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Abstract. In this article, we present a numerical investigation of two-phase flow involving liquid
and solid particles (cuttings) during drilling operations in wellbores. The dynamics of this complex
system are simulated using a high-resolution second-order Total Variation Diminishing (TVD)
Runge-Kutta Discontinuous Galerkin (RKDG) method, enhanced with a Weighted Essentially
Non-Oscillatory (WENO) limiter. Unlike traditional slope-limiter techniques, the integration of
WENO methodology with the RKDG scheme significantly improves the accuracy and stability of
the numerical solution by effectively capturing sharp interfaces and discontinuities without spurious
oscillations. A two-phase drift-flux model is employed to account for the relative motion between
the liquid and solid phases, enabling realistic simulation of the transient and dynamic behavior of
cuttings transport under various well conditions. Through a series of test cases, we analyze the
influence of varying rates of penetration (ROP) on critical parameters such as bottom hole pressure
(BHP), cuttings concentration, and pressure evolution over time. The results demonstrate that the
proposed scheme offers enhanced accuracy and computational efficiency compared to conventional
approaches.
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1. Introduction

The transportation of cuttings in wells has been the subject of experimental investi-
gation by numerous scientist since the second last decade of 20th centuary. Tomren et
al. [1] were among the pioneering researchers to study cuttings transport in directional
wells. The extraction of drill cuttings from the bore-hole is a pivotal step during drilling
operations, especially when working on horizontal, extended-reach, or slanting wells. Lack
of proper bore-hole cleaning can result in substantial issues, such as pipe obstructions,
reduced drilling velocity, increased bit wear, fluid loss, and excessive torque and drag. A
well-designed drilling mud and an appropriate circulation system are essential for ensur-
ing the extraction of cuttings from the bore-hole. The success of the drilling operation is
greatly impacted by a number of critical elements, such as the type of formation, wellbore
inclination, cutting size, penetration rate, and eccentricity of the drill pipe. It is difficult
to create an ideal hole cleaning plan that considers each of these aspects [2–5].

Two phase flow models are critical for predicting fluid behaviours in many different
industrial applications, including power production, cooling systems, and the extraction
of gas and oil. These models hold significant value for multiple objectives, including gain-
ing insights into fluid dynamics within pipelines, heat exchangers, and other machinery;
facilitating the design and optimization of industrial processes; improving efficiency and
reducing operational costs; and mitigating safety threats such as leaks and explosions[6–8].

To explore the attributes of two phase flows, scientists have devised various models
and an extensive array of numerical methods. However, regardless of significance, these
models can pose numerical challenges because of the complexities arising from the interface
between the both phases. Specifically, these models present various numerical obstacles,
such as discontinuous solutions, shock formation, and loss of hyperbolicity. To address
these numerical challenges, drift flux model was introduced by Zuber and Findly [9].
Subsequently, several authors have made improvements and modifications to the drift
flux flow model, as demonstrated in articles [10–14]. In transient-state and steady-state
models the primary distinction is lies in the representation of the equations of motion.
The rate of change of velocity, density and temperature involve in the transient equations
of motion. A pipeline flow is typically characterized as a transient process due to the
changing inlet and outlet flows. Moreover, variations in ambient conditions, control set
points, and temperature further contribute to this transient behavior. Therefore, having a
transient flow model that accurately captures the dynamics occurring in the system proves
advantageous [15].

In this article, RKDG is developed to simulate the cuttings flow in well operations
by considering the two phase drift flux model. This method combines the best features
of finite element methods (such as weak formulation and test function spaces) and finite
volume methods (such as nonlinear limiters, numerical fluxes and smart microgrids). First
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of all, the discontinuous Galerkin numerical method was developed by Reed and Hill [16]
to solve the hyperbolic equations. After that this numerical scheme was extended and
employed to solve parabolic, elliptic and hyperbolic types of partial differential equations
[17–19]. This scheme was further modified by Cockburn and his team in [20–23]. The
explicit time discretization techniques for total variation diminishing (TVD) were discussed
in [24–27]. The proposed numerical scheme maintains the property of total variation
bounded in the means. This scheme is capable to handle sharp shock transitions, without
introducing oscillations. Further, the artificial viscosity is introduced by the numerical flux
through upwinding to maintain stability in the scheme when employing piecewise-constant
approximations, for detail see [20, 21, 24, 25].

