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Abstract. The essential objectives of this study are to propose enhancements and modifications to the
bipolar soft rough sets methodology by incorporating ideals. The paper introduces two distinct types of
ideal bipolar soft approximation operators, which serve as extensions to the existing bipolar soft rough
approximation operator. Furthermore, two approaches are employed to establish and investigate a novel
type of bipolar approximation space, referred to as the bi-ideal bipolar soft approximation space. This
work also explores the relationships between these proposed techniques and previous methods, detailing
their respective characteristics and advantages. By enlarging the ideal bipolar lower approximations and
reducing the ideal bipolar upper approximations, these strategies significantly reduce the ambiguity and
uncertainty within the decision-making process. The paper additionally outlines several key metrics re-
lated to ideal bipolar soft spaces, enriching the theoretical understanding of these structures. A practical
application of the proposed spaces is presented in the context of multi-attribute group decision-making
(MAGDM) problems. To support this, an algorithm is developed to facilitate the selection of the most
optimal alternative from a range of options, accompanied by a practical example to demonstrate its effec-
tiveness. The analysis highlights the reliability, adaptability, and superiority of the proposed MAGDM
framework. Furthermore, a concise comparison with existing methodologies is provided, showcasing the
advantages and robustness of the proposed approach in addressing complex decision-making challenges.
2020 Mathematics Subject Classifications: 03E72, 03B52
Key Words and Phrases: Bipolar soft set, bipolar ideal rough soft sets, ideal bipolar soft approxima-
tion space

Abbreviations

PA ⇒ positive approximation , NA ⇒ negative approximation, UA ⇒ upper approximation
LA ⇒ lower approximation, SA ⇒ soft approximation , BR ⇒ boundary region

1. Introduction

In numerous fields such as social sciences, economics, engineering, environmental sciences,
artificial intelligence, and medical sciences, uncertainty and imprecision in data pose significant
challenges. These issues often stem from limitations in representing knowledge and the inherent
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roughness of available information. To address these complexities, researchers have proposed a
variety of mathematical modeling approaches, including interval mathematics, vague set theory,
fuzzy set theory, theory of rough sets [1], and theory of probability. However, despite their
utility, each of these approaches has inherent limitations [2], prompting the need for alternative
frameworks.

Soft set theory introduced by Molodtsov [3], offers a flexible and effective mathematical
tool to manage uncertainty. Its applicability spans various domains, including game theory,
functional analysis, probability theory, operational research, and medical diagnostics. This
framework has undergone rapid development, with significant contributions such as the intro-
duction of algebraic operations on soft sets by Maji et al. [4] and presented by Ali et al. [5]
as well as some fundamental operations on soft sets. Soft topological spaces are introduced by
Cagman et al. [6]. N-soft sets [7, 8], multipolar neutrosophic soft set [9], sum of soft topological
spaces [10] were introduced. A number of scholars have examined these properties and the
have used soft sets in decision-making [11, 12]. The joint of rough sets and soft sets has given
rise to soft rough sets, which address these challenges of incomplete and uncertain information
in intelligent systems. Feng [13] pioneered this integration to refine approximation techniques,
while Alkhazaleh and Marei [14] put forward new soft rough sets approximations. Furthermore,
the concept of ideals, defined as non-empty collections of sets closed under hereditary proper-
ties and finite additivity [15], has been instrumental in improving these approximations. The
introduction of bi-ideals [16] has provided a new framework for reducing BRs and enhancing the
precision of approximations, enabling the resolution of complex real-life problems [16–19]. Al-
harbi et al. [20] improved the SAs given by Feng et al. [13], Alkhazaleh and Marei [14] utilizing
ideals. Bipolar soft sets, first explored in [21], extend the notion of fuzzy sets by incorporating
a bipolar membership scale ranging from -1 to 1. The notion of a bipolar valued fuzzy set
[22] was presented by upgrading the fuzzy set’s membership grade from [0, 1] to [−1, 1]. This
concept has been generalized further to include bipolar fuzzy relations [23], bipolar complex
fuzzy sets [24], bipolar fuzzy soft sets [25], fuzzy bipolar soft sets [26], bipolar neutrosophic soft
sets [27], hesitant bipolar-valued fuzzy soft sets [28], multi-fuzzy bipolar soft sets [29], bipolar
fuzzy soft graphs [30], bipolar fuzzy soft expert sets [31] and rough fuzzy bipolar soft sets [32]
are some ways that scholars have generalized. These advancements have opened new avenues
for addressing decision-making challenges.

The motivations of this paper introduces an innovative approach for refining and extending
bipolar soft rough sets by leveraging the concept of ideals. This novel framework builds on
and enhances existing methodologies [33], [34] and [35] by presenting two types of ideal bipolar
soft rough approximation operators. These operators generalize traditional bipolar soft rough
approximations, providing greater accuracy and effectiveness in addressing uncertainty and
vagueness in data. The main properties of the presented technique are shown and many com-
parisons between our techniques and the previous ones are proposed. The bipolar soft rough
approximations [34] are special cases of the presented ideal bipolar SAs. Also, we discusses
the ideal bipolar SA-related measures. The proposed approximations utilizing ideals are more
accurate than [33], [34] and [35]. Therefore, the proposed techniques are very useful in real
life applications representing and discussing the vagueness of data. Additionally, bipolar soft
bi-ideal approximation spaces, which are new bipolar SA spaces created using two ideals, are
introduced. Two distinct techniques are described for these approximations. The key contribu-
tions of this study include the introduction of bipolar soft bi-ideal approximation spaces, which
employ two ideals to construct advanced approximation spaces. These spaces represent a sig-
nificant step forward in capturing the dual characteristics of datasets. Two distinct methods for
constructing these spaces are detailed, offering new tools for data analysis and decision-making.
To demonstrate the practical utility of that proposed framework, the study applies these tech-
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niques to multi-attribute group decision-making (MAGDM) problems. A novel algorithm is
presented to facilitate the selection of optimal alternatives, supported by a comprehensive ex-
ample illustrating its effectiveness. The reliability, adaptability, and superiority of the proposed
methods are further validated through a comparative analysis with existing decision-making
techniques, emphasizing their potential to address complex real-world problems.

2. Preliminaries

The main ideas employed in this study are reviewed in this section. In the paper, the
universal set, the parameter set, and the power set are denoted by Q, ℘ and 2Q, respectively.

Definition 2.1. [1] If Q is a universal set of objects, R is an equivalence relation on Q, and
R[ג] is the equivalence class containing .ג Then, for any = ⊆ Q, the lower, UAs and the BR of
= are defined respectively by:

Lower(=) = ג} ∈ Q : R[ג] ⊆ =},

Upper(=) = ג} ∈ Q : R[ג] ∩ = 6= ∅},

BND(=) = Upper(=) − Lower(=).

Definition 2.2. [3] A soft set over Q is a pair (f, ℘) where f : ℘ −→ 2Q. Consequently, a
parameterised collection of subsets of Q is provided by a soft set over Q.

Definition 2.3. [13] Let (f, ℘) be a soft set over Q. If for any ς1, ς2 ∈ ℘, there is ς3 ∈ ℘
such that f(ς3) = f(ς1) ∩ f(ς2) whenever f(ς1) ∩ f(ς2) 6= ∅, then (f, ℘) is called an intersection
complete soft set.

Definition 2.4. [21] Let ℘ = {ς1, ς2, ς3, ...., ςn} be the set of parameters, and the not set of ℘
is defined by ℵ = {¬ς1, ¬ς2, ¬ς3, ...., ¬ςn} where, for all i, ¬ςi = not ςi.

The family of all bipolar soft sets over Q will be denoted by BSSQ.

Definition 2.5. [21] A bipolar soft set on Q is an object of form B = (f, g : ℘) where
f : ℘ −→ 2Q and g : ℘ −→ 2Q with the property that for each ς ∈ ℘, we have f(ς) ∩ g(¬ς) = ∅.

