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Abstract. This study aims to find an efficient technique to estimate the blow-up time (BUT)
of one-dimensional semi-linear coupled parabolic systems. Firstly, a fully discrete finite difference
formula is derived with a non-fixed time-stepping formula, based on the Crank-Nicolson method.
In addition, the consistency, stability, and convergence of the proposed scheme are considered.
Secondly, two numerical experiments are presented. For each experiment, we apply the proposed
scheme to calculate the numerical blow-up time, error bounds, and the numerical order of conver-
gence for blow-up times. The obtained results show that the proposed C.N scheme is consistent
with the system considered. However, it is conditionally stable, and the Crank-Nicolson scheme
converges in the stability region and achieves first- and second-order accuracy in temporal and
spatial dimensions, respectively. Also, it helps to increase the order of numerical convergence.
Furthermore, the numerical experiments demonstrate that the numerical blow-up simultaneously
occurs at only the center point. Finally, the numerical blow-up time sequence is convergent. More-
over, convergence for the blow-up time agrees well with the theoretical order of convergence of the
proposed scheme.
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1. Introduction

In recent decades, many real-world problems have been modeled by PDEs, see [1-
3]. There are many parabolic-type PDEs whose solutions cannot possibly be extended
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globally over time. This phenomenon is known as blow-up (BU), and it occurs in semi-
linear diffusion equations, when the heat source is strong enough [4-8] this phenomenon
can be applied to interconnected systems, where each variable that relies on another
experiences finite growth within a designated time frame. In this specific situation, it is
known that the dependent variables in the equations demonstrate synchronized increases
[9, 10].This phenomenon has several applications, especially in combustion theory and
heat propagation [11] .

According to [10] , a solution of a diffusion equation defined on © x {t > 0} blows up, if
there exist T' < 0o, such that it is still bounded as long as 0 < ¢ < T', while it is unbounded
as t is close to the blow-up time T,

ie. sup|u(z,t) > ocast—T .
zeQ

For a coupled diffusion system:
Ut = Ugy + F(u,v), v =020 +Gu,v), (z,t)€Qx(0,T),F,G:R2— R,

a solution (u,v) blows up simultaneously if there exists T' < oo such that u and v blow up
at T.
ie. supyeq |u(z,t)| = 0o, & supycqlv(z,t)| — o0, ast—T7,
while  fort < T, supgeqf{lu(z,t)|,|v(z,t)|} < oo,
In this work, we consider the system:

Ut = Ugy + f(V),v¢ = vgz + g(u), (z,t) € (0,1) x (0,7)
u(0,t) =u(l,t) =0, wv(0,t) =v(1,t) =0, te(0,7) (1)
u(z,0) = up(z), wv(z,0)=uvo(x), xz € (0,1)

where ug(z) € C%(R),vo(z) € C%(R), satisfying ug(0) = ug(1) = 0,v9(0) = vo(1) =
0; f,g € C*(R) N C?%(R\{0}), are positive, super-linear differentiable, and increasing func-
tions on (0, 00).

To demonstrate the local existence and distinguish positive solutions to the problem,
some authors used the standard parabolic theory [12]. Moreover, for various nonlinear
functions: f, g, when the initial functions (ug,v¢) are sufficiently large, a blow-up may
occur in finite time[9]. In addition, because the system (1) is coupled, only a simultaneous
blow-up occurs. Regarding the blow-up set and blow-up rate estimate, the system (1) has
been extensively studied in [13-19]. Furthermore, imposing some related suggestions in
f,g, it is shown that the (BU) occurs at a single point [15]. Particularly, the following two
instances of f, g are mostly studied [9, 13, 15] :

fw) =P g(u) =ul, p,g>1
f(v) =P, g(u) =e®™, p,q>0

Since the last decades, several numerical approximations have been proposed for many
parabolic problems with BU to compute the NBU solution and estimate BUT [20-26].
In [25], the authors proposed an approximate explicit scheme for the system (1) with
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nonlinear power-type functions, subject to uniform temporal grids. In addition, the com-
putation of the BU time and BU behaviors is studied. Moreover, the convergence of the
NBU time is considered. In addition, the BU set, the BU rate and the BU in the L,-norm
were taken into account. Furthermore, the relationship between the BU of the numerical
solution and that of the exact solution has been investigated.