This work presents a refined numerical approach for simulating two-phase drilling
hydraulics by coupling the Runge-Kutta Discontinuous Galerkin (RKDG) method with
WENO limiters within a drift-flux framework.To the best of our knowledge, only the
Advection Upstream Splitting Method – Velocity (AUSMV) numerical scheme has been
employed previously to simulate cuttings transport in well operations [28]. The incor-
poration of WENO limiters [29–32] into the time-stepping algorithm enhances stability
and effectively suppresses spurious oscillations. The resulting scheme accurately resolves
shock phenomena and maintains sharp solution profiles with high fidelity. Through various
test cases, the influence of changing rates of penetration (ROP) on bottom hole pressure
(BHP), cuttings concentration, and pressure evolution is systematically analyzed. The
results confirm that the proposed method outperforms conventional schemes in both ac-
curacy and computational efficiency. Future studies may focus on extending the current
model to incorporate non-Newtonian fluid effects and thermal variations, which are criti-
cal in real-world drilling environments. Additionally, the proposed numerical scheme can
be extended to compute the solutions of nonlinear partial differential equations such as
[33–36].

The rest of article is structured as follows. In section 2, the mathematical form of two
phase drift flux model and eigen structure is presented. In section 3, the TVD RKDG is
derived for the proposed mode. In section 4, different cases are considered to analyze the
effects of cuttings on bottom hole pressure and observe the effects of different parameters
in the process of cutting flows. Finally, the conclusions are drawn in section 5.

2. Drift flux model for two phase flows

In this section, we present the mathematical representation of the two phase drift flux
model [9] and provide an explanation of its eigenvalues. The model is based on several
key assumptions to simplify the complex physics of multiphase transport. Firstly, both
the liquid and solid phases are assumed to share a common pressure field. Assuming that
the cuttings are sufficiently small and uniformly distributed. The relative motion between
phases is captured using empirical drift velocity correlations. Additionally, the model
assumes isothermal conditions and neglects thermal effects on fluid or particle behavior.
Drift flux model consists of three partial differential equation, two of them are liquid
and cutting phase mass conservation equations and one mixture momentum equations are
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given here

∂

∂t
(alρl) +

∂

∂x
(alρlul) = 0,

∂

∂t
(agρg) +

∂

∂x
(agρgug) = 0,

∂

∂t
(alρlul + agρgug) +

∂

∂x
(alρlu

2
l + agρgu

2
g + p) = s,

(1)

where ag and al represent the volume fractions of cutting and liquid, ug and ul denote the
cutting and liquid velocities, ρg and ρl represent cutting and liquid densities, respectively.
The cuttings density was assumed fixed to be 2500kg/m3. The source term is denoted by
s. The mutual pressure is represented by p .

s = Ff +Gf = −32umixµmix

D2
+ (agρg + alρl)g, (2)

The diameter of pipeline from the inner side is denoted by D and g = 9.81 m/s2. Viscosity
term µmix and the average velocity term umix in the frictional forces Ff are

µmix = alµl + agµg and umix = agug + alul. (3)

There are seven unknown variables are involved in drift flux model al, ag, ρl, ρg, ul, ug,
and p. Consequently, to obtain a solution, it is necessary to establish four additional
relationships, which are as follows:

ρl = ρl,0 +
p− pl,0

α2
l

, (4)

The pressure is calculated by the following relation

p = pl,0 +

(
alρl

(1− ag)
− ρl,0

)
· a2l , (5)

al + ag = 1. (6)

and
ug = Coumix + ud, (7)

here,αl represent the speed of sound in liquid phase. Additionally, ρl,0 and pl,0 are the
reference liquid density and reference liquid pressure, while Co and ud represent the drift
cutting velocity and a flow-dependent parameter. The specific values for these parameters
are given in Table 1.

2.1. Eigenvalues calculation

The drift flux model (1) is represented in the conservation laws form

∂tW+ ∂xF(W) = S(W), (8)

where
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Table 1: Parameter values.

