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Abstract. Our aim in this paper is to obtain formulas expressions for solutions of the difference
equations. The purpose of this article is to determine the expressions of solutions for the following
rational difference systems

@n—2Qn QO o ®nan2
atO, =% Qn—37 e B+ 053+ 2

®n+1: , n=0,1,2,...,

where the real numbers « and 3 are arbitrary. Additionally, the qualitative behavior of the solutions
is analyzed, including their boundedness as well as their local and global stability. We will illustrate
our findings with numerical examples.
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1. Introduction

The study of rational difference equations and their systems has garnered signif-
icant attention in recent years due to their essential role in analyzing dynamic systems.
These equations serve as mathematical models for simulating various real-world phenom-
ena and act as effective tools for approximating solutions to continuous problems. As the
demand for a deeper understanding of these equations grows, an increasing number of
researchers are investigating their qualitative properties. This interest arises from their
capacity to accurately represent a wide range of physical, biological, and economic phe-
nomena. Moreover, research in this field has led to notable advancements by providing
numerical solutions and analytical techniques that establish links between difference and
differential equations, ultimately contributing to the development of more precise and
adaptable models for understanding complex systems.
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Extensive research has been carried out regarding the method of determining the gen-
eral form of the solution for certain special cases of the problem. The systems and behavior
of rational difference equations have been extensively studied (see, for instance, [1]-[2]).

The solutions of the following three-dimensional system of difference equations were
examined by Tollu and Yalcginkaya [3].

a+ thuy, a + SpUn a+ sptn
Sn4+1 = 5 ntl = ——— Upyl = — -
tn + up Up + Sy Sp + tn

Khaliq et al. [4]. conducted a dynamical analysis of the following discrete-time Lotka—
Volterra system with two predators and one prey

asy — /Bsntn — ¥YSnlUn

Sn+1 =

1+ds, ’
tn—l—l — Cyn + nsntn - Ntnun,
1+ e¢ty,
_ VZp + pSplUn — Otpup
Untl = 14+ wu,

Tollu et al. [2]. examined the general solutions of the following system of second-order
difference equations.

a ; B b
+1 +tnsn—1’ i +1 +tn—13n.

In [5]. Khaliq and Shoaib analyzed the global and local stability of the equilibrium
point for the three-dimensional system of difference equations

Sn+1 =

Sn
Sp4+1 =
a ~+ Sp—1tn—1Un—1 ’
t fn
n+l =
b+th_1Un—15n-1 ’
Un
Un+1 =

—C+ Up—-18n—1tn—1

Elsayed and Alharbi [6]. derived a closed-form expression for the solutions of the
following systems.

Sntn_1 " N tnSn—1
-, 1 = .
sy +t, TN s, 4t

The formula for the general solution of the system has been determined by Halim et
al. [7].

Sn+1 =

tp—18n—2 fool = Spn—1tp—2
Jr — .
tn (Oé + /Btn—lsn—Q) ’ " Sn (05 + Bsn—ltn—2)

[8]. Elsayed et al. discuss the structure of the system’s solutions:

Sn+1 =
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Q1Up—1tp—1

STL—‘,—I - 3
Sp—1 ttn_1 + Up_1
" Q2Unp—15n—1
’VL+1 - )
Sp—1+tn-1+ Un-1
a3Sp—1tn—1
Un+1 =

Spn—1+tn—1+ Up—1 .
Finding the solution expressions for the following rational difference systems is the
primary objective of this article:
On 282, o O 2
) Qn+1 — s
o+ G)n—Z + Qn—3 6 + @n—?) + Qn—Q

@n+1 =

n=012..., (1)

where v and 3 are arbitrary real values, and the initial conditions ©_35,0_5,0_1,
B0, 23,02 5,0 _1 and Qg are nonzero real integers. Additionally, we examine the behavior
of the solutions, including their boundedness and their local and global stability.

2. Main Results

Let Ig and I be any real number intervals, and let f : I% X I% — 1o, 9: I% X 1532 —
I be continuously differentiable functions. Then for each initial condition (©;,€;) €
Ig x I for i € {—3,—-2,—1,0}, the system of difference equations:

6n+1 = f (@Tu ®n—27 ®n—37 Qm Qn—27 QTL—3) )

2
QnJrl :g(®n7®n72>6n7379na9n7279n73)> n:07172>"-> ( )

has a unique solution {©,,Q,} " ..
Definition 1. A point ( ©,Q ) is said to be an equilibrium point of (2) if

)?
)

2D @
o
o
@ V@I
v@' u@l
el \.{OI
el \.{QI
o] u{ol

are satisfied.

Definition 2. Assume that (©,Q ) is a fized point of (2).
(i): (©,Q) is said to be stable if, for every e > 0, there exists § > 0 such that, for every
initial condition (©;,9;) € Ig x Iq fori € {—3,—2,—1,0} if

0
> (0:,%) - (6,9)

<6= H(@n,Qn) - (7,Q)H < e for alln > 0.
i=—3

(ii): (é_, Q_) is said to be unstable if it is not stable.
(iii): (©,Q) is called asymptotically stable if there exists v > 0 such that
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0

> (04%) - (6,9)

i=—3

(iv): (f),fl) is called global attractor if (O, Q) — (0,Q) asn — co.
(v): (©,9Q) is called globally asymptotically stable if it is a global attractor and stable.

<7, (0n,2,) = (6,9Q) as n — occ.

Theorem 1. [9]. Assume that (Opt1,m+1) = F (On, ), n = 0,1,..., is a system of
difference equations where F is continuously differentiable on open neighborhood H C R™t!
and (0,9) is a fired point of ' then

(1) If all eigenvalues of the Jacobian matriz Jr at equilibrium point (©,Q) lie inside the
unit disk i.e. |\i| <1 then (0,Q) is locally asymptotically stable.

(2) If at least one eigenvalues at equilibrium point (©,Q) outside the unit disk, then ( ©,Q
) is unstable.

Theorem 2. [10]. Let [a1,as] and [b1, ba] be an interval of real numbers Moreover, suppose
that f : [a1,a2] X [b1,ba] — [a1,a2] and g : [a1,a2] X [b1,ba] — [b1,b2] are continuous
functions. Let

Opt1 = f(0,, Q) and Qi1 =g (Oy, L),

and assume (' my, mo, My, My ) be a solution of the system
my = f(mi,ma), M= f(M,Ms),
mg =g (mi,ma), My =g(Mi, Ms).

where

{m if f or g nondecreasing in © or (Q,
m; =

M if f or g nonincreasing in © or 2,

and
M — M if f or g nondecreasing in © or (),
’ m  if f or g nonincreasing in © or Q.

Thus, m1 = My and mo = My. Then, the system of difference equations has a unique
equilibrium point and it is a global attractor.

. . @nfzﬂ _ ) Qn72
3. On the System: 01 = 75 =56 = T = 570,550

The behavior of the solutions of the following system of difference equations is analyzed
in this section

@nfzgn 0 o @nQn72
a+0n o0+ 3 TN B O s+ Qs

Opy1 = n=012..., (3)
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Then, we derive a specific expression for the solutions of the following system of difference
equations in (3) by considering the special case a = =10

@n—ZQn QO o @nQn—Q
en—Q + Qn—37 e Gn—S + Qn—Z

where ©_3,0_2,0_1,00,2_3,2_9,Q2_1 and )y are nonzero real numbers that serve as
initial conditions.

