢ : U x U — [0,00) as
0 if n=1
()= Jir A0 and =0

o1 o ¢#0 and n=0
n+evif 0#n#1#0.

Take w,e: U x U — [1,00) as w(n,t) = €(n,t) =2n+ 20+ 2. Here, (U,() is a DCMS.
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Definition 2. [5] Let {3,} be a sequence in a DCMS (U, (). Then,

(i) {3,} is called a convergent sequence, if, for any € > 0, there is an integer jo = jo(€)
so that ((5,,m) <€, for all > j0. One writes lim 5, =n;
n—o0

(it) {3,} is named Cauchy if lim ((5,,5,) =0;
2,M—00

(iii) (U, () is called complete if each Cauchy sequence converges in U.

Definition 3. Let T be a self-mapping on a DCMS (U, (). For 59 € U,
the set
O(30, T) = {30, T30, T?30, T30, }

is named as an orbit of T at So. T 1is said to be orbitally continuous at p € U if
klim T*3) = o yields that klim TT*y = Tgp. Also, when each Cauchy sequence hav-
—00 —00

ing the form {TF*50}p converges in U, then (U, () is orbitally complete.
In the sequel, Fiz(T) ={p € U/ Tp = p}.
Remark 1. The continuity yields the orbital continuity.

Definition 4. [15] Let oo : U x U — R be a function (U is a nonempty set). T : 0 — O
is termed an a-admissible mapping, if for every 1,0 € U, a(r,£) > 1 implies a(Te, T4) > 1.
T is called a-orbitally admissible if, for each 1 € U, a1, T1) > 1 leads to o T, T21) > 1.

Definition 5. ¢ : [0,+00) — [0,+00) is termed as a comparison function, if it is
nondecreasing and lim ¢’(1) = 0 for each T > 0. Here, 17 is the n'" iteration of 1.
J—00

¥ is denoted the set of all comparison functions. FP is the abbreviation of a fixed
point.

Lemma 1. For each ¢ € ¥, we have (0) =0 and ¢(©) < O for any © > 0.
The next result is needful in the sequel.

Proposition 1. Let (U,() be a DCMS with two controlled functions w,e. Let {5,} be a
convergent sequence in U so that lim €(v,$,) and lim w(s,, ) exist and are finite for
n—oo n—oo

any v, B € U, then such a convergent sequence possesses a unique limit.

Proof. Suppose {8/} € U converges to o and ¢ in . We have th ¢(8¢,0) = 0 and
—00
glim ¢(5¢,6) = 0. By the triangle inequality in the DCMS, we obtain
—00

C(o,¢) < w(o,80)C(0,50) + €(5¢,5)C (¢, 5).

Taking ¢ — 0, we get ((0,¢) < 0. Thus, ((o,s) = 0, which further implies that o = .
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3. Main results
Our first theorem is stated as follows:

Theorem 1. Let T be a self-mapping on a orbitally complete DCMS (U, ¢) with controlled
functions w, e : UXU — [1,+00[. Suppose there are two functions o : Ux U — [0, 4+00),
and ¢ € ¥ so that

oz, y)w(z, y)e(r,y)¢(Te, Ty) < P(R(x,y)) Yo,y €U, (3)
where
R(z,y)

= max {C(m,y), C(x, Tx), ((y, Ty),

((z, To)[w(z,y)e(z,y) + ((y, Ty)] ((y, Ty)lw(z,y)e(r,y) + ((x, Tz)] }
w(z,y)e(x,y) + {(z,y) ’ w(z,y)e(x,y) + {(z,y)

Assume that:
(i) T is a-orbitally admissible;
(ii) there is So € U satisfying (5o, TSp) > 1;

€(8it1, Sm)@(5it1, Si42)Y (¢ (30,51))

(i) Sup,,>1 zliglo <1, where3; = T"(3);

(iv) T is orbitally continuous on U;

(v) lim €(5,,z) and lim w($,,x) exrist and are finite.

Therefore, T possesses a FP in O. If in addition, we have
(U): z,x" € Fiz(T) implies a(x,z") > 1,
then such a FP is unique.