Recently, in [26], the authors have studied the semi-discrete problem of system (1)
and its properties regarding convergence and (BUT). Namely, it has been shown that the
(NBUT) and NBUS of a semi-discrete form of (1) converge to the theoretical ones dur-
ing grid refinement. Moreover, they have proposed explicit and implicit finite difference
approximation schemes with non-fixed time-step to estimate the (BUT) to the system
(1).Moreover, they investigated the stability, convergence, and consistency of the sug-
gested methods. In addition, some numerical examples are presented in the form of tables
and figures.

This work aims to find an efficient technique to estimate the (BUT) of the system (1).

Namely, to show the accuracy and efliciency of the C.N. scheme in computing BU solution
and BUT.
This study has six sections. In the second section, some results of the semi-discrete
problem on the problem (1) are recalled. The Crank-Nicolson approximation formulas of
the system (1) are derived in Section three. In the fourth section, consistency, stability,
and convergence are considered. In Section five, two numerical experiments are given
to estimate the (NBUT), error bounds, and numerical order of convergence. Lastly, the
important conclusions and future work are stated in the last section.

1.1. The semi-discrete problem

Let I be a positive integer and z; = th, 0 < i < I, where h = %, then we can adjective
by the solution: (Up(t), Vi(t)),

Un(t) = (Uo(t), U1 (t), ..., Ur(t)", Va(t) = (Vo(t), Va(t),..., Vi(t)". (2)

By replacing the second-order space derivative in the problem (1) by the standard second-
order central finite difference operator §2 [27], we obtain the semi-discrete problem:

d Uig1 —2U; + Ui

&Ui = h2 +f (Vz) (3)
Svi= =T N o @) @
Uo(t) = Ur() =0, Vo(#) = Vi(t) =0, o)
Ui(0) = Uy (1), Vi(0) = Vo (), 01, (

Definition 1. [26] Let (Up,V},) be a nonnegative solution to problem (1)-(2). We say
that (Up, Vi) achieves blow-up simultaneously in finite time, if there exists T}, < oo such
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that:

1Un()l o < 00 and |[V4(t)
1Un()l oo = 00, [V (2)

< oo forte[0,Ty), (7)
— 00 as t — Tp, (8)

loo

loo

where ||Up(t)| o, = maxo<i<1 |Ui(t)| and ||TVh(t)]| o, = maxo<i<i |Vi(t)].

Theorem 1. [26] Let (Up,V},) be a non-negative solution of the semi-discrete problem,
where the reaction functions f,g are locally Lipschitz continuous such that f,g > 0 in
(0,00). If (Up, V3) achieves blow-up at time: Ty, < oo, then T}, is bounded from below.

Corollary 1. [26] Let (Up, V) be a non-negative solution of the semi-discrete problem
(1)-(2), where f =vP, g =ul,p,q> 1. If (Un, V}) achieves blow-up at Ty, < oo, then

*  ds *©  ds

ol Ga(s) ~ Jyogy Ga(s) — =" )
where
+1 P
Gy = [PEsm- el (10
+1 o
Gale) = |Tsri -] (1)
Co = LquLl—vaH. (12)

g+1°% p+170
Theorem 2. [26] Assume the following:
a) f,g € CY[0,0]) are convex (f",g" >0,),f(2) >0 in (0,00), and Ve > 0, we have

*© dz > dzZ
i m < 00, /‘S @ < 00. (13)

b) 37y > 0 such that

(%) > A\, <g(Zz)) >\ for Z € [Zy,00), and
limy o0 % =0, lim Z%sz) =0.
¢) The initial conditions are non-negative and such that

Un(0) #0, V4(0) #0, Q1(0) > Zp, Q2(0) > Zo, (14)
f(Q2(0)) — AnQ1(0) >0, ¢(Q1(0)) — AnQ2(0) >0, (15)

Where

I-1 I-1
Qi(t) =Y _hU;()Ys,  Qa(t) =Y AVi(t), Ys, (16)
=1 =1
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sin(7ih)
SIL sin(rmh)

4 o [ Th
A = <h2>sm <2>

Then the non-negative solution (Up, V) of the discrete problem achieves blow-up at time
Th with