Opi1 = ., n=0,1,2,..., (4)

3.1. Local Stability of Equilibrium Point

The stability of the critical point O = (0,0) of system (3) is examined in this
subsection.

Theorem 3. The equilibrium point O is locally asi/mptotz'cally stable.
Proof. To investigate the stability of the critical point O, we assume

In = @n—Svyn =0Op_2,2, = Op_1,

Up = Q3,0 = Qp_9, Wy = Qyy_1,

Consequently, system (3) can be expressed as follows:

Tp+1 Yn

Yn+1 Zn

Zn+1 @”

®n+1 a—&z-/n Q—:u

= | )

Un+1 Un

Un+1 Wn,

Wn+41 Qn

Qn—}-l 5_?;%

The Jacobian matrix of (5) is given by:

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
aQn +un Qn _ynQn Yn
Jp = 0 (atyntun)® 0 0 (a+yn+un)? 0 0 a+yn+un
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
% Un BOn+xnOn
(B"‘xn“l‘vn)Q 0 0 B+I"+’U" O (6+xn+vn)2 0 0

If we evaluate the Jacobian matrix about the equilibrium point, we get all eigenvalues
[Ail =0,i =1,2,...,8. So all eigenvalues are inside the unit disk. Therefore Theorem 1
ensures that the origin is locally asymptotically stable.
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3.2. Global Attractor

We will show in this subsection that the global attractor is the critical point.

Th%)%%};nﬁi pThe egﬁlﬁilibrium oint O of the system (3) is the global attractor.

rove this, we will assume that
pq Pq
) == ) a'nd ) == )
f(p.q) P 9(p, q) Fipia

from here,

af aq+q® A ap+p’

op (a+p+q? 9q¢ (a+p+q)?
o9  Bg+¢ 99 PBg+q*

O (B+p+q? ¢ (B+p+q?

We observe that f(p,q) and g¢(p,q) are nondecreasing in p and q.
Let (mq, ma, M1, Ms) be a solution of system (3) such that:

m1 = f(m1,me), M= f(My,M),
mg = g(mi,ma), M= g(My,Ms).

So we have
my = a—l—Tan—lnfmg = am + m% + mimg = mima, (6)
M = Om = aMy + M}E + My My = My Mo, (7)
me = % = Bmo +mimo + m% = mima, (8)
My = m = BMy + My My + M3 = M M. (9)

By subtracting (6) from (7), we obtain:

a(my — My) + (m% - Mlg) =0,
a(my — My) + (my1 — My) (mq + My) = 0,
(m1 — Ml) [a +mi + Ml] = 0,
since oo + m1 + My # 0, hence, we find

my—M; =0 tendsto m;= M.

Likewise, we obtain mg = Ms. Thus, system (3) has a unique equilibrium point, which is
a global attractor according to Theorem 2.
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Theorem 5. system (3) has a globally asymptotically stable equilibrium point O.
Proof. The equilibrium point O is locally stable according to Theorem 3. Furthermore,

it is a universal attractor according to Theorem 4. Therefore, the equilibrium point O is
globally asymptotically stable according to Definition 2.

3.3. On Solution of System (4)

In this subsection, we find the solution to system (4).

Theorem 6. Assume that system (4) has a solution {©,,Q,},° 5. Forn=0,1,2,...,

6n—3 — T i)

(20 + D4 7)Y+ (20) ) (20N + K) (o + (20 + 1)7)
((2i + 1)o + 6)(¢ + (2i)r)

n A n+l, n_n, n
Og, » = A e T Ut T R )
?;01((22')7] + 1) A+ (20 4+ D)p) (20 + DA+ k) (o + (2i)7)

(20 4+2)c+00)(C+ (20 + 1)k)

nn)\n—&-lo.n'un,rnﬁn

170 (26 + 1)+ 7) (A + (20) ) (26 + 2)A + ) (0 + (2 + 1)7) ] ’

Opn—1 = ¢

((2i+1)o +0)(C + (20 + 2)r)
nn+1)\ngnMnTan

(204 2)n 4+ 7)Y+ (20 + 1)) (20 + DA + £) (0 + (20 + 2)7) ] ’

®6n: r

(20 +2)0 +0)(C+ (2t + 1)x)
77”)\”0'n+1ﬂn+1Tnlin
(04 0) [T (20 + D)+ 1) (A + (2 + 2)p) (20 + 2)A + k)
(0 + (2 4+ 1)7)((2i +3)0 + 6) (¢ + (20 + 2)K)
nn—&-l)\n—&-lo.nunTnKn—i—l

LA+ B)(CH R) TIP (20 4+ 2)n + 7)Y + (20 + 1)) (2 + 3)A + &)
(0 + (20 +2)7)((2i + 2)o + 8)(C + (2i + 3)k)
Q6 3 _ ] ,r]TZATlO.nMTZTTLK/n(S ]
" (200 4+ TV + (20 + 1)) (26 + DA + £) (o + (20)7)
((20)0 + 8)(C + (2i + 1)k)
0 _ nn)\nO.nMnTnKn—l—l
T Tl (2i 4 D+ 1)+ 20 ()M + K)o + (2 + 1)) |
(20 4+ 1)o +6)(C + (20 + 2)k)
Q _ nn)\no.nlunTTH»lHn
T T (20 + 1) + (2 + D) (26 + DA+ #)(0 + (20 +2)7) |
((2i+2)o +0)(C+ (20 + 1)k)
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n)\n n n—&-l,rnﬁn

o T (@it Dnt DO+ @i 22+ DA Ao+ (i1 D7) ] |

((2i +1)o +0)(¢ + (2 + 2)k)

n+1)\n0_n’un7_nﬁn+1

(C—FH) ((214—2)?74—7)(/\4— (26 + 1)) ((2i + D)X + k)
(a n (22 +2)7)((2i + 2)o + 6)(C + (2i + 3)k)

n)\n n—&-llun—&—l n+1 K"

(o +7) (0 + ) 1P (20 + 1)+ 7)Y\ + (20 + 2)p) (2 + 2)A + )
(o + (22+3) )((2i 4 3)o + ) (¢ + (2 + 2)k)

