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Abstract. In this paper, we explore some inequalities derived from twice differentiable functions
together with the extended conformable fractional operators. First, we investigate two lemmas
using extended conformable fractional operators. Then, we utilize these results to explore some
new trapezoidal and midpoint-type inequalities through the use of the convex property of twice
differentiable functions. Moreover, using the power mean inequality and Holder’s inequality, we
introduce a new class of inequalities. The explored results are validated through different 2D and
3D graphs. This new class extends the results of previous research studies. The present paper
seeks to motivate researchers to apply these concepts to other fractional operators.
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1. Introduction

Convex functions form an essential branch in mathematics with considerable applica-
tions across diverse fields. By definition, a convex function lies above the straight line
connecting any two points in its domain. The study of convex functions has evolved over
the past century, with roots deeply embedded in geometry [1]. Their utility spans vari-
ous disciplines, notably physics [2], chemistry [3], medicine [4], optimization, economics,
statistics [5], and bioengineering [6]. Additionally, fields such as DC programming [7],
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convex programming [8], functional analysis [9], monotone operator theory [10], Object
Detection Algorithm [11], and complex analysis [12] further underscore the importance
of convexity. This characteristic plays a crucial role in solving many real-world problems
related to minimizing or maximizing functions subject to certain-constraints.

The exploration of convex functions can be traced back to the ancient Greek math-
ematician Archimedes (287 BC-212 BC), who, in his work On the Sphere and Cylinder
[13], described a convex arc as a curved line in a plane that remains entirely on one side
of the straight line connecting its endpoints [14]. The study of mathematical inequalities
started in the 18th century with work by Carl Friedrich Gauss. Later, mathematicians like
Augustin-Louis Cauchy and Pafnuty Chebyshev explored how inequalities could be used
in analysis. A key result came from Viktor Bunyakovsky, who proved an early form of the
Cauchy-Schwarz inequality [15]. In the 19th century, Otto Hélder introduced a version
of what would later be known as Jensen’s inequality, assuming the second derivative of a
function is non-negative. The study of inequalities grew more important in the 20th cen-
tury, with major contributions by mathematicians like Leonhard Euler and Adrien-Marie
Legendre. In recent years, there has been a growing interest in exploring new aspects
of convex functions, particularly in deriving novel inequalities such as Jensen’s inequality
[16], the power mean inequality [17], the Cauchy-Schwarz inequality [18], Bell’s inequality
[19], Boole’s inequality [20], the Sobolev inequality [21], Chernoff’s inequality [22], the
Hermite-Hadamard (H — ) inequality [23], Ostrowski type Inequalities [24], midpoint
and trapezoidal-type inequalities [25, 26]. While various types of inequalities exist, convex
inequalities play a vital role in this field. As Fractional calculus is a branch of mathemat-
ical analysis that generalizes the concepts of differentiation and integration to non-integer
order. There are many important applications of fractional calculus, such as modeling
influenza [27] and trajectory tracking of the Stanford robot [28]. Mathematicians have
derived different operators in fractional calculus to obtain desired results, such as the
Riemann-Liouville fractional operators [29], the Caputo-Fabrizio fractional operator [30],
the Hilfer fractional derivative operator [31], Hadamard-type fractional operators [32],
and Katugampola fractional integrals [33], according to their needs. One such operator
is the conformable fractional operator [34], and (k, p)—Conformable Fractional Integrals
[35]. Moreover mathematicians have made significant efforts to analyze the behavior of
inequalities particularly fractional inequalities through computational methods [36].

This work is based on investigating new inequalities of trapezoidal and midpoint type
for convex functions. These inequalities are obtained with the aid of the extended con-
formable fractional operators and twice differentiable functions. The extended conformable
fractional operators generalize the concept of fractional calculus to a wide range of func-
tions, and as such, it provides a strong tool for studying inequalities with generalized
functions. Also, twice differentiable functions are fundamental in the construction and
proof of these inequalities. Additionally, the absolute value function and convex proper-
ties of twice differentiable functions are utilized to provide connections between the new
inequalities. Also, celebrated inequalities like Holder inequality [37] and the Power Mean
Inequality [37] are utilized in deriving special findings.

This paper is organized into sections as follows: Section 2 offers a detailed review of
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convex functions, including definitions and some properties. Section 3 introduces the new
inequalities of trapezoidal type derived by using extended conformable fractional operators
along with generalized twice differentiable functions. Section 4 discusses the midpoint type
inequalities similar to previous. Finally, Section 5 wraps up the paper by summarizing
the findings and proposing avenues for future research.

2. Preliminaries

In this section, we discuss fundamental results that will later prove beneficial. The first
integrals to be described are the Riemann-Liouville integrals [38]. Additionally, we recall
the extended conformable operators [39], which are well documented in the literature and
serves as a crucial building block for this paper. Since the beta and gamma functions [40]
are key components of fractional calculus, both are discussed here.

Definition 1. For positive real numbers ¢ and n, the gamma function I'(¢) and incomplete
beta function B(¢,n,r) are defined as

F(C)z/o Pl dy
and
B(¢,m,7) =/0 I 1= )"t dy,

respectively.

The Riemann-Liouville fractional integrals [38] are attributed to mathematicians Bern-
hard Riemann and Joseph Liouville while Liouville first explored the concept of fractional
calculus, Riemann’s work significantly developed the integral operator that is widely used
today as the standard definition of a fractional integral.

