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Abstract. This paper joins the notion of multifunctions to the notion of a temporal picture fuzzy
modal topological structures (TPFMTS) using ideals. In this paper, we introduce the notion
of temporal picture fuzzy local function and TPF-ideal topological spaces. Also, we introduce
the concepts of TPF* or TPF! £P-continuous, almost £F-continuous, weakly £F-continuous
and almost weakly £”-continuous multifunctions. Several properties and characterizations of the
presented multifunctions and their types of continuity are established. Some examples are given
to explain the correct implications between these notions.
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1. Introduction

Fuzzification is a crucial tool for addressing humanistic systems in our real-life problems.
The first paper on fuzzy set theory was authored by Zadeh in 1965 (|1]). This approach of
fuzzy sets F'S has been widely applied by many scholars. Fuzzy sets described the positivism
of an element p of a universal set X to a subset G C X by the membership value w, (o), and
posited that the negativism of that element p € N to the set G is 1 —w,(p). Atanassov in
[2] based his theory of intuitionistic fuzzy sets IF'S on the notion of the negativism w_ (o)
of an element p € Y to a subset G C N that may range from [0, 1] and need not be the
complement of the positivism of that element p € X to G. The values w,(0) and w, (o)
represent the positivism and negativism of each ¢ € N to G, respectively, with the condition
that 0 < w, (o) + w,(p) < 1. In this way, Atanassov encompassed all the fuzzy sets FS
as a special case of his theory whenever w, (o) + @, (0) = 1. Intuitionistic fuzzy sets IFS
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are more meaningful and applicable to our real-life cases. Cuong in [3] initiated the theory
of picture fuzzy sets PFS by adding the neutralism of an element g € X to the subset G,
represented by o, (¢). This definition is conditioned with 0 < w (o) + w,(0) + o, (0) < 1.
In case where o,(0) = 0 for all o € R, then we revert to intuitionistic sets G in IFS.
Moreover, if w, (0) =1 —w, (o) for all p € X, then we revert to a fuzzy set G in FS. There
are several simple modifications for the intuitionistic fuzzy sets [2]|, which we shall not
discuss here. These modifications include Pythagorean fuzzy sets [4, 5|, Fermatean fuzzy
sets [6], Spherical fuzzy sets 7], q-rung orthopair fuzzy sets [8-10] and g-rung orthopair
picture fuzzy sets [11]. Moreover, (s, »)-fuzzy local function, continuous multifunctions
and DF-ideal topological space are found in [12-14]. All these definitions, starting from
fuzzy sets, have applications in image processing, decision theory, uncertainty modeling,
and beyond, as in [5-7, 15-17].

In this paper, we compile the definitions and notions from regions of general topology,
of standard modal logic [16, 18-21] and of picture fuzziness, and represent the concept of a
temporal picture fuzzy modal topological structure, briefly TPFMTS. Continuous functions
between picture fuzzy topological spaces were discussed in [22]. Some types of continuity
of multifunctions were studied in [23, 24]. Also, we presented the general form of temporal
picture fuzzy continuous multifunctions. In this paper, we merge the classical definitions
of multifunctions in general topology and the standard modal logic [16, 19-21, 25| with
the notion of picture fuzzy sets, further expanding into the realm of TPFMTS.

The motivations of this paper are as follow. Section 1 is an introduction. Section 2
is given for the basics. Section 3 presents the main definition of temporal picture fuzzy
local functions that are joined to a temporal picture fuzzy ideal. Section 4 investigates
the notions of temporal picture upper and temporal picture lower almost - £ -continuity
and introduces many characteristic properties of these defined multifunctions. Section 5
investigates the notions of temporal picture upper and temporal picture lower weak -£F-
continuity and discusses its properties, as well as investigates the implications associated
with the previous definitions of temporal picture upper and temporal picture lower almost-
£P_continuity. Section 6 investigates the notions of temporal picture upper and temporal
picture lower almost weak -£-continuity, and discusses its properties, as well as inves-
tigates the implications associated with the previous definitions. Section 7 presents the
conclusion.

The research on TPFMTS has several important applications in various domains: De-
cision Making, Pattern Recognition, Artificial Intelligence, Information Retrieval and Data
Mining. TPFMTS address critical gaps in handling uncertainty, imprecision, and neutral-
ity, which are inherent in real-life problems across diverse domains. To bridge these gaps,
Picture Fuzzy Sets PFS were introduced, adding a neutrality component to the mem-
bership and non-membership values, thereby enabling a more nuanced representation of
uncertainty. TPFMTS expands upon these concepts by the integration in modal logic and
general topology using the picture fuzzy sets. This integration introduces global operators,
such as closure and interior, which modify classical topological and modal relationships.
These global operators facilitate a robust analysis of fuzzy sets under modal and topological
constraints, providing a suitable tools for theoretical exploration and practical application.
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The study of TPFMTS not only extends the theory of fuzzy sets but also establishes a wide
platform for addressing modern computational challenges. Its ability to integrate neutral-
ity, positivity, and negativity within a unified framework lays the foundation for further
exploration and application of TPFMTS in dynamic systems, hybrid models, and emerging
technologies, positioning it as a cornerstone of modern mathematical and computational
innovation.

2. Preliminaries

Through the paper, denote I = [0,1], Iy = (0,1] and I; = [0,1). Let a universe set X, be
fixed. An PFS G in XN is an object of the following form: G = {{o,w, (), @, (0),0.(0)) |0 €
N}, where w, (o) € I is called the degree of positive membership of ¢ in G, w, (o) € I is
called the degree of negative membership of p in G, o (o) € I is called the degree of neutral
membership of p in G, and where w (), wg(0) and o, (p) satisfy the following condition:
0 <wg (o) +w.(0) +0,(0) <1forall peN. Let & be a non-empty set (finite or infinite),
called the temporal scale with upper and lower boundaries. The elements of & are called
“time-moments”. we define the temporal PFS (TPFS) as follows:

G (8) ={{(0,9) ,w:((0,9)), @ ((0,8)).05({0,8))) | (0,9) € X x &}, where

(1) G C Nis a fixed set,

(2) w, ({0, 8)) + ({0, 9)) + 7 ({(0,5)) < 1 for every (0,9) € R x &,

(3) w.({0,9)), ™. ({0, 9)) and o, ({0, g)) are the degree of positive membership, negative
membership and neutral membership, respectively, of the element o € N at the time-
moment g € &.

NOTE: each ordinary PFS can be regarded as a TPFS for which & is a singleton set.

Additionally, we mentioned that all operations and operators on the PFSs can be
defined for the TPFSs. However, the opposite is also true: each TPFS G (®)is a standard
PFS, but over universe X x &. For this reason, we can re-define all operations, relations,
and operators defined over standard PFSs, now over TPFSs.

Definition 2.1. [22, 26] Let X be a nonempty set, & time-scale, G (&) = {({0,9) , w. ({0, 9)), @ ({0, 9)),
[ (0,9) € X x &} and H (&) = {{{¢, 9) , wy((0,9)), @ ({0, 8)), 01 ({0, 8))) [ (2, 8)
€ X x 6}. Then,
(1) G(6) CH(®)iff V(0,0) ER X &, w (< ) < wp((0,9)), s ((0,8)) = @ ((0,0))
and o, ((¢0,9)) < 0. ((0,8)) or 0;({¢,9)) = 0. ({0, 9))-
(2) G (6)UH (6) ={((0,9) ,w:((e )V (< 9)), @5 ((0,9)) AN @5 ((0,9)), 05 ({0, 8)) Aoy ({2, 9))) |
(0,9) e R X B}}.
(3) G (&)NH (&) ={{(e; 8) ,we ({0, 8)) N wi((0:9)), @ ((0:9) V @i ({0, 8)): 0 ({0, 8)) A s ({2, 9))) |
(0,9) e R x B}}.
(4) 3G (&) = {{{e,;8) ;@ ({0, 9)),w((09)), 95 ({0, 9))) | (0, 8) € R x &}.
(5) G(&) AH (&) = ,1,0) | (0,9) e XX &} if G(B) CH(®B), and
G(B)AH(®)=G(®)N (d H(8)) otherwise.