Proof. By (ii), define a sequence {5,} in U such that 41 = T5, = T""15, forall £ € N.
When 5y = 5p41 for some £ € N, then 5y is a FP of T. Now, suppose that §; # S11, for any
¢ € N. Due to (i), a(S0,51) = a(50, TSg) > 1 implies that a(51,52) = a(T350, T51) > 1.
Then, «(S2,83) = (TS5, T§2) > 1. Continuing this process, one gets (S, Sp41) > 1, for
any £ € N.

Letting x = 31 and y = 8y in (3), we have

= C(T8e—1, T5¢)
< a(8p—1,50)w(50—1,50)€(50-1,50)C(T5¢—1, T5p) (4)
<

Y(R(5e-1,30)),

C(5¢, 5041)
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where

R(5¢-1,8¢) = max{((5¢-1,5¢),C(80—1, T5¢-1),((5¢, T30);

C(30—1,T30—1)[w(50—1,50)€(50-1,50) +¢ (50, T 5,)] C(%T%)[w(gza755)6(5571,§e)+C(§tz71,T§efl)]}
w(8p—1,80)€(80—1,80)+C(80—1,5¢) ’ w(8p_1,50)€(50—1,50)+C(5¢—1,5¢)

= max{((5,—1,5¢),C(50-1,5¢),((50, 5¢41);

C(Be—1,80)[(8e—1,30)€(8e—1,30)+C(Be,3e+1)] . CBerBe+1)[(8e—1,30)€(8e—1,30)+C(8e—1,3¢)] }
w(8p—1,50)€(80—1,50)+C(50—1,5¢) ’ w(8p—1,50)€(80—1,5¢)+C(50—1,5¢)

C(30—1,50)[w(50—1,50)€(8r—1,50)+C(3¢,8¢+41)] }
w(50—1,50)€(850—1,50)+C(5¢—1,5¢) )

= max{((5¢-1,8¢), (5S¢, S¢+1),

(5)
We should take the following:

case 1 If R(5,_1,5¢) = ((5¢, 8¢41), so using (4), one writes

0 < C(3¢,5041) < P(C(5e,5011)) < (82, 8041)-

It is a contradiction.

e 1R 1,3 = T M S5, 1y ), v v
C(8¢—1,5¢) [ (801, 80)€(50—1, 50) + C(5¢, 30+41)]

O S S )} = s S S50 + <o)

We study two subcases:
subcase 1: If max {C(S¢—1,35¢);C(5¢, 5041)} = ((5¢-1, 8¢), then

C(5e,8011) < ((8¢-1,50)
and
C(80—1,5¢)[@(50-1,5¢0)€(50-1,5¢) + ((5¢, 5041)] .

C(gffbge) < w(ge_l’gé)e(gz_l,@) +€(§€—17§€)

that is,

C(8e-1,80) < (50, 8041),
which is a contradiction.

subcase 2: If max {C(S¢—1,5¢),C(5¢,5041)} = C(5¢, 8¢41), then

C(3¢, 3041) > C(3¢-1, 3¢)
and
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C(8p—1,50)[@(50-1, 50)€(50-1,50) + C(5¢, 5041)]
(801, 5¢0)€(5¢-1, 5¢) + C(5¢—1, 5¢) '

C(5¢,8011) <

That is,
C(80-1,80) > (3¢, 5041),

which is a contradiction.

Thus, R(5¢-1,5¢) = ((5¢—1, 5¢) and by (4), we get

C(5e, 8e41) < (C(8e-1,50) < ... < P(C(50,51)).