T, = =0T = Yy, i=1,2,...,]—1, Yo=Y;=0,

& A
T, < ¥ vz, € [Zo,00), 18
h_/l(O)f(Z2)—>\nZ1 2 € 20, 00) (18)

or

o dZs

Thg/ __ %2 vz, € [Z, 00). 19
2(0) 9 (Z21) = AnZo2 | ) (19)

Theorem 3. [26] Assume a- The reaction functions: f,g € C'([0,q]), and problem of

system (1) has a solution: (u,v),u,v € C*1([0,1] x [0, T]).

b- The initial condition (U,?, V,?) satisfies

U —un(0)|| , =0@), h—=0

V0~ (0)]| . = 0(1), h—0 (20)

Then, for h sufficiently small, the semi-discrete problem (1) has a unique solution:
Un Vi), Up,Vj € Cl([O,T]),RJ+1 such that

maxye (o, 7] |Un(t) — un(t)lloo = O (Ile(0)]|oo + h*), h—0
maxyepo ) |[Va(t) — va(t)lloo = O ([le(0)]loc + ~%), h—0

L= on(0)]]0}

(21)

where [|e(0) oo = max { || U — uy (0)]| . .

Theorem 4. [26] Assume
a) The functions f,g € C1([0,00), R) and f(Z),g(Z) > 0 in (0,00).
b) There exists Z > 0, such that

. ( > (g(Z ) > for Z€[Z,00)

o limy . f( y = =0, limgz . g(Zz) =0
o f(Z)—-7*Z>0 , g(Z)-7*Z>0

¢) There exists T < oo such that, u,v € C*2([0,1] x [0,T)) and

1
lim [ w(z, t)w(z)der = o
t—T 0

1

lim [ v(x,t)w(x)dx = oo
t—T 0
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If |Un(0) — up(0)||,, = 0(1),h — O, then the solution of the discrete problem achieves
blow-up, for h sufficiently small at T}, and

lim Ty, =T
h—0

2. Crank-Nicolson Method

Define the grid points z; = ih,0 < i < I, where I € ZT, h = 1/1,tpy1 =ty + kp, ky >
0, Vn.
Set Up = (Up,Up...Up)t, Ve = us . vi)t

as the numerical solution of problem (1).

In order to derive the Crank-Nicolson method formally, we approximate the partial deriva-

tives in the semi-discrete problem (3),(4), at the mesh points: (mi, oyl
2

Firstly, we approximate the time-derivatives using the 1° order central finite difference

formula:

2

n—i—l n+
Ou |2 ntl _ u?) + 0O (K,), (2:

1 1
|, T = (0 = 0f) + O (k).

and 02U (t), 02V (t) are approximated as follows:
gm@mﬂg:%mmaﬁﬁ+ﬁmmm+owg
52V (tua/2) = 5 [02Vi (tnsn) + 02Vi (80)] + O (2)
It follows that
1
S2U: (twsj2) = 573 (Ul = 207 + UZy) + (U — 200+ 4 074
1
O2Vi (tsrye) = g (Vi = 2V + Vi) + (VI =207 o))
While the nonlinear terms are taken as follows:
7 (V) = £V + O (Ka).

g (UI?) = g U1 + 0 (k)

By substituting all these formulas in (3),(4), we obtain

1

o (U7 =U7) = 5 (U =207 + URLy) + (UEY =207+ U] + £ (V)
1 1 . .

o =) = g [V = 20 V) + (Vi =20 v )] g (7).
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The last difference equation can be written as follows:

n n n n n T'n n n n
(L+r) UFT = (U + UI) = (U= ) UF + 2 (Ufhy + ULy) + R (V) (23)

n n n n n Tn n n n
(14 7,) VM — b} Vit v = —rm) Vi + > (Vi + V%) + kg (U), (24)

when r, = %

Moreover, one can choose the time step:

k:n:min<h2, ’Z , hn ) 1<a. (25)
Uil [IVi
System (1) can be presented in matrix form as follows:
(1 + %”H) Ut = (I - %”H) UD + k" (26)
rﬁ nt+l _ _ Tj n n
(1+ 2H) vt = (1 2H) VI + kG (27)
[ 2 -1 0 0
-1 2 -1 0
where H =
L o 0 -1 2 (I-1)x(I—1)