A
(6) §(8) = {{(0,9),1,0,0) | (0,8) € R x &},b(6) = {((0,9),0,1,0) | (0,8) €N x &}.
(7) (&) = {{{0,9),0,0,1) | (0, 9

) ERXE}LD(8) = {((0,9),0,0,0) | (0,8) € R x &}

7 ((0,9)
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The map § : XN x & & T x & is called a temporal picture fuzzy multifunction (T PF M,
for short) for any (o, g) € Nx &, F({0,9)) € (I3)TX®. The degree of membership of (¢, g) €
T x & at the time-moment g € & is denoted by: §({g,9))((¢,9)) = Vz((0,9),((,9)). The
domain of §, denoted by D (§) and the range of §, denoted by R (F), are defined by: for

any (0,9) € X x 6 and (¢, g) € (T x8), D(F) ((e,0) = U ¥3({e,9),(¢,9)) and
(C.a)e(rx6)

RE) (Ca) = U Y5((e9),(Cg) §is called crisp iff Uz({e,9),(C,9)) = #(6) V

(0,9)ERX S
(0,9) € XN x & and ((,g) € (YT x &). F is called Normalized (NTPFM, for short) iff V

(0,9) € Rx®, there exists ((p, g) € (T x &) such that Uz((o, 9) , (0, 9)) = 1 (&). Fis called
surjective iff R (F)((,9) = #(B) V ((,g) € (T x &). The inverse of §F denoted by F~
(

S
(®)
T % Nisa TPFM defined by: §((¢,9))((0,9)) = $({¢,8))(({¢, 9))) = ¥5({e, 9), (¢, 9))-
One easily verifies that D (§7) =R (F) and D (§) = R(F ™). The image G (&)) of G (&) €
®))

(
(I3)NX® the lower inverse §' (U (®)) and the upper inverse §“(U (&)) of U (&) € (I‘g)TXQ5
are defined respectively (see [8, 27|) as follows:

FG@) o= U [¥(ee. (¢ a)NnG(®) (o),

(0:8)ERX S

FU©)ee= U [Ps(e0),(¢e)NnT(®) ()],

(o) e(Tx0)

FU@) e = () [E¥Hes,Ca)Ul®) ().

(€9 e(Tx®)

Definition 2.2. [12| A temporal picture fuzzy topology on XN is a map 7: (13)NX6 — I3
defined by

T(G(8)) = (w (G (8)),w (G (&)),0.-(G (&))) which satisfies the following properties:

(1) 7(>(®)) = 7(£(®)) = (1,0,0).

(2) 7(G NH) > 7(G) A 7(H), for each G, H e (13)**¢.

(3) (U G;) > A 7(Gy), for each G; € ( )NXQ&7 ieTl.
el el

The pair (R, 7) is called a temporal picture fuzzy topological space in Sostak’s sense.

For any G (®) € (I?’)NX@ the number w, (G (®)) is called the openness degree at a certain
times , @, (G (&)) is called the non openness degree at a certain times, while o, (G (8)) is

called the neutral degree at a certain times. For G (&) € (I 3)NX®
r(G(®), (s.369) = (WH(®) € (1% : G (8) CH(®),7(4H(®)) = (s, 9},
intT(G (QS) ) <§7%7 19)) = U{H 6 NX@ : G (6) 2 H(QS) 7T(H (6)) > < », 19>}

Definition 2.3. [12] Let § : (N,7) & (Y,0) be a TPFM, ¢ € Iy, € I; and 9 € I;.
Then, § is called:
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(1) TPF"S-continuous at a fuzzy point (Q,g><g ) € D (3) iff (Q,g> (60.0) € (U (&)

for each U (&) € (I?’)TX@, o(U(8)) > (s, 5,9) there exists G (&) € (I?)

(S, 3¢,0) and (0,8) . . 9y € G (&), such that G (&) N D () € 3 (U(¥)).

(0:8)(c 0y € (U(ﬁ))

for each U (&) € (IS)TX®, oU(®8)) > (s, »,7), there exists G (&) € (IS)NXQ5 G(®)) >
(¢, 5,7), and (0,8)( ,..9 € G (&), such that G (&) C F (U (& ))

(2) TPF'S-continuous at a fuzzy point (g, 90y €D () iff

Remark 2.1. (1) If § is NTPFM, then § is TPF"S -continuous at a fuzzy point
(0,8) (¢, € D (T) iff

(0:9) (¢ ey € (U (®)) for each U (8) € (13)TX®, o(U(®)) > (g, »,9) there exists
G(®) € (IS)NXG,T(G(Qi)) > (5,2, 9), and (0,8) .. 9y € G(®), such that G (&) C
§(U(8)).

Definition 2.4. [13] The map £7: (I®)
on N if it satisfies the following conditions for G (&), H (&) € (13)NX6:
(1) £P (b (8)) =(1,0,0) 7£P (#(8)) = (0,1,0).
(2) G(®) CH(®) = £7(G(®)) > £F (H(®)).
(3) £7(G (&) UH(®)) > £7 (G (8)) A £7 (H (8)).

S, 5,09

"X® L 13 s called temporal picture fuzzy ideal

Also, £% is called proper if £F (4 (®)) = (0,1, 0) and there exists G (&) € (I3)NX® such
that
£P (G (®)) > (0,1,0).

If £ and £8 are temporal picture fuzzy ideals on R x &, we say that £F is finer
than €8 (£ is coarser than £1), denoted by ££ C £ iff £l'(G(®)) < £P(G (®))
VG () € (I?’)NX@. Let us define the special picture fuzzy ideals £0, ¢! by

sm(@(@)):{ g:g:gi ffeffi)s;b(@’ and sPl(G(@»:{ 22;3;85 ii‘f"ii):

3. Temporal picture fuzzy local functions

Definition 3.1. Let (R, 7,£F) be a temporal picture fuzzy ideal topological space,
G(®) € (IS)NXQj, ¢ € Iy, » € Iy and 9 € I;. Then the (s, s,d)-temporal fuzzy local
function ®(G (8), (s, 5,9)) of G (&) defined as follows: ®(G (&), (s, ,9)) = {H(8) €
(1) ®.2P(G (8) A H (8)) > (5, 0) r(4 H (8)) > (s, 1)}

Remark 3.1. (1) If we take £7 = €70 for each G (&) € (I?’)NX@ we have
O(G(®),(s,20) = {H(®) € (I?)7C: G(B) CH(®), 7(d H(B)) > (s,5,9)} =
cr (G(8), (s, ,7)).

(2) If we take £F = £F! (resp. £F(G (&)) > (s, 5,9)) for each G (&) € (I3)N><Q5 we
have

P(G(8),(s,,0)) =b(&).
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We will occasionally write ®(G (&), (s, 5¢,9)) or ®(G (&), £F, (s, 5,9)) for ®(G (&), L7, 7, (s, 5, 9)).

Theorem 3.1. Let (X, 7, £F) be a temporal picture fuzzy ideal topological space and Sf,EQP
be two temporal picture fuzzy ideals on X. Then for any set G (&) , H(&) € (I‘g)NXQ§ ,6 €
IQ,% €Iy and ¥ € 1.

(D20 (8), (s, 2,7)) =b(8).

(2) If G (&) CH(B)then (G (8), (s, 5,9)) C ®(H(S), (s, 5, 9)).

(3) If £ C £F then ®(G (&), LY, (c, 5,9)) C (G (8), £, (5, 5,9)).

(4) (G (®), <c »,0)) = cl (B(G (&), (s, 5,0)), (s, 5,0)) €l (G(8), (s, 5, 7))

(5) R(R(G (®), (s, 2,9)), (5, 32,9)) C (G (&), (s, 5,)) and 4 (B(G (&), (s, ,0))) #
P4 G(8),(s,sx,9)).

(6) (G (B)UH (B),(s,3,9)) 2 (G (&), (s, 5,9))UP(H (&), (s, 52,9)) and ®(G (&)N
H(8), (s, %))

C (G (®),(s,s ) NOH(8), (s, 5,7)).
(7) If £P(H(6)) > (g, 52,9) then ®(G (6) UH (&), (s, »,9)) D ®(G (&), (s, 2, 9)).

Proof. (1) From Definition 3.1, we have ®(b (&), (s, 2, 9)) = b (8).
(2) Suppose that ®(G (&), (,5,9)) € ®(H (&), (s,5,9)) If G(&) C H(&). By the

(8), (s, 2, 0)),there exists K (&) € (I3)™® with ®(H (), (s, ,9)) C K (&), £F (H (&)A
) > (s, ,9), (4 K(&)) > (5, 3,9). Such that (G (&), (s,s,9)) € K(&). Since
G (8) C H()implise G (&) A K (&) C H(&) A K (&), £F(G (6) A K (8)) > £P(H (&) A
K(&)) > (s,2,9). Hence ®(G(8),(s,s,9)) C K(&), it is a contradiction. Then,
(G (&), (s, 7)) C P(H(), (s, ,7)).

(3) Suppose that ®(G (&), LF, (5, 3,9)) ¢ ®(G P (s, »,0)) if £8 C &P, By the
definition of
®(G (8), L, (s, 52,9)) there exists K (&) € (I?’)NXQ5 with ®(G (&), L2, (s, ,9)) C K (&),
Ll (G (B) AK () > (s, 7,9), 7(4 K(B)) > (g, 3,9) such that ®(G (&), LF, (g, 3,9)) ¢
K (&). Since £ C £F implies SP(G(Qi)/\K(@)) > £P(G (6)AK (&) > (s, 5,9). Hence,
@(G(@),Sf,(g,%, 19}) C K(®), it is a contradiction. Then, ®(G (&), LF (c,,9)) C
(G (®), L8 (s, 5,9)).