When ¢ — oo, we find Zlirn C(5¢,5041) = 0. Now, we show that {5y} is a Cauchy sequence
—00
in U. For m,¢ € N with m > ¢, we have

C(8:8m) < (80, 8041)C(80, 3041) + €(Se1, 3m)C(Se41, 5m)
< @ (3¢, 5041)C(5¢, 041) + €341, 5m) [@ (8041, 5042)C (3041, Soq2)+
€(§€+2 $m)¢(Se+2, 5m)]
@ (80, 5041)C (80, 8041) + (o1, 5m)@ (80415 8042)C(Sey1, Sey2)
+ (§€+17 Sm) (§£+27 §m)€(§é+27 §m)

m—2 [

< @(80,5001)CGE050) + Y | T € dm) | @56 5i01)¢ (i, 5inn)

i=0+1 \j={+1
m—1

+ [ I €Giodm) | CBm1,3m)-
Jj=t+1

By using the fact that w(o,¢) > 1 and €(o,¢) > 1 for all 0,5 € X, we deduce

m—1 7

(3o, 8m) < (50, 5041)C G0 5en) + Y | T €3503m) | @(5i3i00)¢ (30, Bin)

i=n+1 \j=n+1

m—1
< €(85,8m) | @(5i, 8i+1)C (54, Siv1)
i=n \j= n+1

m—1
< €(55,5m) | @w(3i, 3i41)¢ V*(¢(50,31)).
i=n \j= n+1
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Choose '
a; = H €(35,5m) | @(5i,5i41)0" (¢(30, 51)),

Jj=n+1

and Q, = >"? | a;. Then we have
C(g’g, gm) < Q1 — Q1. (6)

Since lim 2 < sup Lim 6(§i+17gm)iﬂ(fi—&-l;§i‘+2)1~/1i+~1(C(§0,§1))
i—oo m>11—00 w(sh Si+1)¢z(<(80, 81))

. G4
gets lim ianl
i—o00 Q4

Cauchy sequence in R. By (6), {8¢} is a Cauchy sequence in U. Since (U, () is orbitally
complete, {3y} converges to z* € U. Next, we show that Tz* = z*. The orbital continuity
of T on U leads to 5o, = T8 = T(T%5) — Ta* as £ — +oo and (5741, T2*) — 0 as
{ — +oc.

The triangle inequality of DCMS implies

, by condition (iii) one

< 1, so we conclude that the real sequence {2,} converges, then it is a

C(x*,5011) < w(x™,80)C(x", 3¢) + €(8¢, 3041)C (8¢, Se11)-

Using the condition (v) and the fact that elim C(8¢,8¢+1) = 0, one writes ((z*, §¢41) —r—00
—00
0.
Since we have a unique limit of a convergent sequence in the DCMS, one has x* = Tx*.
Thus, T admits a FP z* € U, i.e., Fiz(T) is nonempty.
Now, we show its uniqueness. Let ¥ and 6 be two distinct FPs of T. Due to condition
(U), we have a(9,0) = a(T9, T@) > 1. Taking x = and y = 6 in (3), we obtain
¢(9,0) ¢(T9,T0)
a(9,0)w(9,0)e(9,0)(TY, T0)
Y(R(9,0))
max{¢(?, 0); ¢(9, TY); (6, TO);
(9, T9)[w(9,0)e(9,0)+<(0,T0)] . ¢(0,T0)[ww(3,0)e(3,0)+( (9, TY)] }
w(3,0)e(9,0)+¢(9,0) ? w(3,0)e(8,0)+¢(9,0)
(€(9,0))

¢(0,0),

which is a contradiction. Therefore, T possesses a unique FP in O.

I IAIA

Al

Example 2. Given the DCMS as in Example 1. Consider T : U0 — U as

Tz:{ﬁfﬁw if x€l0,1]

0 otherwise,

where > 108. To prove that the mapping T is continuous, let {3} be a convergent
sequence in U to x.
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Then ((5¢,x) — 0 as £ — co. We require the following cases:

Case 1: 3y = x for all but finitely many ¢, then T3y = Tx. Here, ((5y,2) = 0 and
C(T3g, Tx) =0 for all but finitely many. So ((T5p, Tx) — 0 as £ — co.