Definition 2. For h € L'[v,w], the Riemann-Liouville integrals j&'\, h(¢) and j&_h(¢) of
order o > 0 are given as

¢
500 = 1o [ €= 0 th)dp ¢ > 1)
100 = gy [ (o= 0P e C < 2

It is evident that setting o = 1 causes the Riemann-Liouville integrals reduce to the stan-
dard integrals.

Fractional conformable operators [41] were defined by Khalil et al. in 2014. Later ex-
tended conformable fractional operators [39] were defined which extend some new concepts
to fractional calculus.
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Definition 3. For h € L'[v,w], the extended fractional conformable integrals agl h(C)
and ¢35 _h(C) of order a € C, Re(ar) > 0, k > 0 and p € (0,1] are given by

w1 =0 = (o= )\ h(p)
O = i [ ()T M e )

and

o o L (@O @\ B
nib_h(¢) = @ /< < . ) —dew>¢, (4)
where T'(a) = k%flf(%).

It can be observed that if k = 1, equations (3) and (4) yield the ordinary conformable
operator. Additionally, from usual observations, it can be concluded that when y = 1 and
k =1, equations (3) and (4) coincide with (1) and (2) respectively.

Now, we proceed to define well documented concept of convex function [42] and s-
convex function in second sense [43] as fellows.

Definition 4. A function h : [a,b] — R is called convex if following inequality holds for
all z,y € [a,b] and p € [0,1]

h(pz + (1 = p)y) < ph(z) + (1 — p)h(y).

Definition 5. A function h : [0,w] — R is said to be s-convex in the second sense if the
1nequality

h(pz + (1= ply) < p°h(z) + (1 = p)°h(y),
holds for all x,y € [0,w] and p, s€ [0,1]. This class is usually denoted by K2.
Let us review Hoélder’s and power mean inequalities [37] as follows:

Definition 6. Let p > 1 and % + % = 1. If |h|P, |¢|? € Lv,w] are real functions defined

on [v,w|, then
[ st < ([ |h(m)|pd:ﬁ>é ([ |¢<gg>|ngg)é .

Definition 7. For ¢ > 1 and % + % = 1. If h(z), ¢(x) are real functions defined on [v,w]
such that |h|P,|¢|? € L[y, w],then

/VW |h(z)p(x)|dx < (/Vw |h(x)\da;)1; (/Vw !h(a:)]w(x)\qu) T
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3. Trapezoidal Type Inequalities Based on Extended Conformable
Fractional Operators

In this section, we derive trapezoidal-type inequalities for twice-differentiable functions.
By employing extended conformable fractional operators, we obtain these inequalities.
These results extend classical inequalities by incorporating the flexibility and generality of
fractional calculus. To establish the trapezoidal-type inequalities for extended conformable
fractional operators, we consider the following lemma, which forms the foundation for our
subsequent analysis and results.

Lemma 1. Consider a function h : [v,w] — R that is twice differentiable on (v,w) and
satisfies W' € L'([v,w]). In this context, the following equality is established

v w Tt a_
MO vt~ T (T

S CAORT )
n

n

gt ]t ()

x b <n_t1/ + tw) dt
n

n
+/01 /Ot ((k;)% B (1 - (llw— w)u>?5> dSO] B <;V+ n;tw> dt], (5)

w25 o (5 ) 5

3 [/01<(k;) _<1—<z;w>u>3>d¢].

Proof. By considering the integral

= /o1 [/ot ((mlt)z - (1 & Wﬁ) dw] " (nnt” ¥ ff”) "

Using the technique of integration by parts, it yields
~1 1 Ll 1—(1—g@)\*
=" h’(n V+w)/ —( (1-¢) ) dyo
w—v 7 n o \ (kn) kp
Lo 1—(1—t)*\* —t ot
S / a—( ( )) h;(n u—i—w)dt.
w=vJo \ (ku)* kp n n

where

Elle)

>
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Again, we apply the technique of integration by parts to the second term; therefore, we
obtain the following expression

"o Wivh/ <n;1V+ 717w> /o1 ((k;)?: - <1 - (zlw_ cP)M>z> dyp
(e ot () H [ [
t

Substituting x = %1/ + %w, we can write

n=—"1-W (”n1u+717W) /01 <<k;): - (1 - (llcu ¢)M>%> “
- (wiy>2h(”) (ki)% - (wivyﬁz (M)
o () - (e =) 1)

1

ne gt () | ((kja)% (Tw Wy:) v

h(zx)dx
v I [(,H)w B x] 1o

n
By using the definition of extended conformable operator (4), we obtain

h= N <n;1”+717”> /01 ((zf;)z - (1 o W)My) e

+ (wiy>2h(u) (ki)z _ (wiljy‘;ﬂr(Z + 1) gj/w_h(y)_ (7)

Similarly
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et () (- () )
+ <w - V>2h(w) (ki)z _ (w d V>u2+2 r(% + 1):jfw+h(w). (8)

Adding equations (7) and (8), we get the required result.

Remark 1. If we substitute k=1 and n = 2 in Lemma 5, then obtained result leads to
[44, Lemma 3].