Description Parameters Value

cutting phase viscosity µg 2.10−2 Pa.s

liquid phase viscosity µl 5.10−2 Pa.s

velocity of sound in cutting
phase

αg 1500 m/second

velocity of sound in liquid
phase

αl 1000 m/second

reference density liquid ρl,0 1000 Kg/m3

reference pressure liquid pl,0 105 Pa

choke pressure pchoke 100 bars

W =

 alρl
agρg

alρlul + agρgug

 , F(W) =

 alρlul
agρgug

alρlu
2
l + agρgu

2
g + p

 ,S(W) =

 0
0
s

,

with, S(W) = (s1, s2, s3) = (0, 0, s), F(W) = (f1, f2, f3) = (alρlul, agρgug, alρlu
2
l +

agρgu
2
g + p) and W = (w1, w2, w3) = (alρl, agρg, alρlul + agρgug). Now, the Eq. (8) can

be expressed as

∂t

 w1

w2

w3

+ ∂x

 w1wl

w2wg

w1w
2
l + w2w

2
g + p(w1, w2)

 =

 0
0
s

 . (9)

We have observed that the entire flux vector cannot be entirely expressed using the con-
served variables in this system, making it impossible to precisely determine the sound
velocity. The papers [37, 38] provide comprehensive explanations for approximation of
the sound velocity. Although we have omitted the procedural details here, we will only
consider the eigenvalues. Eigenvalues for the considered model is,

λ1 = u− α,

λ2 = u, (10)

λ3 = u+ α.

Where,

α =

√
p

agρl(1− Coag)
. (11)

3. Construction of TVD RKDG scheme for the drift flux model

In this section, we obtain the two phase drift flux flow model using the RKDG scheme.
This model is written in compact form as

∂tW+ ∂xF(W) = S(W), t > 0, x ∈ Ω. (12)
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with initial conditions

W(x, 0) = W0(x). (13)

We subdivide the domain Ω into cells Ci = [xi− 1
2
, xi+ 1

2
], where i = 1, ..., N. We denote

the center of ith cell by xi and defined as 0.5
(
xi− 1

2
+ xi+ 1

2

)
. The size of ith cell is defined

as △xi = xi+ 1
2
− xi− 1

2
, for all i. Multiply the Eq. (12) by a smooth function τ(x) and

integrate the resulting equation over the ith cell Ci. By integrating, we obtain∫
Ci

∂tW(x, t)τ(x)dx−
∫
Ci

F(W(x, t))∂xτ(x)dx

+ F(W(xi+ 1
2
, t))τ(xi+ 1

2
)− F(W(xi− 1

2
, t))τ(xi− 1

2
) =

∫
Ci

S(W(x, t))∂xτ(x)dx, (14)

and ∫
Ci

W(x, 0)τ(x)dx =

∫
Ci

W0(x)τ(x)dx. (15)

Consider for each time t ∈ [0, tfinal], the solution approximation Wh of W belongs to
discontinuous Galerkin finite element space

Vh = {υ : υ|Ci ∈ Pk(Ci), i = 0, 1, 2...N}. (16)

The Pk(Ci) is the polynomials space of degree at most k in cell Ci. We choose the local
orthogonal basis {φl

i, l = 0, 1, 2, ..., k} , named as scaled Legendre polynomials Pl(x), over
cell Ci as defined below

φl
i(x) = Pl((x− xi)/△xi), l = 0, 1, 2, ...k. (17)

Then, the approximate solution Wh(x, t) ∈ Vh is defined as

Wh(x, t) =
k∑

l=0

Wl
i(t)φ

l
i(x), for x ∈ Ci, (18)

where, Wl
i(t) =

2l+1
△xi

∫
Ci

Wh(x, t)φ
l
i(x)dx by using the orthogonal property∫

Ci

φl
iφ

m
i dx =

{
0, l ̸= m

△xi

2l+1 , l = m.

Now, replace a smooth function τ(x) by the test function φl(x) ∈ Vh and flux function
F(W(xi+ 1

2
, t)) by numerical flux F̂i+ 1

2
in Eqs. (14) and (15) to obtain a numerical scheme

as follow∫
Ci

∂tWh(x, t)φl(x)dx−
∫
Ci

F(Wh(x, t))∂xφl(x)dx+ F̂i+ 1
2
φl(x

−
i+ 1

2

)− F̂i− 1
2
φl(x

+
i− 1

2

) =
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Ci

S(Wh(x, t))φl(x)dx,

(19)

with ∫
Ci

Wh(x, 0)φl(x)dx =

∫
Ci

W0(x)φl(x)dx. (20)

The flux F̂i+ 1
2
= 𭟋

(
Wh(x

−
i+ 1

2

, t),Wh(x
+
i+ 1

2

, t)

