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Abstract. In this manuscript, we study the fixed points of a specific subfamily within a non-
expansive evolution family of bounded linear operators on a Hilbert space H. Employing the
framework of nets and a progression algorithm, we establish several theorems concerning the strong
convergence of sequences to a common fixed point of the considered subfamily. To illustrate the
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1. Introduction

Our primary objective in this paper is to demonstrate the convergence of an algorithm
to a shared fixed point(FP) of a subfamily within a NeE family in Hilbert spaces. Initially,
we delve into the significance and concept of semigroups and evolution families of bounded
linear operators. Let’s consider the autonomous system

{Z'S(t) = AU(t), t>0
0(0) = Oo,
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where A is a matrix of order m with complex entries. The solution of such a system leads
to the idea of a semigroup. We recall that a family S = {S(a), a > 0}, of bounded linear
operators on a Hilbert space H is said to be a semigroup if it satisfies the following two
conditions, S(a +b) = S(a) + S(b) and S(0) = I for all a, b > 0, where I is the identity
operator on H. Similarly the solution of the following non-autonomous system

{Z’J(t) = ADU@) +eMT t>0
0(0) = Oo,

where A(t) is a matrix of order m, leads to the idea of an evolution family. A family of
bounded linear operators E = {E(a, b), a > b > 0}, is said to be an evolution family if it
satisfies E(a, b)E(b, ¢) = E(a, ¢) and E(a, a) =1 foralla >b>¢ > 0.

The theory of fixed points finds myriad applications in mathematics, engineering sci-
ences, economics, and statistics, among other fields (see, for example, [1-5]). Motivated
by Baillon’s work [6], various authors have explored FP approximations for non-expansive
families using different progressions and algorithms. For instance, in [7], it is demonstrated
that a sequence of approximations converges to a FP of a non-expansive and non-linear
mapping in Hilbert spaces. Halpern, in [8], provides an approximation of a FP of non-
expansive maps. Indeed, all the aforementioned references focus on the convergence of
algorithms or progressions to fixed points of non-expansive maps in Hilbert spaces. These
results are then utilized to prove the convergence of algorithms to fixed points of semi-
groups in Hilbert spaces, as seen in [9].

Baillon [6] states that if Z is a convex and closed subset of a Hilbert space H, and
G : Z — Z is a non-expansive mapping such that Fg(,) # (), where Fg(2) represents the
set of all fixed points of GG, then for every element z € Z, the Cesaro mean (%) Z;n:l Gz
converges weakly to some z € Fg(,). Here, if we set z = PFG<Z)2 for any element z €
Z, then Prg., from Z onto Fg(;) is a non-expansive retraction. In 1976, Brezis and
Baillon [8] proved that if G = G(s)s >0 : Z — Z is a non-expansive semigroup, then
{3 fy G(S)Uds}szo converges weakly to a common FP of G. These results have been
generalized by several authors, first by Halpern in [10] and then by Wittmann in [11].
They considered the following algorithm

O = <€ Z
Smt+1 = fnt1S + (1 = pmy1)Twm, m > 0.

Where {¢,,} is a progression whose terms are between 0 and 1 and satisfying the following
three conditions,

o limy, o0 Sm = 0;
¢ Yt 6m = +00;
+
® >zt lSm1 — Sm| < +o0.

In [11], Wittmann proved that for every ¢ € Z, the progression g, strongly converges to
a unique FP P(c) € Fg, where P : H — Fg is a metric projection. Recently, in [12],
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Kimure et al. generalized Wittmann’s result by proving that if ¢; € Z, where Z is a
convex and closed subset of a Hilbert space, then the following iterative scheme converges
strongly to P, where P : Z — F' is a non-expansive retraction and F' = mZ:1 Fg, # 0.

Takahashi and Shimizu, in [13], studied the strong convergence of the progression U,,
defined by the equation

1 m
Bmi125, 0 + (1= 6)— / G(5)Omds, m >0,
m J1

where d,, is a progression in (0,1) and «,, is a progression in (0,4o00) that diverges to
+o00. For other recent work in the field of fixed point theory we refer to [12, 14-19].