F'=(F(VP) . SOV, f VD)), G =(g(U1).g(UF,) . g (UF1))T

Lemma 1. Let f,g be differentiable real functions. Then, there exist positive constants
Li,Lo,> 0, such that

v = ()| < L - v (28)
g g (07)| < 22 |Up - T (29)
where U, V", (72", YN/Z-", (1=0,1,2,...1) are bounded.
Proof. To end this, we use the mean value theorem:
= (V)| <15 2ol v - v (30)

where Z; is an intermediate value between V" and IN/Z”
Sine V;*, V;* are bounded, then there exists C; > 0 such that |f' (Z;)| < Ci.
Thus, (28) is valid. Similarly, one can show that (29) holds true.
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2.1. The algorithm steps for Crank Nicolson method

Input h, U,(L]7 V,?,p,q,a

Put n = 0;

)
)

(iii) Choose k,, according to (25).
)

iv) Calculate the numerical vectors: U™, V"™ using the Crank Nicolson formula (26
h h
and (27).
(v) For n = 1,2,..... , repeat steps 3,4 until for n = m, we get U], > 10, or
Vil = 10"

(vi) The numerical blow-up time is tp, = > k.

3. Consistency, Stability and Convergence of C. N. scheme

In this section, we aim to analyze the Crank-Nicolson scheme in terms of these three
core properties. We will first examine its consistency by evaluating the local truncation
error. Next, we will explore its stability and conclude the convergence of the method,
ensuring that the numerical solution approximates the exact solution.

Theorem 5. Let (T)%,T)) be the local truncation error of the Crank-Nicolson formulas

uL? Uy
at the grid point (xi,tn+;). Then
2
1 1
TZJFQ < O1k + Cyh?, TZ‘JFQ' < Csk +Cyh?  Cy,02,03,Cy > 0.

Proof. Replacing the precise solution u} = u (:El',thr%) U = v (l‘i,thr%) in the
Crank- Nicolson, yields that:

TE = () = o () = 2 ) (- 2 )

wui P i _27h2 i+1
—knf (v])
It follows that
nti
ntl ou. 2 82 n+1
T2 =k, “ét +0 (k) —kn[ ;;2 +0 (ky + h?)

nti
1 () w0t
Thus, there exists C' > 0 , such that

n—&-%
Tui

<C (k: + h2) , where k = max ky,,

nenN
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n—l—%
Tvi

By the same way, one can get <C (k' + hz)

1 1
Clearly, T 5:_2 and T :f? approach zero, as the space (time) steps go to zero. Hence, the

C.N. formulas are consistent.

Theorem 6. The Crank-Nicolson scheme is stable if (1 —r) > 0, where k = max,en kn,

k
T = ﬁ
Proof. Let E}! = (e m,z— 1,2,...1-1),E) =(e};,i=1,2,...1—1)
where e}, = u' =U" , el =] —VZ” ul' =u(x;,t,) , v =wv(x,ty,) are the precise
solution of problem (1)
Now, For n =1, || Ey|| = maxi<i<r |ey,| = |el;|, || By = maxi<icr |-

Clearly,
[ew] = (1+70) ey - %0 (e + fex1)
< (L+70) [ey| = %0 (Jewgei] + Jej—1])
< ‘(1 +10) el - %0 (b1 +ehi)|
= | = oyl + 5 (ehyn eBia) + o (7 () = £ (V)]
Since (1 — 1) > 0, it follows that

1l < (0 =ro) [ E2ll + ro |0 + Lako [} = V7
1B < |l + Lk ]| B
< (1+kL)max {||EY|| .|| EY]|} -

By the same way, one can get:
1B < || + kL || B
< (1+ kL) max {|| Eg || 2]}

where , L = max {L, La}.
Assume that:

|E5| < (1+ kL)® max {||EY
|E5|| < (14 kL)* max {||EQ

}, 123...,n

. .

O
'u
EO
v

Regarding n + 1,

= eﬁﬂ’ BT = maxi<i<r |e

| =

n+1‘

set HE”‘H H = maxj<;<Js [e
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It is clear that

n+1‘ — (147 n—i—l’ "n ( n+1‘ I n+1D
1 1 1
< (1+mp)le E;r ‘ 5 < eE;jrl eﬁ;r_l )
n+1 Tn n+1 n+1
‘(1 +rn) 2 ( U.J+1 +euJ 1>‘

