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Abstract. In the following numerical novel, we develop a new fractional integral operator that in-
corporates polynomials n-fractional with s-like preinvexity, thus expanding the notion of fractional
calculus. This new operator provides a more comprehensive framework for examining the behavior
of functions exhibiting generalized preinvexity properties which are crucial in many optimization
problems. We investigate the existence, uniqueness, and stability of this fractional integral as well
as its basic characteristics. In addition, we provide a number of inequalities that show how useful
this operator is in the context of applied sciences and mathematical analysis. Our results not
only advance the theory of fractional calculus but also pave the way for future investigations into
integral inequalities and fractional optimization.
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1. Introduction and Preliminaries

Integral inequalities provide significant bounds for function integrals, making them in-
dispensable tools in mathematical analysis (see [1, 2]). When exact evaluation is challeng-
ing or impossible, these inequalities can be used to estimate the magnitude or behavior
of a function’s integral. Typical instances are the Minkowski inequality, related to Lp
spaces and norms, and Holder’s inequality, which extends the Cauchy-Schwarz inequality
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to integrals. In many domains, including partial differential equations, probability theory,
and numerical analysis, these inequalities are crucial for enabling the study of function
spaces, the convergence of function sequences, and the stability of differential equation so-
lutions. Integral inequalities are essential in optimization problems and the demonstration
of existence and uniqueness because they set upper and lower bounds.

Mathematicians including Leibniz, Liouville, Riemann, and others investigated the
idea of extending the nth-order derivative to non-integer values, laying the groundwork
for fractional calculus. The fractional derivative, which has multiple definitions (Riemann-
Liouville, Caputo, and Griinwald-Letnikov), is one of the fundamental ideas in this disci-
pline. Each definition is appropriate for a certain set of features and applications.

Convex functions were significantly expanded upon with the introduction of preinvex
functions, which broadened the meaning of convexity in optimization theory (see [3-6]).
Preinvex functions reduce this requirement by introducing an invex function, whereas
convex functions are defined by the fact that any line segment connecting two points on
the function’s graph lies above the graph. In particular, an invex function serves as a sort
of ”generalized direction” in the domain of a function, and a function is said to be preinvex
if it fulfills a specific inequality with regard to it. More applications can be made possible
by this generalization, especially when the standard convexity requirements prove to be
too restrictive. Preinvex functions are useful in tackling complicated optimization issues,
such as those found in game theory, economics, and multi-objective optimization (see [7—
9]). They maintain many of the beneficial aspects of convex functions, such as certain
optimality criteria. Thus, the emergence of preinvexity has created new opportunities for
study and application in fields where conventional convex analysis would not be enough.

Definition 1. [10] The set X° C R" is said to be inver with respect to G.(*,*), if for
every a,,b, € X° and t € [0, 1]

a, + teu(by,a,) € X°.

In definition 1, the set X is also known to be a ¢,—connected set.
For every convex set is invex with respect to ¢.(b,,a,) = b, — a, but there exist invex
sets which are not convex (see [11]).

Definition 2. [12] A mapping § on the invex set X° is called to be preinver with respect
(w.r.) to ¢ if

S (ay +ts (by,0,)) < (1 —8)F (a,) + 5 (by); Va,, b, € X° te]0,1]. (1)

The function —gF is said to be preconcave if and only if § is preinvex.

It is necessarily that each convexity becomes preinvexity, but not viceversa [13]. For
example, §F(t) = —|t| (for all t € R) is not a convex mapping but it is apreinvex function
w.r. to

bl - al Zf albl > O,
a, — b, Zf a,b; <O0.

G (by,ap) = {
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The following proposition regarding the mapping on ¢, is mentioned in [14].
Property—¢€: Let X° C 1" be an open invex subset w.r. to ¢, : X° x X° C R". For
any a,,b, € X°and t € [0,1],

Cx (bla b, + tq. (a17 bl)) = —tq, (a1> bl) s
§* (Cll, bl—FtC* (Cll, bl)) == (1 _t) §* (al,bl)- (2)

For any a,,b, € X° and t;,t2 € [0, 1] from property—¢, we have

Cx (bl + oGk (a17 bl) by tis (ala bl)) = (t2 - tl) Cx (al) bl) . (3)

If § is a preinvex function on ¢ (a;,a; + ts (by,a,)) and the mapping ¢, satisfies
property—€, then for every t € [0, 1], from (2), it yields that

| (ar +tex (b, a1))| = [F (a1 + 6 (by, 01)) + (1 — 1) 6 (@, a1 + G (b, 1))
< tF (ar + 6 (by,ar))[ + (1= 1) [F (ar)]

and

[§ (a4 (1= ) 6 (b2, ) = [§ (01 + 6 (b1, 01)) + 6 (2,01 + 6o (b1, 0))
< (1=t [F (a1 + s (by,a0))] + [T (ar)] -

In [15], the following inequalities of "H-H’ have been proved.

Theorem 1. [10] Suppose §F : X = [a;,0; + ¢ (by,a,)] — (0,00) is a preinver mapping
on the interval of real numbers X° with ¢, (by,a,) >0

2a; + G (bl; al) 1 @+ (b1,01) S (al) +3 (bl)
3( 5 ) < @k(bl,al)/al S(z)dx < B) . (4)

Suppose X C R and § :C R is a mapping on a differentiable at X°(the interior of X)
such that [a,, b;] € X° with a; < b;. In this case, the famous Ostrowski inequality [16] is
stated as )

1 bl
(2 = =5™)

(b, — a1)2

1 o
b, —a, ax

S(z)dz| < |-+ (by —ay) S, (5)

1
4

\s@)

for all x € [a,,b,], if |§'] < S.

