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Abstract. In this paper, two quite new theorems on degree of approximation of conjugate of functions
f € Lipaclass and f € W (L., & (t)) class using (E,1)(C, 1) product summability means of conjugate
Fourier series have been established.

2000 Mathematics Subject Classifications: 42B05, 42B08
Key Words and Phrases: Degree of approximation, Lipa Class, W(L,,&(t)) class of functions, (E, 1)

summability, (C,1) summability, (E,1)(C,1) product summability, Fourier series, conjugate Fourier
series, Lebesgue integral.

1. Introduction

A good amount of work to determine the degree of approximation of functions belong-
ing to the classes Lipa, Lip (a,r), Lip(§(t),r) and W (L,,&(t)) using Cesaro, Nérlund and
generalized Norlund single summability methods has been done by several researchers like
Alexits [1], Sahney and Goel [12], Qureshi and Neha [8], Qureshi [9, 10], Chandra [2], Khan
[4], Leindler [6] and Rhoades [11] . But nothing seems to have been done so far to obtain
degree of approximation using different class of functions by product summability method.
Therefore, in present work, two theorems on degree of approximation of the conjugate of
functions f € Lipa and f € W (L,,&(t)), (r > 1) using (E,1)(C, 1) summability means of
conjugate Fourier series have been proved.

Let > u, be a given infinite series with sequence of its n'" partial sum {s,}.
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If (E, 1) transform is defined as the n'" partial sum of (E,1) summability and it can be
denoted by E}l, which is given by

1 n
E}IZEZ(Z)sk—wasnﬁoo (D

k=0

then the infinite series Ziozo u, is summable (E, 1) to a definite number s (Hardy [3]).

If
_$0+51+52+...+Sn
n n+1
1 n
= S sasn— oo 2
n+1kZ:0:”_) - 2)

then the infinite series Ziozo u, is summable to the definite number s by (C, 1) method.

The (E, 1) transform of (C,1) transform defines (E,1)(C,1) product transform and we
denote it by (EC )}l.

Thus if .
1
(EC)}I=§Z(Z)C£—>sasn—>oo 3

k=0

then the infinite series ZZO:O u,, is said to be summable by (E,1)(C, 1) method or summable
(E,1)(C,1) to a definite number s.

Let f (x) be a 2m-periodic function and Lebesgue integrable. The Fourier series of f (x) is
given by

(ehy) > .
flx)~ > +Z (a, cosnx + b, sinnx) 4)

n=1

with nt" partial sum s, (f;x).

The conjugate series of Fourier series (4) is given by
o0
Z (a,cosnx — b, sinnx), (5)
n=1

and we shall call it as conjugate Fourier series. A function f € Lipa if

fx+)—f)=0(|t]*) forO<a<1. (6)
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f €Lip(a,r)for 0 < x < 2, if [definition 5.38 of McFadden, 7]

I

Given a positive increasing function £ (t) and an integer r > 1, f € Lip (§(t),r) if

dx) =0(t|*),0<a<1l,r>1. 7

27 -
U |f (x+1) —f(X)|rdX) =0((1)) 8)
0

and that f e W (L, & (¢t)) if

27 %
U I{f(x+t)—f(x)}sinﬁxlrdx) =0(£(1)),6 > 0. ©)
0
where £(t) is a positive increasing function of t.

If B =0 then W (L,,&(t)) reduces to the class Lip(&(t),r) and if £(t) = t* then
Lip(&(t),r) class coincides with the class Lip(a,r) and if r — oo then Lip(a,r) class re-
duces to the class Lipa.

L.,-norm of a function f : R — R is defined by

1| = sup {|f ()| : x R} (10)
L,-norm is defined by

2n -
||f||r=U |f(x)|rdx) ,r>1 (11)
0

The degree of approximation of a function f : R — R by a trigonometric polynomial t, of
degree n under sup norm ||-||, is defined as [Zygmund, 13]

flloo = sup :x€R} (12)
and E, (f) of a function f € L, is given by
Ey (f) =min e, = ], (13)

We use the following notations throughout this paper:

Y(O)=fx+)+f(x—1t)

) 1 n cos v—l—l)
Kn(t):mZ{( )(1+k)2 sm— }

k=0

T= [ﬂ , Where T denotes the greatest integer not greater than %
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2. Main Theorems

We prove the following theorems:

Theorem 1. If a function ]T, conjugate to a 27-periodic function f, belongs to Lipa class, then
its degree of approximation by (E,1)(C, 1) means of conjugate Fourier series is given by

sup
0<x<2m

(EC)}l(x)—)T’=H(EC)}1—]7HOO=O( ) O<a<l1 (14)

1
(n+1)*

where (E C)}l denotes the (E,1)(C, 1) transform as defined in (3).

Theorem 2. If f, conjugate to a 27-periodic function f, belongs to W (L,,&(t)) class, then its
degree of approximation by (E,1)(C, 1) means of conjugate Fourier series is given by

_ 1 1
T _ B+
H(EC)n er_o [(n+1) g(nﬂﬂ (15)
provided & (t) satisfies the following conditions:
{?} be a decreasing sequence, (16)
eI B
J;) (W) sin®" t dt _O(n+1) a7
and
S ESIUIGIAY ;
JL (W dt p =0{(n+1)°} (18)

n+1

where & is an arbitrary number such thats(1—6)—1> 0, % + % =1, conditions (17) and (18)
hold uniformly in x and (EC)}I, as defined in (3), is (E,1)(C, 1) means of the series (5) and

_ 1 27 t
f(x):—ﬁf Y (t) cot (5) dt (19)
0

3. Lemmas
For the proof of our theorems, following lemmas are required:

Lemma 1.

