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Abstract. Let I' be a nonempty set. A nonempty set A is called a I'-AG-groupoid if there is a
function f from A x T' x A into A, customary denoted avyb for f(a,~,b), satisfying the identity
(ayb)Bc = (cyb)Ba for any a,b,c € A and «, 5 € T". For each v € T', an operation on A associated
to «v is given by ab = a~yb. Suppose further that A is finite, contains a left identity and a left zero
ag. The objective of this paper is to provide sufficient conditions under which the set A\ {ag} is
a commutative group under the operation on A determined by ~ for all v € I'.
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1. Introduction

An Abel-Grassmann’s groupoid, abreviated by AG-groupoid, is a groupoid A such that
the identity
(ab)e = (cb)a

holds for any a,b,c € A.

An AG-groupoid is also called a left almost semigroup (it is abreviated by LA-semigroup),
a left invertive groupoid, or a right modular groupoid (cf. [1], [2], [3], [4]).

An AG-groupoid is closely related to a commutative semigroup, because if an AG-
groupoid contains a right identity, then it becomes a commutative monoid. Moreover, if
an AG-groupoid A with a left identity and a left zero ag is finite, then (under certain
conditions) A\ {ao} is a commutative group (cf. [5] Theorem 2.2). The purpose of this
paper is to extend this result to I'-AG-groupoids.
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2. Preliminaries

Let I' be a nonempty set. A nonempty set A is called a I'-groupoid if there is a function
fof AxT x A into A, we often write ayb for f(a,v,b). Suppose A is a I'-groupoid. For
each v € I', an operation on A determined by -y is defined by for any a,b € A, ab = a~b.

A TI'-groupoid A is called a I'-semigroup if the identity

(ayb)Be = ay(bBe)

holds for all a,b,c € A and v,8 € T.
A T'-semigroup A is said to be commutative if

ayb = bya

for all a,b € A and v €T

The notion of I'-semigroup was introduced and studied by M. K. Sen (cf. [6], [7]).
Suppose A is a semigroup. For a nonempty set I', define ayb = ab for any a,b € A and
v € I'; then A is a I'-semigroup. If A is a I'-semigroup, then for any v € I', A is a
semigroup under the operation determined by .

Example 1. Let A and T be the set of all nonpositive integers and the set of all nonpositive
even integers, respectively. Fora,b € A and~y € T, define avb to be the usual multiplication
of integers; then A is a I'-semigroup.

Example 2. Let Mata«3(Q) denote the set of all 2 x 3 matrices over Q, the set of rational
numbers. And, let T' denote the set of all 3 x 2 matrices over Q. For A, B € Matay3(Q)
and vy € T, define AyB to be the usual matriz product. Then Matex3(Q) is a I'-semigroup.
Note that Mataxs(Q) is not a semigroup under the usual product of matrices.

We need the following theorem proved in [8] (also, in [9]).

Theorem 1. Suppose A is a I'-semigroup. If A is a group under the operation defined by
~ for some v € I', then A is a group under the operation determined by v for all v € I'.

Let I be a nonempty set. A nonempty set A is called a I'-AG-groupoid if there is a
function f from A x I" x A into A, it is customary to write ayb for f(a,~,b), such that

(ayb)Be = (e7b)Ba

for all a,b,c € A and v, €T.

Suppose A is an AG-groupoid and I' is a nonempty set. Then A is a I'-AG-groupoid
under the function defined by avb = ab for all a,b € A and v € I'. If A is a I'-AG-groupoid,
then for any v € T', A is an AG-groupoid under the operation determined by +.

Example 3. Let I' = {1,2,...,n}. Define a function from Z x T x Z into Z, the set of
all integers, by

ayb=b—v—a
for all a,b € Z and v € T', where — is a usual subtraction of integers. Then Z is a
I'-AG-groupoid.
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Example 4. Let A=T = {0,i,—i}. Define a function from AxT x A into A by avb for
all (a,v,b) € A xT x A; here ayb is the usual multiplication of complex numbers. Then
A is a I'-AG-groupoid, where as A is not an AG-groupoid.

The following theorem is in [10] (see also in [11]).

Theorem 2. Any I'-AG-groupoid satisfies the medial law. That is, if A is a T'-AG-
groupoid, then

(a0)B(cad) = (ayc)(bad)
for any a,b,c,d € A and ~v,5,a €T

An element e of a I'~AG-groupoid A is said to be a left identity if for all « € A and
vel,
eya = a.

An element ag of a I'-AG-groupoid A is said to be a left zero if for alla € A and v € T,
apya = ag.
A T'-AG-groupoid A is said to be cancellative if for all a,b,c € A and v € T,
(aye = byc or cya = cyb) imply a = b.