)
is any monotone numerical flux. Here,

we use the Local Lax-Friedrichs as a monotone numerical flux which is defined below

𭟋
(
W−

i+ 1
2

,W+
i+ 1

2

)
=

1

2

(
F(W−

i+ 1
2

) + F(W+
i+ 1

2

)− ϑ(W+
i+ 1

2

−W−
i+ 1

2

)

)
, (21)

where ϑ = maxW |F′(W)| and Wh(x
±
i+ 1

2

, t) are the limited values of approximate solution

Wh(x, t) at the cell interface xi+ 1
2
. By using above definitions, the Eqs. (19) and (20)

simplify to

dWl
i(t)

dt
= −2l + 1

△xi

(∫
Ci

F(Wh(x, t))∂xφl(x)dx+ F̂i+ 1
2
φl(x

−
i+ 1

2

)− F̂i− 1
2
φl(x

+
i− 1

2

)+∫
Ci

S(Wh(x, t))φl(x)dx

)
, (22)

and

Wl
i(0) =

2l + 1

△xi

∫
Ci

W0(x)φ
l
i(x)dx. (23)

Next, to obtain non-oscillatory discontinuity propagation and high order accuracy by
RKDG method, the limiter procedure is divided into two parts. Firstly, identify the cells,
named as “troubled cells”, that may need the limiting procedure. Secondly, reconstruct
the polynomial solutions in these troubled cells by using WENO reconstruction.
Here, the troubled cells are identified by total variation bounded (TVB) limiter [39], which
is described as

Wh(x
+
i+ 1

2

) = W
(0)
i +Wi, Wh(x

+
i− 1

2

) = W
(0)
i −Wi, (24)

where

Wi =
k∑

l=1

Wl
iφ

l(xi+ 1
2
), Wi = −

k∑
l=1

Wl
iφ

l(xi− 1
2
).

Now Wi and Wi are modified by the modified minmod (MM) function, as follow

W
mod
i = MM(Wi,W

(0)
i+1 −W

(0)
i , W

(0)
i −W

(0)
i−1),
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W
mod

i = MM(Wi,W
(0)
i+1 −W

(0)
i , W

(0)
i −W

(0)
i−1),

where MM is defined as

MM(a1, a2, a3) =

{
a1, if |a1| ≤ M(△x)2,

M(a1, a2, a3), otherwise,

where M is a positive constant and the minmod function M is defined as

M(a1, a2, a3) =

{
S ·min1≤i≤n |ai|, if sign(a1) = sign(a2) = sign(a3) = S,

0, otherwise.

Note that, the cell Ci is called a troubled cell when W
mod
i ̸= Wi and W

mod

i ̸= Wi.
For the troubled cell, the moments Wl

i are reconstructed by the WENO reconstruction

which retains the cell average W
(0)
i . Note that, for the (k + 1)-th order accurate Pk

based DG scheme, we use the Gauss Lobatto quadrature rule which is accurate at least
up to the order (2k + 2) and the order of accuracy for the WENO reconstruction must
be at least (2k+ 1). To achieve this, (2k+ 1) neighboring cells Ci−k, ..., Ci+k are used for
reconstruction of the point values of W at the Gauss Lobatto quadrature points. Next, for
the reconstruction of WENO limiter for RKDG scheme, we will follow the same approach
as described in [30] and obtained the WENO approximation to the moments as follows

Wl
i =

2l + 1

△xi

k∑
m=0

ωm

∫
Ci

pm(x)φl
i(x)dx l = 1, ..., k. (25)

Here, pm(x) denotes the k-th degree reconstructed polynomial associated with each of the
stencils τm = ∪k

l=0Ci+m−l, m = 0, ..., k and ωm are the nonlinear weights defined as

ωm =
ωm∑
m ωm

, ωm =
γm

(ε+Bm)2
, (26)

where Bm is the smooth indicator for each cell Ci which measure the smoothness of
function pm(x) in the cell Ci. The Bm is defined as follow

Bm =
∑
m

∫
Ci

△x2l−1
i

(
∂l

∂xl
pm(x)

)2

dx. (27)

The remaining two terms γm and ε in Eq. (26) respectively denote the linear weights and
small constant which is usually taken as 10−6. Further, the linear weights γm should
satisfy the following relation∫