Definition 2.6. [15] A non-empty family L of subsets of Q is called an ideal on Q if it fulfills
these conditions

(1) If = ∈ L and ϑ ⊆ =, then ϑ ∈ L ,

(2) If =, ϑ ∈ L , then = ∪ ϑ ∈ L .

Definition 2.7. [16] Let L1, L2 be two ideals on =. Then, the set of subsets from L1, L2 is
denoted by < L1, L2 > and is given by:

< L1, L2 >= {=1 ∪ =2 : =1 ∈ L1, =2 ∈ L2}.

Proposition 2.1. [16] Let L1, L2 be two ideals on = and =, ϑ ⊆ Q. Then, the family
< L1, L2 > has the following proprieties.

(1) < L1, L2 >6= ∅;

(2) = ∈ < L1, L2 >, ϑ ⊆ = ⇒ ϑ ∈ < L1, L2 >;

(3) =, ϑ ∈ < L1, L2 > ⇒ = ∪ ϑ ∈ < L1, L2 > .
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Definition 2.8. [20] Let (Q, S, L ) be a soft ideal approximation space with S = (f, ℘) be a
soft set over a universe Q, L be an ideal on Q, = ⊆ Q. Then, the lower and UAs, SRL (=)
and SR

L (=), are defined respectively by:

SRL (=) = ∪{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ L }

SR
L (=) = [SRL (=c)]c, where =c be the complement of =.

Definition 2.9. [34] Let B = (f, g : ℘) ∈ BSSQ be a bipolar soft set on Q and the pair β =
(Q, (f, g : ℘)) is called a bipolar soft approximation space (BSA-space for short). Depending
on β, the following operators are defined for any = ⊆ Q by:

SRβ+(=) =
⋃

{f(ς), ς ∈ ℘ : f(ς) ⊆ =},

SRβ+(=) =
(
SRβ+ (=c)

)c
,

SRβ−(=) =
⋃

{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ⊆ =c} ,

SRβ−(=) =
(
SR

L
β− (=c)

)c
,


are called the approximations of = and are considered to be soft β-lower positive, soft β upper
positive, soft β-upper negative, and soft β-lower negative, respectively. Moreover, the ordered
pairs are given as

PSR
β
(=) =

(
SRβ+(=),SRβ−(=)

)
,

PSRβ(=) =
(
SRβ+(=),SRβ−(=)

)
,


are called the ideal bipolar SAs of = with respect to the BSA-space.

Definition 2.10. [33] Let B = (f, g : ℘) ∈ BSSQ be a bipolar soft set on Q. Then, β =
(Q, (f, g : ℘)) is the corresponding bipolar soft approximation space. Depending on βL , the
following operators are defined for any = ⊆ Q by:

SFβ+(=) =
⋃

{f(ς), ς ∈ ℘ : f(ς) ⊆ =},

SFβ+(=) =
⋃

{f(ς), ς ∈ ℘ : f(ς) ∩ = 6= ∅},
SFβ−(=) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ⊆ =c} ,

SFβ−(=) =
⋃

{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ = 6= ∅}


are called the approximations of = and are considered to be soft β-lower positive, ideal soft β
upper positive,ideal soft β-upper negative, and soft β-lower negative, respectively. Moreover,
the ordered pairs are given as

PSF
β
(=) =

(
SFβ+(=),SFβ−(=)

)
PSFβ(=) =

(
SFβ+(=),SFβ−(=)

) 
are called the ideal bipolar SAs of = with respect to the IBSA-space

Definition 2.11. [33] Let B = (f, g : ℘) ∈ BSSQ be a bipolar soft set on Q and β =
(Q, (f, g : ℘)) is the corresponding bipolar soft approximation space. Then, B = (f, g : ℘) is
called a semi-intersection bipolar soft set, if f(ςi) ∩ g(¬ςi) = ∅ for all ς ∈ ℘ and ¬ς ∈ ¬℘.

Definition 2.12. [35] Let B = (f, g : ℘) ∈ BSSQ be a bipolar soft set on Q and L is an
ideal on Q. The triple β = (Q, (f, g : ℘), L ) is called ideal bipolar soft approximation space
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(IBSA-space for short). Depending on βL , the following operators are defined for any = ⊆ Q
by:

SFL
β+(=) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ L },

SF
L
β+(=) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ = /∈ L },

SF
L
β−(=) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ = ∈ L } ,

SFL
β−(=) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ =c /∈ L }


are called the approximations of = and are considered to be ideal soft βL -lower positive, ideal
soft βL upper positive,ideal soft βL -upper negative, and ideal soft βL -lower negative, respec-
tively. Moreover, the ordered pairs are given as

PSFL
β

(=) =
(
SFL

β+(=),SFL
β−(=)

)
PSF

L
β (=) =

(
SF

L
β+(=),SF

L
β−(=)

) 
are called the ideal bipolar SAs of = with respect to the IBSA-space.

3. Novel style of bipolar soft rough sets approximation based on ideals

Definition 3.1. Let B = (f, g : ℘) ∈ BSSQ and L be an ideal on Q. The triple βL =
(Q, (f, g : ℘), L ) is called an ideal bipolar soft approximation space (IBSA-space for short).
Based on βL , the following operators are defined for any = ⊆ Q by:

SRL
β+(=) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ L },

SR
L
β+(=) =

(
SRL

β+ (=c)
)c

,

SR
L
β−(=) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ = ∈ L } ,

SRL
β−(=) =

(
SR

L
β− (=c)

)c


are called the approximations of = and are considered to be ideal soft βL -lower positive, ideal
soft βL upper positive,ideal soft βL -upper negative, and ideal soft βL -lower negative, respec-
tively. Moreover, the ordered pairs are given as

PSRL
β

(=) =
(
SRL

β+(=),SRL
β−(=)

)
PSR

L
β (=) =

(
SR

L
β+(=),SR

L
β−(=)

) 
are called the ideal bipolar SAs of = with respect to the IBSA-space. Moreover, when PSR

β
(=) 6=

PSRβ(=) then, = is termed as an ideal bipolar soft rough set and = is said to be ideal bipo-
lar soft βL -rough; otherwise = is called ideal bipolar soft βL -definable. The related positive,
boundary, and negative regions with respect to the ideal bipolar SAs are given by

POSL
β (=) =

(
SRL

β+(=),SR
L
β−(=)

)
,

BN DL
β (=) =

(
SR

L
β+(=) − SRL

β+(=), SRL
β−(=) − SRβ−(=)

)
N EGL

β (=) =(Q, Q) − PSR
L
β (=) =

((
SR

L
β+(=)

)c
,
(
SRL

β−(=)
)c)

.

Remark 3.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. From
Definition 3.1, we deduce that:

(1) = ⊆ Q is ideal bipolar soft rough definable when BN DL
β (=) = (∅, ∅).
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(2) The ideal soft lower PAs in Definition 2.12 in [35] and ideal soft βL -lower PAs of = are
identical. That is, SFL

β+(=) = SRL
β+(=).

(3) The ideal soft upper NAs in Definition 2.12 in [35] and ideal soft βL -upper NAs of = are
identical. That is, SF

L
β−(=) = SR

L
β−(=).

(4) If L = ∅ in Definition 3.1, then these ideal bipolar SAs coincide with these bipolar soft
rough approximations in Definition 2.9 in [34]. So, the bipolar soft rough approximations in
[34] are special cases of these ideal bipolar SAs.

(5) For = ⊆ Q, we have SRL
β+(=) ⊆ =, SR

L
β−(=) ⊆ =c, SR

L
β+(=) ⊇ = and SRL

β−(=) ⊇ =c did
not hold in general. Moreover, it is not necessary to be SRL

β+(=) ∩ SRL
β−(=) = ∅.

(6) We see that SRL
β+(=) and SR

L
β+(=) coincides with the Definition 2.8 given in [20]. That

is, SRL
β−(=) = SRL (=) and SR

L
β−(=) =SR

L (=).

Here, we offer the following example to make the idea of ideal bipolar SAs clear.