In this paper, we aim to generalize the results provided in [9] from a semigroup to
a subfamily of a NeE equation in a Hilbert space. For same generalization we refer to
20, 21].

2. Preliminaries

In this section, we present basic definitions and results that are instrumental in proving
our main results.

Let Z # () be a closed and convex subset of a real Hilbert space H. An operator
G : Z — Z is considered non-expansive if |Gd — Gb|| < ||d — b|| for all d,b € Z.

An operator Py : H — Z is is said to be a projection from H onto Z if for each element
¢ € H and Pzs € Z the following hold,

ls = Pzsl|| = inf [|¢ — O] := d(s, 2),
vez

and

|1Pzs — PO < [ls = O]
The above inequality illustrates that Pz is non-expansive, and furthermore
|Pzs — PzU||? < (s — U, Pzs — PU), for all ,U € H.

Moreover, we have
(¢ — U, Pzc — PzU) <0, (1)

and ||¢ — Pyzs||? + |0 — PzU||? < ||s = U||?, for all ¢ € H and U € Z.
The evolution family E = {E(d,b) }4>p>0 is called non-expansive, continuous and pe-
riodic with period g > 0 if it satisfy the following conditions:

o I1E(d,b)y — E(d,b)2] < ly— 2] ¥ 9, € Handd > b > 0;
e for each z € H, (d,b) — E(d,b)z is continuous.
e F(a+¢q,b+q) = E(a,b) for alla > b > 0.

Evolution family is a generalized form of a semigroup, see the following remarks.
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Remark 1. [22] Every semigroup can be viewed as a special case of an evolution family,
not every evolution family is a semigroup, particularly if it doesn’t satisfy the semigroup

property.

Remark 2. [22] If an evolution family repeats periodically for every positive number, then
it transforms into a semigroup.

In this paper, we aim to establish a convergence theorem to a FP of a subfamily Lg of
a NeE family on a Hilbert space H. It’s important to note that such a family need not be
a semigroup. The following example will illustrate this fact.

Example 1. The family defined by L = L(s,t) = i_% 15 >t >0 is evidently an evolution

family acting on Ry.. Since L(s,s) = 1 (the identity on Ry ) and

s+1)(t+1)_5+1
t+17 v +17

L(s,t)L(t,v) = ( = L(s,v).

t+1
Setting v = 0, we obtain Ly = L(s,0) = s + 1, which is indeed a sub-family of L. However,
1t 15 not a semigroup.

Definition 1. Let Z # () and G : Z — Z, be an operator, then the set of all fized points
of G is denoted by Fg(,) and is defined as Fg,) ={z € Z: G(2) = z}.

Definition 2. A mapping that is continuous from a topological space into one of its
subspaces and maintains the positions of all points in that subspace is referred to as a
retraction.

Definition 3. Open Ball and Closed Ball: An open ball is denoted by B(Y; K) and
define as B(Y; K) = {¢ € H : || = Y|| < K}, while closed ball is denoted by B(Y; K) and
define as B(Y; K)={C € H: || —T|| < K}.

Throughout this paper we will denote by Fg(qp) and Fg the set of all fixed points of
the operator E(d,b) and the family E respectively, i.e. Fg = N o yoo FED)-
The following lemmas will be useful in the proof of our main results.

Lemma 1. [7] Consider Z as a closed and convex subset of H, and let G : Z — Z be a
non-expansive map. Then, I — G is demiclosed. Specifically, if ¢, is a sequence in Z such

that ¢y — ¢ and (I — G)gy — U, then (I — G)s = U.