Ostrowski-like inequalities, which give estimations of error for various quadrature crite-
ria, are widely used in numerical analysis. These distinctions have grown and been applied
to more fields in recent years (see [17-20]).
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Definition 3. [21, 22/ Let s € [0,1]. A real valued mapping X° — R is said to be s—like
convexr on X if

§(par+ (1 —p)by) < (L —s(1—p)F(a) + (1 —sp)F(by), (6)
for all a;,b, € X° and p € [0, 1].
Definition 4. [23] Let X C R be a nonempty invex set with respect to ¢, : X° x X° C
R — R. Then the mapping ¥ : X — R is said to be s—like preinvex, if

§ (b1 + pei(ar, 1)) < (1 —s(L—p) F (o) + (1 —5p) F(ba). (7)
In [24], Iscan gave the definition on n—fractional polynomial convexity as below.
Definition 5. [2/] Suppose n € N. A non-negative mapping X° C R — R is said to be

an n— fractional polynomial convex(FPC) mapping if

n

Blum+ (- p)b) < -3 () + 2 30 (10— ) 3 (6u), ®)
=1 i=1

for all a,,b, € X° and p € [0,1].

Definition 6. [25] Consider § € L[a,,b,]. The left-right-sided Riemann-Liouville(R—
L) fractional integrals of order o > 0 are defined by

856 = i | @07 S0 a < 9
and , )
3 5@ - F(g)/ (t—2)0 ' F(O)dt: o <b,. (10)

Gamma function is defined as T'(0) = [;° e “u® du.

In [26], Mubeen et al. introduced the following class of fractional integrals.

Definition 7. [26] Suppose that § € L[a,, b,]. The K—fractional integrals 35;%3(1:) and
35’"? § (z) order o > 0,8 > 0 are defined as

1 * 2
REF@) = ﬁrﬁ(g)/ (z - F(Odt o<z (11)
and
by o
T Bl = ﬁP;(g)/ (t=2) ' F(Ode: z <, (12)

respectively, where 8 > 0 and T'g(p) is the R—gamma function is given as I'g (o) =
R

fooo to—le=w dt with the properties I'g(o + R) = ol'g(0) and I'g(R) = 1. It is noted that

~0,8 ~0,8

05 (@)= § (@) = ().
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2. Main Results

2.1. Polynomials on n—fractional s—like preinvex mappings :

This section examines the basic algebraic features of a novel fractional integral operator
that incorporates polynomials on n—fractional with s—like preinvex mappings.

Definition 8. Let us suppose that s € [0,1], n € N, a; > 0 (i = 1,n), such that Y1 | a; >
0, X° C R is an interval. A non-negative mapping X° x X° C ® — R is said to be a
polynomial on n—fractional s—like preinvex mapping if for every

Do ai(l—s(1—t); Doy ai(1—st)s
D @i Fla)+ D @i

=
=

N
N

S(al =+ ts. (bla al)) <

forall t€[0,1], a;, b, € X°.
Remark 1. e If we take n =1 in Definition (8), we attain [21].
e Ifn=1 and s =1 in Definition (8), it will be explored by Weir and Mond [12].

o With taking n = 1 and ¢, (by,a,) = by — a, in Definition (8), then it will attain a
published definition named as s—type convexity that was explored by I. Iscan et al.

[21].

We will mention the nature of class with some polynomials on n—fractional s—like
preinvex mappings by GFPP—s.

Example 1. Consider a mapping §(x) = 22, and with some substitutions as s = 0.4,
n=2 a,=1,b, =2 and t = 0.4. According to (13), one writes

§ (a1 + to (b, 0)) < Ziﬂé¥i§—0y3@Q+ZLg?:f0

==

For a, =1 and b, = 3, we have

(14046 (3,1)) = F(1.8) = 1.8 = 3.24
and the other side will be

1.(1-0.4(0.6)7 +2.(1 —0.4(0.6))?
3

12 4+ 32

1.(1—0.4(0.6)T +2.(1—0.4(0.6))2
3
= 8.35
so that

3.24 < 8.35.
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2.2. Polynomials on n—fractional s—like preinvex mapping as new exten-
sions of H-H like inequalities

Now, we will attain a new generalization of H-H inequality for the GFPP—s function §.

Theorem 2. Let X° C R be an open invex subset with respect to ¢, : X°x X° = R and
a,, b, € X with by + ¢ (a5, b,) < by. Suppose that § : [by + i (ay,by),b,] and satisfies
Property- € withn € N, a; > 0 (z = 1,7) , such that 31" 1 a; > 0, s € [0,1], 0 € [0,1],
K> 0. Then

Z?zl a; )13, <2a1 + Sk (b17 al))

Do (1 -3 2
Fa(o+R) [ .on ~

< LI 0t (000) 42y 50
§*ﬁ (bla al) 7

< [§(ay) + T (ay + 64 (b1, a,))]

1 . St ai(1—st) Sriai(1—s(1—1t):
></0 ¢ 1{ 12?:1 a; " 1 D i @i }dt“

Proof. From the definition of the GFPP—s function §, one obtains

3(3:—1—(* (y’”) < 2?15;(1;5)3(9;” 2?12“2(1; D5 0)
i=1 =1

2

With substituting the z = a; + (1 — t) . (b1, a,) and y = a, + tg, (by,a;) in (15), we get

[T

(14)

ST

5 <al + (1 =t) G (by,ay) +

< Z?:l a; (1 - %)
N dis @

Cx (Cll + tc. (bl') al) , 0, + (1 — t) Cx (b17 al)))
2

ST

[T (ar+ (1=t c(by,0a,)) + F(a; + ts (by,a,))]. (16)