(4) From Definition 3.1, we have ®(G (&), (s, 5, 9)) = cl (P(G (8), (s, 5, 9)), (s, »

Since £F0 C £F for any picture fuzzy ideal £, ®(G (&), £F, (s, , 79>) (G (6 )
£F0 (¢, 5¢,9)) = ¢l (G (B) , (s, 3¢,9)). Thus,
B(G(B), (5, 5,9)) = cl (B(G(B), (s, 32,9)), (5, ,1)) C cl (G (&), (s, 2,9)).

(5) By (1), we have B(B(G (&) , <, 5, 1)), (6, 0)) = el (B(B(G (&) , {5, 5, 0)), (6,5, 0)), (5, ,9))
Ca(P(G(8),(s,1)),(s,20) =2(G (&), (s, s,7)). In general the converse is not true
as shown in next Example 3.1.

(6) Since G () C G (S)UH (&) and H (&) C G (&)UH (&)implies ®(G (B), (s, 5, 9)) C
P(G (&) UH(B), (5, 2,7)) and P(H (&), (s, 5, 7)) € (G (&) UH (8), (s, 2,9)). Thus,

(G (), (s, 2,9)) UP(H (&), (5, 3,7)) C (G (B)UH (&), (s, s,13)). Also, since G (&) N

H(8) C G (&)and G (B)NH (&) C H (&) implies (G (8)NH (&), (s, »,9)) C &(G (&), (s, »,9))
and (G ()NH (&), (¢,2,9)) C P(H (&), (s, 5,7)). Thus, (G (&) NH (&), (s, ,9)) C
(G (&), (5,7, 0)) NO(H (&), (s, 5, 7).
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(7) Since £F(H (&)) D (s, 22,9) implies &(H (&), (s, 32,9)) = (0,1,0).
Thus,®(G (8) UH (8), (s, 2, 9)) 2 ©(G(8), (s, 5, 9))UR(H (&), (c, 3, 7)) 2 (G (&), (s, >, 7).

The following example shows that generally ®(®(G (&), (s, 2, 9)), (5, 22,9)) # &(G (8), (s, 2, 7))
and
4(B(G(8),(s,,0))) # ®(d G(&),(s,,9)) for any G (&) € (I?)
Iy and ¥ € I4.

Example 3.1. Let X = {01, 00}, & = {g1, 92}, Define 7, £F: (IS)NXQj — I? as follows:

X
Xage-[07%€

( (1,0,0) fG(®)ef{h(®),£(8)},
(0.4,0.3,0.2) if G(6) =Gy (&),
T(G(®) = (0.5,0.2,0.3) if G (&) =Gy (®),
(0,1,0) 0w,
( (1,0,0) if G(6) =b(®),
PG () = { (0.7,02,0.1) ifb(6)CG(S)C ((0,9),0.4,0.3,0.3),(0,9) € X x &},
L (0,1,0) ow.
where

<g,91 0.3,0.3,0.2) 0 € R
0,02),0.35,0.4,0.25) , 0 € N

{ 0,91),0.55,0.25,0.2) , p € X }
((0, 92
{ ({0,91),0.3,0.3,0), 0 € X
(
(&) =

{<<@, ),0.4,0.35,0.25), 0 € R

{<<@, 04503502>Q€N}
(« '
) # (H

g,gQ 04 0.35,0), 0 € X and H (&
Then, b (& H (&), (0.4 ,0.3,0.2)), (0.4,0.3,0.2))
_{ {(0,01), 03 03 ,0),0€R
| (o,92),0.4,0.35,0),0 € N
£(B) = 4(0(G3 (&), (0.4,0.3,0.2))) £ &(3 G3 (), (0.4,0.3,0.2)) = b (&).

0,92),0.44,0.25,0.2) , o € X
),(0.4,0.3,0.2))

Definition 3.2. Let (X, 7, £") be a temporal picture fuzzy ideal topological space. Then,
for each G (®) € (13)NX®, ¢ € Iy, € I and ¥ € I, we define an operator cl* : (13)NX® X
I3 — (13)NXQ5 as follows:
d7 (G (8),(s,5,9)) = G(6) UR(G (8), (s, x,1)).
Now, if £F = 2P0 then

ci(G(8),(s,2,9)) = G(B)UP(G(8),(s,5,7) = G(&) U, (G(&),(s,s,7)) =
cr (G(®),(s,2,7)).

Theorem 3.2. Let (X, 7, £P) be a temporal picture fuzzy ideal topological space. Then
for any fuzzy set G (&), H (&) € (I?’)NXQi, ¢ € Iy, € Iy and ¥ € Iy, the operator
clr: (13)NX® x I3 — (13)NX® satisfies the following properties:
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(1) €l2(6 (8), s,50,9)) = b (&)
(2)G(8) Cci(G(8),(s,,0)) Cc(G(B),(s,x0)).
(3) If G (&) CH (&), then cl2(G (&), (s, »,7)) € cl7(H(), (s, 2,7)).
(4) (G (8) UH (), (5, 2,0)) 2 cl2(G (B), (5, 2,0)) Ul (HL(B), (5, 2,9)).
(5) l2(G (8) NHL(®) , {5, 7, 0)) C cl2(G (B), (o, ,9)) N1 el (B (B) . (s, ,9)).
roof. (1) Since clX(b (8), (¢, ,19)) =bU P (B), (s, ,9)) and ®(b (8), (s, ,3)) =

clx(b (@) (s, =, 19))< =h(®).

)i
(G (8), (s, 7,0)) C el (G (®)., {5, 5,0)). Thus, G (8) C cl2(G (8), (s, ,9)) C el (G (8), {5, 3, U))
%) C H(®) and Theorem 3.1(2), we have G (&) U &(G (&), (s, »,7)) C
(6 2,0)), Le., cX(G (8) (s, 5,9)) C clZ(H(8), (s, 3,9)).
CG(®)UH (&) and H (&) C G (&)UH (&) implies clX(G (8) , (s, »,9)) C
JUH(8), (¢, 5, 7)) and cl7(H (&), (s, 5, 7)) € cl7(G (B)UH (&), (, »,9)). Thus,
clz(H(&), (s, 5, 0)) € cl7(G (&) UH(8), (s, ,7)).
) CG(®) and G (&) NH (&) C H(®B) implies
,2,9)) C (G (8),(s,,9)) and (G (B) NH(B), (s, 7)) C
us, cl(G (B)H (B), (s, ,0)) C el (G (®) (s, 5, 0))eli (B (B), (6, 2, 9)).

A

N

=
,%
=

Theorem 3.3. Let (N, T, SP) be a picture fuzzy ideal topological space. Then, for each
G () € (13)"®,
s €ly,xe€ Iy and ¥ € I, we define an operator int’ : (IS)NX® x I3 — (I?’)NXQ5 as follows:

int (G (&), (¢, 5,9)) = G () N4 (B(4 G (B), (5, ,9))).

€ (I?’)NXQ5 the operator int* satisfies the following properties:
,0)) =1(8).

,0)) Cint7(G(8), (s, 5,9)) CG(&).

), then int:(G (8), (s, s,9)) Cintt(H(&), (s, ,7)).

H(&), (s, s,9)) Cinti(G (&), (s, 2,9)) Nint:(H (&), (s, 2, 3)).

2,9)) = int (G (&), (s, 2,9)) if L8 = £F0,

G(8),(c,5,0) = 3 (7 (G (&), (s, ,7))) .

Proof. Tt is similarly proved as the proof of Theorem 3.2.

Definition 3.3. Let § : (X, 7,£7) % (Y,0) be a TPFM, ¢ € Iy, € I; and ¥ € I.
Then, § is called:

(1) TPF* £P-continuous at a fuzzy point (0,8)(crepy € DB) I (0,0) .y €
§4(U(®8)) foreach U (&) € (13)TX6, o(U(®8)) > (s, s, 9) there exists G (&) € (I3)NX® ,7(G(8)) >
(S, 3¢,0) and (0,8) .. 9y € G (&) such that G (&) N D (F) € (F(U(8)), (s, »,V)).
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(2) TPF! £P-continuous at a fuzzy point (g, 8) (¢ ey €D () (0,8) ..y € F(U(®))
for each U (&) € (I3)TX®, o(U(&)) > (s, 5,9) there exists G (&) € (13)NX® ,7(G(8)) >
(S, 2¢,0) and (0,8) .. 5 € G (&) such that G (&) C d(F (U (8)), (s, 32,9)).

(3) TPF" £P-continuous (resp. TPF! £F-continuous) iff it is TPEF* £F-continuous
(resp. TPF! £P-continuous) at every fuzzy point (g, 9 (ce0) € D (J).

Remark 3.2. (1) If § is NTPFM, then § isTPF* £P-continuous at a fuzzy point
(0,8) (¢ € D (T) iff
(0:9) (¢ ey € (U (®)) for each U (8) € (I3)TX®, o(U(8)) > (g, »,9) there exists
G(®) € ( HC (G (8) > (6,2,9) and (0,8) .5 € G(®) such that G(6) C
D(F(U(8)), (5. ,0)).
(2) TPF" (resp. TPF') £P-continuity and TPF* (resp. TPF'S)-continuity are inde-
pendent notions as shown by Example 3.2.