= |1 ) el 2 (el + eli) + e (F () = £ (V7))
Since (1 —ry,) > 0, it follows that
[EFH] < (L= ra) | BRI+ | BN + Lakn 0] — V|
B2 < 1ERll + Lk | 23
< (L kD)™ max {[| E4] || 22}
<exp((n+1)kL) maX{HES v”}

1 < exp (tna L) max (|| B3] [ 2]}

Similarly, we one can show that

Thus

|EZT| < exp (tp41L) max { HEg

oll}-

Based on the stability definition [22] the Crank-Nicolson scheme is stable provided that
r<l1

Theorem 7. Under the condition of theorem (2), the Crank-Nicolson scheme converges
with the order O (k: + hz), where k = max,cn k-

Proof. Let Ey} = (ell;,i=1,2,...1—=1),E} = (e};,i=1,2,...1—1)
where e}, = ul — U , e, =] = V" ul' =u(x;t,) , v =v(zty) is the exact
solution of problem (1 )
Suppose that e ;=0 =0 Vi=0,1,....

» g

To prove this theorem, the following inequalities should be held
et <C(k+h*) , et <C(k+h*) , n=0,1,....
Now, For n = 1, set ‘eglj’ = maxy<i<s |ely].
It clear that
[egs| = (1+70) |eys| — %0 (ew| + lewi])
< (14 70) [elg] = 5 ([edgaa] + [edya])
1

T
< ‘(1 +10) elllj Y (euj1 + elllj—1)‘

= |(1 =) ey + 5 (b + elym) + o (F () = £ (V1)) + T8,
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It follows that
where L = max {L1, LQ}

Hence ‘e ‘ <Ch (k+h2) i=0,1,...,I1 -1, Ci=C.

Suppose that ||ES|| < Cs (k+ h?)  ||E5| < Cs (k+h*) s=0,1,2...,n Cs>0.

For n+ 1, set | B2 = [en] = max<i; e

% ()
n+1 n—+1 n+1
uJ ‘ 2 (euj-i-l euj—lD
T
el < e —|—e“+1>‘

uj 2 uj—1

(el + o) o (F () — £ (V) + 70572,

78] = 78] < 0 (k4 12),

H—H‘ = 1+Tn)

n+1’
T

< (1 +7"n)

n Tn
= ‘(1 —Tn)euj + ?
Since (1 —ry,) > 0, it follows that

[Ba ] < (=) 1EGI] + 7o |EGI] + Lika [0f = V!

n+1/2‘

[ 22 < BRI + Lk | £
< Cp (k+h?*) +kLC, (k+h%) + C (k+ h?)
< (1+kL)Cy (k+1%) 4+ C (k+ h?)
= [(1+kL)Cp + C] (k+ 7).

n—i—l/Q‘

It follows that  ||E7TY| < Cpyy (k+1%) ,n=0,1,....
In the same way, one can get

|ES < Crgr (K+R%), n=0,1,...

Remark

e (learly, the matrix (I + 2 H ) is diagonally dominated; hence, it is non-singular. It
follows that the linear systems (26), (27) are uniquely solvable [28]

e The value of (NBUT) is dependent on the space and time steps.

e As it was proved in theorem (3), the Crank-Nicolson numerical scheme gives approx-
imate solutions of the order of convergence O (k + h2) ; k = max,, k,,, while, with the
formula of time steps (25), the convergence rate becomes O (h®), as the space step
approaches zero for 1 < « < 2. A similar convergence order is expected for (NBUT).
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4. Numerical Experiments

In this section, the Crank-Nicolson scheme is used for two numerical experiments,
with various grid sizes: I = {20,40, 80,160,320}, taking o = 1,2. In addition, Matlab
(R2020a) software is used for writing all the numerical computations codes. For each
example, some tables and figures are presented to show the numerical results obtained by
using the proposed scheme. Each table includes:

e For the first m € N such that the condition U], > 10'® and [[V;™| > 10%
holds, the value T}, = t,, = Y, kn is considered the (NBUT) for the studied
problems.

o Ej = |Ty, — Ty] is the error bond between Ty, and T,.
e The order of numerical convergence to the (BUT), using the formula: S, = log (Ean/E},) /log 2.

e The unit time of the central processor (CPUT) in seconds.