QGn+1

Qﬁn+2 =

where ©O_3 = (,0_9=0,0_1 =\, 0 =0,0 9 and o
Proof. The outcome holds true for n= b Assummg that n > 6 and that our hypothesm

is correct for n — 1, we have:

e nn—l)\n—lo.n—lglun—lTn—lﬂn—l
T T 2(2i+ D+ 1)+ 20 ()M + K)o + (2 + 1)) |
((2i + D)o + 86)(C + (20)k)
@ 77n—l)\nln'unlnlnl
T T2 (200 + 1)+ (20 + D) (26 + DA+ #)(0 + (20)7) |
((2i+2)0 +0)(C+ (2t + 1)k)
@ nnfl)\no_nfllunfl,rnflﬂnfl
T T I2((20 + )+ 1) (A + 20)) (2 + A+ #)(0 + (20 + 1)) |
((2i+1)o +0)(C + (20 + 2)k)
®6n_6: _ 7,,n)\n—10.11—1#71,—17_71—1Hn—l ’
"2((2 + 2)n + 1) (A + (26 + D)) (20 + DA + &) (0 + (20 + 2)7)
((2i +2)o +)(¢ + (2i + 1)K) ]
@ nn—l)\n lo.nlunTn 1 P 1
e T T o+ O II2((2i+ D+ ) (A + (20 + ) (2 + 2)A + #) |
(a+ (2z+ 1)7)((2i + 3)o + 8)(C + (2i + 2)r)
@ n)\n n—l'un—l n—1 K"
T T O m)(C ) TI2((20+ 2)m + 1) A+ (20 + D) (20 + 3)A+ #)
(o + (2z + 2)7)((2i + 2)o + 6) (¢ + (2i + 3)r)
Q _ nnfl)\nflanflunfl,rnfllinfl(s
T T 2(@iyn + 1)+ (2 + D) (26 + DA+ K)o + (20)7) |
((20)0 +6)(C + (20 + 1)k)
Q nnfl)\nflo.nfllunflTnflmn
T T2+ U+ 1) (A + 2D ((20)A + #)(0 + (20 + D7) |
((2i + 1) +6)(¢ + (20 + 2)K)
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Qon-7 =+

Qon—6 = T

Qop—5 =

Qon—a = +

7,’n—l)\n—lo.n—l'un 1,7_an 1

2200 +1)(A + (2i 4+ D)) (20 + DA+ £) (0 + (20 + 2)7) ] ’
((2i +2)o +6)(¢ + (20 + 1)k)

nfl)\nflo_n 1, n n—1 K 1

n HT

9 of 28

((2i +1)o +6)(¢ + (20 + 2)k)

n)\nlnlﬂnlnln

(CJm) 220+ 2)n + )N+ (20 + Dp) (20 + DA + &)
(0 n (22 +2)7)((2i + 2)a + 6) (¢ + (2i + 3)k)

n— 1)\n lo.nunTnKn 1

n

“2((2i+ 1)+ 7) (A + (20 + 2)) (26 + 2)A + k)

(o +71)(0+9)
(o0 + (2@ —|— 3)T)((2i +3)o +0)(C+ (20 + 2)k)

Now, it can be inferred from system (4) that

o _ O6n—6 Q6n—4
05 Ogn6 + Qen_7

777L>\7L71o.'nflu‘nf17_7L71Hn71

|

(204 2)n + TN 4 (20 + D) (20 + DA+ K) (0 + (20 +2)7)
((2i +2)o +0)(¢ + (2i + 1)K)

77”1)\n10'/1,TI€1

(c+7)(c+ ]I :2((21—1—1)17—1—7')()\4—(2z+2)u)((2i—|—2))\+/€)
(o0 + (20 4+ 3)7)((2i +3)0 + 6)(C + (20 + 2)k)

TIP2((2i + 1)+ 7) (A =+ (20 + 2)p) (2 + 2)A + k) (0 + (2i + 1)7) ] ’

nn}\n—lo.n—l‘un—lq_n—lmn—l

(20 4+ 2)n 4+ 7)Y+ (20 + D)) (20 + DA+ 8) (0 + (20 +2)7)
((2t+2)o +0)(C + (2i + 1)K)

nfl)\nflo.nfl 717,71&77,71

n

o
R0 + 7)Y+ (20 + D) (20 + DA+ k) (0 + (20 + 2)7)
(2t +2)o+0)(C+ (20 + 1)K)
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n)\nlo'l,t‘l'lﬂl

(0 + 7)o+ 8) [Tg (20 +2)n + 7) TIE (20 + D)+ 7) (A + (20 + 2) )
(20 +2)X T /i)(U + (20 + 3)T )((21 +3)o +0)(¢ + (2 + 2)k)

n T
";02((2¢+2)n+r) +{ j;j((m)nw)

n)\"IO'MTﬁll

O TI=E (20 + V) +7) (A + (20 +2)p) (20 + 2)A + )
+ (2z + 3)7T)((2i +3)o +0)(¢+ (2 + 2)K)
[ (Qit2)n+7)

1= (@in+r)

(c+71)(0+
(o

n+

n)\nl/J,THI

(c+71)(c+9)]1 :02((22+1)77+T)(/\+(22+2)u)((2i+2))\+m)
(o + (20 +3)7)((2i + 3) + 6) (¢ + (20 + 2)k)

n+(2n—2)n+1)

n)\n 1Unun7_an 1

(0 +7)(0+6)((2n — 1)+ 7) [T22((2i + D+ 7)(A + (2 + 2)p) ]
(26 + 2)A + &) (o + (20 + 3)T )((22+3)0+5)(C+(2z+2) )

As a result, we obtain

[ [P0 (2 + D)+ 1)+ i) (2D + k) (o + (2i + 1)7) |
((2i + 1)o + ) (¢ + (20)k)

O6n—3 =

Similarly, we can infer from system (4) that

O6n—486n—6

Qg = 0422606
73 Ot + Qen—s
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nn}\ngnflunflTnfll{n
[ A+ 8)(C+ r) T2+ 2)n + 7) (A + (20 + 1)) (20 + 3)A + &)
(0 + (2 + 2)7)((2i + 2)o + 6)(C + (2i + 3)K)

nnfl)\nflo.nfanTnflK/nfl

(204 D)+ )N (20 4+ 2)p) (20 + 2)A + K) (0 + (20 + 1)7)
((2i + 1o + ) (¢ + (20 + 2)K)

nnflAanflunflTnflﬁnfl
l 220+ D)+ 1)+ (20) ) (26 + 2)A + K) (0 + (20 + 1)7) ]
((2i + 1o + ) (¢ + (20 + 2)K)

n—l)\n—lo.n—l n n—1H7L—1

- TI=2((2i + 1)y + T><§ + (20 + 2):)&2¢ + 2N+ k) (0 + (20 + 1)7) ]
(20 +1)0 +0)(C+ (2t + 2)k)

nn}\no.nflun,rnflnn
A+ 8)(C+ r) TIPZEA + (26 + 2)p) TIZF (26 + 2)n + 1) (A + (20 + 1) p)
(20 + 3\ + K) (0 + (2i + 2)7)((2i + 2)o + 0)(C + (2i + 3)k)

|:n—2>\:| + [ ——
Hi:() (>‘+(27*)ﬂ) Hi:o ()\+(22+2)p,)

17”)\"0”_1/1,”7—"_15"
A+ 8)(C+ &) TIEE (2 +2)n + 7) (N + (20 + D)) (20 + 3)A + k)
(o + (20 +2)7)((2i + 2)o + 0) (¢ + (2i + 3)k)
AT O+ (2i+2)p)
[+ (2i)p)

17")\”0'"’1#”7'”’1/{”
[ A+ 8)(C+ /) TIPE(2i + 2)n 4+ 1) (A + (20 + D) (20 + 3)A + K)
(0 4 (20 +2)7)((2i + 2)o + 6)(¢ + (2i + 3)k)
A+ (2n—=2)p) +p
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nn)\no.n—l'un,rn—lﬁn

[ O+RC RO+ 20— D) 2o (264 2)n + 7)(A + (20 + 1)) ] '
(20 + 3N+ &) (o + (20 +2)7)((2i + 2)0 4+ 6)(C + (20 + 3)k)

Hence, we obtain
TIP3 (200 + 7)Y + (2i + D) (26 + DA+ 5) (0 + (20)7) |
((20)0 +6)(C + (20 + 1)k)

Qpp—3 = [

A similar approach can be used to study other expressions.
To confirm the results presented in this section, a numerical example is provided to

demonstrate a representative type of solution to system (4).