Case 2: 50 # 0 and x # 0 for all but finitely many ¢, then T8 # 0 and Tx # 0. We have
C(8p,2) =5,+x— 0 and

C(T50,Ta) =T+ Ta
_ Sy x
~ B+ pu  Btha
1 sp+x+ 28
T BE+1)(E+1)
(3¢ +x) + (50 + x)?
Bz +1)(5¢+ 1)

<

Thus, {T5p} converges to Tz in (U, ().
Case 3: If 39 # 0 for all but finitely many ¢ and z = 0, we have

- S¢ -
,0) = — — 0= 35, —0,
¢(5¢,0) 173, 5y
then . ~
(T3, T0) = — .

T 1475 B+(B+ 1D
Thus, {T38p} converges to Tx in (U, ().
Case 4: If $p = 0 for all but finitely many ¢, then, when ((5¢,x) — 0 we necessarily have
x =0, Consequently ((T 3y, Tx) — 0.
In all the cases, if
C(5p,2) — 0 = ((TSp, Tzx) —0,
so T 1is continuous. We have

T

B+ (Shoa )

Tl =

It is obvious that §p = T'e — 0 as £ — oo and so for each x € X,

lim w(5p,z) = lim €(8¢,2) =2 + 2z < oo.
{—00 {—00

In addition, we define a mapping T : U x U — [0, +00] as

a(z.y) = {1 if x,y€l0,1]

0 otherwise.

Let 39 € U be a point with a(3g, T5g) > 1, then 3o € [0,1] and a(T 30, T230) = o
1. Therefore, T is a-orbitally admissible.

30 30
B+B50° BZ+(B+B2)30 )2
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Let (x) = kx, for x >0, where k = %. Here, ' (x) = k'x.

For all z,y € U, we will show that a(x,y)w(z,y)e(z,y)((Tz, Ty) < P(((x,y). For this,
we consider the following cases:

Case 1: z =y. we have 0 = a(z,y)w(z,y)e(z,y)(Tz, Ty) < P({(z,y).

Case 2: (x #0 andy=0) or (y #0 and x = 0). Without generality, suppose that x # 0
and y = 0. Here, we have

x Fipw
a(z,0)w(x,0)e(x,0)¢(Tx, TO) = (24 22)*¢(=———,0) = (2 + 22)* — = —
(z,0)w(z, 0)e(z, 0)¢( ) =( )(5+5x)( )6+6m+1
x
—(242)?—— T
S Fu P
1 T
< (24 22)2——
- 6( +22) x+1
16 =z
< =
~ fax+1
< k.((2,y)
= (((z,y)).
Case 3: 0 # x #y # 0. Here, we have 0 # 555, # ﬁ # 0. One writes
x Yy
alx,y)w(x,y)e(x, T, Ty) =242z + 2 2 ,
(@, y)@ (2, y)e(x, y)C( y) = ( y) C(ﬁJ_@,x BJFﬁy)
x y
= (2 + 2z + 2y)? -
( ) B+pBxr B+ Py
1
< B(2x+2y+2)2(m+y)
<Pty
- B
= k.((z,y)
=¥ (C(z,y)).
Moreover, there is 5o € U with (3o, T30) > 1, then a(Téo,T2§9) > 1. By induction, we
obtain a(5g,5041) > 1, where 5 = T3¢ = 20 ——, for each £ € N. 1t

BEH(Th=1 B30 - 5"+5’63—1 S0
is easy that Sy — 0 as ¢ — 4o00. Thus, (G,() is an orbitally complete DCMS. Recall
that

Clim w(8,8,) = lim €(8,5,) =2
2,M—+00 2,M—+00

then we have

B, )@ Gir, )60, 51)) _ 202 + 50K (G0, 1)
T (059 (C(Gor51) T 2k C(o,5)

where

<3k <1,

§i=T'"(30) and ¢'(¢(30.31)) = k'¢(30,51).
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Proposition 2. If we replace the condition (U) by
(W): Vu,ve Fix(T), thereisd €U sothat o(p,0)>1 and o(v,0)>1,
then the map T has a unique FP in O.

Proof. Assume there are two distinct FPs, say  # y € U. According to (W), there is
z € U, so that
alz,z) > 1, a(y,z)>1.