Ci

q(x)φl
i(x)dx =

k∑
m=0

γm

∫
Ci

pm(x)φl
i(x)dx, l = 1, ..., k, (28)
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where q(x) denotes the 2k-th degree reconstructed polynomial, associated with the larger
stencil T = ∪k

m=0τm [29]. For time discretization, we will use second order TVD Runge-
Kutta method [40]. The system of ordinary differential equations (22) can be written in
the compact form as follows,

dWh

dt
= Lh(t,Wh) . (29)

To approximate equation (29), one may used r-order TVD RK,

W
(k)
h =

k−1∑
l=0

[
αklW

(l)
h + βkl∆tLh(t

n + dl∆t,W
(l)
h )

]
, k = 1, 2, · · · , r , (30)

by using the boundary conditions

W
(0)
h = Wn

h , W
(r)
h = Wn+1

h . (31)

The coefficients for the second-order TVD RKM are provided as follows:[20]

β10 = α10 = 1 , β21 = α20 = α21 =
1

2
, d0 = 0 , d1 = 1, β20 = 0. (32)

While, the coefficients for the third-order TVD RK are provided as follows

β10 =α10 = 1 , β20 = 0 , α20 =
3

4
, β21 = α21 =

1

4
, α30 =

1

3
,

β31 = β30 = α31 = 0 , β32 = α32 =
2

3
, d2 =

1

2
, d1 = 1 , d0 = 0 . (33)

The following condition

∆t ≤
(

1

2k + 1

)
min(∆xj)

λmax
, (34)

is known as Courant-Friedrichs-Lewy (CFL) condition [20], where ∆t, k, ∆xj , min(∆xj)
and λmax represent time step, degree of polynomial used in DG scheme, spacial cell size,
the most restrictive condition over the grid and maximum speed. The CFL condition is
used in the time step scheme for ensuring the stability and convergence of the numerical
scheme.
Here, k = 1, 2 is the order of scheme which is second and third order respectively, and
λmax reprsents the maximum eigenvalue. The adaptive nature of this time step results in
a decrease for scenarios involving substantial variations (large slopes) in the solution and
an increase otherwise.
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4. Numerical Simulation

In this section, five different test cases [28] are considered to analyze the efficiency of
and proposed numerical scheme.More precisely, the proposed numerical scheme is used to
examine the influence of cuttings on bottom-hole pressure, observes the variations of BHP
over time, and explores the impact of changing penetration rates on BHP throughout the
time duration. We consider the consistent geometry across all given cases, the depth of
well is taken as 2000 m and inner diameter of the well is 5 inches, while the outer diameter
is 8.5 inches. For complete description, the reader is referred to [28].
Case 1: A no-slip model is considered in the this case and over various time intervals
the changes in cutting concentrations are observed. Before pumping starts, the well is
completely full with liquid, and the flow rates are 22 kg/s with a cutting flux of 2 kg/s at
the bottom of the well. In Figure 1, at 500 s, it is evident that well lower part contains
cuttings, indicating the transportation of cuttings out of the well. However, initially, the
cutting concentration is zero up to a depth of 1250 m, and then it steadily increases,
eventually approaching a value of 0.04, as shown in the figure. Moving on to Figure 2,
the cutting has progressed higher up in the well at 1500 s. It is also observed that the
concentration values are constant, indicating a stable state, specifically from 1400 m to
2000 m. In contrast to Figures 1 and 2, Figure 3 shows that the steady state of the cutting
concentration is achieved at a shorter well depth at a depth of 2000 m. Constantly cutting
concentration values are observed from a depth of 1150m onward. After 3000 s, the steady
state is reached in Figure 4, and the cutting concentrations are consistently seen over the
whole well. Figure 5 displays the final steady state conditions when the final time is set
to 4000 s. The cutting concentration is measured at 0.04, indicating that the cuttings are
distributed throughout the entire well. Figure 6 shows a graph of bottom hole Pressure
over time in the well, highlighting how the cutting rate impacts BHP. When we first begin
pumping cuttings into the well, it takes around 200 s for BHP to start rising. This rise
is due to the friction within the well caused by the start of the flow rate. As the well
continues to fill with cuttings, the BHP steadily increases.