Theorem 3.4. Let § : (N, 7,£") & (Y,0) be a TPFM (resp. NTPFM), Then § is
TPF' (resp. TPF") £F-continuous iff §' (U (®)) C int, (®(F (U (8)), (s, 32,9)), (s, 3¢,9))
(resp. F4(U (&) C ity (B(F(U(S)), (s, 2,9)), (s, 32,0))) for cach U (&)e (13)*® (U (6)) >
(¢,¢,9), s €lp,x€ Iy and ¥ € I; .

(13)"°, o(U(®))
) 7(G(8))

(s, 2,9) and

Proof. (=) Let (0,8)( .9y € D(3), U(®) €
) (¢, 5,19) and

(0, g><§7mg> € §(U(®)). Then, there exists G (&) € (13
<Qag><g’%ﬂg> eG (@) such that

5105})1 C O(F'(U(®)), (s, 7). Thus, {0,08) ..y € G (8) C int-(D(F'(U(8)), {s,,9)), (s, 2,9)),
F(U(®)) C intr(R(F (U (®)), (s, ,9)), (s, 7, 0)).

(<) Let (0,8) (g € D (3), U(®) € (I*)7®, 0(U(®)) > (¢, 5,0) and (0,0), .4 €
SZ(U((%)). Then, FZ([U( ) Cint (P(F ( (8)), (s, 2,1)), (s, 2,9)) and hence,

(0:8) (¢ 0y € Intr(2(F'(U(®)), (<, 52,0)), {5, 52,9)) € 2(F'(U(®)), (<, ,7)).

Thus, §is TPF' £P-continuous. Other case is similarly proved.

>
>

The following examples show that there is no relation between TPF* (TPF') S-
continuous and TPF* (T PF') £F-continuous multifunctions.

Example 3.2. Let X ={p1,00}, T ={C1,l2, }, & ={g1,92} andF: R T be a TPFM
defined by
U5((0,9),(C.9) as:
Us({0,9),(¢9) | (C1,01) (C1,92) (G2, 01) (G2, 92)
(01, 01) (0.2,0.15,0.3) | (0.15,0.3,0.5) | (1,0,0) (0,1,0)
(01, 02) (1,0,0) (0.1,0.15,0.4) | (0.3,0.25,0.1) | (0.3,0.2,0.3)
(02, 01) (1,0,0) (0.3,0.3,04) |(0.2,0.2,0.2) | (0.3,0.25,0.2)
(0o, gg> (0.5,0.15,0.15) | (0.25,0.2,0.1) | (1,0,0) (0.2,0.1,0.2).
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Define temporal picture fuzzy topologies T, To: (IS)NX® — I3, o1, 09: (13)TX@ — I3,

and temporal picture fuzzy ideals 2{3 , 25 : (I?’)TXQS — Ias:

;

(1,0,0),  G(8)e{b(®),1(8)}
(G (®)) = (0.6,0.3,0.1) , G (6) =Gy ()
(0,1,0), o.w,
' (1,0,0), G(6)e{b(8),1(8)}
»(G(8)) = { (04,0.15,0.35), G (6) =Gy (®)
(0,1,0), o.w,
([ (1,0,0), G (&) =b(®)
@) - { 040203, P OO (ag0s0104),
(0,1,0), 0.w,
(1,0,0), G (6)=0(0)
ePG(®) = { (05,015,038, (G GO zgg§< N>><0c525 0.25,05),
(0,1,0), 0.w,
(1,0,0), (®) € {v(8),4(8)}
o(U(®) = < (0.3,0.3,0.4), U(®)=Uy(e)
(0,1,0), 0.w.
where
ol ={ AR Y RTLLI ST B B A RIS
and Uy (& { <<<< ,91) 00333003333003353>> | cer}.
Then, (1) §: (R, 7,¢0) 9 (Y,0) is TPF"S (resp. TPF'S)-continuous but it is not

TPF" (resp. TPF') ¢P-continuous because
{({0,91),0.3,0.33,0),
YUy (8)) =
soen={ (0 0
§§Q791>703033 0> EN},
(

0,92),0.3,0.33,0),
{{0,91),0.3,0.33,0)
B = { ({0, 92),0.3,0.33,0) ,

3(U,

o€ N} C int(F4(U, (&), (0.3,0.3,0.4))

,0E N} C int-(F (U (6),(0.3,0.3,0.4))
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| ((0,91),0.3,0.33,0),
— { {{0,92),0.3,0.33,0), ,OENG

but

F4(U, (®)) —{ éggﬁiiggggggi , }gmt (F4(U, (®)), (0.3,0.3,0.4)), (0.3,0.3,0.4))
= (6)7

3 (8)) :{ AR } ¢ int,(D(F Uy (8)),(0.3,03,0.4)), (0.3,03,0.4))

(2) §: (R, 79,08) 9 (T, 0) is TPF* (resp. TPF') ¢"-continuous but it is not TPF"S
(resp.T PF'S)-continuous, because,

F4(U, (&) = { éggﬁii ggggggi o€ N} C it ((F4(Uy (&), (0.3,0.3,0.4)), (0.3,0.3,0.4))

[ {e,981),0.3,0.33,0), ,
F(Uy (®)) = { o, g; 10.3.0.33.0), 2 € N} C int(®(F (U1 (&)),(0.3,0.3,0.4)), (0.3,0.3,0.4))

54Uy (®)) = { ggﬁii ggggggi oc N} ¢ int. (3°(Uy (&), (0.3,0.3,04)) = b (&),

(U (&) = { Eég 3;5 ggggggi oc N} ¢ int, (3 (Uy (6),(0.3,0.3,0.4)) = b (&)

4. Temporal picture fuzzy almost continuous multifunctions

Definition 4.1. Let § : (N, 7,£") & (Y,0) be a TPFM, ¢ € Iy, € I} and 9 € I,.
Then, F is called:
(1) TPF*A £P-continuous at a fuzzy point (0,8) (c0y € D) M (0,0)( .0 €
FU(U () for each U (&) € (1%) 7%, o(U(®)) > (s, 22, 9) there exists G (&) € (I3)"® ,7(G (&)) >
<§7 X, rl9> and <Qag><g,;¢,19> €G (6)
such that G (&) N D (F) C F“(ints (cl2(U (&), (s, 2,9), (s, 5,7))).
(2) TPF'A £P-continuous at a fuzzy point (0:8) ¢y € D) U (0,0) (.00 €
F (U (®)) for each U (&) € (I3)TX®, o(U(®)) > (g, s, 10) there exists G (&) € (IS)NXQ5 ,7(G(8)) >
(¢, 3,7) and (0,8) . 49y € G such that G (&) C Flinty (cl (U(B), (s, 52,9)), (s, 5,9))).
(3) TPF"A £P-continuous (resp. TPF!A £F-continuous) iff it is TPF“A £F-continuous
(resp. TPF'A £P-continuous) at every fuzzy point (o, 8 (ce0) € D (T).

Remark 4.1. (1) If § is NTPFM, then § is TPF"“A £P-continuous at a fuzzy point
(0,8) (cgy € D(3) iff (0,0) () € F(U(B)) for cach U () € (13)7°, o(U(®)) >
(s, ,17) there exists

(15)NX® 7(G (8)) = (¢, 5,7) and (0,8) ,. 9y € G (&) such that
F(inty(cll (U(B), (s, 2,9)), (s, ,19))).
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(2) TPF"S (resp. TPF'S)-continuity = TPF"A (resp. TPF'A) £"-continuity =
TPF"A (resp. TPF'A) -continuity.

(3) TPF“A (resp. TPF'A) £F0-continuity < TPF"A (resp. TPF'A) -continuity.
Theorem 4.1. For a TPFM § : (R, 7) & (T,0,2F), U(6) € (I3)*®, ¢ e Iy,» € I,
and 9 € I, the following statements are equivalent:

(1) § is TPF'A £F-continuous.
(2) 3(U(®)) C int; (§(into(cly (U(®), (s, 5,9)) (s, 3.9))) , (s, 22,9)),if o(U(8)) >
(s, 5,9) .

(3) clr (§"(clo(inty (U (&), (s, 32,9)) , (s, 2,9))), (s, 5¢,9)) € §* (U (®)), if o(4U(&)) >
(s, 5,0) .