By taking product with the term t&~1 and antiderivative with respect to t € [0, 1], one

gets
1 2a; + G (by, a4
3 ( ( >>

e
% 2

S e (1-3)
Z?:l a;

IN
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1 1
X [/ 515 (a4 (1= O (by, ay)) dt—l—/ 515 (0, + te, (b, a0)) dt]
0 0
1 S (2a1 + Sk (bl, al)>

e
5 2

S

D i @i (1 - %)

IN

D iy @
AT ~ J
x [R(@){ It o (b)) F 3G (0 S0 H "
§*ﬁ (blaal) o

which completes the left hand side of (14). For the proof of the second inequality in (14),
we first note that if § is n—polynomial s—like preinvexity on [a,,a; + ¢ (b, a;)] and the
mapping ¢, satisfies the property-€, then for every t € [0,1], it yields that

S(ay + (1 —1)c (by,ay))
D1 @i (L—s(1—1t)

o=

1
7

D ig @i (1 —st)7

< Z?:l @ S (al + G« (bl> al)) + 2?21 a; S (al)
F (ay + toi (b1, a1))
S ai(l-sy: Siai(l—s(1-t)
< ST o § (ay + 6 (by,a1)) + S a §(a).  (18)
By adding above two inequalities, one gets
S(al + (1 - t) [ (bla al)) + g(al + tox (bl7 al))
Siai(l-s(-0)r Y a(l-sy
R S e e CICA R JCERCAEN R

By taking product with the term t&~! and antiderivative with respect to t € [0, 1], one
gets

g(al + (1 — t) Cx (bly al)) + g(al + t¢ (bla al))

. {z;;l aig?:a? —9)° Z;;lzo:z;(l — st) }[s(al) + 3@t (b)) (20)

i=1 i

1
/ 1% (a + (1— 6 o (bl,al))dt+/ 571 5 (0, + t, (by, ay)) dt
0
<

1 o
WWJ+3WHWNhMM]AfVJ
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[Tia-s(-0) Y a(l-sy:
{ D i @i * D iy G }dt .

’w{ 3% F oo b)) £ F (@) }
G (bl7al)

(01+§*(bl7al)
1 o
<[5 (@) + 3 (ar 4+ (b1, )] / (-1
0
1

Sa(l=sA—0)t S a(1-sy
- { D i i " Dois1 G }dt' (22)

By combining the inequalities (17) and (22), we can get (14).

PO

Corollary 1. If we judge the value s = 1 in Theorem 2, then the following inequalities
for GFPP function with K— fractional integral operators:

D i i 3 <2al + Gk (blaa1)>

1

n 1 2
Dim1 Wi (%) '
r +R) . ~
< ﬁ (o ){ dii T (ay + 6 (by,a0)) + ‘j(gl;l-i-g*(bl a1))” §(a) }
(bl)al)

. [s<al>+sz<gil+a:*<bhal / Zaw {(1-07+ (07}t (23)

Corollary 2. If we judge the value & = 1 in Corollary 1, then we get the following
inequalities for GFPP function with RL— fractional integral operators:

Z?:l a; §<2al+§* (bl,ﬂl))

Siyai(3) 2
= ng((i:llll)){ J§l+ § (al * o (bl’ al)) T d(al+<*(bl,a1 - S(al) }
[ (Cll) + %’(al + S (bl, al))] 1 o—1 B % %
< ST o X /0 ;alt {(1-07 4 (1)7}dt (24)

Remark 2. If we take o =1 andn =1, in Corollary 2, then one can get the inequalities

(4).

Through out the article, we take {* = Let us suppose that n € N, a; > 0 (i = 1,n),
such that Y ;a; >0, s €[0,1],a, < a, + ¢ (b,,a,) and o, R > 0.
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2.3. New generalizations of Ostrowski type inequalities using polynomial
n—fractional s—like preinvex functions

This portion explores the new inequalities for the derivatives of first and second with the
GFPP—s function. In the mean while, we will develop a following new lemma.

Lemma 1. Suppose § : [a1, 01 + ¢ (by,a,)] = R is a differentiable mapping on (a,,a; +
G (b1, 0y)) with a; < a; + 6 (by,0y). If § € Llay, a; + 6 (by,a1)],0 > 0,8 > 0, then the
following equality for R— fractional integral operator is as follows

gE (.’E, Cll) + g*ﬁ ($7 bl) AT S
Cx (bhal) §*% (blaal)

x { 3Q,ﬁ = S(al) ”‘Qﬁ (2,62 ) + %(al + Sx (blval))}

(a1+§* (1'7(31) (h +Gx

£2+1 1 241
&' (z,a4y) / e &' (z,by) /
== g (a, + to, (z,0))) dt + Z——2—2 53 (b, + ¢ (z,by)) dt.
g* (bl, al) 0 ( ( )) * (bl7 al) 0 ( ( ))
(25)
Proof. Let us assume that
L+1 1 L+1 1
g*h (:Ey al) / e g*k (:Ey bl) / o
—_— tRF (ap + i (v, ap)) dt + ———= tiF (by + ts. (z,by)) dt. (26
Ca (blyal) 0 3( 1 S (‘T l)) s (bla al) 0 S( 1 S; (ﬂj‘ l)) ( )

By using integration by parts and suitable substitution, we get

L = /OltﬁS(al + t6x (2, 0,)) dt
_ 3(“2:2; S) ) nglg(; i)) ST JCR 0
Similarly, we can find
I = /O 53 (b, + to. (2,b,)) dt
_ §(bs +(<t t():f)’ b)) 5 +(19(;F f)) SN G (W) (28)