Example 3.1. Let (f, g : ℘) ∈ BSSQ with Q = 1ג} , ,2ג ,3ג ,4ג ,5ג {6ג and ℘ = {ς1, ς2, ς3, ς4}.
The maps f and g are given as follow:

f : ℘ −→ 2Q,

ς 7→


,1ג} {6ג , if ς = ς1,

,3ג} {4ג , if ς = ς2,

{}, if ς = ς3,

,2ג} {5ג , if ς = ς4,

and

g : ℵ −→ 2Q,

¬ς 7→


,3ג} {5ג , if ¬ς = ¬ς1,

{5ג} , if ¬ς = ¬ς2,

,2ג} {6ג , if ¬ς = ¬ς3,

{4ג} , if ¬ς = ¬ς4.

Define an ideal L on Q as L = {∅, ,{2ג} ,{3ג} ,2ג} .{{3ג According to Definition 3.1, we can
evaluate the ideal bipolar SAs of = = ,3ג} ,4ג {5ג ⊆ Q as follows.

SRL
β+(=) = ,3ג} {4ג

SR
L
β+(=) = ,2ג} {5ג ,

SR
L
β−(=) = ,2ג} {6ג ,

SRL
β−(=) = ,1ג} {6ג .

Therefore,
PSRL

β
(=) =

(
SRL

β+(=),SRL
β−(=)

)
= ,3ג}) {4ג , ,1ג} ({6ג

PSR
L
β (=) =

(
SR

L
β+(=),SR

L
β−(=)

)
= ,2ג}) {5ג , ,2ג} ({6ג

Consequently, = is an ideal bipolar soft βL -rough because PSRL
β

(=) 6= PSR
L
β (=). More-

over, by direct calculations, we obtain

POSL
β (=) =

(
SRL

β+(=),SR
L
β−(=)

)
= ,3ג}) {4ג , ,1ג} ({6ג ,

BN DL
β (=) =

(
SR

L
β+(=) − SRL

β+(=), SRL
β−(=) − SRβ−(=)

)
= ,2ג}) {5ג , ({1ג} ,

N EGL
β (=) ==

((
SR

L
β+(=)

)c
,
(
SRL

β−(=)
)c)

= ,1ג}) ,3ג ,4ג {6ג , ,2ג} ,3ג ,4ג ({5ג .

Remark 3.2. From Example 3.1, the relationship between the containment of PSRL
β

(=) and

PSR
L
β (=) is in general:
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(1) SRL
β+(=) * = * SR

L
β+(=) and SRL

β+(=) + = + SR
L
β+(=),

(2) SRL
β−(=) * = * SR

L
β−(=) and SRL

β−(=) + = + SR
L
β−(=).

Theorem 3.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. Let
= ⊆ Q, f(ς) /∈ L and g(¬ς) /∈ L for all ς ∈ ℘, then = is ideal bipolar soft βL -definable if and
only if SR

L
β+(=) ∩ =c ∈ L and SRL

β−(=) ∩ = ∈ L .

Proof. Let = be ideal bipolar soft βL -definable, then PSRL
β

(=) 6= PSR
L
β (=), So, SRL

β+(=) =

SR
L
β+(=). Thus, SRL

β+(=) ∩ =c ∈ L . In fact, if SRL
β+(=) = ∅, then SRL

β+(=) ∩ =c ∈ L . As-
sume that SRL

β+(=) 6= ∅ and ג ∈ SRL
β+(=). We have two cases.

The first case, if ג /∈ =, then ג ∈ =c and there exists ς ∈ ℘ such that ג ∈ f(ς) and f(ς)∩=c ∈ L .

Therefore, ג ∈ f(ς) ∩ =c ∈ L and hence {ג} ∈ L . Hence,
⋃c=∋ג

SRL∋ג
β+ (=)

{ג} ∈ L .

The second case, if ג ∈ =, then ג /∈ =c and so SRL
β+(=) ∩ =c = ∅ ∈ L . The two cases lead to

SRL
β+(=) ∩ =c ∈ L . Since, SRL

β+(=) = SR
L
β+(=). Then, SR

L
β+(=) ∩ =c = ∅ ∈ L . Similarly,

the other part could be given.
Conversely, assume that SR

L
β+(=) ∩ =c ∈ L and SRL

β−(=) ∩ = ∈ L . Since, f(ς) /∈ L

and g(¬ς) /∈ L for all ς ∈ ℘. Then, it is obvious that SRL
β+(=) ⊆ SR

L
β+(=) and SRL

β−(=) ⊇
SR

L
β−(=). So, it sufficient to show that SRL

β+(=) ⊇ SR
L
β+(=) and SRL

β−(=) ⊆ SR
L
β−(=). Let

ג ∈ SR
L
β+(=). Then, there exists ς ∈ ℘ such that ג ∈ f(ς) ⊆ SR

L
β+(=). Since, SR

L
β+(=) ∩

=c ∈ L and f(ς) ∩ =c ⊆ SR
L
β+(=) ∩ =c, then f(ς) ∩ =c ∈ L and hence ג ∈ SRL

β+(=).
Also, let ג ∈ SRL

β−(=). Then, there exists ¬ς ∈ ¬℘ such that ג ∈ g(¬ς) ⊆ SRL
β−(=). Since,

SRL
β−(=)∩= ∈ L and g(¬ς)∩= ⊆ SRL

β−(=)∩=, then g(¬ς)∩= ∈ L and hence ג ∈ SR
L
β−(=).

Consequently, SRL
β−(=) ⊆ SR

L
β−(=).

Proposition 3.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space.
Let = ⊆ Q, f(ς) /∈ L and g(¬ς) /∈ L for all ς ∈ ℘. Then, = is ideal bipolar soft βL -definable if

= ∩
[ ⋃

ς∈℘
f(ς)

⋃ ⋃
¬ς∈¬℘

g(¬ς)
]

∈ L .

Proof. Since, f(ς) /∈ L and g(¬ς) /∈ L for all ς ∈ ℘. Then,
SRL

β+(=) ⊆ SR
L
β+(=) and SRL

β−(=) ⊇ SR
L
β−(=). Let = ⊆ Q such that

= ∩
[ ⋃

ς∈℘
f(ς)

⋃ ⋃
¬ς∈¬℘

g(¬ς)
]

∈ L . Then, SR
L
β+(=) = ∅. In fact, assume that ג ∈ SR

L
β+(=).

Then, there exists ς ∈ ℘ such that ג ∈ f(ς) and f(ς) ∩ = 6∈ L , Since

f(ς) ∩ = ⊆ = ∩
[ ⋃

ς∈℘
f(ς)

⋃ ⋃
¬ς∈¬℘

g(¬ς)
]

, then = ∩
[ ⋃

ς∈℘
f(ς)

⋃ ⋃
¬ς∈¬℘

g(¬ς)
]

/∈ L a contradic-

tion. So, SR
L
β+(=) = ∅. Hence,

SR
L
β+(=) ⊆ SRL

β+(=). Let ג ∈ SRL
β−(=). Then, there exists ¬ς ∈ ¬℘ such that ג ∈ g(¬ς) and

g(¬ς) ∩ =c 6∈ L , Since, g(¬ς) ∩ = ⊆ = ∩
[ ⋃

ς∈℘
f(ς)

⋃ ⋃
¬ς∈¬℘

g(¬ς)
]

∈ L , then g(¬ς) ∩ = ∈ L .

Hence, ג ∈ SR
L
β−(=), therefore SRL

β−(=) ⊆ SR
L
β−(=).
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Theorem 3.2. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. For
=, ϑ ⊆ Q, the following properties hold:

(1) SRL
β+(=c) = [SR

L
β+(=)]c;

(2) = ⊆ ϑ ⇒ SRL
β+(=) ⊆ SRL

β+(ϑ);

(3) = ⊆ ϑ ⇒ SR
L
β+(=) ⊆ SR

L
β+(ϑ);

(4) SRL
β+ [SRL

β+(=)] = SRL
β+(=);

(5) SR
L
β+ [SR

L
β+(=)] = SR

L
β+(=);

(6) SRL
β+(= ∩ ϑ) ⊆ SRL

β+(=) ∩ SRL
β+(ϑ);

(7) SRL
β+(=) ∪ SRL

β+(ϑ) ⊆ SRL
β+(= ∪ ϑ);

(8) SR
L
β+(= ∩ ϑ) ⊆ SR

L
β+(=) ∩ SR

L
β+(ϑ);

(9) SR
L
β+(=) ∪ SR

L
β+(ϑ) ⊆ SR

L
β+(= ∪ ϑ).