Case 2: In this case, we introduce a change in the mass rate of cutting, which is now
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Figure 1: Case 1: t= 500 s, mass rate = 2 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 2: Case 1: t = 1500 s, mass rate = 2 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 3: Case 1: t= 2000 s, mass rate = 2 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 4: Case 1: t= 3000s, mass rate = 2 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 5: Case 1: t= 4000 s, mass rate = 2 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 6: Case 1: t= 4000 s, plotting of bottom
hole pressure vs time.

set at 4 kg/s. We observe variations in the concentrations of the cutting for different time
intervals, while keeping all other variables the same as in Case 1 . Figure 7 demonstrates
that when using a higher cutting rate, the cutting concentrations are also higher, reaching
a value of 0.077. This concentration is higher compared to the previous case. Similar to
Case 1, the cutting concentrations initially start at zero up to a depth of 1250 m, and
then steadily increase, approaching the value of 0.077. In Figure 8, we observe that the
concentration of the cutting gradually increases from a depth of 400 m to 1400 m. At
a level of 0.77 concentration, it reaches a steady state. This indicates that the cutting
is distributed primarily in the lower part of the well. According to Figure 9, the cutting
concentration reaches its steady state at a shorter hole depth at 2000 s when compared
to Figures 7 and 8. At around 1150 m down, the concentration reaches its steady state.
Figure 10 depicts that the cutting concentration can be distributed throughout the entire
well relatively quickly. Constant cutting concentrations are observed from a depth of
250 m to 2000 m. At 4000 s, constant cutting concentrations of 0.077 are shown over
the whole well in figure 11. The well’s bottom hole pressure against time plot is shown
in Figure 12, which illustrates how the cutting rate impacts BHP. Like Case 1, an initial
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increase in BHP occurs when pumping cuttings and liquid begins, attributed to friction.
Gradual increases in BHP are observed due to the hydrostatic pressure as the cuttings are
moved upward in the well. It takes around 3500 s to reach a steady condition. When the
injection rates are zeroed out at 4000s, well friction goes away. The difference between the
simulations in both cases is mainly due to the content of cuttings in the well. The steady
state pressure observed during circulation is higher in this case, which can be attributed
to the higher cutting rate and resulting higher cutting concentration.
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Figure 7: Case 2: t= 500 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 8: Case 2: t= 1500 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 9: Case 2: t= 2000 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.

0.055 0.06 0.065 0.07 0.075 0.08

Cutting Concentration

-2000

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

0

W
el

ld
ep

th
 x

 [m
]

Figure 10: Case 2: t= 3000 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.

Case 3: In this case, we will simulate with a cuttings mass rate of 6 kg/s, while the
end times change according to time intervals. The cuttings have penetrated a depth of
1250 m at 500s, as seen in Figure 13. However, as a result of the increased cutting rate of
6 kg/s, the concentration of cuttings is roughly 0.115 at the conclusion of the simulation,
which is greater than in the prior situations. In Figure 14, the concentration of the cuttings
rises steadily from 400 m to 1400 m, after which it steady state at 0.115, much as in the
other instances. This points to the bottom of the well as the primary distribution point
for the cuttings. The steady state of the cutting concentration is achieved at a shorter
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Figure 11: Case 2: t= 4000 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 12: Case 2: t= 4000 s, mass rate = 4 kg/s,
plotting of bottom hole pressure vs time.

well depth compared to Figures 13 and 14, as shown in figure 15, when the end time is
raised to 2000 s. At around 1150 m down, the concentration reaches its steady state. At
3000 s, as shown in Figure 16, the cuttings have been distributed throughout the entire
well. Constant cutting concentrations can be observed from a depth of 250 m to 2000 m.
In Figure 17, at 4000 s, the cuttings concentration is the same across the entire well,
indicating the achievement of final steady state conditions. From 2 kg/s to 4 kg/s and
then 6 kg/s, the cuttings concentration grew in accordance with the cuttings mass rate.
In Figure 18, we can see the well’s bottomhole Pressure (BHP) plotted against time. As
in earlier instances, the first rise in BHP at 200 s is caused by the friction that occurs
when cuttings and liquid are pumped. As the cuttings ascend in the well, the hydrostatic
pressure rises, and the BHP rises with it. A steady condition is achieved after 3500 s.
When the injection rates are turned off after 4000 s, the only pressure that remains is
hydrostatic pressure, as well friction goes away. Here, we see stronger pressure than in the
prior instances since the cuttings concentration is higher because to the higher cuttings
rate.
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Figure 13: Case 3: t = 500 s, mass rate = 6 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 14: Case 3: t = 1500 s, mass rate =
6 kg/s, plotting of well depth vs cuttings concen-
tration.
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Figure 15: Case 3: t = 2000 s, mass rate =
6 kg/s, plotting of well depth vs cuttings concen-
tration.
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Figure 16: Case 3: t = 3000 s, mass rate =
6 kg/s, plotting of well depth vs cuttings concen-
tration.
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Figure 17: Case 3: t = 4000 s, mass rate =
6 kg/s, plotting of well depth vs cuttings concen-
tration.
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Figure 18: Case 3: t = 4000 s, mass rate =
6 kg/s, plotting of bottom hole pressure vs time.

