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Abstract. Nonlinear Painlevé equations play a pivotal role in various branches of mathematical
physics, integrable systems, and applied mathematics. These equations, characterized by their
complex and highly nonlinear nature, present significant challenges for analytical and numerical
investigation. In this paper, we develop and present both analytical and numerical solutions for
specific classes of nonlinear Painlevé equations. The analytical approach employs transformation
techniques, perturbative expansions, and exact solution methods where applicable, while the nu-
merical solutions are obtained using robust algorithms such as finite difference schemes, spectral
methods, and iterative solvers. We validate the numerical results by comparing them with known
analytical solutions and explore their accuracy, stability, and convergence properties. Further-
more, we discuss the implications of these solutions in physical models and highlight the intricate
structures exhibited by the solutions, such as pole dynamics and asymptotic behaviors. This
work contributes to the broader understanding of Painlevé equations and provides a framework for
tackling similar nonlinear differential equations in applied contexts.
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1. Introduction

The Painlevé equations were first introduced between 1895 and 1910 through the work
of two French mathematicians, Paul Painlevé and Bertrand Gambier. They were identified
as second-order differential equations that play a crucial role in various fields of mathemat-
ics and physics. They have found applications in areas such as nonlinear waves, plasma
physics, statistical mechanics, fiber optics, and more [1-4]. Despite their importance,
Painlevé equations are highly nonlinear and do not admit general closed-form solutions,
and traditional methods such as separation of variables or perturbation techniques often
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fail due to the equations’ complexity. As a result, researchers have focused on devel-
oping analytical and numerical approaches to approximate and analyze these equations
effectively. Numerous analytical and numerical methods have been successfully developed
to solve the Painlevé equations. For example, Differential Transform Method (DTM)
[5, 6], Modified Adomian decomposition method (MADM) [7, 8], Laplace decomposi-
tion Method (LDM) [9, 10] and Natural decomposition Method [11, 12], Finite difference
method [13, 14], Runge Kutta method [15, 16].

This paper aims to develop and compare analytical and numerical techniques for solv-
ing Painlevé I and II equations. It contributes to the broader understanding of providing
reliable tools and bridging the gap between analytical and numerical techniques for applied
scientists and engineers to study nonlinear differential equations in real-world applications.

This paper is organized as follows: Section 2 introduces the Analytical methods. Sub-
section 2.1 Differential Transform Method. In subsection 2.2. Modified Adomian decom-
position Method. Subsection 2.3. Laplace decomposition Method. In subsection 2.4.
Natural Decomposition Method. In Section 3 Numerical Methods. Subsection 3.1. Finite
difference method. In subsection 3.2. Runge Kutta method. In section 4 Comparative
Analysis of Analytical and Numerical Methods. Finally, Section 5 offers concluding re-
marks for the paper.

Painlevé equations of the first and second types will be defined by the following for-
mulas:

y'(x) = 6y*(x) +2, 0O<a<l (1)
With the given initial conditions: y(0) =0, y'(0) = 1.

y'(2) =2y’ () +ay(z) +p, 0<z<1 (2)
With the initial conditions: y(0) = 1, 3/(0) = 0, where u is a known parameter.

Error analysis

Since the exact solutions for Painlevé I and II are unknown, we utilized the maximal
error remainder M F R, to evaluate the accuracy of the approximate solutions. The M ER,,
for DTM, MADM, LDM, and NDM was computed using the software Mathematica code
over the domain [0.01,0.1].

ER, = L(y) — N(y) — f(z). (3)

The maximal error remainder is

MER, = max |ER,(x)|. (4)
0.01<z<0.1
The selection of the interval [0.01,0.1] for the maximal error remainder (MER) analysis
is based on consideration of analytic stability and accuracy. Limiting the analysis to this
range allows for a more precise assessment of the approximation methods. Furthermore,
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this interval is specifically chosen to focus on the region where analytical approximations
are most effective for accuracy evaluation, as extending the domain further could lead to
additional computational complexities without significantly impacting the overall conclu-
sions.

2. Analytical methods for solving Painlevé Equations I, II

Analytical methods provide powerful techniques for solving nonlinear ordinary differen-
tial equations. In this section, we apply the Differential Transform Method (DTM), Mod-
ified Adomian Decomposition Method (MADM), Laplace Decomposition Method (LDM),
and Natural Decomposition Method (NDM) to obtain approximate or closed-form solu-
tions. These methods simplify nonlinear equations by transforming them into more man-
ageable forms, offering advantages in accuracy, convergence, and efficiency. The objective
is to analyze and compare their effectiveness in solving Painlevé equations, highlighting
their role in nonlinear differential equation research [1, 2].

2.1. Differential Transform Method (DTM)

The Differential Transform, initially introduced by Zhou [5, 6, 17-20] is a technique
for solving differential equations. This method determines the coefficients of a Taylor
series of the function by solving a recursive equation induced by the given differential
equation. The Differential Transform Method has been effectively applied to solve initial
value problems represented by strongly ordinary differential equations [21-25].

The differential transform of a function y(x) is defined as follows:

03 (). ”

Where y(z) is the original function and Y (k) is the transformed function. Differential
inverse transform of Y (k) is defined as:

y(@) = SV (k) ~ yala) = SV (R)ah. (6)
k=0 k=0

By substituting (5) in (6) we get

oo

1 (dFy(x
v =Y 5 (Se) )

k=0

The differential transform verified the following properties: [26, 27|
o If u(z) = ui(x) £ ug(x), then U(k) = Uy (k) £ Us(k).
o If u(z) = cui(x) then U(k) = cU;(k), where c is constant.

o Ifu(z) = ©9@) then U(k) = B, (k 4 ).

dx™
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o If u(x) = uy(x)ug(x), then U(k) = Zf:o Ur(r)Us(k — 7).
o If u(z) = ui(z)ua(z)...uy(x), then

Tn—1

Z Z Z Z Ul Tl U2 TZ_TI) Un—l(rn—l_Tn—Q)Un(k;_Tn—l)-

rn—1=0r,_2=0 ro=07r1=0

o If u(z) = ax™, then U(k) = ad(k — m), where

1, ifk=m
‘5(’“_”‘)_{ 0, ifk£m

o If u(r) = uy(v)=] du2(m) , then U(k) = Zfzo(k —r+ 1)U (r)Us(k —r+1).