Substituting the values of I; and I3 in (26), we can get (25).
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Theorem 3. Suppose § : X = [ay,0; + ¢ (by,a,)] — R is a differentiable function on
X° such that §' € Llay, a, + s (by,a1)] and consideration with $*. Let |§'| be « GFPP—s
function on X with |§'| < S, for all z € [ay,a, + ¢ (b1, a,)]. Then

e
G (bu al)

» { 39,5@3 - F(a,) + *Qﬁ @)t S (a; + 64 (by,ay)) }‘

(a1+§* (33 ay (b +Gx

< Gt (x,a,) + cf (:r, b1)
- Cx (bla al)

xzniaz;a[/oltk ((1—3(1—t))1)dt+/01 (1 - st)i dt]. (29)

Proof. From Lemma 1 and a modulus property of the GFPP—s function |§'|, one has

* @l

o
& (zyay) + 6 (2,by)
G (by,ay)

g0+ R)

g*ﬁ (bla al)

~0,8 ~0.8
g { Janta(wany~ S (O TGyt S (0t 6 (br0)) H

§(z) -

241

W/ltf%\s’(a + tox (z,a1)) |dt + m/t 2| F (by + teu (2, by)) | dt
Cx (bly al) 0 * T Cx (bh al) 0 * *
2+1 1 n 1 n H
' (wyay) / 2 |:Zi:1 ai(1—s(1—t)7 Zi:l a; (1 —st)7 |, ]d
oG (b, an) o ‘ Do i s (93)’ " Do G § (al)’ ‘
241 1 1
gf (JU, bl) /1 @[Z?:l Q; (1_S<1_t))i / Zz 1@ (1_3t)l / :|
+ tk o + ) bl dt
e (b, a1) Jo Zi:l a; § ($)| Zz:l a; § )‘

IN

Sak (z,a,) + Gkt (z,b,)
G (bla al)

Zz a; Z [/ <1_5(1—"))%)0&—1-/01{5%(1—st)1dt]. (30)

=1

Corollary 3. If we judge the value s = 1 in Theorem 3, then we have the follow-
ing inequalities for GFPP function with R— fractional integral operators:
o o
>(:ﬁ ) *R 7b 1—‘ ﬁ
& (wyay) + 68 (o 1)3(:5)— (0o+ R)
S (b1, 1) X (by, )

kr\’b b}
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~0,8 ~0,8
g { Jonta(wany~ S @) TG pyr T+ 6 (0r ) H

241 Z+1 n 1 1
<& (z,0) £ (2,0) nS Zaz[/ tit%dt+/ ¢ (1-{)1dt}
Cx ([317 al) Zizl a; im1 0 0

Corollary 4. If we judge the value K = 1 in Corollary 3, then we have the following
inequalities for GFPP function with RL— fractional integral operators:

ol (z,ay) + 2 (z,b;)
G (bla al)

: { Jatatwany~ S B F I, o o+ T (bryan) }‘

M (2, a) + <2 (2,6,) S < [ /1 f 1 f ]
< d ’ ) tgtidt+/ (1 —1t)7 dt|.
( Sx (bla al) Zi:1 a; ; 0 0 ( )

Remark 3. If we take p =1 and n =1 and ¢.(b,,a,) = by — ay, in Corollary 4, then one
can get the inequalities (5).

I'(e+1)
g*g (blv al)

§(x) -

Theorem 4. Suppose § : X =: [ay, 0,4, (b1, a;)] — R is a differentiable function function
on X° such that §' € L[a,, a; + <« (by,a;,)] and consideration with U*. Let for some q > 1,
I§'|7 be a GFPP—s function on X with |§'| < S, for all x € [ay,a; + <, (b1, a,)]. Then

o (wa) 4 (@) Talo+R)
G (bl7 al) S(x)

Cx (bl; al)

ESIB)

~0,8 ~0.8
x { ‘J(ﬂlJr(*(:E,al))_ S(al) + d(bl+§*(x,bl))+ § (al + G« (bl, Cll)) }‘

< (52 ) M @)+ (@,6)
“\R+o §*(blaa1)

n

X Efq.zai[/oltf% ((1;5(14))%) dt+/01t§ (1st)1dtr. (31)

. a;
=17 =

Proof. From Lemma 1 and a property of the GFPP—s function |§'|?, and the power
mean inequality, one has

G (@) + ot (w,0) . Talo+ )
Cx (bl> al) § (1') %

)

G (bl) al)

~0,R ~0,8
. { ‘j(al+§*(x’al))_ 3’ (al) + ‘S(bl+§*($7bl))+ fS’ (al + o (bl7 al)) }‘
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Z+1
g*h (l’, al)
Cx (bl) al)

o (2, by)

Gx (by,ay)

g%—H (x,a,) N Lo, q a
<X ot tadt / 2|3 (a, + ts, (z,a dt>
S (b1, ay) </O > < 0 ‘ (e (z,02)) ‘

241 1 -5 ‘
0 () ([ s )
g*(blaal) 0 0

- (ﬁg)l‘i [gf* (x,al){Z?:laifolt’;g:ll;s(l—t))
e T
e
)

<( ® )13 (@, 0) + o8 (2,6,)
“\R+o Cx (blaal)

a;
’lei:

1
/ 13 (0, + tou (2, a)) [dt
0

1
/tﬁ\g/ L+t (2,6y)) |dt (32)
0

B

o=

) |3 (2)|" at

1§ ()| dt

Corollary 5. If one can take s = 1 in Theorem 4, then we have the following inequalities
for GFPP function with K— fractional integral operators:

o e
& (zy0y) + 6 (2, b)) /T
Cx (blaal) §>;<% (blval)
~0,8 - 5 (ay) + 32

{ (ar+sx (a1 (bytex (2,61))" S (ay + 6 (byay)) }‘
( )1_ M 2 o (2, by)
R+o 6 (by, ay)

n 1 1 L

o 1 o 1 q

. E a; tﬁtidt—l—/ ta (1 —1): dt] .
E:?zlai . Z[/O 0 ( )