The a-admissibility of T yields that
a(x,—l—ez) >1; ;a(y, ng) >1; VleN.
Consider the sequence {2/} € U defined as z, = T*z. We have

C(x,z041) = (T, Tzp) a(x, z)¢(Tx, Tz)

<
< Y(R(z, 2()),
where

R(ﬂj, Zﬁ) = max{{(x, ZZ)? C(xv Tl‘)v C(Z€7 TZ(),

C(@, T ) [w(w,2¢)(x,20) +C (20, T 20)] C(zz7T24)[W(zﬁzz)e(ﬂﬂ,ze)-i-éh(wa—rx)]}
w(z,20)e(x,20)+C(2,20) ) w(z,20)e(z,20)+C(2,20)

C(ze,20401)w(x,20)€(,20)

= maX{C(l‘azf%g(ZZaZé-‘rl)v @ (2,2¢)€e(@,20)+C (2, 2¢ )}

If R(x,2) = Cgf;ﬁ;ggiﬁﬁé;ﬁ%) for some ¢, then

C(z,ze41) = (T, Tzy)

< afx,z)C(Tx, Tz)
< ¢(R($7Z€))
< R(x, )

C(ze,2041)w0(x,20)e(,20)
@(@,20)e(z,20)+C(@,20)

Therefore,
(20, ze41)w (@, 20)€e(, 20)
w(z, ze)e(w, 20) + (2, 2¢0)

C(ze, 2041) <

That is,

C(ze, zep1)w(x, z0)e(, 20) + C(20, 2041)C(2, 20) < C(20, 2e41)w (2, 20)€(, 20).

Thus,
C(z€7 Z@+1)C([B, Z[) < 07

witch is a contradiction. We have

R(z, z) = max{((x, 20), ((2¢, 2e41) }-
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That is,
C(ZE’ ZZ-H) < 1/18(4(2’ TZ))'
Then

Ii =0.
Jm C(zes z041)

So for all 6 > 0, there is £y € N such that for all £ > £,

C(Zg,Zg_H) <.
Now, we show that lim ((z,z;) = 0. Suppose on the contrary that lim ((x,z,) # 0,
L—+o00 L—+o00

then there exists a subsequence {2y} of {z¢} such that ¢(¢) > n; ((z, 2,0)) > 6. So
for all £ > ¢y we have p(¢) > £ > {y and then

C(2p(0)s Zp(e)41) <0
C(JJ, Z@(g)) > 0.

Hence, for all £ > £,
R(.’E, Z@p(@)) = C(IL’, Zap(@))‘
Also, we have for all £ > £,

C(, 2p00)4+1) = C(Tx, T2p) < alx, 2,0)C(Tx, Tzpe) < (T, 240)))

< pfO70(((x, 24,)).
Letting £ — 400 we deduce that , liin C(, 2p(0)41) = 0.
—+o0
So for all £ > ¢y and by triangle inequality, we obtain
6 < Q) 2p(0)) < (5 Zp(0)+1)C (5 Zp(0)+1) + €(Zp0) 415 20(0))S (o) 41 Zo(0))-
When ¢ — +o0, one finds

0 < lim ((x,zg,(g)) =0.

{—+00
It is a contradiction. Therefore, lim ((x,z¢) = 0.
£—+o00

Similarly, , lim ((y,z¢) = 0. By uniqueness of the limit, we have z = y.
—400

4. Applications

Using Theorem 1, we will establish in this section an existence result of a solution of
the following nonlinear Fredholm type functional integral equation

o6) = £O + X [ K (tra(r),2(g(0), aln), o(r) ()
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where 71,72 € R with 71 < 72, K € O([r1,72] x [11, 2] x RY), g€ C([r1, 7] x [11, 7))
and f € C([r1,2]) are given functions and x € C[r, 72| is an unknown function.
Take U = C([ry,72]). Given ¢ : U x U — [0, +00) as

)= sup |ul) v,  Vprve.

telr,m2]
Then (U, () is a complete DCMS with the controlled functions

1 1
w(p,v) =27 e(pv) =201+

here >1
1 1 y W p
L v 1 el = 7

where,

|ulloo = sup [u(t)].
te[r1,m2]

Define the operator T : G — U by
T2
T(@)(t) == f(t) + A/ K (t,rx(r),z(g(r), x(n), z(r2)) dr; Vax €U, tE€ [m, 1l
T1

In what follows, we will establish the conditions so that the operator T has at least one
FP. For this, define a: U x U — [0, +00) by

RS L VIOERO
alp,v) =
a 0 otherwise.

