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Abstract. Solving the Split Equality Fixed-Point Problem (SEFPP) often requires computing the
norms of bounded and linear operators, a task that can be computationally demanding. To tackle
this challenge, we investigated the SEFPP for quasi-pseudocontractive mappings in Hilbert spaces
and proposed innovative viscosity algorithms to solve the problem. We established the strong
convergence of these algorithms under appropriate conditions. To validate our theoretical results,
we conducted numerical experiments, which not only confirmed the efficacy of our results but also
demonstrated their advantages over existing methods in the literature. Our work generalizes and
extends several significant results from prior research, contributing to the broader understanding
of fixed-point problems and related problems.
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1. Introduction

For j = 1,2, let H; be Hilbert spaces, C; be nonempty, closed, and convex subsets of
H;, and A; : H1 — Ho be linear and bounded mappings, with A}‘f denoting the adjoint of
Aj;.
The problem of finding

z € C1 such that Az € Co, (1)

is known as the Split Feasibility Problem (SFP). This problem was introduced by Censor
et al. [1]. To solve problem (1), Byrne [2] proposed the following algorithm, known as the
”CQ algorithm?”:
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Zn1 = Pey, (I — NI — Pey)Av) zn, (2)

2
» ALAY > :
feasible when these projections have closed-form expressions. More results on the SFP
and its applications can be found in [3-7].

The Split Equality Problem (SEP), which is related to the SFP, was introduced by

Moudafi and Al-Shemas [8]. The SEP involves finding
y € C1 and z € Cy such that A1y = Asz. (3)

where \ € (0 This algorithm requires the computation of F¢; onto C;, which is

By setting Ay = I (identity mapping), the SEP reduces to the SFP. To solve problem
(3), Moudafi and Al-Shemas [8] proposed the following algorithm:

Yn+1 = PCQ (yn + )\nAs(Alyn - -/42271)) ; (4)
Znt1 = Poy (2n — M A (Aryn — A2z,)), 1 > 0;

where (yo, z0) € H1 X Ho are chosen arbitrarily, and Fe;, are metric projections onto Cj.
Under certain conditions imposed on {\,,}, a weak convergence result was obtained.

Since any nonempty, closed, and convex subset of a Hilbert space can be represented
as the fixed point set of its corresponding projector, see [7], therefore, equation (3) can be
simplified to finding

y € Fix(71) and z € Fix(72) such that A1y = Az, (5)

where 7; : H; — H;, j = 1,2, are nonlinear operators with Fix(7;) # 0. Problem (5) is
known as the Split Equality Fixed Point Problem (SEFPP).
Motivated by the results in [8], Moudafi [5] proposed the following algorithm:

Ynt1 = T2 (Yn + AnA;(Alyn —A2zn)); (6)
Znt1 = T (20 — M AT (Aryn — A2z,)), 1 2> 0.

By imposing certain conditions on the parameters and operators involved, a weak
convergence result for algorithm (6) was obtained. However, implementing this algorithm
requires computing the inverse of a bounded linear operator, which is generally a difficult
task. To address this challenge, Byrne [2] introduced an alternative algorithm for solving
the SFP that eliminates the need for such an inverse.

Moudafi’s algorithm in [5] involved firmly quasi-nonexpansive mapping, a class that
includes quasi-nonexpansive mapping. Since quasi-pseudocontractive mapping includes
firmly quasi-nonexpansive, directed, and demicontractive mappings, this motivated Chang
et al., [9] to introduce the following algorithm for solving the SEFPP involving quasi-
pseudocontractive mappings and proved the weak convergence result of the algorithm:

Yn+1 = /Bnyn + (1 - /Bn) ((1 - 77)I + 777-1((1 - C)I + <7-2)>Un;
Un = Yn + )\n-Ag(Alyn - A2zn)§

21 = Buzn + (L= Bu) (L= )+ 0T (1= O +CTh) Juns
Up = 2Zn — A AT (A1yn — Aazp),mn > 0.
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This algorithm relies on prior knowledge of operator norms. Recently, Mohammed
and Kilicman [10] investigated the SEFPP involving quasi-pseudocontractive mappings
in Hilbert spaces. They developed innovative algorithms and demonstrated their conver-
gences, both with and without prior knowledge of the operator norm for bounded and
linear mappings.