2.1.1. The DTM for solving the Painlevé I differential equation

Rewrite (1)

d2y 2 ’
PY a0 =0 O -1

Assume y(z) can be expressed as a power series:
(o ¢]
= E kak.
k=0

From the initial conditions:
Yo=y(0)=0, Y= y’(O) =1.

Apply the DTM to the differential equation.

The second derivative is:

= (k+2)(k+1)Y 2. (8)
k=0

a’y
dx?

6y2:6<§kak> 6§:<ZY Vi m) : (9)

k=0

x = icS(k — 1)z (10)
k=0

Substitute (8),(9) and (10) into the equation.

i(k +2)(k + 1)Yjgoz* =6 (Z (Z YoV m) m’“) + ié(k — 1)z"
k=0

k=0 k=0
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For each k we get

k
(k+2)(k+ 1)Yiy2 =6 Y ViV +6(k — 1). (11)
m=0
k=0
0
(0+2)(0+1)Yo42 =6 VYo m + (0 —1).
m=0
2Ys = 6YyYy + 0 = 0.
Yy = 0.
k=1
1
(1+2)(1+1)Yi42 =6 ViVip +6(1-1).
m=0
6Y3 = 6(YpY1 + Y1Yp) + 1 =6(0(1) +1(0)) +1 = 1.
1
Yg — 6
k=2
2
(2+2)2+ 1)Ya12=6 Y Y Yoy +06(2—1).
m=0
12Y; = 6(YYa + Y1Y1 + YaYp) + 0 = 6(0(1) + 1(0)) = 6.
1
Y4 == 5
k=3
3
(B+2)3+1)Y302 =6 Y Ys_p + (3 - 1).
m=0
1
2m%—&%%+HE+¥H}H@@+O—6@+M®+MD+6@)—&
Y5 = 0.
1 1 1 1
}/0 05 Yl 1, }/2 07 YE’) 67 4 27 5 O) 6 157 7 77
1 1 1

Ya=—, Yo=—, Yio= —
8 3367 9 407 10 287
y(x) = Yy + Yiz + Yox? + Y32 4+ Yyt + Ysa® 4 Yea© + Your© + Yea® + Yoo + ...

O DA LA AL A Lo
P = e Ty T s T 7 7336 T 2160 | 28 T
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The error remainder function is evaluated:
ER, =y, () — 6yp(x) — .

And the MER,, is:

MER, = max |ER,(x)|.
0.01<2<0.1

In Table 1 and Figure 1 illustrate the convergence of the solution using M ER,, versus
n, demonstrating the convergence behavior of the Differential Transform Method (DTM)
in solving the first Painlevé equation. The error decreases exponentially as n increases,
with the most significant reduction occurring between n = 1 and n = 3. Beyond n = 3,
the error stabilizes around 1077, indicating that further iterations do not significantly
improve accuracy due to machine precision limitations. The stabilization of error values
for n = 4 and n = 5 implies that additional iterations beyond this point may be compu-
tationally unnecessary. This suggests that DTM achieves high accuracy with a relatively
small number of iterations, making it an efficient method for solving nonlinear differential
equations.

Table 1: The maximum residual error: M ER,, by the DTM where n =1,--- 5.
n MER,

1| 3.790200 x 10~7

2| 1.116379 x 10710

3 | 1.040834 x 1016

4 | 4.857226 x 10~17

5 | 4.857226 x 10~17
10'7:
10-10:
. 10‘*3:

10718} ]

1 2 3 4 5
n

Figure 1: The logarithmic plot of MER ,, (DTM, First Painlevé Equation). .
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2.1.2. The DTM for solving the Painlevé II differential equation
Rewrite [2]
d%y

@:2y3+wy+u, y(0)=1, ' (0)=0.

Assume y(z) can be expressed as a power series:

[o¢]
= Z YkCEk.
k=0
From the initial conditions:
Yo=y(0)=1, Y1 =y(0)=0.
Apply the DTM to the differential equation:

dzy

T =D (k+ 2)(k+ 1)Yepaa®, (12)

k=0

=2 (ki)ykxk) :22 (Z > VY nYie m) . (13)

m=0n=0
k
xy = Z S(k — 1)V 12" (14)
k=1
pa’ =y 6(k —0)aF. (15)
k=0

Substitute (12), (13), (14) and (15) into the equation:

00 k
> (k+2)(k+1)Ypoa® _2Z<ZZYYm Vi m)
k=0 k=0

m=0n=0
0
+Z(S —1Yk 1T +N25k‘ 0
k=1 k=0

For each k we get:

Yigo = Ml(k“ (2 > ZYYm WYim +6(k = 1)Yy1 + pé(k — 0)) . (16)

m=0n=0

k=0 24
Y=
2
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k=1

1 m
1
Vip= (23S VYo Vi + (1= )Yy + pd(1-0) |
2 (1+2)(1+1)<m20n20 o+ 0(1 = ¥ims + pd( 0)>

1
Ygzé.

1
Yopo = v <2ZZYYm nYom +0(2—1)Ya_ 1+u5(2—o>>

(2+2)(2+1) oy s
2+
Y4:TIUI7
1
Vs = —
5790
1
Vs = 20(2+u+(2+u) )
Y7:3+M7
84

y(z) = Yo + Yiz + Yor? + V32?4 Yo' + Ys2® + V¥ + Yo' + -
1 5 2+u4 1 1 6 Stu

2+N2 2 7
2T — 2 2 °crr
; —i—5 + + 2+ —(2+p+ 2+ p)H)2’ + x' +

The error remainder function is evaluated:

y(r) =1+ ——

ER, = yz(x) - 2y2(l‘) - myn(x) - M-

And the MER,, is:
MER, = max |ER,(x)|.
0.01<z<0.1

In Table 2 and Figure 2 show the convergence of the solution using M ER,, versus n
demonstrates the convergence behavior of the Differential Transform Method (DTM) in
solving the second Painlevé equation. The error decreases significantly from n = 1 to
n = 2, showing a rapid initial improvement in accuracy. However, from n = 3 onward,
the reduction in error becomes much smaller, indicating a slower rate of convergence. The
stabilization of M ER,, at approximately 0.001537 for n = 4 and n = 5 suggests that
further iterations do not lead to a significant decrease in error, likely due to numerical
limitations or the inherent accuracy of the method. Overall, the DTM achieves rapid initial
convergence but reaches a saturation point where further improvements are marginal.
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Table 2: The maximum residual error: M ER,, by the DTM wheren =1,--- 5.