Example 5. Consider an AG-groupoid A = {1,2,3,4} with the operation defined as
follows:

W W W w
W W Ut Lt

1
2
3

N W W~
W W W NN

) 3 3

Let T' be a nonempty set. For a,b € A and v € T, define ayb=a-b. We have that A is a
finite I'-AG-groupoid with left identity 1, and left zero 3.

3. Results

We begin this section with the following theorem.
Theorem 3. If A is a T'-AG-groupoid satisfying the identity
ay(bBe) = (evb)Ba
for all a,b,c € A and ~v,6 € I', then A is a I'-semigroup.
Proof. Assume the condition holds. Then, for a,b,c € A and v, 8 € I', we have
(a7b)Be = (eyb)Ba = ay(bBe).

Thus A is a '-semigroup.
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Theorem 4. If A is a cancellative I'-AG-groupoid satisfying the identity

ay(bBe) = (erb)Ba

for all a,b,c € A and B,y € ', then for any v € I', A is a commutative semigroup under
the operation determined by .

Proof. Assume the condition holds. By Theorem 3, for any v € I', A is a semigroup
under the operation determined by «. Let a,b € A and v € I'. Consider:

(ay(ayb))ya = ((aya)yb)ya
= (aya)y(bya)
= (ayb)v(aya)
(

(ayb)ya)ya.

So (ay(avb))ya = ((ayb)ya)ya. By cancellative law, ay(ayb) = (ayb)ya. By assumption,
ay(ayb) = ay(bya). Using cancellative law, ayb = bya. Hence A is a commutative semi-
group under the operation determined by ~.

An AG-groupoid A is said to be cancellative if for all a,b,c € A, ac = bec or ca = cb
imply a = b. We specifically have the following corollary:

Corollary 1. If A is a cancellative AG-groupoid satisfying the identity

a(bc) = (cb)a
for all a,b,c € A, then A is a commutative semigroup.

Now, we present the main result.

Theorem 5. Let A be a finite I'-AG-groupoid containing at least two elements (|A| > 1).
Suppose A contains a left identity e and a left zero ag, and A satisfies the identity

ar(bBe) = (e7b)Ba

for all a,b,c € A and v, 5 € I'. Suppose further that there exist vo9 € I' and an operation

x of A x A into A, write a x b for x(a,b), such that (i)-(v) hold:
(1) Ais an AG-groupoid under .
(i7) For any a € A there exists b € A such that b a = ag.
(7i1) ag*a = a for all a € A.
)

(1v) (a*b)yoc = (ayoc) * (byoc) for all a,b,c € A.
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(v) For any a,b € A, if ayob = ag then a = ag or b = ayp.
Then A\ {ao} is a commutative group under the operation determined by -y for all v € T'.
Proof. Let
A ={ag,a1,...,an}, where m > 1.

Claim 1: A\ {ao} is an AG-groupoid under the operation determined by ~y. Since m > 1,
A\ {ao} # 0. Suppose a;ypa; = ap for some a;,a; € A\ {ao}. By (v), a; = ag or a; = ayp.
This is a contradiction. Thus a;y0a; € A\ {ao} for all a;,a; € A\ {ao}; so A\ {ag} is
a groupoid under the operation determined by ~y. From A\ {ap} C A, it follows that

(aivoaj)yoar = (aryoa;)yoa; for all a;, aj,ar € A\ {ao}.
Claim 2: e # ag. Suppose not. If a; € A then

a; = e7vypa; = ap’oa; = agp.

Thus A = {ag}, this is a contradiction. So e # ay.
Claim 3: agyoa; = a;yoap for all a; € A. Let a; € A. Consider:

(aiv0a0)v0e = (e70a0)Y0a; = aoY0a; = ag.

By (v), a;v0a0 = ag or e = ag. By Claim 2, a;v9ap = ag. Hence agypa = ag = a;y0a0.
Claim 4: For each aj, € A\ {ao} there exists a; ' € A\ {ag} such that

-1 -1
agyol, = €= a; Yolk-

Let ar € A\ {ao}. Consider:

Hi o = {aryoar, aryoas, . . ., apyoam}-

To show that |Hy .| = m, suppose aryoa, = apyoas for some r # s. Consider:

arvoar = (ev0ar)Y0ak
(axyoar)yoe
(aryoas)yoe
(evoas)voax
= G5700E-

By (i), there exists a; ! € A such that a; ! * a, = ag. Consider (Using (i), (ii4), (iv)):

(as * a; Yyoar = (asyoar) * (a, 'yoax)