Lemma 2. [23] Let ¢, and U,, be bounded sequences in a Banach space Y, and X\, be a
sequence in the closed interval [0, 1] satisfying the condition

0 < liminf )\, <limsup A, < 1.
n—+00 n—+o0

If the sequence
Sn+1 = (1 - )\n)gn + AnUn \V/’I’L Z 0,
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satisfy
1imiup(||€n = Up—1ll = lIsn = 6n-1l) <0

n——+0oo

Then
lim |[[s, — Oyl =0.

n—+oo

Lemma 3. [2/] Consider that {b,} is a sequence in [0, +00) such that byy1 < (1—X,)b,+
InAn for all n, where {\,} €]0,1[ and {0,} are sequences satisfiyng

(a) 3129 Ay = +00, and (b) imsup,, oo An < 0 or 3% [5,M,] < +oc.

Then lim, 10 by, = 0.

3. Main Results

This section is devoted to our main results. Throughout the paper Z will be a non-
empty, closed, bounded and convex subset of Hilbert space H.

Lemma 4. Let E = {E(z,0),5} be a subfamily of a NeE family on Z with condition
16, — E((2)4r,0)0,[* < jldiam(Z), where U, = (1) di—1Sir € Z and jr > 0 is an
integer. For ¢ € D and s > 0, set Fy(s) = 1 fo (z,0)wdz. Then, for eacht >0,

SEIEOOSEEHE (t,0)Fs(s) — Fy(s)| = 0.

Proof. Assume that s > t where t € R, is fix. Then, for r € N, there exist j, € N
such that

i <5< i +1

Therefore, we have lim, 4o (2)jr = ¢. By using the idea in [3] for {¢;+}37._; C Z and
O, = (7)25 1 Sjr € Z, we have

1 — 1 —
16, —n||* = - Z i —nll* — - Z Ijr — Ol Vn € H.
j=1 j=1

Set n = E((L)jr,0)0, and gj, = E((%)j,0)s, for ¢ € Z. Therefore from the given condition
we have
2

HU - E((;)jT,O)UT < %diam(Z).

For € > 0, and from jf < %, there exists a number s; > 0 such that
jr . t . 2
0 < =diam(Z) < —diam(Z) < €*, Vs > s;.
T s
From the above estimation we have

<€ VreN,ge Z

G, = B((2)jr, 0);
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One can write

lim O, = lim -Y E((>4),0)s

r—-+oo r——+oo 71

= /Eszdz

= Fi(s), VgseZ

Therefore, for each ¢ € Z,
lim (|G, — Fy(q)[| = 0. (2)

r—-+00

Also we have

7.6~ BRORE] < IR =01+ |6, - B 0o,

+HE((ijr), 05, — E((fjr),O)Fs(c)

%m@mmm@—ﬂwWM>

S .
< 20, - R + 5, - B(Cin.00,
S .
+HE<<TJT>, OF() ~ Bt OFS)
< 2B, = F(9)]]
H s(s) — E(t,0)Fs(s)|| +€ Vs>s1,re N, ce Z.
From lim, oo (2)jr = ¢, and (2) we have

| Fs(s) — E(t,0)Fs(s)|| <e Vs>si,re N, g€ Z.
Therefore, for each t € R, we have

Jim_sup |Fs(s) — E(t,0)Fs()|| = 0.

Theorem 1. Let E = {E(s,0)}s>0 : Z — Z be a subfamily of a NeE family such that
16 — E((L)im, 0)Um|? < 2diam(Z) where s € Z, t > 0 and Fg # 0. Let {\} and
{7t }o<t<1 be nets of positive real numbers such that Ay € (0,1), im0 Ay = 1, limy_0 v =
+oo and {s} be the net

vt

G = Pz |t(hs) + (1 — t)f}l,t E(S,O)gtds], Vte (0,1). (3)

Then ¢ — ¢* € Fg, strongly ast — 0T,
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Proof. First of all we will show that ¢; is well defined. For this let