Proof. The proof is analogous to the proof of a proposition given in [20] where the soft
ideal approximations SRL (=) and SR

L (=) are used instead of SRL
β+(=) and SR

L
β+(=),

respectively.

Remark 3.3. B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. For
=, ϑ ⊆ Q, we deduce by the next examples that in general:

(1) SRL
β+(Q) 6= Q and SR

L
β+(∅) 6= ∅.

(2) SRL
β+(∅) 6= ∅ and SR

L
β+(Q) 6= Q.

(3) SRL
β+(=) * =,= * SRL

β+(=) and SR
L
β+(=) * =, = * SR

L
β+(=).

(4) SRL
β+(=) ⊆ SRL

β+(ϑ) ; = ⊆ ϑ and SR
L
β+(=) ⊆ SR

L
β+(ϑ) ; = ⊆ ϑ.

(5) SR
L
β+(=) * SRL

β+ [SR
L
β+(=)] and SR

L
β+(=) + SRL

β+ [SR
L
β+(=)].

(6) SRL
β+(=) * SR

L
β+ [SRL

β+(=)] and SRL
β+(=) + SR

L
β+ [SRL

β+(=)].

(7) SRL
β+(= ∩ ϑ) 6= SRL

β+(=) ∩ SRL
β+(ϑ) and SR

L
β+(= ∪ ϑ) 6= SR

L
β+(=) ∪ SR

L
β+(ϑ).

Example 3.2. Let (f, g : ℘) ∈ BSSQ, where Q = 1ג} , ,2ג ,3ג ,4ג ,5ג {6ג and ℘ = {ς1, ς2, ς3, ς4, ς5}.
The maps f and g are given as follow:

f : ℘ −→ 2Q,

ς 7→



,1ג} {6ג , if ς = ς1,

{} , if ς = ς2,

{3ג} , if ς = ς3,

,1ג} ,2ג {3ג , if ς = ς4,

,1ג} ,2ג {5ג , if ς = ς5

and

g : ℵ −→ 2Q,

¬ς 7→



,4ג} {5ג , if ¬ς = ¬ς1,

{5ג} , if ¬ς = ¬ς2,

,2ג} {6ג , if ¬ς = ¬ς3,

{4ג} , if ¬ς = ¬ς4,

,3ג} {6ג , if ¬ς = ¬ς5.

Consider L = {∅, ,{1ג} ,{6ג} ,1ג} .{{6ג Then,
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(1) SRL
β+(=) = ∪{f(ς), ς ∈ ℘ : f(ς) ∩ Xc ∈ L )} = ,1ג} ,2ג ,3ג ,5ג {6ג 6= =. Then,

SR
L
β+(∅) = [SRL

β+(=)]c = {4ג} 6= ∅.

(2) SRL
β+(∅) = ∪{f(ς), ς ∈ ℘ : f(ς) ∩ ∅c ∈ L )} = ,1ג} {6ג 6= ∅. Then,

SR
L
β+(=) = [SRL

β+(∅)]c = ,2ג} ,3ג ,4ג {5ג 6= =.

(3) Let = = .{4ג} Then, SRL
β+(=) = ,1ג} .{6ג Hence, SRL

β+(=) * = and = * SRL
β+(=).

(4) From part (3), if = = ,1ג} ,2ג ,3ג ,5ג .{6ג Then, SR
L
β+(=) = ,2ג} ,3ג ,4ג .{5ג Hence,

SR
L
β+(=) * = and = * SR

L
β+(=).

(5) Let = = ,1ג} ,2ג ,{3ג B = ,1ג} ,2ג .{4ג Then, SRL
β+(=) = ,1ג} ,2ג ,3ג {6ג and SRL

β+(ϑ) =
,1ג} .{6ג So, SRL

β+(ϑ) ⊆ SRL
β+(=), but ϑ * =. Also, if = = ,4ג} ,5ג ,{6ג B = ,3ג} ,5ג .{6ג

Then,
SR

L
β+(=) = ,4ג} {5ג and SR

L
β+(ϑ) = ,2ג} ,3ג ,4ג .{5ג So, SR

L
β+(=) ⊆ SR

L
β+(ϑ) but = * ϑ.

(6) From part (4), if = = ,1ג} ,2ג ,3ג ,5ג .{6ג Then, SR
L
β+(=) = ,2ג} ,3ג ,4ג .{5ג So,

SRL
β+ [SR

L
β+(=)] = X. Hence, SR

L
β+(=) + SRL

β+ [SR
L
β+(=)].

(7) From part (6), if = = ,1ג} ,2ג ,3ג ,5ג .{6ג Then, SRL
β+(=) = = but

SR
L
β+ [SRL

β+(=)] = SR
L
β+(=) = ,2ג} ,3ג ,4ג .{5ג Hence,

SRL
β+(=) * SR

L
β+ [SRL

β+(=)] and SRL
β+(=) + SR

L
β+ [SRL

β+(=)].

(8) Consider L = {∅, ,{4ג} ,{6ג} ,4ג} {{6ג and = = ,1ג} ,2ג .{5ג Then,
SR

L
β+(=) = ,1ג} ,2ג ,4ג ,5ג .{6ג So, SRL

β+ [SR
L
β+(=)] = ,1ג} .{6ג Hence,

SR
L
β+(=) * SRL

β+ [SR
L
β+(=)].

(9) Consider L = {∅, ,{4ג} ,{5ג} ,4ג} .{{5ג If = = ,1ג} ,2ג ,3ג {5ג and B = ,1ג} .{6ג Then,
SRL

β+(=)∩SRL
β+(ϑ) = ,1ג} ,2ג ,3ג ,1ג}∩{5ג {6ג = {1ג} but SRL

β+(=∩ϑ) = SRL
β+({1ג}) =

∅. Also, if = = ,2ג} {3ג and B = ,4ג} ,5ג .{6ג Then, SR
L
β+(=)∪SR

L
β+(ϑ) = ,2ג} ,3ג ,4ג ∪{5ג

,4ג} {6ג = ,2ג} ,3ג ,4ג ,5ג {6ג but SR
L
β+(= ∪ ϑ) = X.

Theorem 3.3. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. For
=, ϑ ⊆ Q, the following properties hold:

(1) = ⊆ ϑ =⇒ SR
L
β−(ϑ) ⊆ SR

L
β−(=);

(2) = ⊆ ϑ =⇒ SRL
β−(ϑ) ⊆ SRL

β−(=);

(3) SR
L
β−(= ∩ ϑ) ⊇ SR

L
β−(=) ∪ SR

L
β−(ϑ);

(4) SR
L
β−(= ∪ ϑ) ⊆ SR

L
β−(=) ∩ SR

L
β−(ϑ);

(5) SRL
β−(= ∩ ϑ) ⊇ SRL

β−(=) ∪ SRL
β−(ϑ);

(6) SRL
β−(= ∪ ϑ) ⊆ SRL

β−(=) ∩ SRL
β−(ϑ);

(7) SR
L
β− (=c) =

(
SRL

β−(=)
)c

.

Proof.
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(1) Let ג ∈ SR
L
β−(ϑ) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ ϑ ∈ L }. Therefore, there exist some g(¬ς)

such that ג ∈ g(¬ς) such that g(¬ς) ∩ ϑ ∈ L . Because = ⊆ ϑ and L is an ideal, thus
in particular, ג ∈ g(¬ς) and g(¬ς) ∩ = ∈ L . Therefore, ג ∈ SR

L
β−(=). Consequently,

SR
L
β−(ϑ) ⊆ SR

L
β−(=)

(2) As = ⊆ ϑ, so =c ⊇ ϑc. By part (1), we can infer that SR
L
β− (=c) ⊆ SR

L
β− (ϑc). Thus, it

implies that,
(
SR

L
β− (=c)

)c
⊇

(
SR

L
β− (ϑc)

)c
. Hence, SRL

β−(ϑ) ⊆ SRL
β−(=).