Theorem 1. Consider h : [v,w] — R as a twice differentiable mapping on (v,w) such that
B e L([v,w]). If |h"| is s-convex in second sense on [v,w]| then,

'Wﬂbk(u,a)—w(m)? (k +1)
< Hommss h0) 4 Tiagne h(w)) ' < (W—V;(ku)? (!h”@)!;!h”(w)l)
L (i () Yol s

Proof. Taking absolute value of equation (5), we have

%71 a «
PR )~ e G FE(G 1)

@—0)F
(=) ()t
< J/(Ln 1)V+w h(v) +i; Jw h(w)> ‘ ST

. [/ol /ot ((k;)% - <1_ (liu_ WY) dw‘ " <n;t”+;w> ’dt

L e - e (L) ]

By using s-convexity of |h"| in second sense, we get

I 4 ) — P )

oo
w—v)Fk
w—y2k,u)%
< JM h(v) +% T h(w)>’ B

7 7/,3
1
X /
0

IN

[ (e~ (5520l () o (257) )
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“f 1 G - =)l () wen (45) ) o

px_q

PR 4 gu0) = I (O 1)
(0 = ()

(B 10D 42 T 16 | <

n

" <|h”(l/)|;;Ih”(w)!)/01

X (t°+ (n—1t)%)dt.

773

t[<w; <1_i;wwyjd4

>Q

Which lead us to our required result.

Remark 2. If we set n = 2,k=1 and s=1 in (9), then inequality reduced to

h(u);h(w) 2L (e ) (W‘@h(v) + J’f;uqh(‘*’))‘

(W —wjre
[GC5))ote o

Remark 3. When we substitute =1 in (11), then Theorem 1 leads to [45], corollary 7.

a

(W*V)QN " " !
< E=IE (W) + ) [

Remark 4. By settingn =2, k=1,s=1, u=1 and a = 1 in Theorem 1 then inequality
reduced to [46], Proposition 2.

Example 1. This example illustrates the verification of the inequality stated in Theorem
1 using graphs and a table. To achieve this, consider the function h(zx) = x5+ 22 defined
over the interval h : [2,7] — R. The parameters are chosen as k = 3, o = 4,s=1, and
n=_8.

Explanation:

A 2D plot is created to observe the function’s behavior across the interval p € (0,1]
shown in Fig. 1, providing a visual way to analyze the inequality (9). To check the validity
of the theorem, we proceed to calculate numerical values of the inequality for different u
and k values, which confirm our results. These results are compiled into a table shown in
Tables 1 and 2 highlighting the precision and reliability of the inequality.
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Fractional integral
1800

1600

0.2 04 06 08 10

Figure 1: This figure illustrates the graphical representation of (9), corresponding to p € (0, 1] validating our
results.

Table 1: In this figure summary of values confirming (9) corresponding to u € (0, 1].

7 0.2 0.4 0.6 0.8 1
LHS | 1368.99 | 1289.62 | 1213.3 | 1142.93 | 1078.93
RHS | 1715.36 | 1611.45 | 1512.02 | 1420.78 | 1338.12

Table 2: Summary of values confirming (9) for k € [1, 5], while keeping p = .5 fixed.

k 1 2 3 4 5
LHS | 1457.94 | 1365.57 | 1258.87 | 1157.15 | 1065.55
RHS | 1775.59 | 1681.23 | 1560.81 | 1441.05 | 1331.05

To extend the analysis, a 3D plot is generated to evaluate the inequality for parameter
ranges o € [5,10] and p € (0,1]. Figure 2 displays this 3D wvisualization, offering further
support for the theorem.

U LHS
o RHS

Figure 2: In Fig. 2 three dimensional visualization validating the inequality of Theorem 1 corresponding to
€ (0,1] and « € [5,10].

The combination of these methods confirms the robustness and applicability of Theorem
1 in describing the behavior of h(x) under the given conditions.
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Theorem 2. Assume that h : [v,w] — R is a twice differentiable function on (v,w) such
that k' € Ly([v,w]) with v < w. Let [h"|? be s-convez in second sense on [v,w] with ¢ > 1
then inequality is given by,

X m=—Drv4w 1)V+w )+k JV+(7] Dw h(w)> ‘ S

(
( ( %_<1—<;J¢>u>%>d¢pﬁ)
(i s~ i) o =)

- [(;h(”s—kﬂf) |h(,i9(+)‘1q)> ((n—1)"*! —775“)](11). (12)

Proof. By employing Hélder inequality on (10), we get

D=

Q|

‘h(u)+h(w)+¢k(m )—m(km; (k+1)

o O E ) | (“_”32(%%

) K 0 ( k;)z - (1_(/1,; ) dt)

x < h”(( _t>y—|—:;w> dt> + ( t( 5 - (llw_ @u)z) " pdt>
X </01 h" (;y+ <777;t> w> th) q, .

By considering s-convezity in second sense of |h'(x)|?, then

P () e fees (05) wersecr (5)

< ?Li"é;((i) |1q) _ ?lilg;(l_/'_)’f) [( _ l)s—i-l _ 775-{-1} . (14)

Similarly
[ G (= 5) ) [ < - ey

_ 1)s+1 o 778+1] ) (15)
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Substituting both (14) and (15) in (13), we conclude

h(v) + h(w) n'e ! a (/@

‘77 + ¢r(p, @) — m(kﬂ)kr (E + 1)
w—v)2(kp)*®

X J‘an 1 V+w h( )+k JV+(7] Dw h(w)> ‘ S ( 7/)]3(1{:#)

(
’ </0 | ((k;ﬁi (Fa W>z> "

) ( K @)l |h"<u>rq)> (- 1) nsH)r

n(s+1) n(s+1

! K HeEai Tt > ((n—1)*+" = n8+1)} z )

n(s+1) (s +1)

So inequality is proved.