Proof. (1) = (2) Let {0,g) .5 € D (3), U(®) € (I*) 7, o(U(®)) >
(0,8)(cre0) € F(U(&)). Then, there exists G (&) € (I* )NX®,T(G (8)) > (g, s,9) and
(0,8) (¢ .0y € G (&) such that
G (8) C §'(int, (Cl*( ( ), (s, 56,1)), (s, 56, 0)))-

Thus, (0,8) .9y € G(8) € int, & (inty (clk (U (), (s, 32,9)), (s, 3,9))), (s, 2,1)), and
hence

)
§ (U(®)) C int, (g’(mt clE (U (B), (s, 50,9)) , (s, 72,90), (s, 2, 19>) .
(2) = (3) Let U(®) € (13) ® with (4 U (®)) > (g, 3,9). Then by (2),
)

3F(U(®) = F(JU(®)) Cin (Sl(mt (s (AU(B), (5,56, 9)), (5,5, 9))), (s, %,w)
= s (F(clo(inty (U(8), (5,5, 7)), (s, ,0))), (s, ,9)) -
Thus Cl’T (gu(do(int; (U (6) ’ <§7 , 19)) ’ <§7 >, 79>))7 <§, %’Iz,l%) g Su (U (@))
(3) = (1) Let (0.0)(.9p € D(B), U(®) € (I%)7°, o(U(®)) > (s,59) and
<Q;g><g’%ﬂg> € (U (&)). Then by (3), we have

3 [inty (& (into (el (U (®), (s, 56, 9)) . (s, 54,9)) ) (5, 50, 9))]
=l (F"(clo (ints (AU (®), (5, 5,9)) , (s, 32, 9))), (s, ,9)) € §* (3 U(8)) = 4 (U (®)),

and § (U (8)) Cin (Sl(mt (clt (K(®), (s, ,17)), (s, 7, 19>)) , (s, 5¢,9)). Therefore,
<Qa g>(g7;{719> € int, (g (Znto(d ( (6)3 <§a X, 19>) ) <<a X, 19>)) ’ <§7 x, 19))
C Fl(inty(clf (K(B), (s, 2,9)), (s, 2,9))). Thus, § is TPF'A £F-continuous.

The following theorem is similarly proved as the proof of Theorem 4.1.

Theorem 4.2. For a NTPFM §: (X, 7) & (T,0,2F), U(6) € (I3)"7® eIy, %€ I,
and ¥ € I, the following statements are equivalent:

(1) § is TPF"A £F-continuous.

(2) §* (U (8)) S intr (§"(into(cly (U(B), (<, 5,9)) , (s, 5,9))) , (s, 2¢,0)), if o (U (&)) >
(€, 5, 7).

(3) clr (F'(cly(int} (U (®), (5,5, 9)) , (s, 25, 9))), (s, 2¢,9)) € F (U(®)), ifo(4U(8)) >
(s, 2,9)
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The following examples show that the inverse implications in Remark 4.1(2) are not
satisfied.

Example 4.1. Let X = {p1,00}, T = {(1,{2, }, 6 ={g1,092} and F: X Y be a TPFM
defined by

Us((0,9),(¢,9) as:

Us((e:0). (¢ 9) | (C1.01) (¢1,92) (C2,91) (¢2,92)

(01,01) (0,1,0) (0.2,0.3,0.5) | (1,0,0) (0.25,0.25,0.5)

(01,02) (0.3,0.15,0.55) | (0.25,0.3,0.4) | (1,0,0) (0.3,0.5,0.2)

(02,01) (1,0,0) (0.3,0.3,0.4) | (0.25,0.5,0.25) | (0.15,0.15,0.15)

(02, 92) (1,0,0) (0.4,0.1,0.3) | (0.2,0.3,0.1) (0.4,0.2,0.4) .
Define temporal picture fuzzy topologies T: (I?’)NXQ5 — I3, o (.T?’)TXQ5 — I? | and

temporal picture fuzzy ideal £F : (I?’)TXQ5 — I3 as:
(1,0,0), G(&)e{p(®),1(8)}
7(G(8)) = (0.6,0.1,0.3) , G (6) =Gy (8)
<07 17 O> ) 0.w,
(1,0,0), U(®) e {b(®),1(8)}
o(U(8)) = (0.31,0.31,0.38), U(&) =Uy (&)
(0,1,0), 0.W.
(1,0,0), U(®) =5(8)
_ b (&) cU®) € ((¢,9),0.3,0.2,0.1),
eP(u(®)) = (0.4,0.25,0.35) , ) €T X ®
\ (0,1,0), o.w,
where (( ),0.6,0.2,0.1) (( ),0.4,0.4,0)
_ 0,91),Y.06,U.4,0.1), _ 0,91),Y.4,0.4,U),
Grler= { ((0.82),0.5,0.3,02), "2 N}’ G2 (®) = { {(0,92),0.4,0.4,0), "2 € N}
_ ((¢,91),04,0.4,0.2) ,

and Uy (8) = { (€, g2).0.44,0.41,0.15), °¢ € T}‘

Then, § : (R,7) & (Y,0,&F) is TPF*A (resp. TPF'A) £P-continuous but is not
TPF“S
(resp. TPF'S)-continuous, because §*(U; (8)) = Gz (&)

C int, (F*(int,(cl: (U (&), (0.31,0.31,0.38)), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) =
1(0),

35U, (&) = Gz (&)

C int, (3 (inty(cl (Uy (), (0.31,0.31,0.38)), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) =
1(6),



D. Shi et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6155 14 of 25

but
(U (& )) &)L int, S“(Ul( ))),(0.31,0.31,0.38)) = b (&),
(U (&) g int; (§'(U1(8))), (0.31,0.31,0.38)) = b (&).
Example 4.2. From the Example 4.1, define temporal picture fuzzy ideal £F : (I?’)TXQS —

I? as follows:

(1,0,0), U(8) =b(8)

SP(U(B)) =3 (0.55,0.25,0.2), b(®) C U(®) C { <<<¢<<gf>1>oo4jgi1ool>1> ,ger}

(0,1,0), o.w,

Then, § : (N, 7) & (Y,0,£F) is TPF"A (resp. TPF'A)-continuous but is not TPF"A
(resp. TPF'A) £F-continuous because

§4(U1(8)) = G2 (8)
Cint, (§ (mt (cly(Uq (8),(0.31,0.31,0.38)), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) = £ (&) ,
3'(Uy (& )) G2 (8)

Cint, ( Hinty (cly (Uy (8),(0.31,0.31,0.38)), (0.31,0.31, 0.38>)) ,(0.31,0.31,0.38)) = £ (®),
but

§(U1 (8)) = G2 (®)

¢ int, (“(int, (cl*(U1 (6),(0.31,0.31,0.38)), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) = b (&),
3(U, (05) G2 (®)

¢ int, ( (inty cl*(U1 (6),(0.31,0.31,0.38)), (0.31,0.31, 0.38>)) ,(0.31,0.31,0.38)) = b (&) .

Theorem 4.3. For a TPFM § : (R, 7) & (T,0,2F), U(6) € (13)*®, c e Iy,» € I,
and 9 € I, the following statements are equivalent:

(1) § is TPF'A £F-continuous.

(2) 7 (F(U(®))) > (s,5,9) if U(S)=int,(cl}(U(®),(s,09)),{s,7)).

(3) 7 (' (into (el (U (), (s, 5,9)) , (¢, ,9)))) = (<, 3, 0) if o(U(8)) > (<, 5, 9).

Proof. (1) = (2) If U(®) = int,(cli (U(&), (s, 1)), (s, ,13)), then o(U(B)) >
(s, 5,19). By Theorem 4.1(2), Sl(U (&)) Cint, ({s’l(int (el (U(B), (s, ,7)), (s, s, 19))) (S, 50,0)) =
int; (31U (8)), (s, »,9)) . Thus, 7 (F (U(8))) > (s, 5,9).

(2) < (3) Obvious.

(3) = (1) Let (0,8)(c .0y € D(3), U(®) € (1%) , o(U(8)) > (¢,,9) and
(0,8) (¢ »epy € F'(U(&)). Then by (3) and U (&) C inty(cl; (U(8), (s, #,9)), (s, ,9)),
T (Sl(intg(cl:; (U(&), (s, 2,9)), (s, 5, 19)))) (¢, 5,19) and

(0,8)(c.oe0) € FL(U(®)) C F(int, (clt (U(B), (s, 52,9)), (s, 5,9))). Thus, §is TPF'A
£P_continuous.

TX®

The following theorems are similarly proved as the proof of Theorem 4.3.
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Theorem 4.4. For a TPFM § : (R,7) & (Y,0,£P), U(&) € (3)TX®

and 9 € 11, the following statements are equivalent:
(1) § is TPF'A £P-continuous.
(2) 7(43“(U(®))) = (s, 5,7), if U(G) = cly(int; (U(8), (<, 5, 7)) , (s, 3,9)).
(3) 7 (4 F(cly(int’ (U(8), (s, s,1)), (s, 2,9)))) > (s, 3¢,9) if o( U(B)) > (s, 5, 9).

TX®

;§€I07%€I1

Theorem 4.5. For a NTPFM §: (X,7) % (Y,0,87), U(8) € (I*) ", celp,x€ L
and 9 € Iy, the following statements are equivalent:

(1) § is TPF"A £P-continuous.

(2) 73 (U(8))) = (s, 5,9), if U(®) = inty(cly (U(&), (s, 32,9)) , (s, 5, 7).

() 7 (§"(inty(cly (U (8), (s, 5,9)) , (s, %,9)))) = (5,5, 9) if o(U(8)) > (s, 2,9).