=1
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Corollary 6. If one can takes & = 1 in Corollary 5, then we have the following inequalities
for GFPP function with RL— fractional integral operators:

g*Q (a:,al)+§f(x, bl) _ F(Q+1)
G (bly al) Cf (bh al)

~0 ~Q
g { Yortautoay™ 5 @) F o, oy 50+ 6 (000) }'

1
< < - >1_q §$+1 (7,0,) + §f+1 (z,by)
T \1+p Sx (bla al)

1

S . [/1 1 /1 1]

X = Y ttidt+ [ t2(1—t)idt| .
D e Gi ; 0 0

Theorem 5. Suppose § : X = [a,,a,+¢, (b1, a,)] — R is a differentiable function function
on X° such that §F € Llay,a, + < (by,0;,)] and consideration with $4*. Let for some
p,q > 1, with %—l—% =1, |§|? be a GFPP—s function on X with |§'| < S, for all
x € lay,a, + 6 (by,a,)]. Then

§ ()

9 )
S (r,a0) + 64 (x, bl)%(m) Te(e+H)
o (b1, 1) oF (by,ay)
~0,8 ~0,8
: { Jontsatwany= 5 @) T mpyys T+ 6 (bn ) }‘

&\ (o @a) + o (@)
: (ﬁ+p9> (g i(bjgal) )
X qulazn;a[/ol ((1 —s(1 —t)ﬁ) dt+/01(1 —st)idt}q. (34)

Proof. From Lemma 1 and a property of the GFPP—s function |§|?, and the Holder
inequality, one has

IS

o
Cx (fU; al) + §*ﬁ (xy bl)
Cx (blaal)

La(o+ R)

gE (bla al)

~g,.ﬁ ~Q7R
% { Yt () § (o) TV byt (2,60))* T (ay + 6 (b1, 0y)) H

§(x) -

g%ﬂ (2, 1) 1
<> U R F (o + te (2, 0,)) |dt
TG (E‘l,al) /0 ‘3’ ( ' ( l))‘

o
SN (x,by)

+
Cx (bJ_) al)

1
/ 5] F (b, + toi (2, b,)) |dt
0
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241
g*ﬁ

- @M </olt§dt>; (/01 13 (00 + tu (2, 1)) yth>;

Q+1

MM(/1></1 , q>;
T ey U T (18 ot e (b)) [lat

() [ (b o
e gz((l_ ) e dt}‘l’

P (20 ’é“ )

e £°<(1_ V') 3 (6)]° dt};}

(ele) (o)

Corollary 7. If one can take s = 1 in Theorem 5, then we have the following inequalities
for a GFPP function with f— fractional integral operators:

*% 9 Cll + *% Y bl F‘ + ﬁ
& (@0) Hor (@ )S(l’) - %
G (bl)al) §*ﬁ (blaal)

o ’”Q}ﬁ
8 { J(ﬂl-i-g*(x,al))* s(al) T ‘j(bl+§*(x7[.,l))+ § (a1 + <. (bl, a1)> }‘

1 2+1 241 n . 1
<< R > o (wa) et (,b) { 51 Z“‘( 2i )}

Corollary 8. If one can take & = 1 in Corollary 7, then we have the following inequalities
for a GFPP function with RL— fractional integral operators:

& (x,a1) + ¢ (z, by I'(o+1
((L’ ) Sk (z )3 (z) — . (o )
G (bl,al) Sx (bl7al)
~0 ~0
x { ‘j(al+<*(x)al))7 S(al) + d(bl+<*($)bl))+ .,S’ (al + o (bl’ al)) }‘

n

< 1 )é O (z,0,) + 27 (2,y) [ 54 Za'< 21”
1 +p0 g* (bla al) Z?:l a:i' i:]_ ' Z+ 1 ’

IA
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Now, we develop some new Ostrowski type inequalities for twice differentiable func-
tions. First, we will give the new following lemma:

Lemma 2. Suppose § : [a;, a;+6, (b1, a;)] = R is twice differentiable mapping on (a,, a,+
G (b1, ay)) with a; < a; + 6 (by,a;). If 7 € Llay, a; + 6 (by,a1)],0 > 0,8 > 0, then we
have the following equality for K—fractional integral operator

RS

(1- ) { o (bl,g* 25— al)(x, al)]g, (@) + (1 N % B A) [ (bl,* 2;—:‘)(90 al)]%(x)

[ (b2,2)  (b2) + < (2, am(al)}
Cx (bl> al)
Q + 2ﬁ) ~0,R ~0,R
( 1, al) { (ar+cx(z,01))” S(al) +J(b 6 (2,61)) T S(bl)
<§+2 (@, ) 1

- ()1/ t(A—t%) § (ay + te, (2, 0y)) dt

(w1
* Sx (bla 01) /0 ()\ B tﬁ) § (bl + % (SU, bl)) dt,
holds forall z € [a,, + ¢ (by,a,)], A €[0,1]. (36)

Proof. 1t can easily be proved as similar Lemma 1.