4.1. Examples

Example 1.
Up = Ugy + V°, v = Vg +ub, € (0,1), t € (0,T)
u(0,t) = u(1,t) =0, v(0,t) =v(1,t) =0, t € (0,T) (31)
u(z,0) =170 (z —2?), v(x,0)=80(z—2?), z€(0,1)
Example 2

Up = Ugg + 0O Vi = Vge + U7, z € (0,1), t € (0,T)
u(0,t) = u(1,t) =0, v(0,1) ( t)=0, te (0,7) (32)
v(z,

u(z, 0) = 60 (1 - ewg—w) : 0) = <1 _et _x> , € (0,1)

IIH



M. I. Khalil et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6140

Table 1: Example 1, C.N. scheme: a =1

h m T CPUT Ey Sh,
1/20 | 3 | 7.6650E-04 | 0.362506 e e
1/40 | 4 | 2.0966E-04 | 0.288462 | 5.5684 E-04 e
1/80 | 4 | 5.3939E-05 | 0.346336 | 1.5572F-04 | 1.8383
1/160 | 4 | 1.5557E-05 | 0.877538 | 3.8382E-05 | 2.0205
1/320 | 4 | 6.4259E-06 | 2.608468 | 9.1311E-06 | 2.0716

Table 2: Example 1, C.N. scheme: oo =2

h m Ty CPUT Ey, Sh
1/20 | 4 | 3.9272E-05 | 0.230858 s e
1/40 | 4 | 7.6677E-06 | 0.335248 | 3.1604E-05 S
1/80 | 5 | 1.9252E-06 | 0.326475 | 5.7425FE-06 | 2.4604

1/160 | 8 | 7.8273E-07 | 0.789320 | 1.1425FE-06 | 2.3295
1/320 21 | 5.2762E-07 | 2.642523 | 2.5511FE-07 | 2.1630
Table 3: Example 2, C.N. scheme: a =1

h m Th CPUT FEy Sh
1/20 | 3 | 8.3371E-04 | 0.401556 e e
1/40 | 3 | 2.0886E-04 | 0.395284 | 6.2485F-04 e
1/80 | 3 | 5.2830E-05 | 0.327884 | 1.5603F-04 | 2.0017
1/160 | 4 | 1.4065E-05 | 0.953267 | 3.8765E-05 | 2.0090
1/320 | 4 | 4.6714E-06 | 2.653295 | 9.3936E£-06 | 2.0450
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Table 4: Example 2, C.N. scheme: a =2

h | m Th CPUT Ep Sh
1/20 | 4 | 4.8891E-05 | 0.223913
1/40 | 4 | 8.8974E-06 | 0.233469 | 3.9994F-05 | ---
1/80 | 4 | 1.7888E-06 | 0.329078 | 7.1086E-06 | 2.4921
1/160 | 5 | 4.4920E-07 | 1.044031 | 1.3396E-06 | 2.4078
1/320 | 7 | 1.7424E-07 | 2.458527 | 2.7496E-07 | 2.2845

0.2
x
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Figure 2: For example 2, (NBU) solution evolution over time using C.N. scheme, with h = 320, = 2.

4.2. Results and Discussion

In Tables 1-4 and Figures 1-2, the following observations can be made: Firstly,the
(NBU) simultaneously occurs near the center point (z = 0.5), and this is consistent with
the known (BU) results of the problem (1), see [15]. In addition, when the space steps
are refined, the (BUT) error bounds decrease. In other words, the (NBUT) sequence T}, is
convergent, since the space step is close to zero. Furthermore, the numerical convergence
order of (NBUT) is O (h®*€), where € > 0.Also,a large value of o requires many iterations
to achieve (BU) compared to a small value. Finally, when spatial steps are refined, one
can see an increase in CPUT times.
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5. Conclusions

This study employs the Crank-Nicolson scheme with a non-fixed time-stepping for-
mula to identify (NBU) solutions and estimate the (NBUT) for a system of two coupled
semi-linear heat equations subject to homogeneous Dirichlet boundary conditions. The
consistency, stability, and convergence properties of the Crank-Nicolson scheme are rigor-
ously examined. To validate the theoretical findings and determine the convergence rate of
the NBUT, two numerical experiments are conducted. The numerical results, presented
through tables and figures, demonstrate that the proposed method achieves a high de-
gree of convergence and exhibits good computational efficiency. Future research directions
may include exploring special approximations for nonlinear terms in the system to enhance
the accuracy of the scheme, potentially achieving second-order truncation errors in both
temporal and spatial dimensions.
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