Tt
W. =Py [t(x\tg) +(1- t>’)%/ E(s, O)wds}, Vte (0,1).
t Jo
It gives
1 Tt
|We =W < ‘ Py <t()\t§) +(1- t); E(s, 0)wds>

tJo

1
—Py <t(/\tU) +(1- t)/ E(s, 0)ud5> ’
Yt Jo
1 [
< txtug—uu+(1—t)H7/ (E(s,0) — E(s,0)0)ds

t Jo

< tAdlls =0+ (1 = 1)lls - G
[1 =1 =A)tlls - Ol

Which implies that
[We = Wos|l < [1 = (1= At]lls = O]

This shows that ¢ is a contraction, so by Banach contraction principle it has a unique
FP, and hence the net ¢ is well defined.
Now for any T € Fg, we have

1 [
lse = X|| = [Pz [t(/\tgt) +(1- t)’y— E(s,O)ctds] - PZ(T)H
t Jo
1 Tt
= |t\st) + (1 —t)— E(s,0)qds — TH
7t Jo
1 [
= t)\tgt —t)\tT—tT+t)\tT+tT+ (1 —t)* E(S,O)gtds—TH
Tt Jo
Al = Tl +£(1 = A) [T+ (1 = 2) [l — ]

= 1= =2)tlle =T +t1 = )T

IN

From this we have

It =Ll (1= =A)tlls =TI +¢(1 = A) [T

<
< lse =TI = (1= Aetller = Tl + (1= At 7.

It follows that ||¢; — Y|| < |||, therefore the net ¢; is bounded. Let K := || T||, then clearly
{a} € B(T, K).
Note that

‘ 1

Yt
— E(S,O)gtds—TH = ‘
Yt Jo

1 1o
— E(s,0)qds — — Yds
"t Jo Yt Jo

1 VMt
%/0 (E(s,0) — E(s,0)Y)ds
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1 vt
Si

< L / st — Tlds

= |€t Tl < K.

Also we note that, if ¢ € B(Y, K), then
1E(s,0)s = Y| < [[E(s,0)s = E(s,0)T|| < [|s = T[] < K,
that is B(Y, K) is E(s,0)-invariant V s > 0.

(E(s,0)s — E(s,0)T) ‘

8 of 18

ds

Set Uy = t(Mesy) + (1 — t)% o E(s,0)qds. Then ¢, = Pyz[U,], therefore we have

IE(T,0)st —<ill = [[Pz[E(T,0)st] — Pz[G4]]|
< [[E(7,0) — Gl
1 [
< HE(T, 0)i — E(r,0)~ / (s, 0)sds
Ve Jo
1 Ve
—{—HE(T, 0)/ E(s,0)qds
Yt Jo
Tt
1 E(s,0)qds|| + ‘ E
Tt Jo 8
1 1
< HE(T, 0)— E(s,0)sds — — E(s,0)sds
Tt Jo Yt Jo
1 Ve
+llst — — E(s,0)qds
Yt Jo
1 [ 1
+‘ / E(s,0)qds — <t()\t§t) +(1— t)—
Yt Jo
1 1
< HE((T),O) E(s 0)gds — —
Yt Jo Yt Jo
1 Ve
+e—— [ E(s,0)qds|| +t|| st — —
Yt Jo
1 [ 1
< HE((T),O) E(s,0)qds — —
Tt Jo i
1 [
+2t‘ NGt — — E(s,0)sds||.
Yt Jo

Using Lemma (4), we get that

lim || E(7,0)¢; — || =0,
t—0

Yt
/ E(s,0)sds — Uy
tJo

E(s,0)ds

E(s,0)qds

Tt
E(s,0)sds

Tt
E(s, O)gtds> H

(4)

for all 7 € [0, 00). Note that we have ¢; = Pz[U]. By using metric projection property (1),

we have

loe = YI? = (s—ct+s— T, —T)