(3) Assume that ג /∈ SR
L
β−(=∩ϑ) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ (= ∩ ϑ)L }. Therefore, for all

¬ς ∈ ℵ, ג ∈ g(¬ς), we have g(¬ς) ∩ [= ∩ ϑ] /∈ L . Then, for all ¬ς ∈ ℵ, ג ∈ g(¬ς), we have
g(¬ς) ∩ = /∈ L or g(¬ς) ∩ ϑ /∈ L . Consequently, ג /∈ SR

L
β−(=) or ג /∈ SR

L
β−(ϑ). This

implies that, ג /∈ SR
L
β−(=) ∪ SR

L
β−(ϑ). Hence, SR

L
β−(= ∩ ϑ) ⊇ SR

L
β−(=) ∪ SR

L
β−(ϑ)

(4) Assume that ג ∈ SR
L
β−(= ∪ ϑ) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ (= ∪ ϑ) ∈ L }. Thus, there

exists some g(¬ς) such that ג ∈ g(¬ς) and g(¬ς) ∩ [= ∪ ϑ] ∈ L . This implies that
ג ∈ g(¬ς) such that g(¬ς) ∩ = ∈ L and g(¬ς) ∩ ϑ ∈ L . Consequently, ג ∈ SR

L
β−(=) and

ג ∈ SR
L
β−(ϑ). Therefore, ג ∈ SR

L
β−(=) ∩ SR

L
β−(ϑ). Hence, we obtain SR

L
β−(= ∪ ϑ) ⊆

SR
L
β−(=) ∩ SR

L
β−(ϑ).

(5) By Definition 3.1, it follows that
SRL

β−(= ∩ ϑ) =
(
SR

L
β−(= ∩ ϑ)c

)c
=

(
SR

L
β− (=c ∪ ϑc)

)c
⊇

(
SR

L
β− (=c) ∩ SR

L
β− (ϑc)

)c

=
(
SR

L
β− (=c)

)c
∪

(
SR

L
β− (ϑc)

)c
= SRL

β−(=) ∪ SR
L
β−(ϑ)

(6) By Definition 3.1 it follows that
SRL

β−(= ∪ ϑ) =
(
SR

L
β−(= ∪ ϑ)c

)c
=

(
SR

L
β− (=c ∩ ϑc)

)c
⊆

(
SR

L
β− (=c) ∪ SR

L
β− (ϑc)

)c

=
(
SR

L
β− (=c)

)c
∩

(
SR

L
β− (ϑc)

)c
= SRL

β−(=) ∩ SRL
β−(ϑ).

Hence, SRL
β−(= ∪ ϑ) ⊆ SRL

β−(=) ∩ SRL
β−(ϑ).

(7) By definition of ideal soft βL -lower NA of =, we have SRL
β−(=) =

(
SR

L
β− (=c)

)c
. This

indicates that SR
L
β− (=c) =

(
SRL

β−(=)
)c

. This completes this proof.

Remark 3.4. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. For
=, ϑ ⊆ Q, the following example indicates that in general:

(1) SRL
β−(Q) 6= Q and SR

L
β−(∅) 6= ∅.

(2) SRL
β−(∅) 6= ∅ and SR

L
β−(Q) 6= Q.

(3) SR
L
β−(= ∩ ϑ) * SR

L
β−(=) ∪ SR

L
β−(ϑ).

(4) SR
L
β−(= ∪ ϑ) + SR

L
β−(=) ∩ SR

L
β−(ϑ).

(5) SRL
β−(= ∩ ϑ) * SRL

β−(=) ∪ SRL
β−(ϑ),

(6) SRL
β−(= ∪ ϑ) + SRL

β−(=) ∩ SRL
β−(ϑ).
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Example 3.3. Let (f, g : ℘) ∈ BSSQ with Q = 1ג} , ,2ג ,3ג ,4ג ,5ג {6ג and ℘ = {ς1, ς2, ς3, ς4, ς5, ς6}.
The maps f and g are as follow:

f : ℘ −→ 2Q,

ς 7→



,1ג} ,2ג {3ג , if ς = ς1,

,1ג} {4ג , if ς = ς2,

,1ג} {3ג , if ς = ς3,

,3ג} ,5ג {6ג , if ς = ς4,

,2ג} {4ג , if ς = ς5,

,1ג} ,2ג {5ג , if ς = ς6,

and

g : ℵ −→ 2Q,

¬ς 7→



,4ג} {5ג , if ¬ς = ¬ς1,

{5ג} , if ¬ς = ¬ς2,

,2ג} {6ג , if ¬ς = ¬ς3,

{4ג} , if ¬ς = ¬ς4,

,3ג} {6ג , if ¬ς = ¬ς5,

,3ג} ,4ג {6ג , if ¬ς = ¬ς6.

Consider an ideal L on Q as L = {∅, ,{1ג} ,{3ג} ,1ג} .{{3ג

(1) SR
L
β−(∅) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ ∅ ∈ L } = ,2ג} ,3ג ,4ג ,5ג {6ג 6= ∅, Also,

SRL
β−(Q) = [SR

L
β−(∅)]c = {1ג} 6= Q.

(2) SR
L
β−(Q) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ Q ∈ L } = ∅ 6= Q., Also,

SRL
β−(∅) = [SR

L
β−(=)]c = Q 6= ∅.

(3) If we take, =, ϑ ⊆ Q such that = = {2ג} and ϑ = .{6ג} Then, = ∩ ϑ = ∅. By direct
computation, we obtain

SR
L
β−(=) = ,3ג} ,4ג ,5ג {6ג and SRL

β−(=) = Q,SR
L
β−(ϑ) = ,4ג} {5ג and

SRL
β−(ϑ) = Q, SR

L
β−(= ∩ ϑ) = ,2ג} ,3ג ,4ג ,5ג .{6ג Clearly,

SR
L
β−(= ∩ ϑ) = ,2ג} ,3ג ,4ג ,5ג {6ג ⊃ ,3ג} 4ג , ,5ג {6ג = SR

L
β−(=) ∪ SR

L
β−(ϑ). So,

SR
L
β−(= ∩ ϑ) ⊃ SR

L
β−(=) ∪ SR

L
β−(ϑ). Hence, SR

L
β−(= ∩ ϑ) * SR

L
β−(=) ∪ SR

L
β−(ϑ).

(4) In part (1), = ∪ ϑ = ,2ג} .{6ג Thus, SRL
β−(= ∪ ϑ) = ,1ג} ,4ג {5ג ⊂ Q = SRL

β−(=) ∩
SRL

β−(ϑ), That is, SRL
β−(= ∪ ϑ) ⊂ SRL

β−(=) ∩SRL
β−(ϑ). That is SR

L
β−(= ∪ ϑ) +

SR
L
β−(=) ∩ SR

L
β−(ϑ).

(5) Now, if we consider that =, ϑ ⊆ Q such that = = 3ג} , ,4ג {5ג and ϑ = ,1ג} ,2ג .{5ג Then,
= ∪ ϑ = ,1ג} ,2ג 3ג , ,4ג .{5ג Therefore,

SR
L
β−(=) = ,2ג} ,3ג {6ג ,SR

L
β−(ϑ) = ,3ג} ,4ג {6ג and SR

L
β−(= ∪ ϑ) = ∅

Clearly, SR
L
β−(= ∪ ϑ) = ∅ ⊂ ,3ג} {6ג = SR

L
β−(=) ∩ SR

L
β−(ϑ). That is, SR

L
β−(= ∪ ϑ) ⊂

SR
L
β−(=) ∩ SR

L
β−(=), which implies that SRL

β−(= ∩ ϑ) * SRL
β−(=) ∪ SRL

β−(ϑ).