n MFER,

0.09390383
0.00337824
0.00156204
0.00153786
0.00153758

U W N =

0.100f @

0.050+

0010+

MER_n

0.005

-@ @

1 2 3 s 5
n
Figure 2: The logarithmic plot of M ER, (DTM, Second Painlevé Equation).

2.2. Modified Adomian decomposition method (M ADM)

The Adomian Decomposition Method (ADM), introduced by George Adomian in the
1980s, [7], revolutionized the solution of nonlinear differential equations by providing an ef-
ficient decomposition approach without linearization or perturbation [8]. Over the decades,
ADM has been widely applied in various fields of applied mathematics and physics due to
its ability to handle complex nonlinearities. Building upon this foundation, the Modified
Adomian Decomposition Method (MADM) enhances ADM by improving convergence and
accuracy, making it particularly effective for solving highly nonlinear problems. In this
subsection, we focus on the application of MADM to nonlinear Painlevé equations I and
IT [28-34].

2.2.1. The MADM for solving Painlevé 1 Equation

Rewrite (1)
y"(x) =6y*(x) + 2, y(0)=0, y(0)=1. (17)

Rewrite in the form Ly = g(x) — F(y):
Ly = = + 63°.

The differential operator L is defined by:

d d
— ¢ Jp@de =2 [p(x)de =
L=e T <e d:v) .
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dx?’
Applying the inverse operator L™!, we get:
y(@) = p(a) + L™ (z) + L7 (6y°).
Where satisfies Ly(x) = 0 from initial conditions.
p(x) =y(0) +y'(0)z = .
y(x) =z + L z) + L7 (6y°).

Recall that the MADM introduces the solution y(z) and the nonlinear function F(y) by
infinite series:

y(@) =Y ya(x)
n=0
F(y) =y’
F(y) - ZAn
n=0
iyn(m) —z+ LY (z)+6L7¢ iAn
n=0 n=0

T T
yo(z) = x + x dx dx
0 0
3
x
yo(x) =z + "

Where
Ao =y
23\ 2
Thus A 6
Ag=2+2 4+ 2
0 RRCIREET:

Now compute L~ ![Ag].

T T l‘4 6
y(x) = 6L [Ag] = 6 / <x2 L2 ) da de.
0 0
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Thus
YI) =5 T 15 " 336"
A1 = 2yoy1
3 16'4 1.6 .’EB
A =2 S Y R
! <$+6><2'%w+3%>
A n 327 + 71z + pll
1=a’ 10 ' 2520 ' 1008°
€T €T
ya(z) = 6L 1A] = 6/ / (A1) dx dx.
719
VA =6 o v
y2(z) = 1] / / ( 43 + 5500 +
( ) + x9 N 71$11 1,13
x) = — :
Y2 7 40 T 46200 T 26208
Then
o0
= (@)
n=0
() +3+x4+x6+x8+x7+x9+71x11
Y = e Ty T 15 7336 T 7 T 40 T 46200

The remainder function of error is evaluated:

ER, =y (z) — 6y2(x) — z.

And the MER,, is:
MFER, = max

E .
0.01<z<0.1 | ERn ()]

1008

11 of 38
11
) dx dzx.
$13
26208
(18)
(19)

In Table 3 and Figure 3 show the convergence of the solution using M ER,, versus
n demonstrates the rapid convergence of the Modified Adomian Decomposition Method
(MADM) for solving the first Painlevé equation, the most significant error reduction oc-
curs between n = 1 and n = 3, after which the error drops to near n = 5. The error
decreases exponentially with each iteration, indicating that MADM provides highly accu-
rate results with relatively few terms. The consistent decrease in error on the logarithmic
scale confirms the efficiency and robustness of MADM in solving nonlinear differential

equations.
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Table 3: The maximum residual error: M ER,, by the MADM where n =1,--- 5.

n MER,,
0.0000601952
3.22501 x 1078
1.29031 x 10~
4.40620 x 10719
6.93889 x 1018

U W N~

10-5}

1078

10-1}

Error

10141

10-17+

1 2 3 4 5

n

Figure 3: The logarithmic plot of M ER,. (MADM, First Painlevé Equation).

2.2.2. The MADM for solving Painlevé 11 Equation

Rewrite (2) ., ,
y'(z) =2y° + xy + p. (20)

The initial conditions:
y(0)=1, y'(0)=0.
Rewrote (20) in the form: Ly = g(z) — F(z,y).
y' (@) = 20> — 2y = p.
Ly = p— (=2y° — xy).
Ly = p+ 2y° + zy.
The differential operator L is defined by

d d
— ¢~ Jp@de =2 ( [p(@)de 2
L=e e <e d:v) .

d2
da?’

Applying the inverse operator L™!, we get:

y(x) = @(x) + L7 () + L~ (2° + zy).
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Where satisfies Lo(z) = 0 from initial conductions:
p(x) =y(0) +3/(0)z = 1.

y(x) =14+ LY (p) + L2y + zy).