Remark 5. If we substitute n = 2,k =1 and s=1 in equation (12), then following result

is obtained
h h 2,ua—1
LEELEN T 1) (M )+ I )|
2

(] (e () of )
(A ) (I s i 10)

Corollary 1. If we consider p = a =1 in (16) we arrive at the conclusion that is

‘h(u);h(w) B (wiy) /ywh(x)dx < (w_gy)2 <pi1 B 2p(2;+ 1)>p

(s |h"<w>\q>i - (LS ‘ |

Proof. Substituting value p = a =1 in (16),

|

- ; - w . ”)F(a1+ ) /,,w hle)dr| < (w_g)gﬂa </o1 /ot (1—¢)dp pdt>;
x Ksm"(u)rq : |h"<w>|q>q . <W<y>|q - 3|h”(w)‘q>q ] .
Consider
</o1 /Ot(l_@)dsopdtf _ </01 t_t;pdt)é.
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Under condition |A — B|P < AP — BP when A > B > 0;and p > 1 so we can write

1) gt N 1 120 \»
(/ / (1 —p)dp dt> < </ tPdt —/ dt)
o IJo 0 o 2°

</o1 /ot(l ~ e pdt) "< [p—lk 1 2p(2;+ 1)] K (18)

Substituting (18) in (17), we get our desired result.

Example 2. This example illustrates the applicability of Theorem 2 through graphical and
numerical analyses. We consider the function h(x) = 2% + 224, defined on the interval
[2,7], and verify the inequality using specific parameter values: k = 3, o = 4, s = 1,
%:.6,%:.4, and n = 8.

Explanation:

Figure 3 presents a 2D graph of the inequality over u € (0,1], showing the behavior of
both the left-hand side and the right-hand side of inequality (12). The plot demonstrates
that the L.H.S remains within the bounds prescribed by the R.H.S, visually validating
the theorem. A numerical analysis is performed by computing the L.H.S. and R.H.S.

Fractional integral
2500
2000 \

L P E—— e e e s e ekt LHS

1000+

500

02 04 06 08 10 ©

Figure 3: 2D plot for u € (0, 1] of Theorem 2 supporting the validation of theorem.

values for several instances of u with k fixed, as shown in Table 3. Additionally, by fixing
w=0.5, a table is constructed for different values of k, as shown in Table 4. This tabular
representation is highlighting the accuracy and consistency of the inequality.

Table 3: Summary of inequality (12) confirms its validity for p € (0, 1].

I 0.2 0.4 0.6 0.8 1
LHS | 1368.99 | 1289.62 | 1213.3 | 1142.93 | 1078.93
RHS | 2448.47 | 2282.73 | 2203.15 | 1986.66 | 1861.13
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Table 4: Summary of inequality (12) confirms its validity for k& € [1, 5] while fixing u = .5.

L 1 2 3 4 5
LHS | 1415.4 | 1343.89 | 1250.8 | 1157.15 | 1070.49
RHS | 2543.26 | 2389.52 | 2203.15 | 2023.35 | 1861.33

To extend the analysis, we explore the inequality in three dimensions by varying the
parameters a € [5,10] and p € (0,1]. Figure 4 illustrates the resulting surface, further
confirming the robustness of the inequality across a range of parameter values. These

o LHS
o RHS

Figure 4: 3D representation verifying the inequality in Theorem 2.
combined analyses establish the reliability and practical utility of Theorem 2 in bounding

the behavior of h(x) under the given conditions.

Theorem 3. Consider h:[v,w] — R as a twice differentiable mapping on (v,w) such that
" € Ly([v,w]). Assume that |h"| admits the s-convezity in second sense on [v,w] with
q > 1 then,

B q

(k) ET(5 +1)

‘ h(v) + h(w) n'e
(w = )2 (k)
773

+ o(p, ) — L
(7 |
(11 G >z—<l‘<,t;”“)z)dw!dt)l” g
(

o ([ )0 )
)

X (n— 1)1/+w )+I€ JV+("7 Dw h(UJ)) ‘ S

Q=

nS

Q=

n [!h”(v)lq‘lﬁ(u,a) :Lrs\h”(w)lq%(ﬂ, a)]

where
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1 t 1 1—1(1—-= 18] %
U (1, ) :/ £ / - < (1=¢) ) dgc)’dt,
o |Jo \(kp)e ki
! ! 1—(1—¢p)*
wane) = [—07| [ (- ( ) dgo)dt.
0 o \ (kp)® kp

Proof. By employing power mean inequality on equation (10), we obtain

Elle)

pa g

‘h(”h”mw, ) o AT+
o= k)t
X (—-Dvtw 1)u+w v) +i Ju+(n Dw h(“)) ‘ < (723(]{#)

X

(e
[< ’ < ) <1_(11w_ W>z> d@‘dt>1q

Y </01 /ot<(ki) ( )dso‘ y (nn_tH;w)
(

Q=

Ele)

C(1- (lt; @)“) g th)
(1 G- (=52 ol
tro1 (1—(]16—@“);; doo| |1 t,on=t, th % : (20)
o [Jo \(kp)* H 7 !

By taking advantage of s-convexity of |h"| on the following terms, we proceed as

(/01 /Ot ((k;)z B (1—(];— W‘)z) d ‘ h”( ;tu+;w> th)
<[ 1L (s —(1% ) ) 5(( ) o (5) wer) o
(L (€ (5t

Iy [ ( (1 > )dgp‘dt)
+ B </ot A((ki) (% ¢)) ) ’dt> o

Assuming
Uy (p, ) :/Olts /Ot (Wi)z - (1_ (lt:u_ @u)i) ds@‘dt, (22)

d«ﬁ
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i Lol [ (- (52 Yoo o

Substituting equations (22) and (23) in (21)
% q
dy dt

El

(L G- (55)

n—1t t
h”( v+ w)
n n

< (P g+ P ) ) (24)

Similarly
_ 1_(1_90)H ; " _tV tw I

< 0< ‘i( s >>dh<n+n)dt>

< (B g, ) + P ). (25)
Substituting (24) and (25) in (20)
h(v) + h(w) n'E ! e
P 4 gu0) = I (O 1)

w—v)? k,u)%
(R 104 T 1) ) | <
1
X \/
0

n
1
» <[’hﬁ(®)’q%(’”"“) E )] " () + o] ;> |

[ (e~ () Yl

(26)

Consequently, we obtain the desired outcome.