Theorem 6. Suppose § : X = [a;,a, + 6 (b1, 0,)] = R is a twice differentiable function
on X such that §" € Llay, a, + ¢ (by,a,)] and consideration with U*. Let |F"(x)| be a
GFPP—s function on X. Then

X (by,7) — o (w,00)] 0 K (by,2) +oF (2, 0)
'(1_)\) |: Cx (blaal) :|8: (x)+ <1+E_)\) |: Sx (bl,al) :|13:($)
n )\[95 (by,2) (b)) + & (z, al)s(al)}
Cx (bl7al>
Fﬁ (Q + 2.@) ~0,8 ~0,
N G (by,a;) { dfal—i-g*(:ﬂ,ul)r § (o) +d?b (b, )T § (ba) }‘
£+2 242
7 (0,00 18" (@) + 5 (b1,2) 8" () [y
= |: Sx (blv al) :| 1G4 ;al . 1 St) o
(37)
§%+2(xa)+< (by, ) - 1 ) !
+ ST 4 o (by, ) ‘3 )‘;ai/o t()\—tﬁ)(l—s(l—t))idt

holds ¥V € [a,, b,] and X\ € [0, 1].
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Proof. From Lemma 2 and a modulus property of the GFPP—s function |§”|, one has

‘(1 Y {gf (by,7) — 5 (“3’“1>]gf<x>+ (1423 { & (b,,7) + 6 (x,al)]g(x)

o (bn ) 2 < (o)
£ e
[cf (by,2)F (by) + < (2, 00) g(al)}
+ A
S (bh al)
Tale+28) [ _on ~0.R
G (bl, al) d(a1+<*(z,al) - S'(al) +‘j(b +6u (z,b, )+ g(bl)

)
242
G (x, a;

) ' £ 1
: <*(bual)/0 t(’\_t“) 87 (a1 + tou (2, 01)) [dt

20y 0) [ o
> T (N —tw b, + tc, (z,b,)) |dt
<*<bl,al>/o (A= t]) [§ (b + . (2,8,))|

e +2
§*ﬂ

K (x7al) ! 2
Sc(b)/ tr-e)
Siai(l=s0=) L Y a(l=sy):
[ Z?:l a; A )‘ - Z?:l a;

242 1
G (blam) / o

+ — t(A—ts) x
Cx (blaal) 0 ( )

3" (a1)| ] dt

1 1
7 7

Doimgai(1—st)?

anl a; (1 — S (1 - t)) ‘ 1" 1" :|
: 0 T + = T (by)] |dt
[ D i1 G (az)‘ D i ( )‘
£42 L2+2
AT ACHES AR T G I / ) - sta
= |: g*(blaal) z 1 z;al t St) ¢
&+2
gf (':U al) +§* bl; // R o . %
+ ST s o (o) 3 (= ]Zal/ A—t8) (1—s(1—1)7 dt. (38)

Corollary 9. If one can take s = 1 in Theorem 6, then we have the following inequalities
for GFPP function with K— fractional integral operators:

‘(1_A)[§<bl, )—gﬁu,al)}g,(m(Hé_A)[Ewl, >+<§<x,al>k(x)

G (bl,al) Ch (bl,al)
+ )\|:§*R (51737)3([31) + g*ﬁ (x,al)g(al)]
S (blaal)
Ta(o+28) [ .o o
B €(b1a1){ A S C R T R LY H

242 1 &+ 1 1
< |:§* (-’L',Cll) ’g (al)’"i‘g* (bhx) ‘g ( :| a Zal/ —tﬁ 1—1()? dt

Cx (bla al)
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£+2
oF (2, 0) 4+ 68 (b, 2) v .
! Z? 1Qi S« (bl,ﬂl |3’ |Za’l —tﬁ dt.

Corollary 10. If one can take R =1 in Corollary 9, then we have the following inequalities
for a GFPP function with RL— fractional integral operators:

(1- ) [c* (bl,gfzbj cgl)(a:, al)]g, () + (1 40— A) [@F (bl,;z[:lr jl)(x, al)]g(»@)
DY |:§£ (bla 1‘) S (bl) + g*@ (.’E, Cll) 5 (Cll):|

Cx (bh al)

L(o+2) [ .,
- €(b1al){ Tertetany~ @)+ oyt S0

[§f+2(x,al)’3”( )| + ¢ (b2, 2) 3" (bs) ] S / A= 19) (1= 07 dt

Cx (bly al) i1

0+2

% (x,a,) + <22 (by,2) |y / Ly

+ - 5 ( g a; A—19)( dt.
Zz 1a; G (by,ay) } }

Theorem 7. Suppose § : X =: [a,a; + ¢ (by,a,)] — R is twice differentiable function
function on X° such that " € Llay,a, + < (by,a;1)] and consideration with $4*. Let for
some g > 1, |§"(2)|? be a GFPP—s function on X, for all € [a;,a, + ¢ (by,a,)]. Then

ooy [Hlatedlenllyg 1 g [ lnedleal]s,

IA

Z 1CLZ

4 )\|: ﬁ (bh )%(bl) + gE («T, al)g(al)]
Cx (bl,al)
Fg (Q+2ﬁ) ~0,8 ~gﬁ
N g*(blval){ Yt (@,01))” §(a)+ byt (2,00)) " §(6)

[T

s [ FE e e

i=1 i
Zz 1a1(1_5(1_t)) " (o q %

S by [ [
G (by, ;) {/0 t<)\_t
Zz 10’1(1_8(1_0)
" D @i

BT
N——
—N
I
MR
IS
—~
—_
|
[
Kas)

where

M (0,8, A) = /Ol[t(A—tf%)]th
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f(1+4q)+eq
AN K1 A(1
- Q[F(l—l—q) F<(+Qq)+g> o Fy (1,1—|—q,2+q—|—(;—q),1)
A(1 A(1
+ ﬁ(l—kq,—W)—ﬁ()\,l-f— q’_(—{_qZHQq)} (39)