Recall that the ADM introduces the solution y(x) and the nonlinear function F(z,y) by
infinite series:

y(@) = ynlx)
n=0
F(z,y) = 2y> + 2y
n=0
iyn(fﬂ) =1+ L7 () + L7 i A
n=0 n=0

yo(x) =1+ wdz dx
o Jo
2
x
yg(m‘):l—i-T'u.
yi(z) = L™ [Ao]
Ao = 25 + zyo
34,2 6,3 3
Ap=2+az+3a2u+ 22K (TR T8
2 4 2
Now compute L~ ![Ag]:
T prT 3 4,2 6,3 3
yl(:r):L_l[AO]:/ / <2—|—5L‘+3m2u—|— e _|_$M +w>d1:d:n.
o Jo 2 4 2
Performing the integration:
3 4 5 6,2 8,3
_p e 2 at? 2t
p@) = Tt T e T
A1 = yl(ﬁyg + l’)
ot 25 3% Tabu 2T 33272
Ay = 234+ 4 —
! TrT T2 T30 T T

9x8u2+131x9,u3 47003 57t 32130
160 1680 11200 6160 5824
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. z pT
0 0

(2) z? n x° n xG 5 n ,u 2B 332842
) = —4+—+—+—+ — e
b2 2 10 150 "2 T30 T2240 T 60

22u? 1312193 47Uy 19212t 32Mu8

160 + 16800 123200 24640 81536

x T oS 2Tu 2Bp 33282 2%p?
10 ' 180 4 30 2240 560 160 °
13133'10 3 473;11“3 19.%.12 4 33314 5

16800 * 123200 24640 81536 +

The remainder function of error is evaluated:
ER, = yn(x) — 2yp(x) — zyn(z) — p.

And the MER,, is
MER, = E .
R 0.01%%)3(0.1‘ Bn()]

In Table 4 and Figure 4 show the convergence of the solution using M ER,,, the error
decreases with increasing n. The results indicate a rapid reduction in error, with the
most significant improvement occurring between n = 1 and n = 3. By n = 5, the error
reaches an extremely low magnitude, around 10710, confirming the high accuracy of the
method. This behavior highlights the computational efficiency of MADM, as it provides
highly accurate solutions to nonlinear differential equations with minimal computational
effort.
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Table 4: The maximum residual error: M ER,, by the MADM, wheren =1,...,5.

n MER,

0.06341250000
0.00095060500
0.00001041000
9.77952 x 108
8.40300 x 1010

U W N~

0100} g

0.0011

1075+

MER_n

1077+

1079+

1 2 3 4 5
n

Figure 4: The logarithmic plot of M ER,. (MADM, Second Painlevé Equation).

2.3. Laplace decomposition Method (LDM)

The Laplace Decomposition Method (LDM) is an analytical technique that combines
the Laplace transform and the Adomian Decomposition Method (ADM) to solve nonlin-
ear differential equations efficiently. The Laplace transform, introduced by Pierre-Simon
Laplace in the 18th century, [9, 10] is widely used for transforming differential equations
into algebraic equations, simplifying their solutions. Integrating Adomian decomposition
methods and Laplace transform offers a reliable approach to solving nonlinear ordinary
differential equations, particularly those encountered in mathematical physics and engi-
neering applications [35-38].

In this subsection, we apply LDM to obtain analytical solutions for Painlevé equations,
by leveraging the strengths of both the Laplace transform and the Adomian Decomposition
Method. LDM provides a systematic and effective framework for deriving solutions in a
series form with rapid convergence. We aim to explore the effectiveness of LDM in solving
these equations and contribute to the broader understanding of analytical techniques for
nonlinear differential equations.

2.3.1. The LDM for solving Painlevé equation I

Rewrite (1)
y'(z) = 6% + . (21)

With the initial conditions:
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Now, apply the Laplace transform on both sides of (21).
With initial conditions:
Ly"] = L[6y°] + L]x].

Y (5) + y(0)s — o/ (0) = £[6y?] + L] (23)
Substituting (22) into (23):

1 1 6
Y(s)= 5+ 3+ L7 (24)

Taking the inverse of the Laplace transform

_ 1|1 1 6
LY (s)) =7t LQ tat SQL[yﬂ . (25)
a’ 16 .o
y(x) =z + a7 + L gﬁ[y 1l - (26)
Equation (26) can be written as
6
3
x
yo(x) =z + TR
From (27), we conclude that
6
Yng1(x) = L7 [SQE[AH]] : n>0 (28)

The terms becomes g _
yl(:v) = E_l ?E[AO] .

ya(z) = L1 -825[141]- .

ya(e) = £ [ S cpag)|

Therefore, from (28), the other remaining terms of the function y(z) can be easily
calculated as follows:
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{L‘4 IL‘6 1'8
A I AT
7 2 71211 713
va(®) =%+ 35+ 16200 * 26208

(@) 210 N 23212 N 521914 N 3551216 N 05218

T)=—= .
Y 28 3080 8408400 = 1441440000 = 224550144

3x13 1312 19867217 163469219 163451221 31223

ya(z) =

364 + 64680 + 95295200 * 14378364000 + 491203440000 + 7101398304

y(x) = yn(). (29)
n=0

3 {L‘4 IL‘6 1,8 ZL‘7 339 711711 $13 xlO

X
yw) = e+t ot et Tt 0 T 16200 T 26008 T ®
+23x12 N 5219214 N 3551416 N 9518 N 313 N 13121
3080 = 8408400 = 1441440000 @ 224550144 = 364 = 64680

1986717 N 163469219 N 163451221 N 31223 N
05295200 14378364000 = 491203440000 = 7101398304

The remainder function of error is evaluated:
ER, = () — 6y2(z) — .

MER, = 0,022 |ER, ()|
In Table 5 and Figure 5 show the convergence of the solution using M ER,, against
n for the first Painlevé equation by LDM, the plot demonstrates the rapid decrease in
error with increasing n, confirming the convergence of the Laplace Decomposition Method
(LDM). The nearly linear trend in the logarithmic scale indicates an exponential decay of
the maximum residual error, showcasing the method’s high accuracy and efficiency.

Table 5: The maximum residual error: M ER,, by the LDM, where n =1,...,5.

n MER,,
0.0000601952
3.22501 x 1078
1.29031 x 1011
4.4062 x 10710
6.93889 x 1018

U W N~
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1075 ¢
1078 L

10-11:

Error

10141

10171

1 2 3 4 5
n

Figure 5: logarithmic plot of M ER,, (LDM, First Painlevé Equation).

