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1. Introduction and Preliminaries

Special functions are widely applicable in different areas of study like pure and applied
mathematics, physics, engineering, and mathematical modeling. In the field of special
functions the main aim is to derive and investigate the results, which are helpful in solv-
ing the problems of different fields. With this aim many researchers are working through
different directions. In the last two decades the researchers like Diaz, Pariguan, Mubeen,
Habibullah, Kokologiannaki, Krasniqi, Mansour etc. worked on the specific k-symbol and
proved number of properties and applications.

Diaz and Pariguan [[], presented the extension of beta and gamma functions respec-
tively, in the form of k£ > 0 as

nlk" (nk)% !

k(o) = n]1_>n[o1o O where k > 0,0 € C\kZ~ (1)

and .
Bi(0,w) = llc/ I 1— ) ld R(o) > 0,R(w) > 0 @)

0

on the basis of extended Pochhammer’s symbol
(0)nk = (0)(0+k)(0+ 2E)...(0 + (n — 1)k), n>1k>0.

They also discussed the integral form of extended gamma function

o ok
k(o) = / tile ko dt, R(o) >0,k >0
0

and the hypergeometric function k-function [[I] for all ¢, p,w € Cand w # 0, -1, -2, -3, - - -

1, as
. o — ZOO (@)m k(@) mk ™
2F1,k<(w7k)7(p7k)7(67 k)7a)_m:OWﬁ7 k>0

After that the researchers [2-11] worked on k-functions, proved many properties and re-
sults in k-form. Mubeen et al. [12] introduced generalized hypergeometric differential
equation also proved twenty four solutions of that equation. Some other functions like
Mittag-Leffler function, Fox H-function, Meijer G-function etc. are the functions upon
which many researchers [13-25] have worked and gave different properties.

In the last few years, the researchers [26-31] started to see the applicability of the special
functions and fractional operators in various fields like Magneto hydrodynamics (MHD)
and hybrid nanofluids, entropy analysis in special fluid flows, heat and mass transfer via
special functions. Khan et.al [26] concentrated on many generalizations of MHD fluids
through different fractional operators. They also suggested that many complicated prac-
tical life phenomena’s can be dealt easily with the help special functions and fractional
operators. The Caputo—Fabrizio time-fractional derivatives have been used by [31] to gen-
eralize the idea of dusty tetra hybrid nanofluid, also discussed several applications like in
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signal processing, diffusion, image processing, damping, and bioengineering etc. of gener-
alized fractional operators.

Among several special functions, Meijer G-function as a particular instance of Fox
H-function is an interesting function due to its generality because many other classical
functions are the special cases of this function. Meijer G-function is an essential math-
ematical tool in studying different applied mathematical models, integral equations, and
differential equations. Milgram [32] gave some techniques to tackle the summations in-
volving Meijer G-functions and proved some useful results.

In our current investigations, we prove the generalization of some summations involving
Meijer G-function in k-form, & > 0, and give some techniques to tackle with applications
related to generalized Meijer G-functions. All the obtained results will take the classical
forms while choosing k = 1.

Generalization of Meijer G-function (i.e. Meijer (G, k)-function) [33, B4], for £ > 0
can be defined as:

mn |€p
k,p,q fq

1 I'p(fim — )Tk —e1n
| = g f e Q
2mi Jp, Fk(enJrl,p =)y (k — m41,q T s)

where .
Ti(onp + ) = [ [ Trloj +9)
j=n
is the gamma k-function.
Luke [21] considered the path of contour integral of the form given above for various

ranges of z. Here, we consider |z| < %,k > 0and p < q, g > 1. We are keen in the
summations involving generalized Meijer G-function as:

zlg [e (1)
7Gm7n P
Zl: I ke | fo(1)

where e, (1) and f,(l) are of the form w % (k and p + [k respectively.