Example 1. The initial conditions are taken as ©_3 = 0.15,0_9 = —0.02,0_; =
0.08,0¢p = —0.05,2_3 = 0.1,Q2_5 = —0.06,Q2_1 = 0.05 and Q¢ = —0.02. The result-

ing solution and represented graphically and its behavior is illustrated in Figure 1.

0, 28, 49 0,0,
——————— an 1= -
®n 2+ Qn 3 H en 3+ Qn 2

Plot of ©,,,1 =

0.15

O(n) Q(n)

0.1

0.05

O(n), n)

-0.05

0.1 .

n

Figure 1

From Figure 1, we conclude that the solutions are bounded and that O is globally asymp-
totically stable and bounded. It is observed that the solutions has oscillatory harmonically
in the all range. The results confirm Theorem 5 and Lemma 1. This result is in good
agreement with the results obtained by Elsayed and Alshabi (2023)

3.4. Boundedness of The Solution

In this subsection, we show that the positive solutions of system (4) are bounded.

Lemma 1. All positive solutions of system (4) are bounded and converge to zero.



H. S. Gafel, H. A. Altamimi / Eur. J. Pure Appl. Math, 18 (3) (2025), 6218 13 of 28

Proof. system (4) demonstrates that
6n72Qn < @n72QTL

n = < Qna
© i ®n72 + anB o @n72 o
@nQn—Z @nQn—2
Qi1 = < < O,.
+ @n—3 + Qn—2 - Qn—2 a ©

We conclude that

@n—H <Q, and Qn-‘,—l < 0O,.
Settingn =n+1,n+2,..., yields
@n+2 < Qn—&—l <0, and Q, 2 < @n+1 <Q,
On43 < Qo <Opp1and Q43 <Oppo < Qpgq,.. .,

and so on. This suggests that the subsequences {Ogn—3}," o, {O6n—2}nep: {O6n—1}n—0>
{O6n}neos 1O6n+1}nen {O6n+2}neo and {Qen—3} 29 {Q6n—2} =0 {Q6n—1} =0, {Q6n}rzo;

{Q6n+1}—0 {Q6n+2},— are decreasing and are therefore bounded above by
Omax = max {O_3,0_2,0_1,60},

and

Omax = max {Q_3,0Q_2,0Q_1,Q0} .

Setting a« = =0 in (1) yields the solution expression in the following cases.

On_2Dn __On,
4. On the System: ©,,1 = g "~“g"~, Qw1 =g “ra;

The solutions of the following system of difference equations will be explicitly ex-
pressed in this section

Gn—QQn enQn—Q

o2 Q= —— 2 2 0,1,2,. . 10
@n—2 - Qn—3 i @n—3 + Qn—Z ( )

@n—i-l =

where ©_3,0_5,0_1,00,_3,Q 5,0 1 and )y are nonzero real numbers that serve as
initial conditions.

Theorem 7. Assume that system (10) has a solution {©,,Q,},~ 4. Forn=0,1,2,...,

O s = n" Ao Cunt "

" (n—7)(o — )" TTizg (A + (20)p) (0 + (20 + 1)7) (¢ + (2i)k)
O s — NP AR L

" A — k)P T A + (20 + D) (o + (20)7) (¢ + (20 + 1)r)
@6n_1 _ nn/\n—i—lo.n'unTn

(n—7)(o — &) [Ty (A + (20) ) (o 4 (20 + 1)7)(C + (20 + 2)k)’
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@ _ nn—i—l)\no.nlunh./n
bn = M — R)PTT0 N + (20 + D) (o + (20 +2)7)(C + (2 + 1)k)’

@ _ nn)\no_nJrl'unJrlTn

T (=)o — )T (A + (20 + 2)u) (0 + (20 + 1)7)(C + (20 + 2))
@ _ nn+1)\n+1anunﬁn+1

T (CH R)ST N — R T A+ (20 + D) (0 + (20 + 2)7)(C + (20 + 3)r)
Q B TL)\TLO.TLMTLHTL

T e (N = m) TS (A (20 D) (o + (20)7)(C + 20+ Ds)
Q _ nn)\no.n'unTnK

T =) (o = o) TIE (A + (200 + (2 + D7) (C + (20 + 2)k)
Q _ nn}\nanMnTﬁn

LT s — k) Tt (A + (20 + D) (o + (20 + 2)7)(C + (20 + 1)k)

n)\n n n+1 n

60 = (n—7)(0 — &) [TPd (A + (20 + 2) Yo + (20 +1)7) (¢ + (20 + 2)K)’
Q _ nn—&-l)\no.nﬂn/{n-l—l

T R)ET O = R T A+ (20 + D) (o + (20 + 2)7) (¢ + (20 + 3)r)
Q nn}\no_nJrllunJrl,rnJrl

T o+ 1) —7)(0 — 6T A+ (20 + 2)p) (0 + (20 + 3)7)(C + (2 + 2)k)

where ©_3 =

=(,0 9=0,0_1=),00=7,0_3=09,Q_9 =7 and Qp=p
Proof. The outcome holds true for n=0. Assummg that n > 6

is correct for n — 1, we have:

and that our hypothesm

nnfl)\nfl nflcunfl n—1

O6n—9 = ’
M (=)o — ) IEE (A + (20) ) (0 + (2 + D7) (¢ + (20)R)
- nn 1)\71 1 n'un 1/4;” 1
o = 5T 2Ot @+ D)o + @D+ @i 4 D)
@ - n 1)\n n— lu lTn 1
A P e ey T n 2+ (20)u) (o + (20 + 1)7)(C + (20 +2)r)
_ n)\n 1 oh— 1,& 1l{n—1
O6n-6 = 51T\ — 1)L TZ2(A + (20 + D)) (o + (20 + 2)7)(C + (20 + D)r)’
n— 1)\n lo.n n,7_n 1
O6n—5 = ,217 A ; . ;
(n—7)""to —0)"I[isg (A + (20 + 2)p) (o + (20 + 1)7)(C + (20 + 2)k)
n)\no_nfl'unflﬁn
@67174 - ) d . . . )
(C+ RS (A — R TP+ (20 + D) (0 + (20 + 2)7)(C + (20 + 3)x)
Q _ nnflAnfl nflunfl n—1
T (= k) (A + (204 D)o + (20)7) (¢ + (2 + Dk
n—1yn—1 n 1, n—1 n 1
Qp—s = X o