2.3.2. The LDM for solving Painlevé equation II

Rewrite (2)

y"(x) = 2y° + 2y + p.
The initial conditions:

y(0)=1, y'(0)=0.

Now, apply Laplace transform on both sides of (30).
With initial conditions:
Lly") = L[2y° + zy + p).

y" = s"Y (s) = sy(0) — y/(0).
Substituting (31) into (32), we have:

sY (s) — s = L[2y°] + Llzy] + L[]

1 1

o
Y(s)= -+ —
(5) =+ 2

1
L[2y°] + S—zﬁ[ajy] + 3
Equation (34) becomes:

LY (s)) =Lt [i + 125[2y3] + S%L[xy] + S‘;] .

S

y(z) =1+ x;" +L71 [812[,[14”]} .

22
5

18 of 38
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From (36) we conclude that:

19 of 38
. T1
Ynt1(x) =L [SQE[A ]], n > 0.
Then )
yl(az) = [,_1 |:82£[A0]:| .
AO = F(yo)
F(y) = 2y3 + xy.
T1
yi(z) =L 1 [SQE[QyS’ +$y(]]:| .
4 [2 1 32Yp 3w 34Hu® 6
_ 1= el -
wle) =L [33 T 0 26 27 49
3 4 5 6,,2 8,3
I A A B
y1($)—x+6—|— 1 + O—i- 50 +224
4 5 5 6
x 3z°p  Txp 'y 33z
A = 223+ —=
! Ty Tyt 30 Tas0 " 70
9282 1312%3 472043 BTzt 321340
160 1680 11200 6160 5824
1|1
ya(x) = L S—2£[A1] .
4 5 6 8 8,2
o2t 2 a2 dSp a2 3328
w(r) = S+ 10jL 180 " 2 T30 2240 " 60
222 N 1312193 4723 1922t 32140
160 16800 123200 ' 24640 @ 81536
[o@)
y(x)ZZyn(w)
n=0
224 I B 22 Sud 2t
= 14 F Sl Il o el IS
y() +2+$+6+4+40+20 924 2
5 6 6 8 33 8,2 9,2
fEL e e e 33
10 ' 180 ' 4 30 ' 2240 560 160
1311,10 3 471,11 3 193312 4 3.%'14 5
16800 123200

91640 T 81536
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The remainder function of error is evaluated:
ER, = yg(x) - 2y2($) - xyn(x) - M.

And the MER,, is:

MER, = max |ER,(x)|.
0.01<2<0.1

In Table 6 and Figure 6 show the convergence of the solution using M E'R,, against n
for the second Painlevé equation by LDM. The data shows a clear trend of rapid error
reduction as n increases. Initially, at n = 1, the error is relatively large at 0.0634125.
However, as n increases to 2 and 3, the error drops significantly, and at n = 5, it reaches
an extremely small value of 8.40300 x 10719, This exponential decrease in error suggests
that the LDM exhibits fast convergence, making it a highly effective method for solving
the second Painlevé equation with high accuracy.

Table 6: The maximum residual error: M ER,, by the LDM, wheren =1, ..., 5.

n MER,,
0.0634125
0.000950605
0.00001041
9.77952 x 108
8.40300 x 1010

Ui W N =

0100} g

0.001 1

107}

MER_n

1071

1079}

1 2 3 4 5
n

Figure 6: logarithmic plot of M ER,, (LDM, Second Painlevé Equation).

2.4. Natural Decomposition Method (NDM)

The Natural Decomposition Method (NDM) was developed in the early 21st century
as an advancement in analytical techniques for solving nonlinear differential equations.
Research on NDM began appearing in mathematical literature in the 2000s and 2010s
as an improvement over existing decomposition methods [11, 12]. It was introduced to
enhance the accuracy and convergence of solutions for highly nonlinear problems without
requiring linearization or perturbation. Since its introduction, NDM has been applied to
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various fields, including fluid dynamics, mathematical physics, and engineering.

subsection we use NDM to solving Painlevé equations I and II. [39-41].

2.4.1. The NDM for solving the Painlevé I differential equation
Rewrite [1]
Y (x) = 6y* + .
y(0)=0, ¥(0)=1.
By applying the N-transform on both sides of (37):
NT[y'(x)] = N [6y* + x] .

Using the properties of N-transform we obtain that
2

S S 1 t
Z(s,1) = 5u(0) = ¢/ (0) = NT[6y°] + =

Substituting (38) into (40), we have

t 12 N6y
y<3at):?+?+? [6y7].
Now, applying the inverse of N-transform, we have

t 3 62
N 0] = [ G+ G o).
S S S
Equation (42) becomes
3

T ., [6¢t2
y(x) :a:—i—g—kN 1 [(92N+[y2]} .

Equation (43) can be written as
3 _, [6t2
y(z) =2+ 37 +N7! [82N+[An]] .
25

yo(z) =2+ TR

From (44), we can conclude that
£2
Yns1(z) = N1 [N"'[An]} , n>0.

The terms become:

21 of 38

In this

(37)
(38)

(42)

(44)
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(o) =N [Enria].

Therefore, from (45), the other remaining terms of the function y(x) can be easily calcu-
lated as follows:

yi(z) = %x4 + %5;106 + %338-

ya(z) = %”ﬂ + %f) + 4672100“T11 * 26;009613'

ys(z) = %xm + %xu %xm 14431545410009”16 + 224595501443318
n(@) = %4”513 N 64112%1309615 95129985627003“’17 143176583346649000leg

L 163451, 131 5
491203440000 7101398304

In this way, we obtained the approximate result of the function y(z), which is given as

y(x) = yn(x). (46)
n=0
23 1, 1 4 1 ¢ 1, 14 71 ;4 1 4
y(z) = x+€+§x +1—5$ +%az +?$ +E$ +64200$ +26208x
1 o4, 23 4, 5219 3551 6 95 8
28" T 3080% T 8208200 T 1441440007 T 224550144"
L3 g, 181 g5 19867 0 163469 o
364 64680 95295200 14378364000

163451 5 131 o
491203440000 7101398304

The remainder function of error is evaluated:
o 2
ERp = yp(z) — 6y, (x) — .