Recently, Wang et al., [11], studied the SEFPP for the class of demicontractive opera-
tors in Hilbert spaces and proved the strong convergence results by proposing the following
algorithm:

Yn+1 = ﬁngl(yn) + (1 - ﬂn)vnv
Un = UYn — An (yn — Ty, + -AT (Alyn - -/42Zn)) 5
(8)
Znt1 = Bng2(yn) + (1 = Bn)wn,
Wy = 2Zn — A (20 — Tazn + A A5 (A2z, — A1yn)), n > 0.

The results from Chang et al. [9] and Mohammed and Kilicman [10], on the other hand,
only show strong convergence if the operators are thought to be semi-compact. This com-
pactness condition can be limiting, as many nonlinear mappings do not satisfy the com-
pactness condition (see Example 1 for more details). Consequently, it was proposed that
future studies could be focused on establishing strong convergent results without relying
on the compactness assumption. In this paper, we aimed to obtain the strong convergence
result of the proposed algorithm without imposing the semi-compactness condition on the
operators involved, which is a critical consideration in infinite-dimensional spaces.

The paper is organized as follows: The introduction offers an overview of the study’s
background and context. This is followed by the preliminary section, where key definitions
and lemmas are introduced. Section 3 presents the main results of the research, and Section
4 discusses the numerical results.

2. Preliminaries

This section offers a few fundamental findings that support the paper’s primary find-
ings.

Definition 1. A mapping T1 : H1 — H1 is said to be;

(i) Fized point of T\ (Fiz(T1)) if Tiz = z, for all = € Hi, and we denote the set of
Fiz(T1) by {z € Fiz(T1) : Tiz = z}.

(it) Nonexpansive if |Tiy — Tiz| < ||y — 2|, Vy, z € Hi.
(iii) Quasi-nonezpansive if |Tiy — z|| < |ly — z||, Yy € H1 and z € Fix(T1).
(iv) Directed if |Tiy — z||*> < |ly — 2|1 — |Tiy — y||?, Yy € H1 and z € Fix(T7).

(v) Demicontractive if ||z — Tiyll> < |z — ylI> + klly — Twyll*, Yy € M1,z € Fiz(Th)
and k € [0,1), and it is called a quasi-pseudocontractive if k = 1.
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(vi) Semi-compact if for any bounded sequence {z,} C H; with ||z, — Tiz,|| — 0, then
there exist {2y, } C {z,} such that z,, — z € H;.

Remark 1. From the definitions provided above, we observe that the class of quasi pseu-
docontractive mapping is fundamental. This class encompasses various types of monlin-
ear mappings, including demicontractive mapping, directed mapping, quasi-nonexrpansive
mapping, and strictly pseudocontractive mapping, all of which serve as special cases. For
further details and examples, see [9, 10].

Remark 2. It is obvious that if T1 is quasi-nonexpansive then
1Ty —yll <2(y — Thiy,y — =) .

Lemma 1. (Chang et al., [9] ) Suppose T1 : H1 — Hi is Lipschitz with £ > 0, and
U =1 —I+nTi((1 -1 +CTh), then

(1) Fix(T1) = Fiz((1 =)l +nT((1 = OI + (Th)) = Fiz(U);
(ii) Uy is demiclosed at zero only if T is demiclosed at zero;
(i4i) Uy is L2~ Lipschitzian;
(iv) Uy is quasi-nonexpansive only if T1 is quasi-pseudocontractive.
Lemma 2. (Xu, [12]) Let {ayn},{bn} C RY such that Y > b, < co. If
ant1 < (L4+bp)an, or apt1 < ap+by, Vn>0,

then lim a, exists.
n—o0

Lemma 3. (Xu, [12]) Let b, > 0 for n € N, and suppose the following recurrence holds:
b1 < (1 — an)by + @pn®, + 5, n >0,
where {an} C (0,1) and {O,} C R satisfy the conditions:
(i) 2 nZg an = 0
(ii) en, >0 for alln >0, and Y7 jep, < 00;

(iii) limsup®,, <0 or Y >2 | ay|Oy] < 00.

n—oo

Then, lim b, = 0.
n—oo
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3. Main Results
In what follows, S will denote the solution set of equation (1), that is,
S :={y € Fix(T1) and z € Fix(73) such that A;y = Asz}. (9)
Suppose that for j = 1, 2, the following assumptions hold:

(K1) 7; : H; — H;j, are two quasi-pseudocontractive operators with Fiz(7;) # 0, in
addition, 77 is also L- Lipschitz.

K2) Aj :H; — H; are linear and bounded operators with their adjoints .A;f.

K3) (7; — I) are demiclosed at origin.