M. Sarwar et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6147 9 of 18
(O =T, = 1)
= <t()\t§t) —tA Y+t Y

1 Yt
+(1— t)’yi E(s,0)qds+(1—-t)T—(1—-t)T, T —¢) — (T, — 1)
tJOo

1 Tt
= t)\t<§t—T7§t_T>+(1_t)<,y/ E(S,O)thS—Tvgt—T>
t Jo
+{ANT+T 1T, —T) — (T, —T)

1
= t)\t<§t—T7§t—T>+(1—t)<7/ E(S,O)gtds—T,gt—T>
tJOo
+(tM—1D)T+T —-T,¢—7)
1 Yt
= th(a—T,q—"1)+ (11— t)</ (E(s,0)st — Y)ds, s — T>
0

a0
—(1 — )\t)t<T,§t — T>

1 Yt
< Dl —Tig—T)+(1— t)‘<7/ (E(s,0)6, — T)ds, ¢ — T>‘
tJo
—(1 — )\t)t<Ta§t — T>
1 Yt
< ula—TIP+ Q1) [7 JC Tuds] et — 11
0

—(1 — )\t)t<T,gt — T>
= =1 =M)tlle = TI* = (1= 2)t(YT, = T).

From above we have
ot = XI* < floe = X% = (1= A)tllse = TI* = (1 = A)t(X, 0 — 1)

Which implies that
lse = L2 < (0T —q), VY€ F (5)

The last inequality (5), shows that ws(s) = we(s), where wy(;) and we(s;) denoting the
strong and weak limit points sets of ¢; respectively. Let {t,,} be a progression in (0, 1) such
that t, — 0, as n = oo. Put ¢, 1= ¢,,, sn := Oy, andyy, := B,. So g, become bounded,
hence we may assume that the sequence {,} converge to a point ¢* € Z, in a weak sense.
Also, U,, — ¢*. From equation(4) and Lemma (1) we obtain that ¢* € Fg. From (5) we
have

lon = X2 < (Y, T —¢,) VY e Fg. (6)

In particular, if we replace T by ¢* in (6), then we have
llon — <*[1* < (¥, ¢ — ). (7)

However, ¢, — ¢*. This and (7) guarantees that ¢, — ¢* and so if ¢ goes to 0, from the
right side then {¢;} become relatively compact, in the norm topology. Taking limit n goes
to 0o in (6), we have

[¢* = T)?> < (T, T —¢*) VY€ Fg.
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Which implies that
0<(Y,T—-¢%) VY € Fg.

Hence, ¢* = Pp,(0), which is obviously unique and this shows that the net ¢ converge
strongly to ¢*.

Remark 3. Clearly the net
Ve

1
s = Pzltw + (1 —t)— E(s,0)qds|, VO< t1,
Ve Jo

has only weak convergence. But, the similar net (3) has strong convergence (with Ay — 1).

Now we define a sequence g, for the non-expansive family E = {E(s,0)}s>0: Z — Z
and we will prove that the sequence ¢, converge strongly to x € Fg

Theorem 2. Let E = {E(f970)}820 : Z — Z is non-expansive family with conditions
16 — E((:£)im, 0) 0| < mdiam(Z) and Fg # 0. Consider {s,} be the sequence
Tn

1
§n+1 - (1 - /Ln)§n + /lnPZ [nn()\ngn) + (1 - 77n)7 E(37 O)CndS], V’I’L Z 0 (8)
n J0

Where {nn},{pn} and {\,} are sequences in [0,1] and {y,} is a sequence in (0,+00), with
the following conditions:

e (a) limy 400 M = 0, Ef{i%nn = tooandlimy 100 Ap = 1;
° (b) 0 < lim infn*)+oo Hn < lim SUD;, s 4 o0 Mn < 17

b (C) 11m’l’b—>+00 PYTZ - +OO and llmn%_;'_oo ’ynil = 1

Tn
Then ¢, — ¢* € Fg, in a strong sense.
Proof. Let p € Fg, then we have
[$n+1 = pll
1 [
= H(l - Mn)gn + MTLPZ |:77n(An§n) + (1 - nn)? E(S, 0)§nd8:| — pH
n JO

— H(1 — [n)Sn = P+ finP + fin <Pz |:7]n(>‘n§n) +(1- 77“)71” /0% Bls, O)gnds] - p) H

< (1 p)lln — ol + | P2 [nnwm =) [T B 0)ds - PZ(”)] ”
.