— 1 1
|Gn(t)|=0(?),for05t5n—+1
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: t t
Proof. For 0 <t < — n+1’ sin (E) > and |cosnt| <1

|G (0)] <

IA

T 2n+1

(1) =]

n n 1 k cos(v+%) t‘
k=0 ( k ) (1+k)v2:(:) siné

Lemma 2. For 0<a < b <00, 0 <t < 7w and any n, we have

Proof. For 0 < —

— 1
|Gn(t)| =0 |:?i|

<t<m, sm( )>

n n 1 k COS(V+%)t
|G (t)|— 2n+1 k;){( k)(l'i_k)vzzo Sil’lé
3 (1) e et
= ontl k=0 L k ) (1+k) i v=06 -
1 n [ n 1 R £ ivt ] iy
swr |k Jarm R e |1
3 1 n [ n 1 R £ ivt ]
_W;_ k ] (1+k) ¢ VZ(:)C i
1 =1 [ n 1 : ivt ]
= kzo_(k)(wk)Re{;)e }
1 n n 1 . ivt
+ 2n+1t k:T[(k)(l'i'k)Re{vZ:Oe }:H

280

(20)
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Now considering the first term of (20),

[ (1+k)Re{§e }”
Sﬁ;u )i (2]
=6

Now considering the second term of (20) and using Abel’s lemma

g K ) ) (1—1H<) Re{g eiw} |

2Tl+]. t

l’Vf

(21)

1
2n+1 t

(22)

4. Proof of Theorems

4.1. Proof of Theorem 1
Let s, (f;x) denote the partial sum of series (5). Then following Lal [5], we have
cos (n + %) t
sin (é)

Using (5) the (C, 1) transform C; of 5, (f;x) is given by

_ 1 (7
En(X)—f(X)=§f P (t) dt
0

cos(k+2)t
~f)=5- (n+1)f w(t)Z—dt (23)

2
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Now denoting (E,1)(C, 1) transform of 5, by (EC )}l, we write

_ 1 & n [Ty [ 1 k 1
(EC)}l—f(X)ZmZ[( k) . E(m) {;cos(v+§) t}dt:|

k=0

f P (t) G, (t)dt
0

_ fm+f ¥ (0 Gy (0) dt
0 =

=11+ (say) 24)

Now using Lemma 1, we have

|11.1| =

1
(ta)m
@ Jo

1
=°{m} @)

Using Lemma 2, we have

[ _
|11.2|=J @ [6a 0] de

n+1

[ e
= Wdt
JL
TT
= t%1dt

1
n+1

().

n+1

1
=O{m} (z0)
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Combining (24), (25) and (26), we get

‘(EC)EI—JTHOO = {’(EC),ll —7’ = [0,27:]} =0 (;)

(n+1)*
This completes the proof of Theorem 1.

4.2. Proof of Theorem 2

Following the proof of Theorem 1,

(EC), = F (x) = fn_ﬂ+f Y (6) G, (1) dt
0 "

= IZ.]. + 12‘2 (Say) (27)

Applying Holder’s inequality and the fact that v (t) € W (L,,&(t)), condition (17), Lemma 1
and second mean value theorem for integrals, we have

w (el e” | fro@ o |
|Iz.1|§ J;) { 20 }dt J; { - }dt

@ =

1 1 1 dt 1
=0 3 for some 0 <€<
{(HH) (nH)} L t(2+B)s n+1
1 1 t—(2+[3’)5+1 ﬁ s
¢ (n+1)§(n+1) —(2+[5)s+1}€
— 1 1 2451
=0 | (33) e () o]
— B+1-1 1 )}
—O{(n+1) §(n+1
1 1 1 1
ZO{(n+1)ﬁ+r§(—)}since—+—:1,1§r§oo. (28)
n+1 r s

Now using Holder’s inequality, |sint| < 1, sint > (%), conditions (16) and (18), Lemma 2
and second mean value theorem for integrals, we have

1

o RN N EOAC NS
|Iz,2|§ J%H{ 0 } dt fl { o dt

n+1
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—ofw+17}| | {:250) }

QU

L nt+l

_ 1
1 n+1 dy s

_ 5

=0{(n+1)°¢& Jl ys(ﬁ—l—ﬁ)+2]

) } (Tl + 1)3(1+/3_6)_1 - ns(ﬁ—l—ﬁ)+1:| %
1

s(1+p—-6)—-1

[5+l 1 . 1 1
=0{(n+1)P"r & —— since —+—=1 (29)
n+1
Now combining (27) to (29), we get

— 1 1
Eor-7|=o0 {(n+ 1)+ (m)}
_ 2
o1, -
r 0
27 /5+l 1 r %
,3+l 1 27 %
_ B++ L)}
= {(n+1) 3 (n+1

This completes the proof of the Theorem 2.

(EO)} —f’rdx}%

5. Applications

Following corollaries can be derived from our main theorem:
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Corollary 1. If B = 0and & (t) = t%, then the degree of approximation of a function 1, conjugate
to 2x-periodic function f € Lip (a,r), % < a <1, is given by

o)
r (n+1)*

Corollary 2. If r — oo in Corollary 1, then Lip (a,r) reduces to Lipa for 0 < a < 1, and we

have _ 1
H(EC),ll _er =0 {m}

Remark 1. An independent proof of Corollary 1 can be obtained along the same lines of our
Theorem 2.

|Een -7
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