Proof. From Lemma 2 and a property of the GFPP—s function |§”|?, and the power
mean inequality, one has

o (by,2) — < (2,0)] o 0 oF (by,2) + oF (2, 0)
‘ Y [ S (by, ) }3 @)k (1 TR A) [ G (by, @) ]S(x)
A |:§*ﬁ (bl7aj)%(bl) + Q‘E (a:, Cll) S(al):|
Cx (bl,al)

Pa(o+28) [ on o
- g*(bl,al){ ‘j(ul—i-g*(z a))” § (o) + (b T (z,b2))F 5 (by) }‘

o (z,0a,) [* o\ 1
= g([,a)/o i (A - tﬁ) 13" (a2 + tox (2, 00)) |dt

2+2

G (bl,.%') 1 % "

* <(ba)/ g (A—t ) 18" (by + tex (z, by)) |t

1

( ytq —’w dt>q

1
[g* (z,0.) t(A—t%)
(™ blaal

[ zlall_St) S//(a)‘(I_i_Zz 16%(1—5(1—{))

z laZ ' 2?21 a;
T 1

" g*g*(bf;’l))/o t(r-th)

o [EE z L g (o Uoe =0 g pral ]

< M7 (0,80

[ “;* wffaf‘l {/olf@

S by a) [ o\ [0 ai(1-st)
+ gg(bb>{/ rmut) (B

X

1

3" ()| dt] !

ST

X

B

1 1

s

1

OfEges

:m\ﬂ:

+

8,// (bl)‘q



J. Nasir et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6159

R G }dtﬁ.

19 of 26

IS

D1 @

Corollary 11. If one can take s = 1 in Theorem 7, then we have the following inequalities
for a GFPP function with R— fractional integral operators:

‘(1 ) [gf (bl;fzb;i)(x,al)}g, (@) + (1 N % B A) [gf (bléfzbii)(%al)]s(x)

% e
|:§*R (bh l‘) S (bl) + §>kk (.I’, Cll) S (al):|
+ A
g* (bla Cll)
Ta(e+28) [ ,a o
) Ly SOOI 810

< M7 (0,8,
e e R
8" ()" }df}q

> i1 i ()7

S AL
Die1 G

oSl f Py (B0,
G (by, 1) 0 Z?:l @i '

2 iy it

i )]

Corollary 12. If one can take 8 = 1 in Corollary 11, then we have the following inequal-
ities for GFPP function with RL—fractional integral operators:

Cx (blaal)
@E (bla'r)%(bl) + §f (1'7 al)g(al)
+)\|: G (blaal) :|

X
[

%«// (al)’q

o=

T'(0+2) [ ., »
c*(bl,al){ Jartetwa™ 3 @) F e oy S (02)

< M5 (0,))
f+2 ($,a1) ! 0 Z:L: a; (1*75)% 1" q
. [ S (b, a1) {/0 t()\_t){ 12:?:1‘“ s (al)‘
)
=1 """
e (b,,2) [ [ o a0,
AR {/0 t(\ —t9) { 12?:1% 3" (6,)]"
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Z?:l ait% 1" q %
R g

where

1
Mo = [ to-epa

(1+ g)+eq

+B<1+ q,—W)—B(A,lJr q,—(l+qq;+9q>]- (40)

Theorem 8. Suppose § : X = [ay,a, + ¢ (by,a,)] — R is a twice differentiable function
function on X° such that " € Llay, a,+<, (by, a1)] and consideration with U*. Let for some
g > 1, with % + é =1, |§"|? be a GFPP—s function on X, for all x € [a,,a; + ¢ (by, a)].
Then

o

o (b,2) — o (2,07 N CANORT=ICEN
oo [ty @ (1 ) [ [
N /\[cf (bs, 2) F (bs) + 6 (z, al)s(cu)}
G (b17a1>

_TIg (0+28) [ .on ~0,8

c(ba){ Vortata™ 5 @) 6, 1 pgyr 50
< M7 (0, 8,)\)

[cf‘”(w,al){ 1\ ‘/1{(1 7 [§ (a)]"+ (1 —s(1—1)7 3" ( )|q}dt};
X o (by, @) 2?21%;&1 ; — S a)|"+ 1L —=—s(l-— T

G (b17al)

1
1 q
B

§ (6] + (1 —s(1—1t)7 [§" (2)]° }dt} ] (41)

’ {E;Wizn;“i/ol{(l—st)i

Proof. From Lemma 2 and a property of the GFPP—s function |§”|?, and the Holder inequality,
one has

B

o (by, ) — ¢ (=, al)}

e e
_ )\) [g*ﬁ (by,7) + ¢ (w,01)
Cx (b17al)

‘ =% [ G (b1, 0y)
& (by,2)F (by) + o (z, al)S(al)]

Cx (bl7 al)

¥+ (142 [

o
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Fﬁ(@+2ﬁ) ~Q,ﬁ ~Qﬁ
a Cx (bl, al) d(al-i-g*(z a))” g(al) (bl—l-g (z,6,))7F %(bl)

§>|f%+2 (ZE, al) ! £ 1"
< / It </\—tﬁ> 18" (ay + tox (z,0,)) |dt
0

T G (by,ay)
2+2
+ W /0 1 1t (A—t%) 18" (by + tex (z,by)) |t (42)
< (/‘ )\—ti ‘pdt>
X [ bjc:l { 1{ S 1;301 5" (al)}q
e -s (=) )
ST i (x)‘ }dt}
k+1 " i
© e U L
el »}df} | .
< M7 (0,8 ))

n 1
q

C%H (z,a;) 1 1 1
X | = ’ a; 1—st)d
[ G (b1, 1) {Zyzlai Z_Zl /0 {( )
o
S (x,b,)
G (blval)

’ {le/o{u—t)

Corollary 13. If one can take s = 1 in Theorem 8, then we have the following inequalities
for GFPP function with 8— fractional integral operators:

‘ (1- ) [cﬁi (by,x) — o (x’al)}g’ (2) + (1 Lo )\) [cé (bl,gfzbtf)(x,al)]g(x)

5 ()] + (1— s (1— 1)} [ (@) }dt}

_|_

F )|+ (1 —s(1—1)7 |5 (g;)\‘I}dt}q].