Corollary 2. If we substitute k =1,s =1 and p =1 in (26), then

h(l/) + h(W) «a «a
‘7’] +¢1(1,a) — (wn_ V)#QF(OZ +1) ( J(n—lrzu+w_h(y) + Ju+(nn1)w+h(OJ)) ‘

< 7 = (§‘m+1>1<+3>>1_;

E<1< /(o reETm) - (; L)) e

a—1

7(a+1)(a+3) n

) )’ (5 ) 2

3 n

(a+ 1) (a+3)



M. Samraiz et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6139 16 of 34

(G wrvern) G aer) ) } &)

Proof. Setting k = p =1 in (22),
t
| a-e d@‘dt
0

\h(l,oz):/ol

1 taJrl
U (1, ) :/ It — dt
0

a+1

When A > Bthen|A— B|=A— B

¥y (1, 0) :;(a+1)1(a+2) (28)

Similarly

(1, a) :;_W (29)

Substituting (28) and (29) in (26),

’h(l/) +hw) | G1a) - ( ) I(a+1) (QJWh(u) +° JW+h(w)> ’
)
g [( (" (é - (a+1>1(a+2)> - (é (ot 1)1(a + 3))) |hﬂg7y)’
+(Zl’>_(oz+1)1(a+3)> Vh";w)|q>f‘+(<§_ a+3 ) e
(o (i‘m>‘<§‘<a+1>l<a+3>>> =) ] (30

Ultimately, the expected outcome has been reached.

Remark 6. If we assign n =2 and a =1 in (27), our result reduced as follow

’h(l/) thw) 1 /Vw h(z)dz| < (w;ll”)z KEVZ”(V)I(I N ;\h"(w)’q>fl’

2 w—r

+ (o o) |

Example 3. This example demonstrates the application of Theorem 3 through both graph-
ical and numerical methods. We analyze the function h(z) = x5 + 22* within the interval
[2,7] to verify the inequality using the following parameter values: k =3, a = 4, % = 0.6,
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% =04, and n=38.
Explanation:

Figure 5 displays a two-dimensional plot illustrating the inequality for p € (0,1]. The
graph of inequality (19) is clearly showing that the LHS consistently stays within the bounds
set by the RHS. Numerical calculations are performed to compare the inequality at various
values of p. These results are summarized in the table provided in Fig. 5, highlighting the
precision and consistency of the inequality.

Fractional integral

2000 \

1500

1000

500

02 04 06 08 10

Figure 5: This figure provides a visualization of Theorem 3 using a 2D graph confirming its validity.

Table 5: Table shown the summary of equation (19) corresponding to i € (0, 1] as evidence of inequality.

[ 0.2 0.4 0.6 0.8 1
LHS | 1368.99 | 1289.62 | 1213.3 | 1142.93 | 1078.93
RHS | 2271.79 | 2132.02 | 1998.51 | 1876.17 | 1765.5

To further validate the results, the inequality is analyzed in three dimensions by varying
a € [5,10] and p € (0,1]. Figure 6 shows a 3D surface plot, confirming the robustness of
the inequality across a broader parameter range.

150000

100000
S

Figure 6: 3D visualization validating the inequality in Theorem 3.

Together, these analyses reinforce the accuracy and practical relevance of Theorem 3
in characterizing the behavior of h(x) under the specified conditions.
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4. Mid Point Type Inequalities Based on Extended Conformable
Fractional Operators

In this section, we delve into the study of midpoint inequalities derived from twice-
differentiable functions. By employing extended conformable fractional operators and
twice-differentiable operators, we aim to establish new insights and results in this area.
Our approach begins with the formulation of a fundamental identity, which serves as the
foundation for deriving the desired inequalities.By leveraging the capabilities of extended
conformable fractional operators, we extend the applicability of midpoint inequalities to a
broader class of functions, offering a more comprehensive understanding of their behavior
and potential applications. The results obtained in this study not only contribute to the
theoretical framework but also pave the way for future research in related domains.

Lemma 2. Let h : [v,w] — R be a twice differentiable mapping on (v,w) with h" €
Li([v,w]). Then the following equality holds:

77%_1 &« «Q a T a T
(w ]/)Lka (k’llu) k F(E + 1) k‘](n—l)u+w7h(l/) +k‘ JU+(n—1)w+h(w) + Tk? [/‘L7 OZ}
— n n

() o)
_ (w— V;(kﬁu)k Uol [/Ot <1_(;M_90)“>z d(p] h" <7’n—tu+ ;w) dt
[ ] et

where

Proof. Consider

LIt /- (1 =)\ * n—t t
I :/ / <> do| b <l/—|— w> dt,
’ 0 [ 0 ku n n

Utilizing the technique of integration by parts, we obtain
—t ot Pr1—(1—@)H\*
I3 = Ty <77 v+ w)/ <( ?) > dyp
w—v n n 0 kp

L/ (1 =K\ * _
1 / (<t>> W <77t,,+tw>dt,
w—vJo kp n n

1

0
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-1 1 L= (1 -\ *®
I3 = n h/<77 y+w>/ <(90)> de
w—v n n 0 kp

L= (1—t)r\* -
— /<< t)> h,<77 tu—l—tw>dt,
w—vJo kp n n

Again employing integration by parts on second term

et (e ) [ ()
() (R e )
() O L[ o

- 1 L/l—(1— )\ * 271\ * ~1 1

Is = (2 11/—1—700 / M dp — il ) A v+ —w

w—v n n-J) Jo kp w—v kp n n

2 1 -1

n 1 1 /«a 1—(1—t)P]* 1
* <w—y) kkr—t (k;)/o [ kp ( )

—t t
><h(77 I/—i-nw)dt.