MER, = max |ER,(z)|
0.01<2<0.1

In Table 7 and Figure 7 show the convergence of the solution using M ER,, from n =1 to
n = 5 using the NDM. A significant reduction in error as n increases. Initially, for n =1,
the error is relatively large, but it decreases drastically for n = 2 and continues to drop to
6.93889 x 10718 for n = 5. This exponential decay in error indicates that each additional
term in the LDM approximation significantly improves the accuracy of the solution. The
results confirm that LDM provides a highly effective approach for solving the second
Painlevé equation, with higher-order approximations yielding more precise solutions.
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Table 7: The maximum residual error: M ER,, by the LDM, wheren =1, ..., 5.

n MER,,
0.0000601952
3.22501 x 1078
1.29031 x 10~
4.4062 x 10710
6.93889 x 1018

U W N~

1 2 3 4 5

N
Figure 7: The logarithmic plot of M ER,, (NDM. First Painlevé Equation).

2.4.2. The NDM for solving the Painlevé II differential equation

Rewrite (2) ., ,
y'(z) =2y° + xy + p. (47)

y(0) =1, ¥'(0)=0. (48)
By apply N-transform on both sides of (47):
N*[y"(2)] = N*[2y° + 2y + ). (49)

By using the properties of N-transform we obtain:

5” 5 L, +19,3 H

2¥(s:8) = 5y(0) — 2y (0) = N7[2y" +ay] + 5. (50)
Substituting (48) into (50), we have

I N
y(s,t) = B + = + ?N [2y° + zy]. (51)
Now, apply the inverse of N-transform we have
_ P YT =
N7 ty(s,t)) = N! L + =y + ?N+[2y3 + xy]] . (52)

pa’ 1 [ i3
y(m):1+7+N ?N 2y° + zy]| . (53)
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Equation (53) can be written as

2

2
y(r) =1+ %—i—]\f_l [SQNJF[ATL@ , n>0

2
x
yo(z) =1+ MT

From (54) we can conclude that

2
Yns1(z) = N1 [;N'F[An]} , n>0.

The terms becomes
| [
yi(x) =N~ [SQNJF[AO}} .

n(o) =N [Snr i

24 of 38

(55)

Therefore, from (55) the other remaining terms of the function y(x) can be easily calculated

as follows: 6 3 5
3
A0:2+3$2u+§x4u2+%+$+%.

yi(z)=N"1! {ZZN*[AO]] :

4 6,2 8,3 3 5

x x x x x

u+ I n 7 3
4 20 224 6 40

x2+

y1(z)

4 5

A = w3+ 4L Th
! YTy T3t e T30 "m0 T 7o

9282 1312%3 472043 BTzt 321340

x 3250 TxSp  2Tp 3327

160 1680 11200 6160 5824

ya(z) = N1 [ZZN*[AQ] :

2 4 5 5 6 7
Z/Q(@ :N_l{f?]\ﬂ—[2x3+%+%+3m2ﬂ+7§0#+%"'

332" 2 9z8 1> 1312243 4721043 5711 4 3135
+ 70 + 160 + 1680 + 11200 + 6160 + 5824

.’E4 1'5 .',13'6
3/2($):?+E+@+

6
z°p
T ta t -

30 2240 560

3:77;; 22 33282
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ZL‘9M2 1311,10 3 471:11 3 19$12 4 3$14 5
160 16800 123200 24640 81536

oo
y(@) = yn(z)
n=0
3 6 2 8,3
fo, o T po 2P 2% 2t
p— 1 —_— —_— —_— —_
y(x) +2—|—x+ +4+40+20+224
$4 335 $6 6,& M ,LL 33338#2

T3 *E*@*T*%*ﬂo* 560

22p? 1312193 4723 1922t 32140
160 16800 123200 = 24640 = 81536

The remainder function of error is evaluated:

ER, =y, (z) — 2ys(z) — zyn(z) — .

And the MER,, is:
MER,, = 0.0/ 2% |ER,(x)].

In Table 8 and Figure 8 show the convergence of the solution using MER,, for the sec-
ond Painlevé equation by NDM. Shows the exponential decay of error and nearly linear
downward trend on the logarithmic scale. The values indicate a rapid reduction in error
as n increases, demonstrating improved accuracy with higher-order approximations. Ini-
tially, for n = 1, the error is relatively large. However, as n increases, the error decreases
significantly, reaching a much smaller value at n = 5. This trend suggests that the NDM
effectively enhances the accuracy of the solution.

Table 8: The maximum residual error: M ER,, by the LDM, wheren =1, ..., 5.

n MER,,
0.0634125
0.000950605
0.00001041
9.77952 x 1078
8.40300 x 1010

U W N~
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0.100F ! ! i

0.001F

1075}

MER_n

1077}

1079

1 2 3 4 5
n

Figure 8: The logarithmic plot of MER,, (NDM. Second Painlevé Equation).
3. Numerical methods for solving Painlevé Equations I, II

The numerical methods provide practical means for approximating solutions where
analytical methods fall short. The Finite Difference Method discretizes the continuous
domain and approximates derivatives using difference quotients, which is particularly use-
ful for handling boundary value problems. [13, 14] The RK4 method, on the other hand, is
well-known for its robustness and high accuracy in solving initial value problems, making
it an excellent choice for exploring the dynamical behavior of these nonlinear equations
[42].

In this section, we focus exclusively on numerical approaches, specifically detailing the
implementation of the Finite Difference Method (FDM) and the fourth-order Runge-Kutta
Method (RK4) for solving the first and second Painlevé equations. We aim to provide clear
insights into their strengths and limitations when applied to the Painlevé equations I and
II.

3.1. Finite difference method (FDM)

The finite difference method (FDM) is a numerical approach for solving ordinary differ-
ential equations (ODEs), originally studied by Richardson in 1910. FDM became widely
used in the mid-20th century for solving engineering and physics problems. With ad-
vancements in computing, it remains a popular method due to its simplicity, efficiency,
and accuracy. [15, 16] The finite difference method works by discretizing the domain and
approximating derivatives using finite differences. This transforms the ODE into a system
of algebraic equations, making it easier to solve numerically. In this subsection, we use
FDM to solve Painlevé equations [43, 44].