(6) Now, if we assume that =, ϑ ⊆ Q is such that = = 3ג} , ,4ג {6ג and ϑ = ,2ג} .{6ג Then,
= ∩ ϑ = .{6ג} Then,
SRL

β−(=) = ,1ג} ,2ג {5ג , SL −(ϑ) = ,1ג} ,4ג {5ג , and SRL
β−(= ∩ ϑ) = Q.

Clearly, SRL
β−(= ∩ ϑ) = Q ⊃ ,1ג} ,2ג ,4ג {5ג = SRL

β−(=) ∪SRL
β−(ϑ), That is, SRL

β−(= ∩
ϑ) ⊃ SRL

β−(=) ∪ SRL
β−(ϑ), which shows that SRL

β−(= ∪ ϑ) + SRL
β−(=) ∩ SRL

β−(ϑ).

Remark 3.5. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. Then,
the above example shows that in general:

(1) SRL
β+(∅) 6= SR

L
β+(∅) and SRL

β−(∅) 6= SR
L
β−(∅).
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(2) SRL
β+(Q) 6= SR

L
β+(Q) and SRL

β−(Q) 6= SR
L
β−(Q).

The condition in which the ideal soft βL -upper positive and deal soft βL -lower PAs of Q
and ∅ coincide is shown in the following results.

Proposition 3.2. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and B = (f, g : ℘) ∈ BSSQ be
a full bipolar soft set, that is

⋃
e∈℘ f(ς) = Q and

⋃
¬ς∈℘ g(¬ς) = Q. Then,

(1) SRL
β+(Q) = Q and SR

L
β+(∅) = ∅.

(2) SR
L
β−(∅) = ∅ and SRL

β−(Q) = Q.

(3) = ∈ L ⇒ SR
L
β−(=) = Q and SRL

β−(=) = ∅.

(4) =c ∈ L ⇒ SRL
β+(=) = Q and SR

L
β+(=) = ∅.

(5) If L = 2Q, then SR
L
β+(=) = SRL

β−(=) = ∅.

Proof.

(1) Based on Definition 3.1 we get SRL
β+(Q) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ ∅ ∈ L }. Since⋃

e∈℘ f(ς) = Q, therefore Sβ+(Q) =
⋃

e∈℘ f(ς) = Q. Now, by Definition 3.1,
SR

L
β+(∅) =

(
SRL

β+ (∅c)
)c

=
(
SRL

β+(Q)
)c

= Qc = ∅. That is, SR
L
β+(∅) = ∅.

(2) From Definition 3.1, we get that SR
L
β−(∅) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς)∩ (∅) ∈ L }.

Since,
⋃

¬ς∈ℵ g(¬ς) = Q. Therefore, it implies that SR
L
β−(∅) =

⋃
¬ς∈ℵ g(¬ς) = Q. That

is,
SR

L
β−(∅) = Q. By Definition 3.1, we get SRL

β−(Q) =
(
SR

L
β− (Qc)

)c
=

(
SR

L
β−(∅)

)c
=

Qc = ∅. That is, SRL
β−(Q) = ∅.

(3), (4) and (5) are Similar to (1),(2).

Corollary 3.1. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and then,

(1) B = (f, g : ℘) is a full bipolar soft set;

(2) PSRL
β

(Q) = (Q, Q);

(3) PSR
L
β (∅) = (∅, ∅).

Proof. Direct consequence of Proposition 3.2.

The coming result explains the relationship between the ideal soft upper positive, ideal soft
lower NAs in [35] and our ideal soft βL -upper positive, and ideal soft βL -lower NAs of =.

Proposition 3.3. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and B = (f, g : ℘) ∈ BSSQ be
a full bipolar soft set. Then, for any = ⊆ Q, the following properties hold.

(1) SR
L
β+(=) ⊆ SF

L
β+(=);

(2) SRL
β−(=) ⊆ SFL

β−(=).

Proof.
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(1) Let ג /∈ SF
L
β+(=) = {f(ς), ς ∈ ℘ : f(ς) ∩ = /∈ L }. Then, for all e ∈ ℘, we have f(ς) ∩ = ∈

L . So, ג ∈ (SRL
β+ (=c)). Therefore, ג /∈

(
SRL

β+ (=c)
)c

= SR
L
β+(=). Consequently,

SR
L
β+(=) ⊆ SF

L
β+(=).

(2) Assume that ג /∈ SFL
β−(=) = {g(¬ς), ¬ς ∈ ℵ : g(¬ς)∩ =c /∈ L }. Then, for all ¬ς ∈ ℵ, we

have g(¬ς) ∩ =c ∈ L . Therefore, ג ∈ SR
L
β− (=c). Thus, ג /∈

(
SR

L
β− (=c)

)c
= SRL

β−(=).
Hence, SRL

β−(=) ⊆ SFL
β−(=).

Remark 3.6. The previous proposition indicates that the ideal soft upper PA of = ⊆ Q in [35]
is finer than our ideal soft βL -upper PA of X . Similarly, the ideal soft lower NA of = ⊆ Q in
[35] is finer than the ideal soft βL -lower NA of = ⊆ Q . The coming example shows that the
inclusions in parts (1) and (2) of the above proposition may strictly hold.

Example 3.4. Let βL = (Q, (f, g : ℘), L ) be IBSA-space, where Q = ,1ג} ,2ג ,3ג ,4ג {5ג and
℘ = {ς1, ς2, ς3, ς4, ς5, ς6}. The maps f and g are as follow:

f : ℘ −→ 2Q,

ς 7→



,1ג} {3ג , if ς = ς1

,1ג} ,4ג {5ג , if ς = ς2

{2ג} , if ς = ς3

,2ג} ,4ג {5ג , if ς = ς4

,1ג} {2ג , if ς = ς5

,3ג} {5ג , if ς = ς6

and

g : ℵ −→ 2Q,

¬ς 7→



,2ג} {5ג , if ¬ς = ¬ς1,

{3ג} , if ¬ς = ¬ς2,

,3ג} ,4ג {5ג , if ¬ς = ¬ς3,

,1ג} {3ג , if ¬ς = ¬ς4,

{5ג} , if ¬ς = ¬ς5,

,2ג} {4ג , if ¬ς = ¬ς6.

Consider, L = {∅, ,{1ג} ,{2ג} ,1ג} .{{2ג If we take = = ,1ג} ,3ג .{5ג Then,

SR
L
β+(=) = ,3ג} ,4ג {5ג

SF
L
β+(=) = ,1ג} ,2ג ,3ג ,4ג {5ג

Clearly, SR
L
β+(=) ⊂ SF

L
β+(=), which indicates that the inclusions in part (1) of Proposition

3.3 may strictly hold. Here, if = = ,3ג} .{4ג Then,

SFL
β−(=) = ,2ג} ,3ג ,4ג {5ג

SRL
β−(=) = {5ג}

Clearly, we can see the following: SRL
β− ⊂ SFL

β−(=), indicating that the inclusion in part
(2) of Proposition 3.3 might be strict.

Theorem 3.4. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space and
= ⊆ Q. Then, the following properties hold.

(1) SR
L
β−

(
SRL

β−(=)
)

=
(
SRL

β−(=)
)c

;

(2) SRL
β−

(
SR

L
β−(=)

)
=

(
SR

L
β−(=)

)c
;

(3) SR
L
β−

(
SR

L
β−(=)

)
⊆

(
SR

L
β−(=)

)c
.
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(4) SRL
β−

(
SRL

β−(=)
)

⊇
(
SRL

β−(=)
)c

.

Proof.

(1) Let ϑ =
(
SRL

β−(=)
)c

and ג ∈ ϑ =
(
SRL

β−(=)
)c

= SR
L
β− (=c) =

⋃
{g(¬ς), ¬ς ∈ ℵ :

g(¬ς) ∩ =c ∈ L }. Then, there exists some ¬ς ∈ ℵ such that ג ∈ g(¬ς) and g(¬ς) ∩
ϑc ∈ L . So, ג ∈ SR

L
β− (ϑc) = SR

L
β−

[(
SRL

β−(=)
)c]c

= SR
L
β−

(
SRL

β−(=)
)

. Therefore,

ג ∈ SR
L
β−

(
SRL

β−(=)
)
.