Theorem 2. Assume the following conditions hold:
(i) So(t) < f(t) + X [72 K (t,7,30(r), 30(g(r)), 30(11), S0(72)) dr, 'Vt € [r1,Ta];
(ii) For any x,y € U with x(r) < y(r) for each r € [11,T2],

K (8,7, 2(r), 2(g(r)), 2(m1), 2(72)) — K (t,7,9(r), y(g(r)), y(11), y(72))] < i)

1
1—= _ 1 1
p—1
2 p<2 — e r—
I+[zll 0o 1+Mylloo /

[2(r) = y(r) P + [2(a(r)) = w(g (DI + lo(r) = y(r)P” + |e(m) = y()P]r p>1

\

(8)
where t,r € [11,72] and v : |11, 2] X [T1, 2] — R is continuous so that
[ 1 ©
sup YE(t, r)dr < —; 9
tE[T1,T2] T1 2p+2 |)\|P (7—2 - 1)p !

(iii) For any So € U,  lm €(841,5,) < 2P;

1,m—00
(iv) K is non-decreasing.

Then (7) has a unique solution in U.



H. Aydi, H. Hammouda, S. Mansour / Eur. J. Pure Appl. Math, 18 (3) (2025), 6133 13 of 18

Proof. For &y € U, choose {5,} in U by 3, = Ty, ¢ > 1. Consider
T2
Sep1(t) = T5e(t) = f(t) + A/ K (t,7,30(r),30(g9(7)), 3¢(11), 3e(72)) dr.
T1

The function K is non-decreasing in the last four arguments, and so
a(v,g) > 1= a(Ty,Ts) > 1.

Hence T is a-admissible, and therefore T is a-orbitally admissible.
Next, by condition (i), a(80, TSp) > 1. Consequently, it follows that a(Ss,Sp41) > 1 for
each £ € N. Let ¢ > 1 so that % + % = 1. Using (8) and the Holder’s inequality, one has

p

| Ta(t) — Ty

’A J7 Kt a(r), x(g(r), o(n), 2(r2)) dr — X [72 K (7, y(r), y(9(r)), y(11), y(72)) dr

< (fff ALK (¢t 2(r), 2(g(r), z(11), 2(72)) — K (¢, 7,y(r), y(9(r)), y(11), y(72))] d?“)
< (frme)°
(47216 o), slatr)) o)) = K 1190w P )
= [P (g = )Pt
(f;? |K (tv T, $(T‘), CC(g(T)), 56(7'1), x(TQ)) - K (tv Ty y(’l“), y(g(T))’ y(Tl)7 y(TQ))’p dT’)
< ‘)“p (TQ - Tl)p_l »:;2 2p—T(2p— 14 Wpl(t’r) T T
Yl T
[lz(r) = y(r)P + |z(g(r)) — ylg(r) "+ |z (m) — y(r) [P + |2(r2) — y(72) "] dr
< AP (=) 7 e (e ) dr
oo " THloo
< AP (e —m)Pt [ P 6r) T [R(z,y)] dr

T1 2p*1(2p71+

)

1

+ 1
1

T T T 1Ty
T

AP (r2—71)P~ ! [R(z,
< 2p_1(2p|_1|+(T2 T})l [+( y)}ll sup 6 FP(t, r)dr).
W, T, Sl \n

From (9), it results that

L1
1 1
Ll v ol == 7

?1<?1+ )wmw—TmoWS

Setting 1(t) = 55t, we obtain that

a(z,y)w(z,y)e(z,y)((Tz, Ty) < PRz, y)).