. (1)

The basic idea, is to observe that if g, e,(l) and f,;(1) are such that after replacing the
summation and integral in (4), the [ dependence take the form of Gauss hypergeometric
function oF , and then different known results and transformations can be applied on
29I . After solving 2F1 j, the order of summation and integration can be interchanged
again and we will obtain generalized G-function.
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2. Main Result

In this section, we investigate a result which implements the technique discussed
above.

Theorem 1. For R(h — g — k +w) > min(R(f;)), 7 = 1,....,m, k > 0, the following
equation holds:

z] . (5)

Sk(l _ Fk(g) m+1n+1 [w ep,w—i—h k

%wz) - Fk(h _g) k,p+2,q+1 w + h g k fq

Proof. Consider the summation

Zrkg+lk Gmntl w—lk,ep
M0 (h = k) Chartra |

By using the definitions of generalization of Meijer G-function and hypergeometric k-
function, we get

Fk 1 Te(fy = 8) 11 Tr(k — €5 + 5) g, k—w+s k
Sk(z,2) = ?{ J Lip(k—w+s)oFy |77 x| 2%k ds
27” HJ =n+1 ( - S) H?:m-ﬁ-l ]‘_‘k(k - f] + S) h
from equation (3) for |z| < ¢
To evaluate the summation at x = %, we use the relation
: w, 7 Ly(p)Lk(p —w —n)
lim 2F1,k[ ‘m]: , R(p—w—mn)>0.
o (1) p Le(p—w)Tk(p —n) ( )
Thus, we obtain
Lo Twlg) mtinsr [wepw+h—k
Sk(EaZ)—m k20t |4 h— g — k., f,|° (6)
for R(h — g — k + w) > min(R(f;)), 7 = 1,...,m, in other case, we obtain residues of
I'x(h— g — k+ w — s) for the poles which lies outside the contour L.
Corollary 1. For |z| < 4, the transformation [15]
2FLi(g, k—wtsihie) = (1—ka) k- oFyy [h ok _hk e x] (7)
can be used in (5) to get
Sl 2) = Ti(g)(1— kx) % 3 Lp(h—g+ k)2 i [wepwt+h—k | 2
B, 2) = Te(h—g) TR A R Rt o b — ke kS| T k]

(8)
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Remark:

Similar and even more difficult results can also be obtained by using ,41F, ) for known
arguments.

3. some variation formulas involving generalized Meijer G-functions

In this section, we consider some summations involving generalized Meijer
G-functions for x = :I:% and use some transformations to obtain the some useful results.

Theorem 2. For0 <n<p+1,p+2<q,0<m <q and W which is enclosed
by contour for f;,j =1,...,m, the following holds:

1 ZFk(nglk)(%) Gt [w—lk,epjn-i-lk‘z}
9)

I l i k.p+2,q fq
1 o |w,ep, CHITR) (nde) g 0
T 5% Tk,p+d,q+2 (ntw—g— k) (77+w 9) zl- (9)
2k 2 [

Proof. Consider the left hand side as

Fk g+lk %) Gmn+1 W_lk7€p777+lk
Z k,p+2,q f
1

1 ka(g—l—lk E ]_S)H?:1Fk(k_€j+5) Lids
I ! 27TL H] n+1 8) H?:erl Fk(k - f] + S)

7{ j—s)H" Lp(k—ej+s) Z (k — w+slka(k w+s)(g) (%)l
H] a1 Dr(es = ) [Ty Tk = f5 4 5) 4 (n = 8)ixlk(n— s)l!