3.1.1. The FDM method for solving the Painlevé I differential equation

Rewrite (1)
Y (x) = 6y* + . (56)
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Divide the interval (0, 1) into four sub-intervals such that h = }l and the pivot points

are at
1 1 3

1 552:5, x?’:Z’ and x4 =1.

Then the second differential equation is approximated as

ZL‘():O, Tl =

neoN Yirl — 2Yi T Y1

Substitute into (56)
1
ﬁ[ym — 2u; + yi1] = 6y + .
Yir1 — 20i +yio1 = h*(6y7 + ;). (57)

By using a forward difference approximation for the derivative to compute the initial
value for y;.

[y(z +h) —y(z)].

S| =

y'(x) =
Since

Yo = y(xo) = »(0).

i =ylz1) =y (1) :

y/(O) _ y(h) — yO‘

h
y1 —0
1= .
h
Y1 = h.
Thus we have 1
yo=0, y1= 1

Yir1 — 2yi +yio1 = h2(6y? + ;).

For =1,
1\2
Y2 — 2y1 +yo = (4) (6y7 + 21).
)
Y27 o8
For ¢ = 2,

3y; | 2
-2 =22 2
Y3 Y2 + 3 + 16

126923

Y3

~ 131072
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Their solution gives
1 69 126923

1 27198 BT 131072

Y1 = 128’

3.1.2. The FDM for solving the Painlevé II differential equation
Rewrite (2)
y'(t) = 29° + 2y + . (58)
y(0) =1, y'(0)=0.
1

Divide the interval (0, 1) into four sub-intervals such that h = 7 and the pivot points

are at
1 1 3

17 1'2:5, x3:Z7

Then the second differential equation is approximated as

x0=0, x1= and x4 =1.

Yir1 — 2¢i +yi1
y”(z:) _Y h; i-1

Substitute into (58):
1 3
ﬁ[yiﬂ =2y + yi1] = 2y + 2y + p,
Yir1 — 2yi +yio1 = b (290 + 2y + p) -

By using a forward difference approximation for the derivative to compute the initial
value for yq,

V(@) = 3 e+ h) — y(@)]
y'(O) _ y(h>h_ Yo
i —1
0= o
y1 =1

Thus we have
Yir1 — 2yi + yi1 = K22y} + iy + ).
Fori=1
Y2 — 21 +yo = W* (207 + 2191 + ).
(G

=511 16
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Fori=2
ys — 2y2 + y1 = h*(2y3 + 2y + ).

3 1 73w\ 1/73 u
a2 (2 B pi= () (22 ) 1o (24 2 .
y3 <64+16>+ <4)( (64+16) Tol\ea i) T

1135513 66163 21942 48

Y3 = 5oao88 T 131072 ' 32768 | 8192
Their solution gives:
3w 1135513 66163  219u2  ud
n=h =t e Y87 5ouoss T 131072 | 32768 | 8192

3.2. Runge-Kutta Method (RK4)

The Runge-Kutta method is a powerful numerical technique for solving ordinary differ-
ential equations (ODEs), including nonlinear equations like the Painlevé equations. Devel-
oped by Carl Runge and Wilhelm Kutta in 1990, [45, 46], it provides higher accuracy than
the Euler method without requiring higher-order derivatives. The fourth-order Runge-
Kutta method (RK4) is particularly popular due to its balance between computational
efficiency and precision. By computing intermediate slopes at each step, RK4 improves
stability and accuracy; in this subsection, we use it to solve the Painlevé equations [47-50)].

3.2.1. The RK4 for solving the Painlevé I differential equation

Rewrite (1)
Y (z) = 6% + . (59)

with the initial conditions:

Rewrite the second-order equation as a system of first-order equations:

dy _

dx z:f(x,y,z).

y =2,
7=y =6y* +x=¢(x,y,2)
Here, f(z,y,z) represents the first derivative of y, while ¢(x,y, z) defines the right-
hand side of the second equation. With initial conditions at zo =0, y9 =0, z9 =1,

we proceed. Use step size h = % and calculate ki, ko, ks, k4 and [y, 12,13,14. Runge-Kutta
formulas for y, we use:

1

ki = hf(zo,y0,20) = 1
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h k1 I 1
k‘Q—hf<$0+ ,yo+2 +2> T

2
ML

40 0T 1024

135

512°

391
1536

h
kg—hf<$0+2

ky = hf(zo+ h,yo + k3, z0 +13) =

1
k= g(kl + 2k2 + 2k + kq) =
lh = hé(z0, Yo, 20) = 0.

h k1 1 7
l2—h¢<l‘0+27y0+ 5 20 + 2>_128'

h ko l 7
53—h¢<$0+,y0+ , 20 + 2)

2 2’ 2 128°
338579
Iy=h h k I
4= holzo+ hyyo + ks, 20 +13) = 55020
797331
I = =(ly + 2y + 215+ 1 bl
(1+ 2+ 23+ 1y) = 3388608
Hence,
391
— k= """ ~0.25456.
Y=Y+ E=1esg
797331
g = =1 — =~ 1. .
Yy =z=2zy+1 + 8383603 06337

3.2.2. The RK4 for solving the Painlevé II differential equation

Rewrite (2)
y'(t) = 20° + xy + p.
With the initial conditions:

Rewrite the second-order equation as a system of first-order equations:

dy

%:Z:f(flf,y,Z), y/:Z.

=y =2 +zy+p=p(2,y,2).