1
= (1 - ,Un)Hgn —PH + Un nn()\ngn) + (1 - 7771)7 0 E(Sa 0)§nds _pH

= (1= pn)llon = pll + pn||MmAn(sn — p) = 10 (1 = Ap)p
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1 Tn 1 Tn
+(1—ny) ( E(s,0)s,ds — / pds) ’
Tn Jo Trn Jo
(1= pn)llsn = 2l + o (maAnllsn = Pl +na(1 = Xa) 2]

1 TYn
+a —nn>/ ln — pllds)
Tn Jo

n

= [1— (1= X)napn]llsn — 2l + (1 = Xp)0apn|lpl]-

From the above

IN

[1 - (1 - /\n)nnﬂn]Hgn _pH + (1 - )\n)TlnManH-
[1 — Nnlbn + MnfinAn + Nnfln — nnﬂn)‘n]max{ugn - p”a ”pH}

l$n+1 — Pl

Which imply that
[sn+1 = pll < maz{|l<n — plI, [Ipl}-
By induction, we have,

llsn = pll < maz{llso = pll, lIp[}-

Set Uy, = Pz[nn(Ansn) + (1 — mp)vy] for all n > 0, where v, = %n Jo" E(s,0)spds. So we
have

[On = On—1ll < [[ma(Ansn) + (1 = m)vn — pin—1(an—160-1) — (1 = ptn—1)vn-1|
= [[mAn(sn — Sn=1) + (MAn — pn—10m-1)Sn—1
+ (-1 = Mn)vn—1 + (1 — 1n) (vn — V1)
= MAnllsn — On-1ll + [mAn — Mn—10m-1[llsn—1ll + [7n-1 — 7nl[lvn-1]|
+(1 = nn)llon — vnal]-

And
1 Tn
fon=vnall = [l [ (B0~ E(s,0)50-1ds
Tn Jo
(=) [ B, 0060 — B(s.0pid
+(— — $,0)gn—1 — E(s, S
Tn Yn—1 0 nl P
1
— / [E(s,0)sn—1 — E(s, O)p]ds”
Tn—1 Jo
1 TYn 1 1 1 Yn—1
< L / lon — snalds + (yn_1)| / lons — pllds
Tn Jo Tn Tn—1|TYn-1 Jo
1
+ / lon_s — pllds
Tn—1 Jo
< lon— oua || 42 =ty

n

Therefore, we have

[0n = On-1ll < madnllon — o1l + M0 — n—1an—1lllsn—1ll + [Mn-1 — 7nll[va-1]l
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— Yn-1
+u—nm(mh—%1n+2”"7”L‘mnl—po

n

< [1 - (1 - An)nn]Hgn - §n71|| + |77n>\n - nnflan71|”§n71”
— In-1
o1 = ol + 2222ty
n
< [T =1 = )nnlllsn — sn1ll

|'7n B ’Yn—l‘)'

n

+M(‘77n)\n - nn—lan—l‘ + ‘7777,—1 — 77n’ +

Where M > 0, and
sup { [lsn—1ll; llvn—1l, 2llsn—1 — pl|} < M.
n>1

Hence
lim sup (”Un - Gn—l” - H§n - gn—l”) <0.

n—-+o00

Using Lemma (2) we have
lim [|G, — ¢,/ =0.

n—-+o0o
So, it follows that

Jm s =l = Hm pnl|Bn = <all.