7{ i Te(fs = ) L= Te(k —ej + s)Tk(k —w + s)

HJ =n+1 Fk € — S) H?:m—i—l Fk(k7f3+s)r\k(nis)
Ty.(n — sk — 8
L —s)lk(n—s—k—g+w—s) .
Fim—s—g)lk(n—s—k —s+w)

After doing simple mathematical calculations we finally obtain

1 Zrk(gﬁ-lk)(%) Gmnt! w—lk,ep,n—i-lk‘z}

Fk(g) l ] k,p+2,q fq

_ i m+2,n+1 [wvepu (w+g_k) (e )777 g

9 T k,pt-4,q+2 (n+w—g—k’) (n+w g9)
2k 2 » Jq

]

w
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Corollary 2. For n = g + w, the quadratic transformation r — ﬁ of the function

2 F i, in equation (9) can be used, as for x = _71, we get

1 Fk(g—’—lk)(_?l)l mn+1 |W — Ik €p7g+w+lk Fk(k) m,n+1 Waepa% +w
> . G =83 gy ..
I'x(g) l P4 fq (g + )~ k,p+2,q fa

(10)

l

Theorem 3. For0<n<p+1,p+2<q,0<m <q and W which is enclosed
by contour for f;,j =1,...,m, the following holds:

1 r k) (L)t —
)z k(g+ )(k;) Gm,n+1 |:W+lk7€pa"7 lk‘zj|

I'x(g l I k,p+2,q fq
—k
o L m+3,n+1 |W, Ep, %a (w+77)’,'7’w g (11)
T ot ko543 w, (w+nggfk)’ (w+n 9) 4 :

Proof. Considering the left hand side as

Zrk‘ g+”€ %) Gmn+1 |:w+lk‘7€p7"7_lk‘“z:|

l k.p+2,q fq
Z % j{ szle(fj—s)Fk(k—w—lk—l—s) Hn+1rk(k—€j+8) Ads
] l' 2me Jo 1225 Tales — s)Dun — Uk — 8) Ty Dulk — f5 + 5)

Now, by interchanging the order of summation and integration and then applying

(k - w)—n,k =
we obtain

1 Zrk(9+lk)(%)le,n+1 w— 1k, ep,g+w+lk:
L'r(g) ! kpt2.q

j—sm}Lle(k e]+s) (@ralulk —w — Uk +5) (1) -
f{H] 1 Diles = ) 1T ICESRan ) D oyl s I

j:m-‘rl 1

Applying Legendre Duplication k-formula for z = % and z = 1 — 5, we get

1 Z Li(g + k) (F)! ot [w =1k ep, g+ w+ k|
I'v(9) ! hpt2.0 Jq

1 T Te(fs — ) T10, Twlk — € + )
2t 2m JLTT0E, o Thlej — $) TT9m s Tk — £ + 5)

l
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Tj(w — 8)Dp (L8 — )Ty (k — w — s)[p (L4541 — 5) 'y
X Zkas
T(n — 8)Dg(w — 5 — ¢)TR(ZE2 — )Ty (H0E )
_ i m+3,n+1 |W, Ep, v §+777 w;’?77]7w -9 P
2% k,p+5,9+3 w, w—k’-2|r77 97 w+77 97 fq

Corollary 3. If we choose w =n+ g in Theorem (3), then

1 5 Ty(g + lk)(%)le,nH N+ g+ 1k epn— lkH

I'(9) l T k.p+2,9 fq

D) mrien N+ g emn+$im|
Q%Fk@ k,p+3,q+1 n+ g, fq ’

where m,n,p and q are identical to classical Meijer G-function.

By keeping in view the above variants, we consider another variant as

Theorem 4. For 0<m <q, 0<n<p<gq, R(h—n+w)>1, k>0 the following holds:

]

mtlntl |W,ep,w+h—Fk
=Tp(h—n+w—k)G 5 0 [77 f:,n—l—h—l—K ]

Z (%)l Gm+1n+1 w—lk » €Ep
— Ty (b + Lk)ILB0HLad [+ 1k, f,

Proof. Consider the left side as

Z iGmJ’_l n+1l (W — lk ep

= Dp(h+ Lk)1RPHLatt |y 4k, ful

-3 o f A Dl DI )y,
DA+ 1R) 2me i TT2E), Taley — ) T o Thlk — £+ 9)

Now, interchanging the order of summation and integral also doing some calculations, we
have

(h+w n— k}'{ [ D5 — ) T2 Tr(k — e+ 9)
I

j= n+2 Ly(k — € — s) ;1':71714»2 Dy (k — fj + 8)