30 of 38

Here, f(x,y,z) represents the first derivative of y, while ¢(z,y, z) defines the right-hand

side of the second equation. With initial conditions at zg = 0, yo = 1, and z9 = 0.
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Use step size h = % and calculate k1, ko, ks, k4 and Iy, 1s,13,14. Range Kutta formulas
for y, we use:

k1 = hf(xo,yo, 20) = 0.

h k L\ 2
@thGm+wm%1Jm+l>: £

2 2 2 32
k‘3=hf<$o+g, yo+%, Zo+l§> 21—11—0%
k4::hf(xo%—hwyo%—kg,a)+lg)::966280%_16%222;;_294M2+_u3.
. é(kl%2k2%2k3+k4)::1032840-%4i32§22é%294u24—u3‘
l1 = hy(wo, Yo, 20) = QTTM
lg—hcp<aro+g,yo+k21,zo+l21) :%.
l3="he (a:o + g7yo + %,zo + l22> = 966280 + 16%2i22; 20427 +’u3.
l4=h90($0+h,y0+k3,20+l3)=ﬁ—l—;(iﬁ;i 'Z>3 %

10204941 + 4299784960 ¢ + 203931648 12 + 167854083

1
l= 6(l1+2l2+2l3+l4) =

12884901888
Hence,
4178568 4 4550524 4 29442 + 13
y=yo+k= ;
3145728
, o 10204941 + 4299784960 11 + 203931648 12 + 1678540813
= Z = Z = .
y 0 12884901888

4. Comparative Analysis of Analytical and Numerical Methods

The study of nonlinear differential equations, particularly Painlevé equations, requires
robust analytical and numerical approaches to obtain accurate solutions. Analytical meth-
ods such as the Differential Transform Method (DTM), Modified Adomian Decomposition
Method (MADM), Laplace Decomposition Method (LDM), and Natural Decomposition
Method (NDM) provide series solutions, while numerical techniques such as the Finite
Difference Method (FDM) and Runge-Kutta Method (RK4) offer direct computational
approximations. This section presents a rigorous comparison of these methods [1, 2].
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4.1. Comparison between analytical methods

To assess the accuracy and convergence of DTM, MADM, LDM, and NDM, we com-
pute approximate solutions for the Painlevé 1 and II equations at selected points z =
0,0.25,0.5,0.75,1. This is presented for Painlevé equation I in Table 9 and for Painlevé
equation IT in Table 10. A graphical comparison of the approximate solutions obtained
from DTM, MADM, LDM, and NDM for Painlevé equation I is presented in Figure 9,

and for Painlevé equation II in Figure 10.

Table 9: Provides the computed values of y(z) at selected points for Painlevé equation |

T DTM MADM LDM NDM
0.00 0.000000 0.000000 0.000000 0.000000
0.25 | 0.254582309975 | 0.2545823823838 | 0.2545823823838 | 0.2545823823838
0.50 | 0.5542582826348 | 0.5542898995536 | 0.5542898995536 | 0.5542898995536
0.75 | 1.009901884624 | 1.0113271032061 | 1.0113271032061 | 1.0113271032061
1.00 | 1.882208994709 | 1.9011904761905 | 1.9011904761905 | 1.9011904761905

20r

05

Comparison of Methods for Painlevé |

/

= DTM

= MADM
LDM
NDM

Figure 9: Convergence methods for Painlevé Equation .

02 04

I Lox
08 1.0

Table 10: Provides the computed values of y(z) at selected points for Painlevé equation II.

X

DTM

MADM

LDM

NDM

0.00
0.25
0.50
0.75
1.00

1.0000
1.099332682292
1.444270833333
2.163232421875
3.466666666667

1.0000
1.097355143229
1.412239583333
1.999096679688
2.941666666667

1.0000
1.097355143229
1.412239583333
1.999096679688
2.941666666667

1.0000
1.097355143229
1.412239583333
1.999096679688
2.941666666667

4.2. Comparison between numerical methods

In this subsection the numerical methods considered include the Finite Difference

Method (FDM) and the Runge-Kutta Method (RK4) [47].

32 of 38
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35

301

25+

20r

Comparison of Methods for Painlevé Il

= DTM

— MADM
LDM
NDM

Figure 10: Convergence behavior of these methods for Painlevé equation II.
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02 04 086
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The computed values for Painlevé I at selected points are presented in Table 11, which
compares the approximate solutions obtained using FDM and RK4. The graphical com-
parison of these numerical methods is further illustrated in Figure 11. For Painlevé II,
the computed values using FDM and RK4 are presented in Table 12, and the graphical
comparison is shown in Figure 12.

Table 11: Comparison of the approximate solution by FDM and RK4, for Painlevé equation | at selected points.

x FDM RK4
0.00 0.00000 0.00000
0.25 | 0.250000000000 | 0.254455682891
0.50 | 0.539062500000 | 0.554123359580
0.75 | 0.968345642090 | 1.013010257333
1.00 | 1.955078125000 | 1.955172884313

y(x)

Figure 11: The accuracy of numerical methods for Painlevé equation I.

Comparison of Numerical Methods for

02 04 06

r Painleve |

PR
08 1.0
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Table 12: Comparison of the approximate solution by FDM and RK4, for Painlevé equation Il at selected points.

T FDM RK4
0.00 1.00000 1.00000
0.25 1.00000 1.099484364191691
0.50 | 1.203125000000000 | 1.458011474879827
0.75 | 2.677408218383789 | 2.377499005219746
1.00 | 6.738824991141589 | 5.909391830792607

Comparison of Numerical Methods for Painlevé Il

FDM
— RK4

x
02 04 06 08 10

Figure 12: The accuracy of numerical methods for Painlevé equation II.
5. Conclusion

This paper explored various analytical and numerical methods for solving the Painlevé
equations I and II, which are significant in the field of nonlinear differential equations due
to their integrability and applications in mathematical physics. The analytical methods
examined, including the Differential Transform Method, the Modified Adomian Decom-
position Method, the Laplace Decomposition Method, and the Natural Decomposition
Method, showcased their potential for handling the inherent complexities of nonlinear
equations with high precision.

On the other hand, numerical methods, specifically the Finite Difference Method and
the fourth-order Runge-Kutta Method (RK4), demonstrated their effectiveness in provid-
ing approximate solutions when exact solutions were challenging to derive.

Comparing the two approaches, analytical methods are advantageous for gaining in-
sights into the structural properties of solutions, while numerical methods are more ver-
satile for practical computations. This combination of techniques forms a comprehensive
toolbox for tackling nonlinear ordinary differential equations like the Painlevé equations.
Future work will focus on analytic and numerical methods’ approaches for solving systems
of differential equations.
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