Next, using the condition

) lim €(§i+1,§m) < 2p’
i,m—00
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we deduce
. 6(§i+1, §m)w(§i+1, §i+2)1/}i+1 (C(go, 51)) . 6(§i+17 gm) 2p(z'1+1) (C(§Oa 51))
sup,,, lim — Sk A = sup,, lim il ——
i—00 @ (5i, 8i+1)¥"(¢(30,51)) =00 507 (C(30,51))
= sup,, Zlggo 27,6(57:“7 5m)
< 1.

Thus, the condition (#4i) in Theorem 1 holds. Since f, g and K are continuous, the operator
T is continuous on U and so T is orbitally continuous on U. The controlled functions w; e
are defined by

w(pv) =277 e(pv) =201+

, where p> 1.
oo

Then

lim (3, 2) = 2P~ L.
{—00

On the other hand, {Tex(t)}n converges because {Te } , 1s a monotonic sequence and so

it follows from Dini theorem that sup |T‘z(t)| converges and hence lim e(3;,z) exists
te[r1,72] f—o0

and is finite.

In U = C([r, 1)), if x < y, then there is z € U so that x < z and y < z, and so (W)

is satisfied. Thus, all the conditions of Theorem 1 are satisfied, and hence T possesses a

unique FP in U. That is, the nonlinear Fredholm functional integral equation (7) has a

unique solution.

Example 3. Take the following nonlinear Fredholm functional integral equation: For
te[0,1] and A =1,

() = 14 /0 P <|x<r>| At fz(r)]) =GO+ [=E)) | trla©)] (1 +]2()]) | trlz(1)] 1+ r:r<1>|>> 0.

256 2+ |z(r)| 2+ |z()] 2 + |z (0)] 2+ |z(1)]
where K :[0,1] x [0,1] x R* — R is defined by 1o
K(t,r,a(r), 2(3),2(0),2(1)) =
RS (Ix(r)l A+l |[2(5)[ (1 + [=(5)) L = A + =@ | trlz)] (A + \ﬂf(l)l)> _
256 2+ |z(r)| 2+ |z(%)| 2+ |z(0)] 2+ |z(1)]

Let g : [0,1] — [0,1] be given as g(r) = § and f : [0,1] — R be defined by f(t) = 1.
These functions are continuous and x € C([0,1]) is the unknown function.
In this case, we will use the space U = C([0,1]) endowed with the double controlled metric

¢:U0x U —[0,+00] defined by

C(u,v) = sup |u(t) —v()]’,  VYurvel
t€(0,1]
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The space (U, () is a DCMS with controlled functions

1 n 1
1+

w(p,v) =2; e(pu,v)=2+
(1, v) (ks v) T

1
T[] oo 1Jr||1/H

Take the operator T : U — U defined for t € [0,1] and x € U as follows:

15 of 18

256

o [P (WL 0D | [0+ ED O] (o))
ECRE < 241 2] | 2+[0)]

In what follows, the conditions of Theorem 1 are checked. It is observed that the function
K is non-decreasing. Thereafter, we will quote the following lemma that we will use in the

sequel.

Lemma 2. For all 7,7 > 0, we have the

a+b§2(a2+b2)%.

At this moment, for t,r € [0,1],z,y € U = C([0,1]) with z(r) <y(r) for all r € [0, 1],