(= 7)o = )" IS (A + 20)p) (0 + (20 + 1)7) (¢ + (20 + 2)k)
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Q6n_7:: nn—lAn—lan—lﬂn—lT%n—l
LA — R)PLTZE A4 (20 + D) (0 + (20 4+ 2)7) (¢ + (20 + 1K)’
QGn*G:: 77nfl)\nflanflunTnfl
(n—7)" (o —0)n ! ?;02()\ + 204+ 2)p)(oc+ (20 + 1)T)(¢C+ (20 + 2),%)7
Q6 L nnAnflanflﬂnflﬁn
" (C+ K)O LN = R) P TR + (20 + D)) (0 + (20 + 2)7)(C + (2 + 3)K)
Q6n_4:: nnflAnflanunTn

(c+7)(n—1)""1(c —0)" H?:_OQ()\ + (2 4+ 2)p) (0 + (2 + 3)7) (¢ + (20 + 2)K)

We now derive from system (10) that

(0" T (A — k)1 H?;OQ(;-T@ iill)i)i(::l(% +2)7)(C + (20 + 1)k) ]
_ (c+7)(n—7)""1o—0)" ?:_ng;f(;;li;r);)w + (20 +3)7)(C + (20 + 2)k) 1
(6" 1\ — k)1 H;?;OQ(AU—TZ; iill)lg)i(lan:l(zz‘ +2)7)(¢ + (2i + 1)k) ]

nnflAnflo.nflunfl,rﬁnfl ‘|

- [ ST = R)ITTEZZ O+ (20 + L)) (o + (20 +2)7) (¢ + (20 + k)

n)\nflo.n non
(c+1)n—7)""o—6)" ;:026 + (20 i 2)p) (o + (20 + 3)7)(C + (20 + 2)k) ]

(n—r1)

nn}\nflanlulnTn

(c+ 1) —71)"(0 = " TIF (N + (20 + 2)p) (o + (20 +3)7)(C + (20 + 2)k)

Thus, we obtain
(n —7)(0 = 8)" 129 (A + (20)p) (0 + (20 + 1)7)(C + (20)5)

Likewise, we can analyze the relationships using the same approach

O6n—426n—6

Qg = —on=426n=6
05 Ogn—7 + Qon—6
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nAanfl nflﬁn
(C+K)O" N — k)" ;l;OQ(AnJr (2i +q)ﬂ) o+ (2i4+2)7)(C + (20 + 3)K) ]

n—lAn—lan—1u77n—l
[ (n—71)"" o —08)"! H?Qan(/\ + (2i + 2)p)(0 + (20 + 1)7)(C + (20 + 2)r) ]

pr—lAngn—1,n—1n—1
[ (n—7)""Ho = &) ISy (A + (20)p) (o + (20 + 1)) (¢ + (20 + 2)K) ]

nn—l)\n—lgn—lﬂn —1 ]

* (n—7)""Yo - )" T Id (N + (20 +2 u§<a + (20 + 1)7)(C + (20 + 2)k)

nnAnanflunNn

(C+#)0" 1N = R)" TSR + (20 + 2)p) TIZE (N + (20 + 1)) ]

(04 (2 +2)7)(¢C + (2 + 3)K)

[2)\] + [ &
oy O (20)p) "2 2it2)p)

nnAnUnfluan
L (CH+ RO = m) TIEZEO + (20 + D) (0 + (20 + 2)7)(C + (20 + 3)r) | ]
[AH?‘02<A+<2i+2>m

Pl OH(20))

+

N AT
[ (CH+ RO = 1) TIZHA + (20 + Dp)(o + (20 + 2)7)(C + (20 + 3)) }]

D)
A+ (2n = 2)p) + p

nn}\no.n—lﬂnﬁn
(C+ RN = K) "M+ (2n — D) [TZE A+ (2i + D) (o + (20 +2)7) |
(C+ (2i+3)kK)

Then
nnAnanunﬁn

=L\ — &) [T (N + (20 + D) (o 4+ (20)7)(C + (20 + 1)k)

The same method can be used to prove other relations.

Qpp—3 =

Example 2. Let the initial values be ©_3 = —0.1,0_9 = 0.09,0_1 = —0.03,07 =
0.05,2_3=0.03,Q2_9 = —-0.04,2_1 = 0.1 and Qo = —0.02. See Figure 2.
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. @n ZQn @nnn 2
Plotoft©,41 = —————and Q1 = —————
01— oo . (_)n 2 Qn 3 o o @n 3+ Qn 2

O(n) Q(n)

008 —

0.06 -

0.04 -

0.02 -

O(n),Q(n)

-0.02 -

-0.04 —

-0.06 -

-0.08 -

-01
0 2 4 6 8 10 12 14 16 18 20
n

Figure 2

Figure 2, explained that the solutions are bounded and that O is globally asymptotically
stable and bounded. It is observed that the solutions has oscillatory harmonically in the
all range and its converges to zero for n > 10. The results confirm Theorem 5 and Lemma
1. This result is in good agreement with the results obtained by Khan et al. (2019).

@n_gﬂn enﬂn—Z

5. On the System: ®n+1 = 20, 219, 3’ Qn+1 = ©, 319, o

The solutions of the following system of difference equations will be explicitly ex-
pressed in this section

On—2Q, Onln—2

Sl N o W . n=0,12,... 1
6,0t 0n g TG (11)

®n+1 = _——

n—3 + Qn—2
where ©_3,0_5,0_1,00,Q_3,Q2_5,Q_1 and Qg are nonzero real numbers that serve as
initial conditions.

Theorem 8. Assume that system (11) has a solution {©p, Q,} - Forn=0,1,2,...,

n=-3"

@6n_3 _ (_1)n77n)\n0.ngun7_nl%n )

P20 (24 D — 7)(A + (20)p) ((20)A — k) (0 + (2 4 1)7)
(26 +1)o — ) (¢ + (20)k)

(_1)nnn)\nan+lun7_nﬁn
O6n—2 = T ) : RENEE
im0 (20 — 1)(A+ (20 + D) (20 + DA — k) (0 + (24)7)
(2 +2)o —0)(C+ (2i + 1)k)
(_1)n,’7nAn+10.nunTan

(20 4+ )y — 7)Y+ (20) ) (20 + 2)X — k) (0 + (20 + 1)7)

((2i +1)o —0)(¢ + (2i + 2)K)
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( 1)n n—i—l)\no.nlunTn/{n
@2+ 2)n — T) A+ (2i 4+ D) ((2i + DA — K) (0 + (2i +2)7) |
(20 +2)o =) (¢ + (2i + 1)K)
®6n+1 _ ( 1)n+1 B\ n+1Mn+1 ngen ) ]’

eﬁn: r

(0 — &) T (20 4+ 1)n — 7) (A + (20 + 2)p) (2 + 2)\ —
(U—l—(22+1) )((20 +3)0 — 6)(C + (20 + 2)k)