—t .
=ty + %w, we can write

Substituting x =
-1 1 Lil—(1—g)r\*
I3 = (2 1/—|—w>/ (( ?) > dy
w—v n n 0 kp

(
() )5 () ()

3

w—r Y ((—Drtw  \H 3 _
7 ) ( 1 :n) [(77—1)1/"‘“’ _xr 1h(:c)dac.

By using relation 'y = k%IT (%), we can write

1 1 L/l (1= @)\ 2/ 1\* 1 1
= —1 (1 "2y 4 2 / LU=\, (o ) R (I e
w—=v n n 0 ku w—=Vv ku n n
a_]
(n=Drv+w <(77—1)V+w V)M (w _ x)u k

u+2 1 — _
n « n n n
'—+1
+<w—u> Gt ><krka>/y p

(32)
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h(v)dx
(n—1v+w 1= (33)
By using the definition of extended conformable operator (4), we can write
-1 1 Ll—(1—g)r\*
I3 = i h’( 1/+w>/<(¢)> dp
w—v n n 0 kp
k -1 1
~(55) () (5 )
n n
py+2
n « a -
H(05) T TG D h0) (349)
n
Similarly
I fr 1= - —t
I4:/ / (W) dy h”( V+nw)dt
0 0 ku n n
1 ~1 Li—(1—g)r\*
nem (L L) [ (e,
w—v  \7 n 0 kp
2
(G5 G
w—v nooon (ku)®
py+
n 4§ o
#(5) " () b (35)

Adding equations (34) and (35), we get our required result.

Remark 7. By considering n = 2 and k=1 simultaneously in equation (31), that directly
leads to [[44], Lemma 10].

Theorem 4. Assume that h : [v,w] = R as a twice differentiable function on (v,w) such
that b € Li([v,w]). By considering the convexity |h"| on [v,w] the inequality is given as,

X

(W’(V)I + h”(t«))l) 7

778
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where

- a -1 1 1 -1
Y] = E (1 (Lotvs ) = (v ) )
n? n n n n
Lil—(1—g)\*
NEEEI
0 kp
Proof. Taking absolute value on both sides of equation (31)

! o
(w_z/)“k(lw)kr(k ) k’]m hv) +% -7v+<n 1>w+h(w) + Yilp, of

(5t (e )
g [ (20 e (20

+/01 /Ot (W)Zdw' % (;H";tw) ‘dt]. (37)

By considering s-convezity of |h"| in second sense

n“%_l o « o b a
m(kﬂ) k F(E + 1) k](n_l)uwfh(V) +i Ju+<nn_1)w+h(w) + Ti[u, af

0531 ey
gt [ () (5w () o)
L) () w557 i)

77/%—1 a « Qi o
m(ku) kr(g + 1) k]w_h(l/) +i ]erh(w) + Trlu. o

)

" (W(V)I + h”(w)|> _

778

(t°+ (n—1t)°)dt

Consider

Wi [M) Oé] =

[=5)
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Assuming

p=1-(1-¢p)
1 1 1
dp=—(1—p)» "dp
I

1 1 /1_(1—t)“ (g+1)_1 14 '
Wk, ¥ = — | —— =& ja 1—p)r “dp
o] M‘ (kp)* Jo ( )

By using definition of incomplete beta function , we can write

wk[u,a]:;‘(k;)zB <Z+1,i,1—(1—t)”) ' (40)

Substituting (40) in equation (38), we obtained
(w—v)? a/lll 1 (a 1 )
<7 )t | S| —2B( S 4+1,-1— (1)
U iy 0o M|(kup)r k 1 ( )
" (W'(V) + !h"(w)|>

778

(t + (- t)°) dt

Ultimately, the expected outcome has been reached.

Remark 8. If we set parameters asn = 2,s =1 and k=1 in (36), then Theorem 4 leads
to [44] Theorem 11.

Remark 9. If we set n=2,s =1,k =1 and pp =1 in (36) then our result reduced to [{6]
Theorem 1.5.

Remark 10. If we setn =2,s =1,k =1,u =1 and a = 1 simultaneously in 36, then
Theorem 4 and [44], Proposition 1 become identical.

Example 4. This example demonstrates the application of Theorem 4 using both graphical
and numerical methods. We consider the function h(z) = x84 24, defined on the interval
[2,7], and evaluate the inequality under specific parameter values: k =3,s =1 a =4, and
n=2_8.

Explanation:

Figure 7 presents a 2D plot illustrating the behavior of both sides of the inequality (36)
as p varies within (0,1]. The graph confirms that the left-hand side remains within the
bounds set by the right-hand side, visually supporting the theorem’s validity. Numerical
computations were performed to compare LHS and RHS values for selected values of p. A
table summarizing these results is shown in Figure 6, demonstrating consistency between
the computed values and the inequality constraints.
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Fractional integral
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Figure 7: This figure provides a graphical illustration of Theorem 4 for 1 € (0, 1].