Hence, ϑ ⊆ SR
L
β−

(
SRL

β−(=)
)
. This implies that

(
SRL

β−(=)
)c

⊆ SR
L
β−

(
SRL

β−(=)
)
.

Conversely, let ג /∈ ϑ =
(
SRL

β−(=)
)c

= SR
L
β− (=c) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς)∩=c ∈ L }.

Then, for all ¬ς ∈ ℵ with ג ∈ g(¬ς), we have g(¬ς) ∩ ϑc /∈ L . So, ג /∈ SR
L
β− (ϑc) =

SR
L
β−

(
SRL

β−(=)
)

. Therefore, ג /∈ SR
L
β−

(
SRL

β−(=)
)
. Hence, ϑ ⊇ SR

L
β−

(
SRL

β−(=)
)
.

This implies that,
(
SRL

β−(=)
)c

⊇ SR
L
β−

(
SRL

β−(=)
)
. Hence,

SR
L
β−

(
SRL

β−(=)
)

⊇
(
SRL

β−(=)
)c

. Consequently, SR
L
β−

(
SRL

β−(=)
)

⊇
(
SRL

β−(=)
)c

.

(2) By Definition 3.1, it follows that

SRL
β−

(
SR

L
β−(=)

)
=

(
SR

L
β−

(
SR

L
β−(=)

)c)c

=
[
SR

L
β−

(
SRL

β− (=c)
)]c

by part (7) of Theorem 3.3

=
[[
SRL

β− (=c)
]c]c

by part (1)

= SRL
β− (=c) =

(
SR

L
β−(=)

)c
by part (7) of Theorem 3.3.

Hence, SRL
β−

(
SR

L
β−(=)

)
=

(
SR

L
β−(=)

)c
.

The proofs of parts (3) and (4) are similar to that of part (1).
The following example explains that the inclusions in part (1) and (4) of Theorem 3.4
might strictly hold.

Example 3.5. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space with
Q = ,1ג} ,2ג ,3ג ,4ג ,5ג {6ג and ℘ = {ς1, ς2, ς3, ς4, ς5, ς6}. The maps f and g are as follows:

f : ℘ −→ 2Q,

ς 7→



,1ג} ,2ג {3ג , if ς = ς1,

,1ג} {4ג , if ς = ς2,

,1ג} {3ג , if ς = ς3,

,3ג} ,5ג {6ג , if ς = ς4,

,2ג} {4ג , if ς = ς5,

,1ג} ,2ג {5ג , if ς = ς6,

and

g : ℵ −→ 2Q,

¬ς 7→



,4ג} {5ג , if ¬ς = ¬ς1,

{5ג} , if ¬ς = ¬ς2,

,2ג} {6ג , if ¬ς = ¬ς3,

{4ג} , if ¬ς = ¬ς4,

,3ג} {6ג , if ¬ς = ¬ς5,

,3ג} ,4ג {6ג , if ¬ς = ¬ς6.

If we consider L = {∅, {{1ג} and = = ,1ג} ,3ג ,5ג ,{6ג then
SRL

β−(=) = ,1ג} ,2ג {4ג and SR
L
β− (=) = .{4ג} Therefore, SR

L
β−

(
SR

L
β−(=)

)
= ,2ג} ,3ג ,5ג {6ג .

Also,
SRL

β−

(
SRL

β−(=)
)

= ,1ג} ,2ג ,3ג ,5ג {6ג .
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Clearly, SR
L
β−

(
SR

L
β−(=)

)
= ,2ג} ,3ג ,5ג {6ג ⊂ ,1ג} ,2ג ,3ג ,5ג {6ג =

(
SR

L
β−(=)

)c
, indicating

that the inclusion in part (3) of Theorem 3.4 might be strict. Also,
SRL

β−

(
SRL

β−(=)
)

= ,1ג} ,2ג ,3ג ,5ג {6ג ⊃ ,3ג} ,5ג {6ג =
(
SRL

β−(=)
)c

, which shows that the
inclusions in part (4) of Theorem 3.4 may strictly hold.

Definition 3.2. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. Let
=, ϑ ⊆ Q. Then,

(1) PSRL
β

(=) v PSRL
β

(ϑ) ⇐⇒ SRL
β+(=) ⊆ SRL

β+(ϑ) and SRL
β−(=) ⊇ SRL

β−(ϑ).

(2) PSR
L
β (=) v PSR

L
β (ϑ) ⇐⇒ SR

L
β+(=) ⊆ SR

L
β+(ϑ) and SR

L
β−(=) ⊇ SR

L
β−(ϑ).

Definition 3.3. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. Let
=, ϑ ⊆ Q. Then,

(1)
(
PSRL

β
(=) t PSRL

β
(ϑ)

)
=

(
SRL

β+(=) ∪ SRL
β+(ϑ),SRL

β−(=) ∩ SRL
β−(ϑ)

)
.

(2)
(
PSR

L
β (=) t PSR

L
β (ϑ)

)
=

(
SR

L
β+(=) ∪ SR

L
β+(ϑ),SR

L
β−(=) ∩ SR

L
β−(ϑ)

)
.

Definition 3.4. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. Let
=, ϑ ⊆ Q. Then,

(1)
(
PSRL

β
(=) u PSRL

β
(ϑ)

)
=

(
SRL

β+(=) ∩ SRL
β+(ϑ),SRL

β−(=) ∪ SRL
β−(ϑ)

)
.

(2)
(
PSR

L
β (=) u PSR

L
β (ϑ)

)
=

(
SR

L
β+(=) ∩ SR

L
β+(ϑ),SR

L
β−(=) ∪ SR

L
β−(ϑ)

)
.

Theorem 3.5. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space and
= ⊆ Q. Then, the following properties hold.

(1) If = ⊆ ϑ, then PSRL
β

(=) v PSRL
β

(ϑ) and PSR
L
β (=) v PSR

L
β (ϑ);

(2) PSRL
β

(= ∪ ϑ) w PSRL
β

(=) t PSRL
β

(ϑ);

(3) PSRL
β

(= ∩ ϑ) v PSRL
β

(=) u PSRL
β

(ϑ);

(4) PSR
L
β (= ∪ ϑ) w PSR

L
β (=) t PSR

L
β (ϑ);

(5) PSR
L
β (= ∩ ϑ) v PSR

L
β (=) u PSR

L
β (ϑ).

Proof.

(1) Assume that = ⊆ ϑ. Since SRL
β+(=) ⊆ SRL

β+(ϑ) and SRL
β−(ϑ) ⊆ SRL

β−(=) by Theorems
3.2 and 3.3. Then, PSRL

β
(ϑ) v PSRL

β
(=) by Definition 3.2. The other part is similar.

(2) Since SRL
β+(= ∪ ϑ) ⊇ SRL

β+(=) ∪ SRL
β+(ϑ) and SRL

β−(= ∪ ϑ) ⊆ SRL
β−(=) ∩ SRL

β−(ϑ)
by Theorems 3.2 and 3.3. Then,

PSRL
β

(= ∪ ϑ) =
(
SRL

β+(= ∪ ϑ),SRL
β−(= ∪ ϑ)

)
w

(
SRL

β+(=) ∪ SRL
β+(ϑ),SRL

β−(=) ∩ SRL
β−(ϑ)

)
=

(
SRL

β+(=),SRL
β+(=)

)
t

(
SRL

β−(=),SRL
β−(=)

)
= PSRL

β
(=) t PSRL

β
(ϑ).

The other parts can be proved similarly. Any one can add examples to induce that the
inclusions in parts (3) and (5) in Theorem 3.5 might be precise.
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Proposition 3.4. Let B = (f, g : ℘) ∈ BSSQ, L , J be two ideals on U and let = ⊆ Q.
Then,

(1) L ⊆ J =⇒ PSRL
β

(=) v PSRJ
β

(=).

(2) L ⊆ J =⇒ PSR
J
β (=) v PSR

L
β (=).

Proof. Straightforward by Theorems 3.2 and 3.3, and Definition 3.2.