S (b17 al) R
+ A |:§>s{i (bl7 l’) ‘3’ (bl) + g*ﬁ (LU, Cll) 3" (al):|
Cx (bl, al)
F_ﬁ (Q+2ﬁ) ~Q,ﬁ f»gﬁ
- g*(bl,al){ d(al—&-g*(z a))” § (a0) + (h Teu(z,b))T 5 (b1)
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< M (0,8 1))

n

e e R (0

1=

F (a)]" + ti 13" (2)|* }dt};

C*% (z,b,) _ // q //
+ g*(blaal { az;al/ { 1 t ’ +t |3’ | } } :|

Corollary 14. If one can take 8 = 1 in Corollary 13, then we have the following inequal-
ities for GFPP function with RL— fractional integral operators:

’(1_)\> [ 2 (by, ) =2 (x,al)]g, (@) + (14 0— ) [cf(bbx)Jrcf(x,al)}g(x)

G (b17 al) Cx (bla al)
i )\|:§* (bh )S(bl) + g*g (LU, al)g(al)]
Cx ( 1 al)
I'(e+2) ~0
< M7 (0. )

' (ay \q+t

1
// ‘ }dt}

=1
j:fb(faf;{zyilaii%/ol{(H) 3 e + )‘q}d*};]'

=1

[ {sraye [ {o-

3. Application to matrices

FEzample: Denote by P" the set of n X n complex matrices, by N, the algebra of n x n
complex matrices, and by N/ the strictly positive matrices in N,. That is, ® € NI if
(Dx,x) > 0 for all nonzero x € P".

In [27], Sababheh proved that the following mapping

u) = [|[DUX B + DITUXBY

|, ® BeM, XeN,

is convex for all u € [0, 1]. Then by using Theorem 2, we have

D1 i i
22 1 @i (1 - 7)

2a1+sx (by,a1)

33( 2 >X‘B

1— (2a1+c*2(h1,a1>) 1— (2a1+<*2(h1,a1> ) X5 (2a1+c*2(h1,a1>)

X + 2

|

< g0+ R)
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X { 3§;§ "@(al+§*(bl7ul))X%1_(al+§*(blyul)) _|_@1_(a1+§*(blyul))X%(al+g*(blyul))

~0R (a1) 1—(ay) 1—(ay) (ar)
+‘j(a1+<*(b1,al))_ Hg X% +© X% }
< [H@wax%l(al) Lol @)
+ "@(al"l_g*(blaal))X%l_(alJ’_g*(blaal)) +@1_(a1+§*(blaal))X%(alJ’_g*(blaal))
n 1 n .
% /1 tgl{zz':l ail(l — st)’ 4 D i1 @i (1n_ s(1-t) }dt..
0 D i @i Doic @i

4. Applications with bivariates

]

[T

In this section, we recall the following special means of two positive numbers a,, b,
with a, < b, (see [28]):

(i) The arithmetic mean

b,
A= Aar, by) = 20
(ii) The harmonic mean
2 1bl

H = H(ar, by) = —

a, + by
The next relationship is well-known in the literature:

H(alv bl) < g(al7 bl) < A(al7 bl)
Proposition 1. Suppose that 0 < a, < b, and s € [0, 1], then
Zizl a; T A(2a17 e (bl, al))
Yiai(1-3)°
r +R)( . ~
< E(Q ) Jifk 2A (ala Cx (bly al)) + dg’ﬁ ) (al) }
g*ﬁ (bl7 al)

(al+§*(bl7al)
S 2./4 (al, a; + Gy (blv al))

Lao[Thal=st | Y a(l-s(1-1)"
X/O ¢ 1{ 12?:16” i 1 S }dt, (44)

Proof. We attain the above inequality from Proposition 1 if we put F(u) = u for u > 0
in Theorem 2.

=

s
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Proposition 2. Suppose that 0 < a, < b, and s € [0, 1], then

D e i
D ie i (1 - %)
Fa(o+R)[ . —~ 3 -
S %7 \jag:?— 2"4 ! (al?g* (bl7 al)) +‘J(Ql71f{+§*(bl,a1))_ (al 1>
Cx (blaal)
< o271 (ar,0; 4+ 6 (by,0a,))

L, g (l—st)t S g (1—s(1—t)
x tﬁ_l{zll i ( e }dt.
/0 Dic1 i D1 @

Proof. We attain the above inequality from Proposition 2 if we put §(u) = % foru>0
in Theorem 2.

AN (201, 6 (b1, o))

==

(45)

5. Conclusion

In this article, we introduced a novel fractional integral operator for functions, lever-
aging the concept of polynomial n-fractional s-like preinvexity. The proposed operator
extends the classical fractional calculus framework by incorporating polynomial and prein-
vexity properties, offering a more versatile tool for analyzing functions with specific con-
vexity and fractional characteristics. We established key properties of the new operator,
including its convergence, boundedness, and applicability to various classes of functions.
Furthermore, we demonstrated its utility in solving fractional differential equations and
optimizing problems involving preinvex functions. The results presented herein not only
generalize existing fractional integral operators but also open new avenues for research
in fractional calculus and its applications in optimization, mathematical modeling, and
applied sciences. Future work could explore the extension of this operator to higher di-
mensions, its application in real-world problems, and its relationship with other fractional
operators.
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