K4) F;:H; — H; are contraction mappings with contraction constant p € (0, 1];
)

Let Uy = (1 —n)I +nT;((1 — ()1 +(T;), and define (yy, z,) C Hi x Ha by

Yn+1 = anfl(vn) + (1 - an)ulvn;
Un = (1 - Tn)yn + Tnulyn + Tn-AT(-Alyn - A2zn);
(10)
Znt1 = apFa(wn) + (1 — ap ) Uswy,;
Wy, = (1 — 1) 2n + Talhazy + 1 A5 (A22n, — Aryy), VYn > 0;
where (yo,20) € Hi X Hga are chosen arbitrary, 0 < «, < 1 such that > a, = oo,
n>1
> (1 — ap)a, < oo, and li_)rn an, =0, and 0 < 7, < 1 such that
n o

n>1
71&%7‘,1 (1 —an(l— 2p%))\ — ™) > B> 0,
— 1 1
whete A = Ay 2040 < < < o

Lemma 4. Let {(yn,2n)} be the sequence generated by algorithm (10), then

(1) {(Yn,2n)} is bounded;
(i) tim suplUsn — o + A5 (Aszn — Argn) |2 = 0, and
n—oo
limsup |Uszp, — 2n + A5(A1yn — Az || = 0;

n—oo

(#5i) limsup||{U1y, — yn|| = 0, limsup||Usz,, — 2|l = 0, and lim sup|| A1y, — A2z,| = 0.
n—00 n—00 n—00

Proof. Let (y,z) € S. By Lemma 1, it follows that U is quasi-nonexpansive. By
algorithm (10) we have

lzns1 = 2l = llenFa(wn) + (1 — an)tswn — 2|
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= [lan(Fa(wn) — 2) + (1 — an) Uswy, — Z)H2
=ay, | Fa(wn) = Falz) + Fa(z) = 2[* + (1 — an) [Uswn, — 2|
— (1 = an)ay, [Uswn, — fZ(wn)HQ
<(1 = an(1 = 2p?)) ||Jwn — 2|2 + 20| Fa(2) — 2||*, and (11)

Jan — 212 = | (1 = ) (2 2) + 70 (U2 + A (o7 — Arg) — 2) H2

=(1 = 7) |20 — 2|I> + o2 — 20 + A5(A22n — A1yn) + 2 — 2|2
— (1= 1) TllUa2n — 2 + A3 (Azzn — Aryn)|?
<lzm — 2l + 72 Ua2n — 20 + A5 (Azzn — A1y
— 27 (2n, — 2, 2n, — Uz, — A5( Aoz, — A1yn)) - (12)

Thus, by equations (11) and (12), we have
2
2t — 21 (1 = il = 262) |20 — 2112 + 2001 Fa(2) — 2]

+ Tr%HZ/{QZn —Zn + A;(AQZn - Alyn)||2
—2(1 = an(1 = 20*)) T (20 — 2, 20 — Uz — A3( Aoz — Aryn)) . (13)

Similarly,

2
lyms1 =yl <1 = an(1 = 20%) [|yn — ylI” + 20m]| Fi(y) — v]|
+ 7'3 U yn — yn + AT (A1yn — A2zn>H2
- 2(1 - an(l - 2P2))Tn <yn — Y, Yn — Uryn — AT(Alyn - AQZn)> . (14)

By equations (13) and (14), we deduce that
Dot (1= an(l = 2200 + 200 (|1F2(2) = 21 + [ Fa(y) = yl12) + 72k
— 27, (1 — an(1 — 2p%)) ( (zn — 2, 2n — Uazp, — A5( A2z, — A1yn))
(= 0~ U — Af (A — Asz)) ). (15)
where T, := ||yn — yl|> + |20 — 2||*, and
b o= [Uszn = 20 + A5(A2zo — Arga) 1P + Uiy — yn + Af(Argn — Azz) |
On the other hand,

(zn — 2, 2n — Upzp — A5(Aszp, — A1yn)) = (2n — 2, 2, — Uazy)
— (A2zn — Aaz, Aozn — A1yn)

1
25 [z — Z/{2Zn||2
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— (Agzy, — Aoz, Aozy, — A1) - (16)
Similarly,
(s~ g — A5 (A — Aszn)) > 5l — P
— (Aryn — A1y, Aryn — A22n) . (17)
By (16) and (17), and the fact that A;y = A2z, we have

(zn — 2, 2n — Uazp — A5( A2z, — A1yn)) +

~

< Yn — Y Yn — UrYn — AT(Alyn - AQZTL)>

1

25 ”Zn — Z,{2ZnH2 - <A22n - -AZZ,A2Zn — All/n)