Note that

1 [
(.05 —all < [|BG 050~ B(r,0) / E(s, 0)cuds|
n J0

1 [ 1 [
+||E(r, 0)/ E(s,0)c,ds — / E(s,0)c,ds||
Tn Jo Tn Jo

1 [
+H/ E(s,0)snds — 6|
Tn Jo

IN

1 Tn
—|—2Hgn — / E(S,O)gndsH.
Tn Jo

From (8), we have

1 [
S — — E(s,0)snds
Tn Jo
1 Tn
< lon = snta]| + |ont1 — / E(s,0)snds
Tn Jo
1 Tn
< lon = sna]| + (1= pn) |[sn — - E(s,0)s,ds
n

0

1 [ 1 [
HE(T> 0)/ E(s,0)¢pds — / E(S,O)gndsH
Tn Jo Tn Jo

12 of 18
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1 Tn 1 Tn
FnAnllSn — — E(s,0)s,ds|| + (1 — \p)||— E(s,0)s,ds||.
Tn Jo Trn Jo
Now
1 [
(=14 iy — man)|lsn — — E(s,0)s,ds
Tn Jo
1 Tn
< Hgn_gn—&—IH +nn(1_)\n) / E(s,O)gnds .
Tn Jo

It gives that

1 [
Sp — — E(s,0)s,ds

Tn Jo
<— i I+ =22 [ B0)sds| | a0
S |ISn — G - - S, U)gpasy| | -

Hn _nn/\n " i n " Tn Jo "
From (9), (10) and Lemma (4), we have
lim |[[E(7,0)s, — | =0, V1 > 0. (11)

n——4o00

Note that the sequence {¢,} is bounded and {¢,} — ¢ weakly. Let ¢* = Pp,(0), then there
exists M > 0 such that B(¢*, M) contains {,}. Also, B(¢*, K) is E(s)-invariant for all
s > 0 and so, we can assume that {E(s,0)}s>0 is a nonexpansive family on B(¢*, K). By
making use of (11) and Lemma 1(demiclosedness principle), we have ¢ € Fg and therefore
limsup(¢*, g1 — ™) = lim (¢*,¢—<¢*) <O0.
n—-+00 n—r+00

In the end, we prove that ¢, — ¢*. Set ¢, = 1, (Ansn) + (1 — nn)%n fo " E(s,0)s,ds, which
gives that U,, = Pz[¢,] Vn > 0. By making use of metric projection property 1, we have

<Un - g;uUn - §*> = <§;1 - Unag* - Un> <0.

Therefore
||6n*§*‘|2 = <Un*§*76n §*>

= (Up—6n,0p —¢") + (¢, —<¢*, 0, — %)

< (o —6%, 0, —<")
1 Tn

= (M(Ansn) + (1 — nn),y— E(s,0)spds —¢*, Uy — ™)
n Jo

(

N (Ansn) + M AnS™ = M Ans™ — Mn¢™ + Nps™
1 [
+(1 = nn)— E(5,0)gnds — 6", Up —¢¥)
0

n
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= <77n/\n(§n - §*> - nn(l - /\n)C* + (1 - 7771)('”71 - §*)a O, — §*>
= MAn{on =<5 0n = <%) =0l = An) (<", On = ¢7)
+(1 =) (vn — 6", Op —<7)
= MAnllsn — I10n = || = (1 = An) (", B — <%)
(1 = 1) llon = [0 — 7|
MnAnllsn = 10 = [l = (1 — An){(s™, Opn — ¢7)
+(1 = m)llsn =[O = 7|
= 1= Q0 =X)mlllsn =< MBn = <l = 7n(1 = An)(", B = <7)

< 5 lsn — < H2+§HUn—< | =1 (1 = X)) (%, Uy = ¢¥),

IN

that is,
llon = <% < [1 = (1 = An)mmlllon = <*[1* = 20 (1 = An) (¥, U — ¢¥).
By the convexity of norm, we have
lont1 =<7 < A =n)llon —*1* + 0l|On — <"
< (1=n)llsn — <7
(11— = Al = <2 = 21 = A"y =57 )

= 1= =X)manlllon — 1P = 2(1 = An)nan(s*, Bp — ¢¥).

So all the conditions of Lemma 1 are satisfied. Therefore, we obtain that ¢, — ¢*.
If we put 1 instead of p,, V n > 0, in Theorem 2, then we have the following result.