=( ) * (a, "yoar)
= (ar * GZI)’Yoak
=(

ao * (ar * a 1)) yoar
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= ((ao * ao) * (ar * a;*))v0ax
((ar % a, ')  ag) * ag)yoar
((ao * a,; 1) * a,) * ag)yoar
(a, " * ar) * ag)yoa

aop * ao)’Yoak

(
(
= (
(
(

|

)
o
3

S
o

|
N
@

1 1

By (v), as *xa, " = ag or ax = ap. Since ay # ag, as * a, - = ag. Consider:

ar = Qg * Qy

= (as*a ') *a,

ap * (ap x a; b)) x ay,

ag * ag) * (ar x a; V) x ay,

Then a, = ag; this is a contradiction. Hence |Hj ~,| = m. Let ayyoa; € Hy,. Suppose
agyoa; = ag. By (v), ap = ap or a; = ag. This is a contradiction. Then a;ypa; # ao, and
apyoa; € A\ {ao}. So Hy~, € A\ {ao}. From |Hy .| =m =|A\ {ao}|, it follows that

Hyno = A\ {ao}-

Since e € Hy, ,, e = agyoa; for some a; € A\ {ag}. Moreover,

a;Yoag = 6’70(%"70%) = (ak"YOai)'Y(Je = €%pe = €.

Setting a,;l = a;, we then have ak’yoalzl =e= a;lvoak. By Claim 4, A\ {ag} is a group
under the operation determined by 7. And, by Theorem 1, A\ {ap} is a group under
the operation determined by « for all v € I'. Finally, by Theorem 4, we conclude that
A\ {ap} is a commutative group under the operation determined by ~ for all v € T". This
completes the proof.

An element e of an AG-groupoid A is said to be a left identity if for all a € A, ea = a.
An element ag of A is said to be a left zero if for all a € A, aga = ag. The following
corollary is particularly true.
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Corollary 2. Let (A,-) be a finite AG-groupoid with |A| > 1, a left identity e, a left zero
ap, and

a-(b-c)=(c-b)-a

for all a,b,c € A. Suppose there exists an operation * on A such that (i)-(v) hold:

(1) (A,x*) is an AG-groupoid.

(13) For any a € A there exists b € A such that b a = ay.

(axb)-c=(a-c)*(b-c) for all a,b,c € A.

(1v

) (
)
(i) ap*a = a for all a € A.
)
)

For any a,b € A, a-b= ag implies a = ag or b = ag.

(v

Then (A\ {ap},*) is a commutative group.

The following proposition demonstrates the necessity of the identity ay(bfc) = (¢yb)Ba
for all a,b,c € A and v, € I as stated in Theorem 5.

Proposition 1. Let A be a finite I'-AG-groupoid containing at least two elements (|A| >
1). Suppose A contains a left identity e and a left zero ag. Suppose further that there exist
v0 € I' and an operation * of A x A into A, write a *b for x(a,b), such that (i)-(v) hold:

(1) A is an AG-groupoid under .

(1i) For any a € A there exists b € A such that b* a = ay.

(1v) (a*b)yoc = (ayoc) * (byoc) for all a,b,c € A.

)
)
(iii) ag*a=a for all a € A.
)
)

For any a,b € A, if ayob = ag then a = ag or b = ag.

(v
Then, under the operation determined by vy, A\ {ao} is a cancellative AG-groupoid with
left identity and inverses (i.c., for each a, € A\ {ao} there exists a,' € A\{ao} such that
aryoay ' = e = ay yoak).

Proof. As the proof of Theorem 5, under the operation determined by v, we have

A\ {ap} is an AG-groupoid with left identity, and for any ax € A\ {ao}, e = axyoa; for
some a; € A\ {ap}. Consider (using Theorem 2):

aivoar, = evo(aivoar)
= (ev0e)y0(aivoar)
= (ev0ai)0(evoar)
= ((evoax)y0ai)yoe

= (arv0ai)y0e
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= eYo¢
= €.

Then a;ypar = e.
Finally, let a;,aj,ar, € A\ {ao} be such that a;yar = ajypai. Moreover, as the proof
of Theorem 5, there exists alzl € A\ {ap} such that

-1 -1
G Y00k = € = ap"oay -
Consider:

a; = €Y0a;
= (ay "Yoak)y0a;
= (aiyoak)y0ay
= (a;70ax)v0a;, "
= (a;, "v0ax)700;
= e0a;

= aj.

Similarly, if a;,a;j,ar € A\ {ag} such that axyoa; = aryoa; then a; = a;. Hence the proof
is complete.
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