we estimate the difference

[K (&, 7, 2(r), 2(g(r)), 2(11), 2(72)) — K (,7,9(r), y(g(r)), y(11), y(72))]
s | _ (e \)’Jr%ﬁ [2(5 |‘1+\ ’5\ _ &)l ‘1+!y‘£!
x(r y(r 24+ 24|y(5)
ot tr\m(g)\flzBI)T(O)l) tr\y(g)lglﬂy(o ‘+256 tr\w(;)lflalﬁ(l)\) tr\y(l)l(lﬂy(l)l)‘
+|z +ly(0 +|x
e LG TE GO G G GO VTP W Gl 1R S 2 €1 G101 . LG
256 2+ (r))(2+]y(r)]) (2+]z(g)|)(2+ ol
4L 24220 +2|y(O) | +Hz(O)][y(0)D]=(0)] - \y(O)II + e (2+2\w(1)\+2ly(1)|+|w(1)| y( Dllz(W)]=ly(WII
256 2+|z(0)]) (2+y(0)]) ﬁ2+|m(1)|)(2+|y( )l
g 20t Aunlst)yr)l | 1 2 1+\( )})(1+!)( >|!w< 5
z(r ylr 2+{2(5)]) (2+|y(3)
4L 20+2(0))+]y(0)])](0) ~y(0)] +5 1 21412 (D)) 1£ly W) 2(1)—y(1)|
36 (20 (2O el mean
B kv W;’”'
z(r))C+[y(r 2+ |z(5)| ) (2+|u(5
_|_L(1+|fr( DA +1y(0)D2(0)—y(0)] _|_ 1 (14 Sx( D A+ly(1)DI 2( -y
1 128 (2+]=( ’)\)((QJ)rIy( )\() ) 128 2 +|x( D E+Hy(M)]) |
y(r)| + (3)
(1+1+z(r>>(1 ) 6412(1+1+|1 )( T+ g>\) i
12(0) —y(0) + 51 |z(
64 (1+1+x(o>>(1+1+y<o>|)’ ) — gl 1642<1+1+|x<1>|)( 1+|u(z>% )
x(r) —y(r)| + & 5 5)
612+1+Iz<7)\1+1+\y<1>| Y 64 2+W1+1+\J<7>| 2
z(0 + z(1 1
2+1+\x<oi\+1+\y<o>| " (( )) y(( ))| ?4 2+1+\x<1>{ el " (( )) y(( )gl
x(r r)| + x(5) —y(5
6;1 2+1+H9r||001+1+\|y|\00 Y 6‘11 2+1+HxH001+1+HyHoo 2/~ Yz
= z(0 0)| + x(1) —y(1
64 24 s Y T [#(0) = w0 + 5 2+1+H Moo +71+uin (1) ~w(D)
7 [l2(r) = ()] + |2(5) — y(5)] + [2(0) = 5(0)] + |=(1) — y(1)[] -

G5 T T —
2 T T

L eI+ |=()])

IN

IN

IN

)m
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So by lemma 2, one writes
[2(r) ()| + Ja(5) ~ u(3)| <2 (la(r) — v + |23) w3 )*

2(0) = y(0)] + (1) = y(1)] <2 (J2(0) = y(O)* + |o(1) — y(D)P) .

Thus, we have

< gt ()~ y )P 4 [ (5) — u(D)] D+ 2012(0) s + (1)~ y()P)?)
042+ s + T 2 e

T T 2.1 1

- : (o) = y)P + o) = y(D| )E + (12(0) = y(O) + la(1) = y(P)?).

1 1
16.2(2 + tprs + )

We apply another time Lemma 2 to have

That is,
‘K(tv r,m(r),x(g(r)),x(Tl),x(TQ)) - K(t,'r,y(’r),y(g(r)),y(Tl),y(Tg))\ <
: ! o) o2 4 (D) — o 10(0) — (O (1) — (D)
e (1) = s + o5~ [ + 1200) = 4O + ko) — w0 ) <
! : (1) = + o5~ [+ 1200) = (O + 12(1) — y(1) )

1 1
\/5\/2 RN T 7 P = 7

Thus, the second condition (ii) of Theorem 2 is satisfied with v(t,r) = %.

That is,
1
1 1 1
2
sup/y(t77«)d7«:<: —.
te€f0,1] Jo 64 16  22+2|1)P (1 —0)2-!

Next, Using the properties of the functions K, g and f, it is observed that the hypothesis
(1) is satisfied for $o = f € U = C([0,1]).

On the other hand, by definition of the function € the condition (iii) is satisfied. It remains
to check that the operator K is non-decreasing. It is clear that the function o : s —>
3(21::); s > 0 is increasing, so on the space of continuous functions on [0, 1] with value in
[0, +00], we easily see that the operator is indeed non-decreasing with respect to the variable
x. The conditions of Theorem 2 are fulfilled and it results that the integral equation (10)

has a unique solution.
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