Theorem 4.6. For a NTPFM F: (X,7) & (T,0,£), U(®) € (I3)YX®

and 9 € 11, the following statements are equivalent:
(1) § is TPF"A £P-continuous.
(2) 7 (2 (U(®)) 2 (5,50 0), if U(®) = cly(int, (U(B), (s, ,9)), (s, %, 9)).
(3) 7 (j F(cly (ints (U (B), (s, 2,9)), (s, s, 19>))) > (¢,2,0) if o (4 U(B)) > (g, 5, 7).

Theorem 4.7. Let§ : (N, 7) & (Y, 0, L") be a TPFM. Then, § is TPF'A £ -continuous
uf

clr (§* (U(®)), (s, 5, 9)) € F(clo(U(8) (s, ,9))) for any U(®) € (I
U (8) C cly(intt (U (&), (s, 5,9)),(s,3,9)),s € Ly, € I; and 9 € .

7§6107%€Il

)TX@ with

Proof. (=) Let § be a TPF'A £P-continuous. Then for any U (&) € (I?’)TXQS with
U (&) C cly(int (U (&), (s, 5,19)), (s, 2,19)) = K(8) (say) where K (&) = cl,(int} (K (), (s, »,1)), (s, 2,7)).
By Theorem 3.6, 7 (4 §* (K (®))) > (s, »,¢), and thus
T O) {6 ) € ol (5K (0, 5, 0) = 3l ity (). 9.
S, A,
C 3(clo(U(8), (s, 5, 1))).
(<) Let U(6) € (1%)7® with U (&) = cl, (int; (U (&), (s, 55,9)) , (s, 3,3)). Then,
U (®8) C cly(intk (U (&), (s, 2,7)), (s, 2,79)) and
cr (F* (U (8)), (s,3,79)) CFcle(U (&), (s, ,73))) =F* (U (8)). Therefore, we obtain
7 (4 F(U(8))) > (s, »,9). Thus by Theorem 4.1, § is TPEF'A £F-continuous.

The following theorem is similarly proved as the proof of Theorem 4.7.

Theorem 4.8. Let § : (N,7) & (Y,0,£F) be a NTPFM. Then § is TPF*A £F-
continuous iff

clr (3 (U(®)), (s, ,9)) € F(clo(U(®),(s,5,9))) for any U (&) € (I°)
U (&) C cly(int: (U(&), (s, 2,9)), (s, 5,0)), s € Iy, >c € I and Y € I;.

X0 ith
5. Temporal picture fuzzy weakly continuous multifunctions

Definition 5.1. Let § : (X,7) & (Y,0,£") be a TPFM, s € Iy, € I; and 9 € 1.
Then, § is called:
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(1) TPF*W g£F-continuous at a fuzzy point (0,8)(coe0y € D(B) i (0,8) .0y €
FU(U(®)) for cach U(®) € (I3)7®, ¢(U(®)) > (s, 2,0) there exists G (&) € (13)¥°
7(G(8)) = (s, 5,7) and (0, 8) ¢ . gy € G (&) such that G (&)ND (§) € F*(cl; (U (&), (s, 5,9))).

(2) TPF'W £P-continuous at a fuzzy point (0,8) (¢ ey € D) iff (0,0)( .. €
(U (&)) for each U (&) € (13)TX®, o(U(&)) > (s, s,19) there exists G (&) € (13)NX®,
(G (8)) = (¢, 5,79) and (0,8)( ,..9) € G (&) such that G (&) C F (el (U(8), (s, 2,9))).

(3) TPF"W £P-continuous(resp. TPF'W £F-continuous) iff it is TPF“W £F-continuous(resp.
TPF'W £P-continuous) at every fuzzy point (0,8) (¢ € D (3)

Remark 5.1. (1) If § is NTPFM, then § is TPF*W £P-continuous at a fuzzy point

(0:9) (¢ 0y € D (T) iff

(0,8) (c .9y € F“(U(®)) for each U(®) € (1%) 7, o(U(®)) > (s, 5, 0) there exists

G(8) € (I%)® 7(G(8)) > (s, 5,0) and (0,) ...y, € G such that G (&) C F(clj (U (), (s, 5,))).
(2) TPF“A (vesp. TPF'A) £P-continuity = TPF“W (resp. TPF'W) £P-continuity

= TPF"W (resp. TPF'W)-continuity.
(3) TPF"W (resp. TPF'W) £F0-continuity < TPEF*W (resp. T PF'W)-continuity.

Theorem 5.1. A TPFM F: (X, 7) % (Y, 0, L") is TPF'W £P-continuous iff
FH(U (&) Cint, (F(clk (U(&), (s, 32,9))), (s, 5¢,9)) for each U (&) € (1'3)TX®with o(U(&)) >
(S,5¢,9), c € Iy, € 1 and ¥ € I.

Proof. (=) Let (0,8) (.9 € D(3), U(®) € (I*) " Cwith o(U(®))
(0,8)(cre0) € (U (&)). Then, there exists G (&) € (Ig)NX® 7(G (8))
(0,8)(c,5e9) € G (&) such that
G (6) C §'(cly (U(®), {5, ,0))). Thus, (0, 8) ...y € G (&) Cin
and hence §' (U(®)) C int, (F(cl: (U (&), (s, ,9))), (s, 32, 9)).

()
(®),

> (g, ,7) and
> (g, 3,9) and

£ (§ (el (U (), (s, 3¢,9))), (s, 3¢, 0))

(<) Let (0,8) ¢ .0y € D (3),U(8) € (I3)TX®W1th o(U(8)) = (s, 5,9) and (0,8) ( ... €
3(U(®)). Then, (0,g), .. € 3'(U(®)) C int(§(cls < (,54,9))), {s, 32,9)). Thus,
(0,8)(c 0y € G(&) C intr(F (el (U(B), (s, 5,9))), (s, 2,9)) C Sl(cl*( (8), (<, 2,7))).
Hence, § is TPF"*W £F-continuous.

The following theorem is similarly proved as the proof of Theorem 5.1.

Theorem 5.2. A NTPFM §: (R, 7) % (Y,0,8F) is TPF'W £F-continuous iff
(U (8)) Cint (F*(cli (U(B), (s, 3,0))), (s, 2,09)) for each U (&) € (I?’)TXQ5 with
o(U(8)) > (¢,,9), s € Iy, € I and I € I.

The following examples shows that generally a TPF*W £F-continuous and T PF'W
£P-continuous (resp. a TPEF“W continuous and TPF'W continuous) multifunction need
not be either a TPF*A £F-continuous (resp. TPF*W £F-continuous) multifunction or
TPF'A £F-continuous (resp. TPF'W £P-continuous) multifunction.
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Example 5.1. From the Example 3.2,
F: N, 1) % (Y,0,8F) is TPFUW (resp. TPF'W )-continuous but is not TPF'W
(resp. TPF'W ) £F -continuous because

F4UL(B)) = G (&) C int, (F*(cl,(Uy (&),(0.31,0.31,0.38))), (0.31,0.31,0.38)) =
ﬁ(ﬁél’(ml (8)) = G2 (&) C int, (F(clo (U (&), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) = £ (&),
?JEUI (8)) = G2 (&) ¢ int, (F“(cli(U; (6),(0.31,0.31,0.38))), (0.31,0.31,0.38)) =
b(ﬁél’(wl (8)) = G2 (&) € int, (F'(clz(Uy (), (0.31,0.31,0.38))) , (0.31,0.31,0.38)) = b (&),

Example 5.2. Let X = {01,002}, T ={(1,(2,}, & ={g1,92} and F: X3 T be a TPFM
defined by

V5((0,9),(C,08)) as:

5((0.9),(C.9) | (G,01) (€1, 92) (C2,01) (C2, 92)
(01,01) (0.2,0.3,0.4) | (1,0,0) (0.2,0.5,0.1) | (0.6,0.2,0.1)
(01, 92) (0.4,0.2,0.4) | (1,0,0) (0.3,0.6,0.1) | (0.3,0.3,0.3)
(02,91) (0.2,0.2,0.2) | (0.1,0.1,0.1) | (1,0,0) (0.44,0.2,0.1)
(02, 92) (0.5,0.1,0.2) | (0.1,0.1,0.1) | (0.2,0.3,0.5) | (1,0,0).
Define temporal picture fuzzy topologies T: (I3)NX6 — I3, o: (I?’)TXQ5 — I3, and
temporal picture fuzzy ideal £F : (I?’)TX® — I? as:

(1,0,0), G(&)e{h(®).4(8)}
HG®) = (06,0202, G(®)=GC(®)
(0,1,0), o.w,
[ (1,0,0), U(®)e{H(8),1(8)}
cUB) = { (04,045,0.15), U®) = Uy ()
| (0,1,0), 0.,
(1,0,0), U(®) = b (®)
ePU(®) = { (03,0.1,06), { <<<<<<"9921>>”09444‘f’09f£’00"116%’7 Ce T} CU(®) C £ ()
0,1,0), 0w,

_J {{0,91),0.44,0.41,0), ¢, 01),0.4,0.44,0.2)
where Gy (®) = { ({0.02) ,0.44,0.41,0), *@ SN and D@ = "0 v 041,044,015y, ¢ € T f-

Then, § : (N,7) & (1,0, L") is TPF*W (resp. TPF'W) £F-continuous but is not
TPF"A (resp. TPF'A)-continuous because
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" <( , 0 >,0.4,0.44,0>,
541 (8) = { {o.02) 04.0.44.0) . *2 € N}
C int, (F(cl (Uy (&), (0.4,0.45,0.15))) , (0.4,0.45,0.15)) = G, (&)

1
{((0,91),0.41,0.44,0) ,
3'(UL(8)) = { <<g,g;>,o.41,0.44,0>, @€ N}

Cint, (§(cl} (Ur (8),(0.4,0.45,0.15))) , (0.4,0.45,0.15)) = G4 (&),
but

((0,g1),0.4,0.44,0) ,
§4(U1(8)) = { <(§,g;>,0.4,0.44,0>, ’QEN}

¢ int, (F“(inte(cl: (U (), (0.4,0.45,0.15)), (0.4,0.45,0.15))), (0.4,0.45,0.15)) = b (&) ,

[ ({o,81),0.41,0.44,0) ,
§(U1(8)) = { <<§, g;> ,0.41,0.44,0), °2€ N}

¢ int, (' (inty(cli(Uy (8),(0.4,0.45,0.15)), (0.4,0.45,0.15))) , (0.4,0.45,0.15)) = b (&)..