Case 4: In this test case, we consider two different rate of penetrations: an ROP
of 10 m/h and an ROP of 30 m/h, which correspond to mass rates of 0.166 kg/s and
0.498 kg/s, respectively. Figure 19 illustrates that the cutting concentrations increase
gradually until reaching a constant value of 3.55 × 10−3. The cuttings front appears to
be smeared out, which can be attributed to numerical diffusion. In Figure 20, we observe
that near this constant value, the cutting concentrations remain steady over a time period
of 4000 s. At a ROP of 10 m/h, the simulation results are shown in Figure 21. After 200 s
of inactivity, the flow rates are activated, leading to a pressure rise caused by friction,
after which the well is left static. On the other hand, there is much less cutting buildup
since the cutting rate is far smaller. At a ROP of 30 m/h, the simulation results are
shown in Figure 22. After 1500 s, you may see cuttings at the well’s bottom. At this mass
rate, which corresponds to a Rate of Penetration (ROP) of 30 m/h the concentration is
more noticeable. The concentration of the cuttings is 0.01 in Figure 23, which is almost
three times higher than the concentration of 0.00355 in Figure 20. As the ROP grows, the
cutting concentration visibly increases. Higher ROP produces a larger volume of cuttings
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in a shorter time, increasing the solid phase concentration in the annular flow. This results
in sharper gradients and stronger discontinuities in volume fraction, velocity, and pressure
fields.
Figure 24 shows that our ultimate steady-state BHP is 201.9 bar, which is higher than the
199.8 bar result from the prior simulation. Because of the increased cutting concentration,
the BHP has increased. Also, between 2000 s and 4000 s, there is a change in BHP of
2.1 bar (201.9 - 198.8), which is the hydrostatic contribution of the cuttings. Additional
research is required to confirm that pressure pulses are the source of the peak at 2000 s.
There is a rising tendency in the maximum BHP value, which means that BHP grows as
ROP does. This test case demonstrates that the WENO-limited RKDG scheme remains
stable even under high rates of penetration (ROP), which typically introduce steep changes
in bottom hole pressure (BHP) and cuttings concentration.
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Figure 19: Case 4: t = 1500 s, mass rate =
0.166 kg/s, plotting of well depth vs cuttings con-
centration.
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Figure 20: Case 4: t = 4000 s, mass rate =
0.166 kg/s, plotting of well depth vs cuttings con-
centration.
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Figure 21: Case 4: t = 4000 s, mass rate =
0.166 kg/s, plotting of bottom hole pressure vs
time.
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Figure 22: Case 4: t = 1500 s, mass rate =
0.498 kg/s, plotting of well depth vs cuttings con-
centration.

Case 5: In the present scenario, we discretize the well into 25 boxes and 50 boxes to
examine the efficiency of proposed numerical scheme and effect of discretization on the
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Figure 23: Case 4: t = 4000 s, mass rate =
0.498 kg/s, plotting of well depth vs cuttings con-
centration.
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Figure 24: Case 4: t = 4000 s, mass rate =
0.498 kg/s, plotting of bottom hole pressure vs
time.