Table 6: The table displays numerical values corresponding to equation (36) for u € (0, 1] which is supporting
our results.

[ 02 | 04 0.6 0.8 1
LHS | 65.30 | 144.68 | 221 | 291.37 | 355.37
RHS | 85.95 | 189.87 | 289.29 | 380.54 | 463.19

Extending the analysis, a 3D wvisualization was generated by varying o over [5,10]
and p within (0,1]. The resulting surface plot, shown in Figure 8, demonstrates that
the inequality holds robustly across these parameter ranges. This multi-faceted approach

o LHS
o RHS

o 02 0.4 06 0.8 1.0

Figure 8: Three-dimensional representation of Theorem 4 validating the inequality across varying o and p.

highlights the validity and practical applicability of Theorem 4, confirming its effectiveness
in bounding the behavior of h(x) under the specified conditions.

Theorem 5. Assume h : [v,w] — R is a twice continuously differentiable function over
(v,w), with K" € L1([v,w]). Let |h"|? be convex on [v,w], where ¢ > 1, then

E ] « o - a -
e (k)T (T +1) (wt”nwh(u) + y'5+<n1)w+h<w>) + Tkl af
n n
_ _ _ 2 o
(5523 () 5

/ot<1_(zlw_ @“)%@ pdt]éK W@l W) ((,,7_1)3+1_ns+1>)q

n(s+1) (s +1)

=
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BT R@I e e )
+<n5(8+1) rern (DT )> } 42)

Proof. By employing Hélder inequality on equation (37)

B a o a - a -
’(w_y)ﬂ%(km k F(E + 1) (k]7n1n>u+w_h(V) Tk j/j+(n1)w+h(w)> + Trlp, o]

n

1 -1 1 1 -1 —v)? o
n n n n n n
1
x [ / / <( 2 > dip| dt (/ h”(” 1/—|—w>
o /o kp 0 n n
1
1 t _ _ 12 % p 5 1 t _ t
+ / / (1(1('0)> de| dt </ " (I/ + nw)
o /o kp 0 n n
By taking advantage of s-convezity of |h" (x)|? on following equations, consider
1 1
1 _ q 7 1 U\ S s 1
(/ % <’7 by tw) dt> "< </ [(” t) " ()7 + (t> |h“(w)\q} dt) q
0 n n 0 n n
1 1
1 — ¢t t q q 1 ts-‘rl 1 ! q 1\ ¢
([ (5t ) ) = (w2
0 n n n® s+ 1 0

0_n5(5+1) (n_t)SJrl
Y (1=t YY) < (el ) NEREeY
U P (e o) )" = (i~ e oy (=07t =)
Similarly

([ (Gt ) < (Lot Bt s

Substituting (44) and (45) in (43), we get

1
q q
dt)

th)? @)

5 =4 « o - o
m(kﬂ) Z F(g + 1) (k]7n1;u+w_h(’/) +5 J'V+<n71)w+h(w)> + T lp,

1

() o )
LI (52 oo (525 o)
(0o

Therefore, the calculations produce the anticipated result.

R

=
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Remark 11. By substituting k=1,s=1and n = 2 in (42) we conclude

‘(jiay;m(p)ar (a+1) <ajﬁ+2w_h(V) + j‘@ﬁ(fﬂ)) —h <V;w) ‘
<«u;uﬁuaL41%f(i—<2—ww>“d¢pﬁ}i[<wwwwwiwwwww>é
(s sy )

Remark 12. By taking values =1 in (47), result reduced to

ga—1 N . i
'WF(a+1)( JwTw_h(u) + yuguh(w)) —h< 5 ) ‘
- 2 1 t p 1 " q " q 1
< Wwov)” / /Sadg) T (B0l + )l
8 o |Jo 4
1
h// q+3 h// qa\ 7
n <| (v)| I |h" (w)] >q} "
Consider the term
WAV P15 1 jotl P 75
/ / sYdep| dt| = [/ dt}
LJO 0 ] 0 a+1

1

t 2 1 1 ?
s%dep| dt < / t”a+pdt>
(a+1)P Jo

t P 7

s%dep ] <(a+1)P(p1a +p+1)>

S =

S =
S =

&
o~
I

S— S—

hff;aua+n(%q;JW0+”ﬁ?+Mw)‘h<ygw>’

e - v)? (((H 1)}3@1&%+ 1)>i [<3wh"<u>|qi \h"<w>rq>3 . <|h"<u>|q 8 srh"<w>|q>3] |

Remark 13. Assuming o =1 in (48), we obtain following result

o o (5) 5 (o)

’ Kg‘hﬁ(yﬂqi ‘hu(”)’qf’ (B 3rh~(w)|q>;] |
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Example 5. This example illustrates the use of Theorem & through a combination of
graphical and numerical techniques. The function under consideration is h(z) = 2%+ 224,
defined on the interval [2,7], with the inequality evaluated using the parameters k = 3,

a=4,s=1, Zl? =0.6, g =0.4, and n = 8.

Explanation:

Figure 9 provides a 2D visualization of the inequality (42), depicting the behavior of
the left-hand side and right-hand side as p varies in (0,1]. The graph demonstrates that
the LHS consistently adheres to the bounds imposed by the RHS, supporting the validity of
the theorem. To complement the graphical analysis, numerical evaluations of the LHS and
RHS were conducted for specific values of . The results, displayed in a Table 7, confirm
that the inequality holds under the given parameters.

Fractional integral
800

600

400

200

Figure 9: This figure is illustrating the 2D visualization of the inequality (42) confirming the validity its validity.

Table 7: This table summarizes the numerical results of (42).