Corollary 1. Let E = {E(s,0)}s>0 : Z — Z be nonexpansive family with condition
Fg # 0. Let {s,} be the sequence

1—m) [
Sn+1 = (1 - ,Ufn)gn + ,UfnPZ [(’yn) E(37 0)§nd3 + T]n()\ngn)], vn Z 0. (12)
n 0
Where {nn},{pn} and {\,} are sequences in [0,1] and {v,} is a sequence in (0,00). Sup-
pose the following axioms holds:

(i) limy, 4o M = 0, E;’Lﬁ%nn = t+ooand lim,_ oo Ap = 1;

.. . . 1
(ZZ) hmn—H—oo 777, = 0 CLnd hmn_>+oo 7’}/” = 1

Then the sequence {s,} strongly converge to a point ¢* € Fg.
Remark 4. The algorithm
1 [
Sn+l1 = (1 - Nn)gn + MnPZ [nn(Angn) + (1 - 77n)7 E(37 0)§nd8], vn Z 07
n Jo

has just weak convergence. But, the sequence (8) (with A\, — 1) has strong convergence.
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Using Remark 2, we have the following remark.

Remark 5. The results given in [9], become special case of our work, if an evolution
family is periodic of every positive real number.

4. Example and Open Problem

Example 2. Let H := L*([0,7],C) be the Hilbert space of all square integrable functions
on [0, 7] and S = {S(a) : a > 0} be a semigroup defined by

(S( Z e~ ¢ ?)sinmY, Y €0,7],a>0, (13)

where ¢y, (Y fo ) sin(ms)ds. Obviously, S is a strongly continuous and non-expansive
semz’group on H and it is generated by the linear operator A given by 9 = AY. Now
Consider the following non-autonomous Cauchy problem

2D = KMZYTL, T >0,¢e 0,7,
U(T,0) = U(T,7) =0, YT >0,
5(0,¢) = a(¢),

where q(Y) € H, and k : Ry — [1,00) is a non-expansive and periodic function, i.e.,
k(Y +p) =k(Y) for all Y € Ry for somep > 1.

Let K(Y) = fOT k(Y)dY. Clearly the solution y(.) of the above Cauchy problem satisfies
the evolution property:

y(1) = E(T,8)y(8), (14)
where E(Y,£) = S(K(T) — K(£)). See [[25], Example 2.9b]. We can find ¥ > 0 such that
the function T  €Y||5(Y)| is bounded on R,. In fact, we have

+00 +o0 +o0 )
/ | E(T,0)0]2dY = / gw)e% KM gy
0

2 2 oo g2
= fzc?gw) e 2 KM gy
T 0
9=1
+o00 5
Il [ ey
0

+oo
_ |19||%/ 2K gy
0

Now consider
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+oo z
:Z/ 02K (=) gy
j=0""

400 z
_ Z€—2jK(z)/ o 2K(T) gy
=0 0
—+00
<z Z e 20K (2)
=0
zeZK(z)

= arm 1= ¢

(16)
Hence,

+00
| necr o < oo, (1)
0

Now, by Theorem 8 in [26], for M > 1 the growth bound wy of the family F satisfy
wo < ﬁ, for further details see [26], obviously this shows that the evolution family is
non-expansive on the Hilbert space H. Therefore both the net ¢ in Theorem 7?7 and the
sequence ¢, in Theorem 2 strongly converges to a FP of a subfamily of the above NeE
family.

Open problem: We leave open the question whether all the main results could be
generalized for the whole periodic and then for the general non-periodic evolution families

in Hilbert spaces?

5. Conclusion

In this work, we investigated the fixed point properties of a specific subfamily within
a non-expansive evolution family of bounded linear operators on a Hilbert space H. By
utilizing the framework of nets and a progression algorithm, we established several results
concerning the strong convergence of sequences to a common fixed point of the consid-
ered subfamily. The theoretical findings were further supported by a concrete example,
demonstrating the applicability of the developed framework. We conclude by posing an
open problem to inspire future research in this direction.
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