two phase flows. Figure 25 displays the impact of increasing the number of boxes on the
analysis. The transition zone between pure liquid and liquid/cuttings becomes sharper as
the number of boxes increases. Clearly, steady state cutting concentration value becomes
more precise with a finer grid (0.07 for 25 boxes vs 0.077 for 50 boxes). Thus, refining the
grid brings us closer to the true value, which is 0.067. Figure 26 demonstrates that using
50 boxes results in less smearing of the cutting concentrations at 1500 s compared to 25
boxes. Similarly, in Figure 27, for 50 boxes and 2000 s, we observe a less smeared front.
The steady state concentration values at the end differ between the two cases. Figure
28 shows steady state conditions at 3000 s, while in Figure 29, although we reach steady
state, the cutting concentration values differ at 4000 s. Figure 30 illustrates the outlet
rate, which is observed to be 24 kg/s initially. This is due to the pumping of liquids
and cuttings from the bottom of the well. Nevertheless, the liquid flow rate diminishes to
steady-state value of 22 kg/s, once the cuttings arrive at the outlet. Figure 31 displays
the impact of numerical diffusion on the liquid mass rate. Initially, we observe a transit
time of 2172 s for the cutting in the well. The simulation starts at 150 s. The transition
is quicker and closer to the theoretical value when using 50 boxes compared to 25 boxes.
A smooth curve showing a linear rise in the cutting mass rate is shown in Figure 32 from
2000 s to 2700 s. Four thousand seconds is the time required to achieve a steady state.
Here, there is no difference between the cutting mass rate at the well’s top and bottom.
The impact of numerical diffusion becomes apparent once again when the cuttings reach
the well’s exit, when there is a rapid rise from 0 to 4 kg/s.
Figure 33 demonstrates the numerical diffusion effect. It is observed that by using 50 boxes
the steady state attained more rapidly as compared to 25 boxes. It takes 3000 s to achieve
the cutting mass rate associated with 50 boxes and 4 kg/s. This result is better when
compared with the result of 25 boxes, takes 1000 s more. This result shows that the curve
display a complete transition. Figure 34 shows the effect of numerical diffusion on BHP.
We can observe an increase in BHP from 201− 205 bar at 200 s, which is due to friction.
As the cuttings start to distribute in the well, there is a gradual build-up of pressure. The
maximum BHP is 222 bar for the solid curve and 224 bars for the dashed curve. When
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the number of boxes is 50, we observe a difference of two bars in the maximum BHP value.
This is because we obtain a more accurate cutting concentration value with 50 boxes. The
proposed numerical scheme demonstrates improved efficiency and accuracy as the number
of grid points increases, indicating good convergence behavior with mesh refinement.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Cutting Concentration

-2000

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

0

W
el

ld
ep

th
 x

 [m
]

25 boxes
50 boxes

Figure 25: Case 5: t = 500 s, mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 26: Case 5: t = 1500 s ,mass rate = 4 kg/s,
plotting of well depth vs cuttings concentration.
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Figure 27: Case 5: t = 2000 s, mass rate =
4 kg/s, plotting of well depth vs cuttings concen-
tration.
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Figure 28: Case 5: t = 3000 s, mass rate =
4 kg/s, plotting of well depth vs cuttings concen-
tration.

5. Conclusions

This study presented a high-order TVD Runge-Kutta Discontinuous Galerkin (RKDG)
numerical scheme with WENO limiters to analyze the behavior of two-phase flow in drilling
operations using the drift-flux model. The proposed method effectively handled the non-
linear nature of transport processes, accurately captured sharp interfaces, and suppressed
non-physical oscillations near strong gradients. Through a series of test cases, a clear
relationship was observed between increasing rate of penetration (ROP), cuttings concen-
tration, and bottom hole pressure (BHP). These results demonstrate that the developed
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Figure 29: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of well depth vs cuttings concen-
tration.

0 500 1000 1500 2000 2500 3000 3500 4000 4500

Time [s]

-5

0

5

10

15

20

25

M
as

sr
at

e 
of

 L
iq

ui
d 

at
 o

ut
le

t [
kg

/s
]

Figure 30: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of liquid mass rate out vs time.
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Figure 31: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of liquid mass rate out vs time.

0 500 1000 1500 2000 2500 3000 3500 4000 4500

Time [s]

0

0.5

1

1.5

2

2.5

3

3.5

4

C
ut

tin
g 

M
as

sr
at

e 
ou

t [
kg

/s
]

Figure 32: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of cuttings mass rate out vs time.
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Figure 33: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of cuttings mass rate out vs time.
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Figure 34: Case 5: t = 4000 s, mass rate =
4 kg/s, plotting of bottom hole pressure vs time.

scheme can provide reliable and accurate predictions for transient drilling hydraulics, of-
fering an efficient tool for optimizing operational parameters. However, the current model
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does not account for thermal effects or complex particle interactions like settling, agglom-
eration, or erosion. Future work can extend this study by incorporating more detailed two-
fluid models, considering variable fluid properties, and including temperature-dependent
behavior.
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