( 1)n+1 n+1)\n+10.nun7_nmn+1

@ n = T ’
T O = (¢ ) T (20 + 2)m — 7Y A+ (20 + D) (20 + 3)A — k)
(o + (2z+2) )(2i +2)0 — ) (¢ + (20 + 3)k)
(_1)n nAR G IunTnK:n5
Qon—3 = ¢ : NINBE
((22) TYA+ (20 4+ D)) (20 + D)X — k) (o + (2i)7)
((2¢)0 = 6)(C + (2 + 1)k)
QGn72 _ (_1)n n)\nUnMnTan+l ]
[T ((2z+1) TN+ (20)pu)((20)A — k) (0 + (20 + 1)7) ’
(2t +1)o —6)(¢ + (2i + 2)K)
Qﬁnil _ (_1)n nAanMn,rnJrl n
N —T) A+ i+ D) ((2i + DA — k) (0 + (2i +2)7) |
(20 +2)0 —6)(C+ (2i + 1)K)
(_1)n7]n)\n0.n,un+1 nn
Qﬁn =

(24 1) — 7Y+ (20 + 2)p) (2 +2)A — k) (0 + (2 + 1)7) |
((2i 4+ 1)o — 8)(¢ + (20 +2)K)

( 1)n n+1)\nO.nMnTnKn+1
Qont1 = + ;
K) 1

(C+r) TI (20 +2)m — 7)Y (A + (20 + D)) (20 + 1A —
(a + (2z +2)7)((2¢ + 2)0 — §)(C + (2i + 3)K)
( 1)n+1 A n+1'un+1 n+1 K"

Qenv2 = ¢ : ;
(0 +7)(c — 1(1 X §z+1) Y+ (20 + 2)p) (20 + 2)\ — k) ]
21

5) (
(o0 + (20 4+ 3)7)((2i +3)0 — 6)(C + (20 + 2)k)

where O_3 =(,0_9=0,0_1=X,00=1,0_3=0Q 9=rQ 1 =7 and Q=p
Proof. The outcome holds true for n=20. Assumlng that n > 0 and that our hypothesns

is correct for n — 1, we have:

( l)n 1 nfl)\nfl nflclunflTnflﬁnfl

On—9 = + -
[T ((22 + D —7) A+ 20)p)((20)N — k) (o + (20 + 1)7)
(20 + 1) — 5)(C + (20)5)
( 1)n71 nfl)\n lo,nﬂn 1 = 1 P 1
O6n-8 = ¢ —,
((22) TN+ (20 4+ 1)) (20 + DA — k) (0 + (2i)7)
(20 +2) — 5)(C + (20 + 1))
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O6n—7 = ¢

Qon—9 =

Qon-s = +

Qon—7 = 7

Qon—6 = T

Qon—5 = +

QGn74 =T

( 1)71 1 n—l)\n n—l'un—lTn—lﬁn—l

((2i +1)o = 6)(¢ + (20 + 2)k)
( 1)7171 n)\nfl nfllunfl,]_nflﬁnfl

(2 + 1) — 7)Y (A + (20) ) (26 + 2)A — k) (0 + (2 + 1)7) ] ’

“2((2i + 2)n — T)(A =+ (2 + D) ((2i + DA — &) (0 + (20 +2)7) ]
(2 +2)0 —6)(¢ + (20 + 1)k)

(_1)nnn—1)\n lo,nMnTn 1 P 1

T [0 — )T+ Dy — 1)\ + (20 + 2))((2i + 2)A — ) ]

(0 + (20 + 1)7)((2i + 3)o — 6)(C + (2i + 2)k)
( 1)71 AR GN— lun—lTn—l,in

IRIEESG

_|_
(o + (2z+2) )((2i + 2)o — 6)(C + (2i + 3)k)
(—1)n—lyn=tyn=lgn=1,n=ln-1l,n=1s

&) TIP22 (26 + 2)n — 7) (A + (20 4+ 1)) (20 + 3)A — ) ]

2((20)n — YA+ (20 + D) (26 + DA — k) (0 + (20)7) |
((20)0 = 0)(C + (20 + 1)k)
( 1)n 177n71)\n71 nfllunflTnflﬁn

T12((2i + 1) — 7)Y (A + (20) ) (20)A — k) (0 + (2i + 1)7) |
(20 +1)0 —6)(C + (2 + 2)k)

(1)n1n1)\n1nllun1nn1

((2i +2)0 = 0)(C+ (2i + 1)r)

(_1)n—1nn—1)\n—1o.n lunTn 1 P 1

(200 — 7)(A + (20 + D)) ((2i + DA — k) (0 + (2i + 2)7) ] ’

22+ 1) — 7Y+ (20 + 2)p) (26 + 2)A — k) (0 + (2 + 1)7) |
((2e+1)o —0)(¢ + (2 + 2)K)
(71)n 1 n)\n 1O.n—1Mn—17_n—1Hn

CH+R)TI2(2i+ 20—+ Qi+ D) (2 + DA —k) |
(a + (2z +2)7)((2¢ + 2)0 — 6)(C + (2i + 3)K)

( 1)n77n—1)\n 10‘",&”7‘”/{” 1

(04 7)(o — 8) TIP=2((2i + 1)y — )(A+(2z+2)u)((2¢+2)x—n)]'
(a+( i+ 3)7)((2i 4 3)o — 6)(C + (20 + 2)k)

Now, it can be inferred from system (11) that

O6n—6826n—1

O6n—3 =

_@6n76 + Q617,77

19 of 28
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(71)”‘_177”)\”_10‘77‘_1“”_17’”_1&”_1

[ " 2((2i 4 2)n — YA+ (20 + D)) (26 + DA — K) (0 + (2 + 2)7) 1

(20 +2)0 —0)(C + (20 + 1)k)

(=nngr—ian—lgnynengn—l
(o4 7)(0 — &) TI=E (2 + 1) — 1) (A + (20 +2)p) (20 + 2)\ — k)
(04 (20 + 3)7)((2i 4+ 3)o — 8)(C + (2 + 2)K)

(_1)71717771)\71710,7171#717177171an1

(20 4+ 2)n — 7)Y+ (20 + D)) (20 + D)X — k) (0 + (20 +2)7)
((2i +2)0 =) (¢ + (2 + 1)k)

(l)nlnlknlnlu—l,rﬁl

T2 ((20)n — 7)(A + (20 + 1)) (20 + 1A — ><o+<2z‘+2>7>]
(20 +2)0 — §)(C+ (20 + 1)k)

_l’_

(—1)”’717]")\”710'"/1,”7'”,‘6”71
(0 +7)(0 = 8) [T755 (20 + 2)n — ) T[S (20 + 1)n — 7) (A + (20 + 2)p)
(20 + 2)X — &) (0 4 (2i + 3)7)((2i + 3)o — 6)(C + (2i + 2)K)

yi _ T
H?_02(<22‘+2>?7—T)} {H?()Q((?Z)n T>]

(_1)n n)\n 10’ #nTan 1

(0 +7)(o — &) TIP=2((2i + 1)y — )(/\+(2z+2)u)((2i+2))\—/¢)]
(a+(2z+3) )((2z+3)0— 8)(C + (2i + 2)k)

TH ((2i4+2)n—7)

1= (2in—)

(=) Ipran—lgnynngn—1
(0 +7)(0— &) TTH2((2 + D) — 7)(A 4 (20 + 2)p) (20 + 2)\ — k)
(c+ (20 +3)7)((20 +3)0 — 0)(¢C + (2i + 2)k)

n+(2n—2)n—7)
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(_1)n—177n)\n—10.n/’6n7_n%n—1

(o +7)(o = 0)((2n — 1)y — 1) TS5 (20 + 1) — 7)(A + (20 + 2)p) ] .