Theorem 5.3. A TPFM F: (X, 7) % (Y, 0,£") is TPF'W £P-continuous iff
el (F*(int (U (&), (s, ,7))), (s, 52,9)) C FY(U(B)) for each U (&) € (13)TX® with
o(d U(Qﬁ)) (s,20,9), s € Iy, € I and ¥ € 1.

Proof. (=) Let U(®) € (IS)TXQleth o(4U(&)) > (¢, 2,7) . Then by Theorem 4.7,

41F9U(B) = F(AU(®)) Cint-(F (i (ATV(S), (s, 5,9))), (s, 5,9))
= Jcl (FintE (U(&), (s, 2,9))), (s, 22,9)).

Thus, cl-(§*(int} (U (&), (s, 2,7))), (s, 2,9)) C S;(U(@))
(<) Let (0,8) gy € D(3), U(®) € (1*) *Cwith o(U(®)) > (<, 2,9) and & €
(U (®)). Then,

dint-(§'(cly (U(®), (s, %,9))), {5, 2, 9)) clr (§*(inty (3 U (8), (s, 5, 7)), (<, ,9))

C §(4U(®) =475 (U(®),
and hence (U (&)) C int, (F(cl: (U (&), (s, »,9))), (s, 52,9)). Thus, it is TPF'W £F-

continuous.
The following theorem is similarly proved as the proof of Theorem 5.3.
Theorem 5.4. A NTPFM §:(R,7)% (Y,0,8") is TPF*W £P-continuous iff

cl (F(ints (U (), (s, 2,9))), (s, 22,9)) C F(U(&)) for each U (&) € (I3)TX® with o(4
U(@)) > <§, %,19>, sely, el and 9 € I4.

Theorem 5.5. If §: (R,7) & (Y, 0, £F) is NTPF'W £F-continuous and
5 (G (8)) C inty(cli(F (G (®)), (s, 5,)),(s,2,9)) for each G (&) € (I?’)NXQ5 then § 1is
TPF"A £F_continuous.

Proof. Let (0,8) .. 9y € D (3), U (&) € (I?’)TXQj o(U(8)) = (c,5,9) and (0, 8) .. 9y €
§“(U(®)). Then, there exists G (&) € (I?’)NX® with 7(G (8)) = (<, 5, 7) and (0, 8) ¢ .9y €
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G (&) such that

G (8) C §4(cl2(U(8), (s, 2, 9))), then § (G (8)) C F (F“(cl2(U (®), {s. 20, 0))) € cl2(U (&) , s, ,9)).
Since § (G (8)) C int,(cl%(F (G (&)), (s, ,1)),

(,22,9)) Cinty (cli(U (&), (s, 2,19)), (s, 2,9)), hence

G}S@) C 3" (F(G(®))) C F“(inta(cli(U(8), (s, ,9)),(s,2,9))). Then, § is TPF"A

L5 -continuous.

Theorem 5.6. Let §: (R, 7) & (Y,0,8F) be a TPF'W £F-continuous. Then,
FH(U(8)) C int, (F(clk (U(&), (s, 32,9))), (s, 5¢,9)) for any U (&) € (I3)TXQS with
U (8) Cinty(cl (U (&), (s, 5,9)),(s,3,9)), ¢ € Iy, € I} and I € ;.

Proof. Let § be a TPF'W £F-continuous and U (&) € (I?’)TXQj with

U (&) C into(cly (U(8), (s, 2,9)), (s, 2,9)).

Then, if (0, 9)( ,..9) € F (U (®)) C Fl(into(cl (U (B), (s, 3,9)), (s, 3,1))), there exists
G(®) e (1),

T(G(8)) = (s, 5,7) and (0, 9) ,..9) € G (&) such that

S0
G () C (F'(cly (inty (cly (U(®), (s,55,9)) . (s, 56,9)), (s, 72,9))) € F' (el (U(®), (s, 7, 9))).

Thus, G (&) C int(F(cl: (U(B), (s, s,09))), (s, »,9)) and
F(U(8)) C int-(§' (cly (U(®), (s, 2,0))), (s, 2¢,9)).

The following theorem is similarly proved as the proof of Theorem 5.6.

Theorem 5.7. Let §: (R, 7) & (Y, 0,8") be a NTPF*W £F-continuous . Then,

(U (®)) Cint  (F“(cll (U (), (s, s,1))), (s, ,9)) for any U (&) € (I3)TX® with
U (&) Cinty(cl} (U(SB),(s,3,9)),(s,5,7)), s € Lo, € I; and ¥ € I.

6. Temporal picture fuzzy almost weakly continuous multifunctions

Definition 6.1. Let § : (R,7) & (Y,0,£F) be a TPFM, s € Iy, € I and 9 € I;.
Then, § is called:
(1) TPF*AW g£P-continuous at a fuzzy point <Q,g><§,%#9> € D(F) iff (g,g><g7%’ﬁ> €
FU(U () for each U (&) € (1%) 7%, 0(U(®)) > (s, 32, 9) there exists G (&) € (13)™®,7(G (&) >
(S, 3¢,0) and (0, 8) ¢ .9y € G (&) such that G (B)ND (§) C cl-(F(cl; (U(8), (<, »,9))), (<, 2, 7).
(2) TPF'AW g£F-continuous at a fuzzy point (0,8) (c0y € D(F) iff (0,8)(c .0y €
F(U (&) for cach U (&) € (13) 7, 5(U (6)) > (s, 3¢, V) there exists G (6) € (I3)"®  7(G (8)) >
(S, 5,7) and (0, 8) . . 9y € G (&) such that G (&) C cl (T (elr (U (8), (s, 2,9))), (s, 2,9)).
(3) TPF*AW £F-continuous(resp. TPF'AW £F-continuous) iff it is TPF*AW £F-
continuous
(resp. TPF'AW £P-continuous) at every fuzzy point <Q,g><§7%,19> € D (3).
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Remark 6.1. (1) If § is NTPFM, then § is TPF*AW £F-continuous at a fuzzy point
(0.8 () € D(F) iff (0,0) gy € F“(U(B)) for cach U(®) e (I*)7*°, o(U(®)) >
(s, 2,7) there exists G (&) € (I3)NX®,
T(G(8)) = (¢, 5,79) and (0, 8) .. 9y € G (&) such that G (&) C cl;(F*(cl; (U (), (<, 3, 7))), (s, 5, V).
(2) TPF*W (vesp. TPF'W) £P-continuity = TPF*AW (resp. TPF'AW) £F-
continuity = TPF*AW (resp. TPF'AW)-continuity.
(3) TPFUAW (resp. TPF'AW) £F0-continuity < TPFYAW (resp. TPF'AW)-

continuity.

Theorem 6.1. For a TPFM §: (X,7) & (1,0, £F), U(®) ¢ (13)TX®, s € ly,»2c b
and 9 € I,the following statements are equivalent:

T is TPF'AW £F_continuous.

F(U(®)) C intr(clr (' (cly (U(®), (s, 5,9))), s, ,9)), (. 52,9)),if o(U(®)) =

(1)

(2)
(,3,9).

( 290[7 (int - (F“(ints (U (&), (s, 5,9))), (s, 22,9)), (s, 22,9)) C F*(U(&)), ifc (U (B)) >

(5, 7)
Proof. (1) = (2) Let <Q,g><g,%ﬂ9> eD(F),U(B) e ( )TXQs,U(U (&)) > (g, 5,9) and
(0,8)(cre0) € (U (&)). Then, there exists G (&) € (I?’)NX@,T(G (8)) > (s,7,9) and

(0,8) (¢ .0y € G (&) such that
G (8) C el (F(clz (U (), (s, ,9))), (s, 5,9)). Thus,

(0,8) (.00 € G(®) Cintr(cl (el (U(8), (s, 3,9))), (s, 22,9)), (s, 52,9)), and hence
§(U(8)) C inte (el (3H(cks (U (), (5, , ), (5,560, (5,5, ).