1

+3 [Yn — Urynll® = (Aryn — A1y, Aryn — Azzy,)

1

=5 (20 = tzn]l” + | Aryn — Aozl )

1

-@UW—M%WHMmﬁA%M)

> 2 (zn — tozall® + oy A3 (Aryn — Aoz

2 H&W

1 * 2

+5 (llym - m%n+wﬁwmxm% Asz)|I”)
1

> 77 (1120 = Uz

2max{1, ||Az2||"}

+ || A5 (Aryn — Azzn)ll2)
. 1
2max{1, ||.A1]]
AL (Argn — Aoz )
1
> 1yn — Unynl|
4max{1, ||./41H2 , ||A2”2} <<

2
AL (i — Aoz
+( llzn = Uszall”
N 2
A3 (Argn — Aozn)| ) )
A
27 (llzn = tozn = A3(Arza = Ay

iy — sy — Af(Argn — Azz)|?) (18)

2
s (1 = Uon

By equations (15) and (18), and noticing that (1 — a, (1 — 2p?)) > 0, we have
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Do € (1 (1~ 22T + 20, (IF2(2) — 21 + [ Fi(9) — )
= (1= an(1 = 20")A = 70 ) (19)
< (1= an(1 = 2000 + 200 (IF2(2) = 21 + 171 (9) — ).
Thus,

an (1 — 9202
M(QHB@ I+ 2| Fi () ~ o).

<max {Iy, 2| F2(2) - 2|* + 2| F1(y) - yl*}-

Tpi1 <(1— an(1—2p*)T, +

By induction, we deduce that
Tpy1 <max {To, 2[| Fa(z) — 2| + 2| Fi(y) — I’}

Thus T, := ||z, — 2| + ||yn — y||* is bounded, which further implies that {(yn, 2,)} is
also bounded.
By equation (19), we have

Tn ((1 —ap (1 - 21)2)))‘ - Tn) (Hzn —Uazy, — A5( A2z — Alyn)||2
+ g = Uiy = Af(Aiyn = Apz)|?)
< |z — 211 = || 2ng1 — 2|2
+llyn = yl? = lynsr — Il

+ 200 (I1F2(2) = 212 + |17 (w) - ).

Since ir;flv'n (1 = an(l —2p*))X —7,,) > B, we therefore deduce that
n>

limsup(Hzn B MQZW - A;(Aan - Alyn)H2 + Hyn - ulyn - AT(Alyn - A2zn)H2> =0.

n—o0

This turns to implies that

lim Sllp”:ljn - ulyn - AT(-AlyTL - -'42271)“2 - 07 and

n—oo

lim Suszn - UQZn - A;(AQZTL - Alyn)HZ =0. (20)

n—oo

Since U, is quasi-nonexpansive mapping, by Remark 2, we have

1
“Nym — Urynl|* + (Aryn — A2zn, A1yn — A1Y) < (Yn — Ustn, Yn — Y)
2
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+ (A1yn — A2z, Aryn — Ar1y)
= (yn — UrYn — AT(Alyn - AQZn)a Yn — y)
< lyn — Uryn — AL (A1yn — A220) |1y — ylI- (21)

Since {||yn — y||} is bounded, thus, by equation (20) we deduce that

lim sup ||y, — Urynl|| = 0. (22)
n—oo
Similarly,
limsup ||z, — Uazy|| = 0. (23)
n—oo

On the other hand,

[ A1yn — Aszn||® = (Aryn — Aszn, A1yn — Aszn)
= (A1yn — Azzn, A1yn — A1y) + (A22n — A1yn, A2zn — A22),
= (AT (Aryn — A22),yn — y) + (A5(A22n — A1Yn), 2n — 2)
<[ AT (A1yn — A22n) + (Yn — Uryn) — (Yn — Uryn)lllyn — 9|l
+ A3 (A2zn — Aryn) + (20 — Uazn) — (20 — Uazp) ||l 20 — 2||
<[JAT (Aryn — A22n) = (Y — Uryn) lllyn — Y|
+ [1yn — Usynllllyn — vl
+ A5 (A2 — Aryn) — (20 — Uazp) || l2n — 2|

+ 20 = Uzza|| 20 = 2.

Thus, by (20) and the fact that {||z, — z||} and {||y, — y||} are bounded, we see that

lim sup || A1y, — Azzy|| = 0.
n—0o0

This completes the proof of this lemma.

We are now in a position to prove that (yn, z,) — (v, 2).