(26 + 2)A — &) (0 + (20 + 3)7)((2i + 3)o — 6)(C + (2i + 2)k)

Therefore, we get

(204 D — 1) A+ (20)0) (201 — &)(0 + (20 + 1)7) ] '
((2i+ 1)o — 8)(¢ + (20)k)

On—3 = [

Similarly, we can infer from system (11) that

O6n—46n—6

Q3= —"""—"—
O3 Ogn—7 + Qen—s

(—1D)rprAngn—lyn—lrn—lgn
(A = R)(C + ) TS (20 + 2)n — 7)(A + (20 + 1)) ((2i + 3)A — k)
(0+ (20 +2)7)((20 + 2)0 — §) (¢ + (20 + 3)K)

(_1)77,7177717lAnflo.nflun,rnflnnfl

[ " 2((2i 4 1) — 7Y+ (20 + 2)p) (26 + 2)A — k) (0 + (20 + 1)7) ]

((2i +1)o — 8)(¢ + (20 + 2)K)

(_1)7171,,71171AnanflunflTnflﬁnfl
(20 4+ D) — 7)Y+ (20) ) (20 + 2)X — k) (0 + (20 + 1)7)
((2i + 1)o — 8)(¢ + (20 + 2)K)

(_1)n—1,’]'n—1)\n—lo_n—l‘u‘nTn—lnn—l
T3 (20 + D) — 1) (A + (20 + 2)p) (20 + 2)N — K) (0 + (20 +1)7)
((2i +1)o —0)(¢ + (20 +2)K)

_l’_

(—1)"77”/\"0'"*1;1"7"’1&”
A = R)(C + R) TG O+ (26 4+ 2)p) TG (28 + 2)n — 7)(A + (20 + 1))
(20 +3)A — k) (0 + (20 + 2)7)((2i + 2)o — 6)(C + (2i + 3)K)

|:n—2>\:| + [ —
Hi:() (>\+(21)u) Hi:o ()\+(22+2)p,)
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(71)nnn)\ngn—1‘un7_n—1nn

[ (A= K)(C + R) T (20 + 2)n — 7) (A + (20 + D)) ((2i + 3)\ — &) ]

(o + (20 +2)7)((2i +2)0 — 0)(C + (2i + 3)k)

Moy A+ @it2)p)
L O+ (20)m)

(—1)”77")\’“0'”71;1,"7"“71/{"‘
(A = m)(C + ) TIEZ (20 +2)n — ) (A + (20 + 1)) (20 + 3)A — k)
(0 + (20 +2)7)((2i + 2)o — 0)(C + (2i + 3)k)
O+ -2+

(_1)n77n)\no.n—llun7.n—lﬁ.’n

[ A= K)(C+ RN+ (2n — D) TSR (20 + 2)n — 7)(A + (20 + 1)) 1 '

(2 + 3)X — k) (o + (20 +2)7)((2i + 2)o — 6)( + (20 + 3)K)
Hence, we obtain
(=)™ A\t K"
2o (200 = T) (A + (2 + D) (2 + DX = k) (0 + (20)7) 1 '
((20)0 —0)(C+ (20 + 1)k)

A similar method can be applied to prove the following cases.

Qpp—3 = l

Example 3. Consider the initial values ©_3 = 0.07,0_5 = —0.03,0_; = 0.1,0¢ =
—0.09,Q2_3=-0.02,2_5=10.05,Q2_1 = —0.08 and Q¢ = 0.04. See Figure 3.
" O _ ®n ZQn _ @nnn 2
Plot of ©,,1 = 7_(9” S0 and 9,1 = 7&)” I
\

A(n) Q(n) |

07 -

086~

05

04—

03 -

(n),Qn)

02

0.1 -

-0.1

02 | |
0 2 4 6 8 10 12 14 16 18 20

n

Figure 3
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Figure 3, demonstrated that the solutions are bounded and that O is globally asymptot-
ically stable and bounded. It is observed that the solutions has oscillatory harmonically
in the all range and its converges to zero for n > 12. The results confirm Theorem 5 and
Lemma 1. This result is in good agreement with the results obtained by Khaliq et al.
(2022).

. — ®n—29n _ @nﬂn_g
6. On the System. ®n+1 = e, .-, 3’ Qn+1 = @, 519, 5

The solutions of the following system of difference equations will be explicitly expressed
in this section
@n72Qn @nQn72

__Tn=2n g = Omine2 01,9, 12
—0p_2— Q-3 T 0, s+ Qs (12)

en—i-l -

where ©_3,0_2,0_1,0,2_3,Q2_9,Q2_1 and )y are nonzero real numbers that serve as
initial conditions.

Theorem 9. Assume that system (12) has a solution {©y, Q,} - Forn=0,1,2,...,

n=-3"
O3 = n A"t eut T
T )Mo+ O ) (A + (20)p) (0 + (26 + 1)T)(C + (20)K)
o B (=1) " AT
2T 5O+ 1) T (A + (20 + D) (o + (20)7)(C + (20 + D)k)’
@6 = nn)\nJrlo.nMnTn
" (n+7)"(0 + 6" Ty (A + (20)p) (0 + (20 + 1)7)(¢ + (2i 4 2)k)
o _ (=) N
T+ B T A+ (204 D) (o + (20 + 2)7)(C + (20 + k)’
B *77”)\”0”"_1;1”"'17'”
Oent1 = (o £ o TId (A + (20 + 2)p) (0 + (2i + 1)) (C + (20 + 2)k)
(_1)n+1nn+1)\n+lanunﬂn+l
Oont2 = 17 £)0" (O + /)P T (M + (20 + D) (0 + (20 + 2)7)(C + (20 + 3)k)”
o . (— )"\ "
73T 5L+ ) [T (N + (20 + D) (o + (20)7)(C + (20 + D)k)’
Qg = N A e T K
" (n+ 7)o + )" [y (A + (20)p) (o + (20 + 1)7)(¢ + (20 + 2)r)
O B (=)™ A\ra™ T R™
LT SO+ R T (A + (20 + D) (0 + (20 + 2)7)(C + (20 + 1)k)
nn}\no.nun—&-lTn
Q6 =

T o+ 0 TIEE A (20 + 2)p) (o + (20 + D¢ + (20 + 2)k)
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( ) n+1 )\no.n/ln/{n—&—l
(C+ R)OA+ k)P TTZg A 4 (20 + D)) (0 + (20 4+ 2)7)(C + (20 + 3)K)’
n)\n n—l—lun—i—l n+1
(0 + 7)1+ 7)o + &)L T (A 4 (20 4+ 2)p) (0 + (20 + 3)7)(C + (20 + 2)k)

where O_3=(,0_2=0,0_1=X,00=1,0_3=60 9=kr,Q_1 =7 and Uy =p
Proof. The outcome holds true for n=20. Assummg that n > 0 and that our hypothesm

is correct for n — 1, we have:

Qon+1 =

Qﬁn+2 =

n—l)\n—l n—lcun—lTn—l

n
Otn—a = 1+ 7)o + 0)" L [T=Z(A + (20)u) (0 + (20 + D)7)(C + (20)r)
( 1)n—1 n—l)\n lo,nun 1 n 1
Oons = ST o 0O+ @4 D)o + 207+ (20§ D)
@ nfl)\n nflunfl,rnfl
T ) o+ ) IR A+ (20)p) (0 + (20 + D)) (¢ + (20 + 2)r)
( 1)n—1 n)\n—l n—lun—lﬂn—l
O6n—6 = 5= L+ /)P U2 + (20 + D)o+ (20 + 2)7)(C + (20 + Dr)’
@6 - _,r]n—l)\n lo.nunTn 1
T A ) o+ O TIEE N+ (20 + 2)p) (0 + (20 + 1)T)(C + (20 + 2)k)
o B (_1)nnnAan71un71Hn
T RO A+ )P TEZ2 M+ (20 + D) (o + (20 + 2)7)(C + (20 + 3)k)
( 1)11—1 n—l)\n—l n—lun—l n—1
B9 = SR e TR+ (2 D)o+ 20T T @it D)’
QG 8_ ,r]n—l)\n—l n—an—lTn—lli
T ) Yo+ IO+ (20)p) (o + (20 + 1)7)(C + (20 + 2)k)
( 1)n—1 n—l)\n—l n—lﬂn—lTﬁn—l
o T = ST e I+ (24 D)o+ (20 £ 2)7)(C + (214 D)’
Q nnfl)\nfl n— 1[un7_n 1
T 1) o 4 ) IO+ (204 2)u) (0 + (20 + D7)(C + (20 + 2))
Q - (_1)n—177n)\n—10.n—1lun—1/{n
T R)O IO+ /) LTI+ (20 + D) (o + (20 + 2)7)(C + (20 + 3)r)
QGn_4 _ _nn—l)\n lo.nlunTn

(0 + 7)1+ 7)o + 8P TIZA + (20 + 2)p) (0 + (20 + 3)7)(C + (20 + 2)r)

We now demonstrate that the findings hold true for n. It can be inferred from system (12)
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that

O6n—6826n—4

O6n—3
" —O6n—6 — Qon—7

(71)n—1nnAn—lo.n—llun—lnn—l
"IN+ /)" TIEE N+ (20 4+ D) (o + (20 +2)7)(¢C 4 (20 + 1)k) ]

_nnflAnfl

(c+7)n+1)"" o+ )" TIZE\ + (22‘0—|—M2)Tu)(a + (20 +3)7)(C + (2i + 2)r) 1

(Al)n—lnn—lAn—lgn—lun—lTﬁn—l

l A+ /)G N+ (20 + D)) (0 + (20 +2)7) (¢ + (20 + 1)k) 1
(1)~ Iygn—iyn—lgn—1 n—1rn-1

[ S+ &) N+ (20 + D)) (o + (20 +2)7) (¢ + (20 + 1)k) ]

nAnflan nrn
(c+7)n+17)" Yo +6)" ;;—OQZA + (20 i 2)p) (o + (20 + 3)7)(C + (20 + 2)k) ]

(n+7)

n, n, n

nn}\nfla unT
(c+ 7)Y+ 1) (0 + )" TIF N+ (20 + 2)p) (o + (20 +3)7)(¢ + (20 + 2)k)

So, we have
nnAngnCMnTn
(n+7)"(0 + )" ITiZg (A + (20)p) (0 + (20 + 1)7)(C + (20)5)

O6n—3 =

Additionally, we can see from system (12) that

l (C+K)O" YN+ k)" ;?:02((_;?&”1”1;fsz;ﬁjr (20 +2)7)(C + (2 + 3)K) ]
_ l (n+7)"" Yo +0o)" ! Hg:—OZ&T?QZ(’S“;T{;l (20 +1)7)(C + (20 + 2)K) ]
l (n+7)""to+0) ! nn}é}l”ﬂélf;}@n: 20+ 1)7) (¢ + (20 + 2)k) ]

nnflAnflanfl

N (n+7)" o+ )" I\ + (20 + 2Mu;(<; + (2 + 1)7) (¢ + (26 + 2)K) ]
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(=)Aol yn
€+ RN+ R) TIZE (A + (20 + 2)p) TIZg (A + (20 + 1)p)
(0 +(2i4+2)7)(C+ (20 + 3)K)

[2)\] =+ [ &
"y O+ (20 T2 (2i42))

n

(~1) " A"y
[ (C+ RN+ R)" TS A+ (2 4+ 1)p) (o + (20 + 2)7) (¢ + (2 + 3)k) }

[AH?‘02<A+<2i+2>m
P IO (20))

+

(—1)" " Ao
[ (C+ RN+ R)"TIZg A+ (2 4+ 1)p) (o + (20 + 2)7) (¢ + (2 + 3)k) } ]
A+ (2n = 2)p) + p

(_1)n,’7n>\n0.n—1'un,%n .
(C+ RN+ w) A+ (20— 1)) TS A+ (20 + 1)) (o + (20 + 2)7)
(C+ (20 +3)K)

Thus, we obtain
S\ + &) T2 (A + (20 + D) (o + (20)7)(C + (20 + Dk)

Likewise, we can investigate additional relationships by applying the same methodology.

Qo3 =

Example 4. Tuke the initial values ©®_3 =0.1,0_9 = —0.04,0_1 = 0.06,0¢ = —0.02,Q_3 =
0.05,Q2 5 =—-0.03,2_1 = 0.09 and Qy = —0.1. See Figure 4.
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Figure 4

Figure 4, shows that the solutions are bounded and that O is globally asymptotically
stable and bounded. It is observed that the solutions has oscillatory harmonically in the
all range. The results confirm Theorem 5 and Lemma 1. This result is in good agreement
with the results obtained by Elsayed and Ibrahim (2015).

7. Conclusion

The majority of studies on nonlinear rational difference equations analyze the be-
havior of solutions by presenting a general solution form. The initial conditions of the
systems considered in this study are nonzero real integers. Since obtaining explicit solu-
tion formulations can be challenging, researchers investigate the stability characteristics
of the equilibrium point.

This article presents the solution expressions for a few specific examples that serve as
applications of fourth-order rational difference systems. In Section 3, we examined the
qualitative behavior of the solutions, including their boundedness, as well as local and
global stability. Additionally, we derived the general solution form of system 4.

Moreover, we obtained solutions for three specific cases of the studied systems, namely
systems 10, 11, and 12, which are discussed in Sections 4, 5, and 6 respectively. Illustra-
tive and numerical examples are presented within Sections 3, 4, 5, and 6 to support the
theoretical discussions and verify the analytical results.

The expressions and results reported in this research might be beneficial for applica-
tions in seismology and materials characterization of difference equations.
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