1 0.2 0.4 0.6 0.8 1
LHS | 65.30 | 144.68 | 221 | 291.37 | 355.37
RHS | 151.38 | 328.386 | 492.93 | 640.33 | 771.12

Further validation was performed by generating a 3D representation of the inequality as
a ranges within [5,10] and p within (0,1]. The resulting surface plot, presented in Figure
10, illustrates that the inequality remains valid across the explored parameter space. This

B LHS
o RHS

02 04 06 08 10

Figure 10: Three-dimensional validation of Theorem 5 across different values of o and p.
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comprehensive analysis underscores the utility and reliability of Theorem 5, verifying its
capacity to constrain the behavior of h(x) under the specified conditions.

Theorem 6. Let h : [v,w] — R be a twice differentiable mapping on (v,w) such that
h'Li([v,w]). Let |h"|? be a s-convez in second sense on [v,w| with ¢ > 1 then,

(w V)'u'z (k/,b) k <k + 1) k](nfl)u+w_h(y) +k jy+(n71)w+h(W) + Tk[:“’? a]
- n n

A

|

(LI %\c@ P e )
(g W g ) 2

where

& (p, ) /) ( ;;¢)>%d¢PL
o= ol (=57 s

Proof. By employing Power mean inequality on equation (37),

!

« « - o -
‘(w_,,)u%(k’u) k F(E + 1) <k]7n_17>’u+wh(V) tk Jﬁ+(nn_1)w+h(w)) + Ti[u, af

) e
() o)

(L1 (=) ol (53
Ly o) |
(LLC sl G )]

By considering s-convezxity of |h"(x)|? in second sense, consider

1 t 2 AV AN~ _ q
/ / (1 (L-%) )kd ’ h”( tl/—l- tw)
0 0 ku n n

0\
)

dt
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<[ 1LYl (ron (5) = (3) )
PIEC=5) oo (5 5e)

Lo () o
L[] [ (0= ”

/0 t (W) ; dcp'dt, (53)

o= [ o
e = oo [ (0 gl 54
(e

Substituting (53) and (54) in (52), we obtain
& (@) (55)

LI (=57)
(e

R ()] !h”( )|
& (1, ). (56)

Assuming

q
dt

< Tfl%(/h @) +

(5o

Ih”( )N el a) + Ih”(w)l

Similarly

q
dt

/

Substituting (55) and (56) in equation (51), we obtain required result.

Remark 14. By assuming the values of n = 2,s=1 and k = 1 in (51), the resulting
outcome is obtained as follow

’mu I(a+1) ( j,,zw h(v) +“ j%wﬂ(w)) _p (u-;w> ‘< (wgy)z;ﬂ
) [ (L e Wh”wl");

20, o L o) — 2(0. a 7
# (S 4 20 2 ), (57)
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Remark 15. Substituting « = 1 and =1 in (57), we get the following inequality

ot e (5= 5 () [ o o)

+ {2 @)+ 2R @)l )" | (58)
(Suwr+ S

Example 6. This example illustrates the use of Theorem 6 through a combination of
graphical and numerical techniques. The function under consideration is h(z) = 284 24,
defined on the interval [2,7], with the inequality evaluated using the parameters k = 3,
a=4:s=1, % = 0.6, % =04, and n=38.

Explanation:

Figure 11 provides a 2D visualization of the inequality (51), depicting the behavior of
the left-hand side and right-hand side as p varies in (0,1]. The graph demonstrates the
validity of the theorem. To complement the graphical analysis, numerical evaluations of
the LHS and RHS were conducted for specific values of u. The results, displayed in a Table
8, confirm that the inequality holds under the given parameters.

Fractional integral
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Figure 11: Verification of Theorem 6 using graphical and numerical data for p € (0, 1].

Table 8: This table offers numerical data for comparison of left hand side and right hand side of inequality (51).

" 0.2 0.4 0.6 0.8 1
LHS | 65.30 | 144.68 | 221 | 291.37 | 355.37
RHS | 115.67 | 255.29 | 388.67 | 510.90 | 621.48

Further validation was performed by generating a 3D representation of the inequality as
a ranges within [5,10] and p within (0,1]. The resulting surface plot, presented in Figure
12, illustrates that the inequality remains valid across the explored parameter space.
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o LHS
o RHS

02 04 06 08 10

Figure 12: Three-dimensional validation of Theorem 6 across different values of o and p.

This comprehensive analysis underscores the utility and reliability of Theorem 6, veri-
fying its capacity to constrain the behavior of h(x) under the specified conditions.

5. Conclusion

In this paper, we have successfully extended the understanding of inequalities associ-
ated with twice differentiable functions through the lens of extended conformable fractional
operators. The establishment of new equalities and the derivation of novel trapezoidal-
type and midpoint-type inequalities highlight the significance convexity. The applications
of established inequalities, such as the power mean inequality and Holder’s inequality
has led to the development of a new class of inequalities, further enriching the existing
body of knowledge. These findings not only generalize previous research but also open
avenues for future exploration in the field of fractional calculus. Importantly, this research
bridges a gap between classical convex analysis and the modern framework of fractional
calculus, emphasizing the role of extended operators in advancing mathematical theory.
Furthermore, the insights gained from this study may inspire researchers to investigate
the application of these concepts to other fractional operators. This study lays a solid
foundation for future investigations, particularly in applying extended conformable frac-
tional operators to other forms of inequalities or to different classes of functions beyond
the twice differentiable case. This work encourages applying these concepts to other frac-
tional operators and highlights the link between convexity, differentiability, and fractional
calculus.
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