Theorem 1. Suppose conditions (K1)—(K5) are satisfied, and that S # (). Then the
sequence {(Yn, zn)} generated by algorithm (10) converges strongly to (y,z) € S.

Proof. Let (y,z) € S, then by Lemma 1, we see that U; is quasi-nonexpansive, and by
algorithm (10), we have
[Yn+1 — yH2 = |[an(Fi(vn) —y) + (1 — an) Uhvn — y)
=aj, [|F1(va) =yl + (1 = an)?|Uhvn — g
+2(1 — ap)ay, (Fi(vn) — y,Urv, — y)
=(app® + (1= an)®)on — yl* + i | Fi(y) - ylI?

2
|
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+2(1 — ap)ay, (Fi(vp) — y,Urv, —y) ,and (24)

2 (Fi1(vn) =y, Urvn — y) =2 (F1(vn) — F1(y), Urvn — y) +2(F1(y) — y,Urv, — y)
(1+ ) o = yl* + 2 (Fi(y) — y,Uhvn — y)

(14 p)lvn =yl + I F1(y) =yl + [Uhvn — vn|?
+2(F(Yy) —y,vn —y)

<
<

(25)
By equations (24) and (25), we have
lyns1 = yl® <(anp® + (1= an))|lon — yl* + of | F1(y) — y|I?
+ (1= an)an((1+ p)llon = yl> + 1F1 () = 9l + [thron — val?
+2(Fi(y) — .0 —v) )
<(1 = (1= pHaw)llon = ylI* + anl|Fi(y) -yl
+ (1= an)an (IWvn = vall* + 2 (F1(y) = y,vn —v) ). (26)
By equations (12) and (26), we see that
g1 = yllI* <(1= (1 = p*)an) lgn — yll* + anl| Fi(y) -yl
+ (1= (1= pP)an) T3 [Uryn — yn + A (Aryn — Aszn) ||
—2(1 = (1= p*)om)Tn (Un — Y Yn — Unyn — A5 (Aryn — A22n))
+ (1= an)an (IWhon = vall? +2(F1(y) = y,0n —9) ). (27)
Similarly,
21 = 2l* <(1 = (1= pP)an)llza — 2[* + an| Fa(2) — 2|2
+ (1= (1= pP)an) i [Usz — 20 + A5 (Azzn — Aryn) |12
—2(1 = (1 — p2)an)Tn (20 — 2, 2n — Uz — AS(Azz, — Aryn))
+ (1= an)an [ty — wall? + 2(Fa(2) = 2w, - 2) ). (28)

Equations (18), (27), and (28) give
Pt (1= (1= p)an)Tn + an (IF1() = yl? + |1 F(2) — 21
— 7 (1 = (1 = p)an)A — 7)kn
+ (1 - an)an<”ulvn - Un||2 + ||Z/{2wn - wn”2
+2(Fi(y) = 9,00 — 2) + 2 (Fal2) = mwn — 1) )

<(1 = (1= p)an)ln + an (IF1 () = 9l + 1Fa(2) - 2I1)



L. B. Mohammed, A. Kiligman, D. Bamanga / Eur. J. Pure Appl. Math, 18 (4) (2025), 6154 11 of 18

+(1- an)an<HL{1vn — vnH2 + [[Uswy, — wy ||

+ 20 F1w) = ylllen — Il + 201Fa(2) = 2lllwn — 21]). (29)

Since (yn, zn) is bounded, we see that ||w, — z|| is bounded, and similarly, ||v, — y|| is
also bounded.
On the other hand,

v, — vn || < [UrvR — Y| + |lvn — Y|
< 2|lvn, —y|- (30)

Similarly,
Lowy, — wl| < 2jwy — z]]. (31)

Therefore, ||Uyvy, —v,| and |[|Uswy, —wy, || are also bounded. Since (yy,, 2z,) is bounded, it
follows that there exist (y, z) € S for which z, — z and y,, — y. Thus w,, = z,, — 7, (U2, —
Zn) + TnAT<A22n - -Alyn) — z and v, = yp — Tn(ulyn - yn) + TnAz(-Alyn - AQZn) — Y.

On the other hand, we see that

limsup(”bﬁvn — vn* + [Uswy, — wy?
n—o0

+2[|72(2) = zll[[wn — 2l + 2171 (y) — yllllvn - yH) =0 (32)

By equation (29), we deduce that

pz)anan(llfl(y) —y|? +2||f2(z) —z||?)
(1-p?)
+(1— an)an(Han — val” + [Uown — wnl? + | F1(y) — ylI* + | Fa(2) — 2]?