(2) = (3) Let U (&) € (1%) "*® with o(4 U(®)) > (s, ,9). Then by (2),

1F(U(®) = F(U(®)) Cintr(clr(F(cly (3V(®), (s, ,9))), (s, 7,9)), (¢, 2,9))
= dec (int-(F“(int), (U (), (s, 5,7))), (s, 2,9)), (s, 22, 9) ,

)-

thus ¢l (int- (F*(int) (U (&), (s, 2, 3))), (s, 3¢,9)), (s, 2,9) C F* (U (&B)
o(U(®)) > (,5,9) and

(3) = (1) Let (0,9)( .0 € D(3), U(®) € (13)“"5
<Q,g><<’%ﬂ9> € SZ(TU (&)). Then by (3), we have

= intﬂ-(dr(gl(d* ( ( )7 <§7 x, 19>))a <§a X, 19>) <§a X, 29>)
=, (int(F6nt: (3U(B), (s, 2,9))), (s, 3,9)), (s, 2,9) C F* (4 U (&) = 4 (U (&)),
and hence F (U (®)) C int, (cl-(F(cli (U (B), (s, 2,9))), (s, 2,9)), (s, 2,9)). Therefore,

<Qv g><§,%,79> S intT(dT(gl(d; (U (6)7 <§7 7, Q9>))7 <§, X, 19>)) (g, », 19))
C el (F el (U (), (s, 2,9))), (s, 2,9)). Thus, F is TPF'AW £F-continuous.

The following theorem is similar to Theorem 4.5.

Theorem 6.2. For a NTPFM §: (R,7) % (T,0,£F), U(®) € (I3)"*®, eIy, x€ I,
and 9 € I, the following statements are equivalent:
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cly (int-(§' (int; (U(8), (¢, ,9))), (, 2,9)), (<, 5,9)) € (U(®)), if o(4V()) >

The following example shows that generally a T PF*AW continuous and TPF'AW con-
tinuous (resp. TPF*AW £P-continuous and TPF!AW £P-continuous) need not be either
a TPF*AW £P-continuous (resp. TPFW £F-continuous) or TPEF'AW £F-continuous
(resp. TPF'W £F-continuous).

Example 6.1. From the Example 4.1, define temporal picture fuzzy topologies T.'(I3)NX® —

I? and temporal picture fuzzy ideal £F: (I‘g)AIAXQj — I? as follows:

(1,0,0), G(&8)e{h(8),1(8)}
FG®) = { (06,0202, G(®) =G5 (®)
(0,1,0), 0.w,
( (1,0,0), U(&) =b (&)
SPUB)) = { (0.55,0.25,02), b(&)C U(®) g{ <<<¢<Cg§>l>oo4igj1ool>1> Ce r}
(0,1,0), o.w,

\

0,01),0.3,0.5,0.2)
where G1(®) = { 22@ i:i 0.2,0.6 0.1§ @€ N}

Then, (1) §: (X, 7) & (Y, 0,£") is TPF*AW (resp. TPF'AW)-continuous but is not
TPF*AW (resp. TPF'AW) £P-continuous because

§"(U1(8)) = G2 (&)
C int, (el (F*(cly (U (&), (0.31,0.31,0.38))), (0.31,0.31,0.38)), (0.31, 0.31, 0.38)) = # (&),
§'(U1(0)) = G2 (®)
C int,(clr (' (cly (Uy (&), (0.31,0.31,0.38))) , (0.31,0.31,0.38)), (0.31,0.31,0.38)) = 4 (&) ,
but
§(U1(8)) = G2 (©)
¢ int.(cly (F“(cl%(Up (), (0.31,0.31,0.38))) , (0.31,0.31,0.38)), (0.31,0.31, 0.38))

(®),
_ << » 9 >,0.3,0,5’0>’
= { <<g7g;> 70.270.67()) ,0 € N} ,

)

3 (U1 (8)) = G2 (8)
¢ it (cl, (§(cl:(Uy (&), (0.31,0.31,0.38))) , (0.31,0.31,0.38)), (0.31,0.31,0.38))

| ({0,91),0.3,0.5,0),
_{ ({0, 92),0.2,0.6,0) LOERNS,
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(2) For G1(8) = { {(0,91),0.5,04,0), ,QGN} then § : (N,7) & (Y,0,£F) is

<<Qv g2> ,0.5,0.4, O> )
TPF“AW (resp.
TPF'AW) £F-continuous but is not TPE*W (resp. TPF'W) £F-continuous because
§(Uy (8)) = Gs (8) C inty(clr (F4(cl:(Uy (&), (0.31,0.31,0.38))), (0.31,0.31,0.38)), (0.31,0.31, 0.38))

F(Uy (8)) = Gy (6) C intr(cly (3(clz(Uy (&), (0.31,0.31,0.38))) , (0.31,0.31,0.38)), (0.31,0.31,0.38))
=1(6), but

FUUL(B)) = Go(B)  int, (F(cl:(Uy (&), (0.31,0.31,0.38))), (0.31,0.31,0.38)) =
b(®)7

F'(U1 (&) = G2 (8) & int, (F(clz(Uy (8),(0.31,0.31,0.38))) , (0.31,0.31,0.38)) = b (&).

Theorem 6.3. Let §: (N, 7) & (Y, 0, L") be a NTPFM, § be TPF*AW £F-continuous
and TPF'A £F-continuous. Then, § is TPF*W £F-continuous.

Proof. Let U(®) € (13)TX6With o(U(&)) > (,5,9) and § be TPF*AW g£F-
continuous. Then by Theorem 6.1(1),

§4(U(8)) € intr(cl-(F"(cly (U (), (s, ,9))), (s, 56, 9)), (s, 2, 7).

Since cly(U(B), (s, 5,7)) = cly(int}(cl,(U(&), (s

from Theorem 4.3(2) that 7 (4 F“ (clo (U (8), (s, 5,9)))) > (¢, 22,9), then 7 (4 F* (cl2(U (&), (s, 5, 9)))) >
(¢, 2,9), and F“(U (&)) C int (F*(cl} (U (&), (s,2,1))), (s, > >) Thus by Theorem 5.4,

& is TPF*W £F-continuous.

,2,9)), (s, 22,9)), (s, 52,7)), it follows
{

The following theorem is similarly proved as the proof of Theorem 6.3.

Theorem 6.4. Let §: (R, 7) & (Y, 0,8F) be a NTPFM, § be TPF'AW £F-continuous
and TPF*A £F-continuous. Then § is TPF'W £F-continuous.

An applications M, N, idpxe : (I3)NX® x I3 — (13)NX® are operators on X and 207,
U, idyxe : (13)TX6 x 1% — (13)TX® are operators on Y.

Definition 6.2. (1) Let § : (R, 7, £7) 9 (Y,0) bea TPFM. Then, §is TPF! (M, N, 20,3, £F)-
continuous iff
for every U (&) € (I3)TX®, c€ly,scel; and ¥ € I,

EPI(F (VU (), (<, 2,9))), (s, 2, ) AN (WU (), (s, 5,9))), {5, 2,9))] = o(U(®)).

(2) Let §: (B, 7, &) % (T, 0,£8) bea NTPFM. Then § is TPF" (M, N, 20,9, £F)-
continuous iff
for every U (&) € (Ig)TX@’, se€ly, €l and ¥ € I,

SV (B(U(8), (<, 5,9))), (s, 56, 9)) AN(F* (W(U (), (<, 5,9))), (s, 55, 9))] = o(U(8)).
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Remark 6.2. 1. TPF! (resp. NTPF") £P-continuous multifunction < TPF' (resp.
NTPFY) (idgyxe, int, (®;), inty, idyxe, £F9)-continuous multifunction.

2. TPF'A (resp. NTPF"A) £F-continuous multifunction<s TPF! (resp. NTPF")
(idwxe, intr, inty (cl%), idy e, £F0)-continuous multifunction.

3. TPF'W (resp. NTPF"W) £P-continuous multifunctions<s TPF! (resp. NTPFY)
(idwxe, intr, clt, idyxe, £°)-continuous multifunction.

4. TPF'AW (resp. NTPF*AW) £F-continuous multifunctions TPF! (resp. NTPFY)
(idwxe, int, (cly), clt, idyxe, £F0)-continuous multifunction.

7. Conclusion

This paper submitted the notions of TPF* or TPF!-continuous, TPF* or TPF! al-
most continuous, TPF* or TPF! weakly continuous and TPF* or TPF' almost weakly
continuous multifunctions depending on a T'PF-ideal. Some characterizations of these
types of T'PF-continuous multifunctions are proved, and many examples are submitted
to explain the allowed implications between these types of T'PFcontinuity. That is, the
variety of continuity of T'PF-multifunctions based on TP F-ideals and the implications in
between are meaningful and have been discussed in detail. In future work, we will gener-
alize these notions to wider forms of T'PF-semi continuity. Also, we will try to study the
variety of T'PF-continuity in the fuzzy soft set theory using special operators.
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