Z () Gm+1n+1 w—lk ep|,
Tl DRI R Lt 4 1, £y |
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Fk(n—s)Fk(kz—w+s)
Lpk—k+h—n+s)Tph—n+s)Tx(h—k+w-—2s)

m+1,n+1 we’h—l—w—k
=Tp(h=n+w—Fk)G 5,7 [77 fz,h+77+k‘ ]

Hence, we finally obtain

Z () mtintl |w — Ik, 1
D(h+ k)l krthatl |4 [k, fq

4. Special Cases and Applications

In this section, some results are given for special functions which can be
identified as generalized Meijer G-functions. The results that are derived are useful in
numerical computations. Here, we consider generalized hypergeometric functions in sum-
mation and then after some mathematical calculations, we derive the results in k-form as
follows:

Theorem 5. For R(f, —w —1lk —ep) >0, k > 0 the following holds:
Ti(g + 1) (L)! w ke,
AL RS

1 £, y}

() FTR(f)Tk(9)Tklep, — 9) W—g,ep—g
T TheTilfy—g) P { fo—g M - (12)

l

Proof. As

1,p+1 |:k — W — lk, k —

ep _ Tr(w+1k)Ck(ep) w+lk, ey,
kp+1,g+1 0,k — f, A

Ti(fy) prifak [ fa

|

So

(g + Uk)(L)! w Uk, e
Zl—,k 1 Fq fq Ply

(D 1rTk(f) () 1 k—w—lkk—e
i]?‘ 7p ) P
k Z Fk ep Fk (U—i-lk')l' k,p+1,q+1 O,k _ fq

— MGLPH k—wk—ep
Tp(ep) — FPHLatL | —g k— f,

l

-

Also
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Lp+1 k—wk—ep|l } _ L' (w)lk(ep — 9) e Ia [w—g,ep—g' ]
k,p+1,qg+1 [ —g,k— f, Tk;(fq 9 (—y) p+1Lq,k fi—g Yyl -
So
Ty(g + 1K) (3)" w+ 1k, e L (f)Tk(9)lk(ep — 9) =9 w—g.ep—g
F ) €p _ q P _ F ) Ep
zz: i Pk fal” Ti(ep)Tk(fy — 9) G0 b
Remark:

For ¢ =0 and p = 0 or p = 1, the above equation can be expressed in the k-form of result
B5].

We also derive some results by using generalization of Meijer G-function given as

Li(g + k) (3)! e
A A Y . A F P
; l[ p q+1,k J('q’?7 _ lk’ Yy
_ Il e Tu(@)Te(k = )Tw(k — g) - [ k+epk—g M (13)
Uitk —n—g) Ty fy P78 [k+ fo ke 40,2k
and
Ti(g + k)T (ep + 1K)y ep+ 1k T1(g)Tk(ep) ep,h—g
= _KIRT) R P> (14
2 WD (h+ )T (fy + 1k) P2 0% [ f+ k)Y | ~ Tha(Tu(fy) PP | fn | (14)

l

Many other similar results can also be derived for some special functions.
If we take ¢ (e; g;y) as confluent k-hypergeometric function of second kind, then in term
of generalization of Meijer G-function we can write it as

e 1 21 k—e
= Gy . 15
o o] = mEmare=g e kol )
After doing some calculations on equation (15), we obtain
Tr(e +1k)Tk(f + k) e+ 1k e
=Tg(e)l . 1
> I Pk g | k(€)Lk(f) Pk Frgl? (16)

l

5. Conclusions

In this paper, we look into the summations involving generalization of Meijer G-
functions, hypergeometric functions and confluent hypergeometric functions. By applying
different techniques and transformations on summations we obtain the variations of said
functions. Throughout this paper if we choose k = 1 then we will get the classical Mei-
jer’'s G-function, Hypergeometric function and Confluent Hypergeometric functions and
the results obtained will take the classical form.
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