Cppr <(1—(1— p2)an)f‘n + (1 -

+2171Y) = ylllvn — yll + 20 F2(2) — zllllwn - 2H)‘

Thus, we see that

(i) X (1= p?)an = oo;

n>0
i) lim 2elB@-PHIRE=) _ . o2 (I )yl 4| Fa()=zl%) _ .
(ii) nh—g)lo (7 () (y1||_p2|)| 2(2)—2(%) = 0; and go(l —p?) (IF2(y (yl—p2) 2 < o0;

(iii) n, > 0 and Y n, < o0;
n>0

where 7, = (1 — an)an<||?/{1vn = vn* + [Uawn — wall® + | F1(y) — ylI* + [ F2(2) —
212 + 2/ F1(y) = yllllon — yll + 2l F2(2) — 2[l|wn — le)-
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therefore, by Lemma 3, we deduce that lim I'), = 0. That is

n—oQ
tim (llgn =9Il + 120 = 2]*) = 0.
n—oo

Finally, we show that (y,z) € S.
Since, Uy = (1 —n)I —nT1((1 — )1 4+ ¢Th)I, where 0 < n < ( <
Lipschitz, we have

1 ;
VT and 77 is

Nyn = Tiynll = lyn — (1 = Myn — nTaynl|l
= llyn — (1 =0)yn =0T (1 = O + CT1)yn +1T1((1 = O+ CT1)yn — nTiynll
< yn — (1 =n)yn —nT1((1 = OI + T yall
+ 0T ((1 = OI + ¢CT)yn — nTiyall
< lyn — Urynll + nL[[((1 = O + CT1)yn — ynll
= [|yn — Uryn |l + nCL|yn — Tiynl|-

Therefore,
I — Tionl < el — gl (33
(1=¢L)n
Similarly,
[2n — Toznll < ¥Hzn — Uszp |- (34)
(1—¢L)n
By (22) and (23), we see that
1 g — Tial| = 0, and lim |1z, — Toz | = 0. (35)

Now that y,, — y and lim || 71y, — yn|| = 0 couple with the demiclosedness of (71 —I)
n—oo
at origin, we have y € Fiz(T7).
Similarly, z, — z and li_>m 722 — zn|| = 0 together with the demiclosedness of (To—1)
n—oo

at origin, we see that z € Fiz(Tz).
On the other hand, since y, — y, it is not difficult to see that

v = (1 — 70)yn + Tnll1yn + T A (Aryn — A22,) — 0.

Similarly, w, — z.
Since A; and Ay are continuous mappings, we have

Av, — A1y, and Asw, — Asz.

This implies that
Arvp — Agwn, = Ary — Asz,
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which further implies that
A1y — Asz|| < liminf || Ajv, — Aswy]|| = 0.
n—o0o

Thus, A1y = Asz, and noticing that (y,z) € Fiz(T1) x Fiz(Tz2), we conclude that
(y,z) € S, which completes the proof.

Corollary 2. Suppose conditions (K1) — (K4) are satisfied, and that S # (). Then the
sequence {(Yn, zn)} generated by

Yn+1 = QpUp + (1 - an)ulvn;
Up = (1 - Tn)yn + Tnulyn + TnAT(Alyn - A2£’n)§
(36)
Znt1 = apwy + (1 — ap ) Uswy;
wp, = (1 — ) 2n, + Tilhazn + T A5 ( A2z, — A1yn), Vn > 0;

where U; = (1—n)I+nT;(1—=)I+(T;),5 = 1,2, (yo,20) € H1 x Ha are chosen arbitrary,
0 < ap < 1 such that > o, = 00, Y. (1 —ap)a, < 0o, and lim o, = 0,0 < 7, < 1
n>1 n>1 n—oo

such that iI;flTn (1= an(1=2p*)A—7,) = B > 0, where A\ = d

1
2max{L |l AP A7
0<n<(< ﬁ Then the sequence {(yn,zn)} converges to (y,z) € S.
Proof. This proof is a direct consequence of Theorem 1 by setting F = I. Algorithm
36 was studied by Mohammed and Kilicman [10] in their work.

Corollary 3. Suppose conditions (K1) — (K4) are satisfied, and that S # 0. Then the
sequence {(yn, zn)} generated by

Ynt1 = Uy + (1 — apn)Urvp;
Up = Yn + )\nAT(-Alyn - A22n>;
(37)
Zn+1 = apwy + (1 — oy ) Uswy,;
Wn, = Zn + A A5 (A2zn, — A1yn), V0 > 0;

where Uy = (1—n)I+nT;(1 =) 1+(T;),j = 1,2, (Y0, 20) € H1 x Ha are chosen arbitrary,

0 < an <1, such that > a, =00, > (1 —ap)a, < oo, and lim a, =0, 0 < A, <1, and
n>1 n>1 n—o0

D<n< (< ﬁ Then the sequence {(yn, zn)} converges to (y,z) € S.
Proof. This proof follows directly from Theorem 1 by taking F = I, and 7, = 0.
Algorithm 37 was proposed by (Chang et al., [9]).

Corollary 4. Suppose conditions (K1) — (K4) are satisfied, and that S # (0. Then the
sequence {(Yn, zn)} generated by
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Yn+1 = Urvp;
Up = Yn + )\nAT(-Alyn - A22n>;
(38)
Znt1 = UsWn;
Wn, = Zn + A A5 (A22n, — A1yn), V0 > 0;

where Uy = (1 —n) 1 +nT;(1 =) I+(T;),5 = 1,2 (yo, 20) € H1 X Ha are chosen arbitrary,

0 < an <1, such that > a, =00, > (1 —ap)ay, < oo, and lim a, =0, and 0 < A\, < 1,
n>1 n>1 n—roo
and 0 <n < (< ﬁ Then the sequence {(yYn,zn)} converges to (y,z) € S.
Proof. This proof follows directly from Theorem 1 by taking F =1, and 1, = o, = 0.

Algorithm 38 was proposed and studied by (Moudafi and Al-Shemas [8]).

Corollary 5. Suppose conditions (K1) — (K4) are satisfied, and that S # (0. Then the
sequence {(Yn, zn)} generated by

Yn+1 = 511]:1 (yn) + (1 - 5n)vna
Un = Yn — )\n (yn - len + AT (Alyn - AQZn)) s
(39)
Znt1 = BnF2(Yn) + (1 — Bn)wn,
Wy = 2n, — An (20 — Tozn + A5 (A22, — A1yn)), n > 0;

where (yo,z0) € Hi X Ha are chosen arbitrary, 0 < B, < 1, such that »_ 5, = oo,
n>1

(1= Bn)Bn < 00, and ILm Bn = 0,0 < A\, <1 such that ir;fi)\n A=A\, =8 >0,

n>1 n—00 n>

where A =

2max{1,||./411||2,||A2||2}' Then the sequence {(yn, zn)} converges to (y,z) € S.

Proof. This proof is a direct consequence of Theorem 1 by setting U; = (1 —n)I +
nT;((1 =)L +(T;) = 1. Algorithm 39 was studies by Wang et al., [11] in their work.

4. Numerical Examples

This section presents numerical results that demonstrate our theoretical findings and
compares them with some existing results from the literature.
The following example is an example of a nonlinear mapping that is not semi-compact

Example 1. Let H1 = (2(N), and define a mapping T : la — {2 by

otherwise.

1—Ye, ifz=e, ’
T(m):{(() n)E, if © = ey for somen

then T is not semi-compact.
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Proof. Clearly, T is not linear. L et {z,} C ¢? defined by x, = e,, where e, is
the standard basis vector with 1 in the n-th position and 0 elsewhere. This sequence is
bounded since |le,|| = 1 for all n.

On the other hand, ||z, — T(z,)|| =1 =0

However, no subsequence of {x,} converges strongly in ¢ since

|20 — Zmll = llen — em| = V2
does not converge to 0. Thus, 7 is not semi-compact.

Example 2. The mapping F : R — R define by F(z) = %sin(z), for all z € R is a
contraction mapping.

Proof. Clearly, the function is continuous for all z € R. By the Mean Value Theorem
(MVT), there exists ¢ € R such that

Fly) — F(2)] = 5sin(y) —sin(z)|
< cos(c)|y - 2|
<ly—z|.
Thus we see that F is a contraction mapping with a contraction constant cos(c).
The following are examples of quasi pseudocontractive mapping.

Example 3. The mapping F : R — R define by F(z) = 5 for all z € R then F is quasi
pseudocontractive with Fiz(F) = 0.

Example 4. The mapping F : R — R define by F(x) = x + sin(z) for all x € R then F
s quasi pseudocontractive.

Proof. Tt is not difficult to see that with Fiz(F) = 0, F is quasi pseudocontractive
mapping.
Corollary 6. In Theorem (9), let H; = R, C,Q C (0,00), and define the operators

Ay =y and Ay = £. It follows that Ay = A7 =1 and Ax = A5 = %, respectively. Let
F :R — R be defined by

1
F(z) = =sin(z), for all z € R,

2
which is a contraction mapping. Define the mappings T1 :C — R and T3 : @ — R as
Ty="2, wyec,

2 )
and

Toz = z+sin(z), Vze Q.
Clearly, T1 and Ty are quasi-pseudocontractive mappings with fized points Fiz(T1) =0 and
Fiz(T3) = 0. Let n = %, £ = %, Tn = %, and o, = 1—11 These parameters satisfy the
hypotheses of Theorem 9. By setting the number of iterations to 150 and using Maple, we
obtain the following results:
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n Algorithm 10
Toa) {ent

1 | 1.0000000000 | 1.0000000000

2 1 0.8958712178 | 0.9167912023

3 1 0.8037675809 | 0.8418283630

4 1 0.7219891992 | 0.7740135339
148 | 0.0000000258 | 0.0000110780
149 | 0.0000000233 | 0.0000102608
150 | 0.0000000210 | 0.0000095038

16 of 18

Table 1: The numerical results of algorithm (10), starting with the initial values y1 = 1 and z; = 1, showed
how the sequence (yn, zn) converges to (0,0).

Sequesnce Values

oAx—\
\
0.6 \
\
0.4 \
0.2 \
\\
0 T I\ T T L T
0 20 40 60 80 100 120

Iterative Steps

Figure 1: Graphical results presentation of algorithm (10), starting with the initial values y1 = 1 and z; = 1,
demonstrated how the sequence (yn, z,) converges to (0, 0).

The following Table provides a comparison of algorithm (10) as presented in Table 1
with some of the recent results published in the literature.
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Algorithm 36 Algorithm 37 Algorithm 39
Wt | (ead | (wad | Lol | (o) | G
1 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.0000
0.94774 | 0.96880 | 0.95916 | 0.97832 | 1.07480 | 1.0935
3 10.89822 | 0.93872 | 0.91999 | 0.95721 | 1.14970 | 1.1725

148 | 0.00036 | 0.01277 | 0.00209 | 0.05188 | 1.93210 | 2.0360
149 | 0.00034 | 0.01240 | 0.00200 | 0.05088 | 1.93210 | 2.0360
150 | 0.00032 | 0.012046 | 0.00192 | 0.04989 | 1.93210 | 2.0360

Table 2: This table presents the convergence rates of Algorithms 36, 37, and 39, as studied by Mohammed
and Kilicman [10], Chang et al. [9], and Wang et al. [11], respectively. By comparing Algorithm 10 with
these algorithms, it is clear that the proposed in this paper converges more rapidly. This demonstrates that
the method proposed in this paper is more efficient in terms of convergence speed compared to the existing
methods.

——— - —— . ——

At T
11
1/
7
/ —_ {v”} Algorithm 3.2
% {:”} Algorithm 3.2
_— {y”} Algorithm 3.29
Sequence Values | — {y”} Algorithm 3.3
\ — - {2,} Algorithm 3.29
\\\ {z”} Algorithm 3.30
\\\ — - {»,} Algorithm 3.3
051\ — - {z,} Algorithm 3.32
AN
AN
0 T T T =T

T T —T
0 20 40 60 80 100 120 140
Iterative Steps

Figure 2: Graphical results presentation of algorithms (10), (36), (37) and (39) starting with the initial values
y1 = 1 and 21 = 1, demonstrated how the sequence (yn, z») converges to (0, 0).

5. Conclusion

This study focused on the Split Equality Fixed-Point Problem (SEFPP) within the
context of quasi-pseudocontractive mappings in Hilbert spaces. We introduced new vis-
cosity algorithms for solving this problem, which indicated that the proposed algorithms
converged strongly in an infinite-dimensional Hilbert space. Our findings not only broad-
ened several key results from the existing literature but also addressed the computational
challenges associated with calculating operator norms. To support our theoretical results,
numerical experiments were performed, and a comparison with existing methods confirmed
the superior efficiency and effectiveness of our proposed algorithms.

In summary, the algorithms developed in this paper provide a reliable solution to the
SEFPP, achieving strong convergence without the need for the compactness assumption on
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the operators involved. Our research advances the field of fixed-point theory by extending
prior results and offering more practical solutions to the SEFPP, especially in scenar-
ios where computing operator norms is challenging. The algorithms’ strong convergence
makes them well-suited for practical applications.
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