The coming example shows that the inclusions in the above proposition might be precise.

Example 3.6. Let B = (f, g : ℘) ∈ BSSQ and Q = ,2ג.1ג} ,3ג ,4ג {5ג and ℘ = {ς1, ς2, ς3, ς4}.
The maps f and g are as follow:

f : ℘ −→ 2Q,

ς 7→


,1ג} {4ג , if ς = ς1,

{5ג} , if ς = ς2,

,2ג} {3ג , if ς = ς3,

,1ג} {3ג , if ς = ς4

and

g : ℵ −→ 2Q,

¬ς 7→


,2ג} {3ג , if ¬ς = ¬ς1,

,1ג} ,2ג {4ג , if ¬ς = ¬ς2,

{4ג} , if ¬ς = ¬ς3,

{2ג} , if ¬ς = ¬ς4.

Consider tow ideals defined on Q as L = {∅, {{1ג} and J = {∅, .{{4ג} Let = = ,1ג} ,{5ג then
SR

L
β+(=) = {5ג} and SR

L
β− = ,1ג} ,2ג ,3ג .{4ג Therefore,

PSR
L
β (=) = {5ג}) , ,1ג} ,2ג ,3ג .({4ג Also, SR

J
β+(=) = ,1ג} ,4ג {5ג and SR

J
β−(=) = ,2ג} ,3ג .{4ג

Therefore, PSR
L
β (=) = ,1ג}) ,3ג ,4ג {5ג , ,1ג} ,2ג ,3ג .({4ג This means that

PSR
L
β (=) v PSR

J
β (=) but L * J .

Proposition 3.5. Let B = (f, g : ℘) ∈ BSSQ, L , J be two ideals on U . Let = ⊆ Q. Then,
the following properties hold

(1) SR
(L ∩J )
β+ (=) = SRL

β+(=) ∩ SRJ
β+(=);

(2) SR
(L ∩J )
β− (=) = SRL

β−(=) ∪ SRJ
β−(=);

(3) SR
(L ∪J )
β+ (=) = SRL

β+(=) ∪ SRJ
β+(=);

(4) SR
(L ∪J )
β− (=) = SRL

β−(=) ∩ SRJ
β−(=);

Proof.

(1)

SR
(L ∩J )
β+ (=) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ (L ∩ J )}

=
[⋃

{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ L }
]

and
[⋃

{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ J }
]

=
[⋃

{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ L }
]

∩
[⋃

{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ J }
]

= SRL
β+(=) ∩ SRJ

β+(=).

The other parts can be proved similarly.

Theorem 3.6. Let B = (f, g : ℘) ∈ BSSQ, L , J be two ideals on U . Let = ⊆ Q. Then, the
following properties hold
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(1) PSR
(L ∩J )
β (=) = PSRL

β
(=) u PSRJ

β
(=);

(2) PSR
(L ∪J )
β (=) = PSRL

β
(=) t PSRJ

β
(=).

Proof. The proofs are obvious from Proposition 3.5.

Proposition 3.6. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space. If
f is the intersection complete soft set, then PSRL

β
(= ∩ ϑ) ⊆ PSRL

β
(=) u PSRL

β
(ϑ) for all

=, ϑ ⊆ U.
Proof. From [20] SRL

β+(= ∩ ϑ) = SRL
β+(=) ∩ SRL

β+(ϑ). By Theorem 3.3, SRL
β−(= ∩ ϑ) ⊇

SRL
β−(=) ∪SRL

β−(ϑ). Therefore, ϑL P (= ∩ ϑ) ⊆ ϑL P (=) u ϑL P (ϑ) by Definitions 3.2 and 3.4.

Definition 3.5. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space and
let = ⊆ U . Then, the complement of the ideal bipolar soft LA and ideal bipolar soft UA = with
respect to the IBSA-space are defined respectively by

(PSRL
β

(=))c =
(
SRL

β−(=),SRL
β+(=)

)
(PSR

L
β (=))c =

(
SR

L
β−(=),SR

L
β+(=)

)
Proposition 3.7. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space.
For =, ϑ ⊆ Q, the following properties hold:

(1)
[
(PSRL

β
(=))c

]c
= PSRL

β
(=);

(2)
[
(PSR

L
β (=))c

]c
= PSR

L
β (=);

(3)
(
PSRL

β
(=) t PSRL

β
(ϑ)

)c
= (PSRL

β
(=))c u (PSRL

β
(ϑ))c;

(4)
(
PSR

L
β (=) t PSR

L
β (ϑ)

)c
= (PSR

L
β (=))c u (PSR

L
β (ϑ))c;

(5)
(
PSRL

β
(=) u PSRL

β
(ϑ)

)c
= (PSRL

β
(=))c t (PSRL

β
(ϑ))c;

(6)
(
PSR

L
β (=) u PSR

L
β (ϑ)

)c
= (PSR

L
β (=))c t (PSR

L
β (ϑ))c;

(7) PSRL
β

(=) v PSRL
β

(ϑ) ⇐⇒ PSRL
β

(ϑ))c v PSRL
β

(=))c;

(8) PSR
L
β (=) v PSR

L
β (ϑ) ⇐⇒ PSR

L
β (ϑ))c v PSR

L
β (=))c.

Proof. Direct by using Theorem 3.5 and Definition 3.5.

Proposition 3.8. Let B = (f, g : ℘) ∈ BSSQ be a semi-intersection bipolar soft set and
βL = (Q, (f, g : ℘), L ) be the corresponding IBSA-space and = ⊆ U . Then,

(1) SRL
β+(=) ∩ SRL

β−(=) = ∅

(2) SR
L
β+(=) ∩ SR

L
β+(=) = ∅.
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Proof. Since B = (f, g : ℘) is a semi-intersection bipolar soft set over U , then B = (f, g : ℘)
is said to be a semi-intersection bipolar soft set, if f(ςi) ∩ g(¬ςi) = ∅ for all ς ∈ ℘ and ¬ς ∈ ¬℘..
So it is clear that SRL

β+(=) ∩ SRL
β−(=) = ∅ and SR

L
β+(=) ∩ SR

L
β+(=) = ∅.

The coming theorem establishes the relationship between the current ideal bipolar SAs in
Definition 3.1 and the previous bipolar SAs in definition 2.9 in [34].

Theorem 3.7. Let B = (f, g : ℘) ∈ BSSQ be a semi-intersection bipolar soft set and βL =
(Q, (f, g : ℘), L ) be the corresponding IBSA-space and = ⊆ U . Then,

(1) PSR
L
β (=) v PSRβ(=) and PSRL

β
(=) = PSR

β
(=).

(2) BN DL
β (=) ⊆ BN Dβ(=).

Proof. Immediately from Definitions 2.9 and 3.1.

Remark 3.7. It is noted from Theorem 3.7 that the ideal bipolar SAs in Definition 3.1 decreases
the ideal bipolar soft UAs and increases the ideal bipolar soft BR. Consequently, a decision taken
based on the computations of the approach in our Definition 3.1 is more applicable since we get
a higher accuracy value than the accuracy values given by the previous approach discussed in
[34].

4. Another style of bipolar soft ideal rough sets approximation

Definition 4.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) is the corresponding
IBSA-space. Depending on βL , the following operators are defined for any = ⊆ Q by:

∗ − SRL
β+(=) = = ∩ SRL

β+(=),
∗ − SR

L
β+(=) = = ∪ SR

L
β+(=),

∗ − SR
L
β−(=) = =c ∩ SR

L
β−(=),

∗ − SRL
β−(=) = =c ∪ SRL

β−(=)


are called the approximations of = and are considered to be ∗−ideal soft βL -lower positive,
∗−ideal soft βL upper positive, ∗−ideal soft βL -upper negative, and ∗−ideal soft βL -lower
negative, respectively. Moreover, the ordered pairs are given as

∗ − PSRL
β

(=) =
(
∗ − SRL

β+(=), ∗ − SRL
β−(=)

)
∗ − PSR

L
β (=) =

(
∗ − SR

L
β+(=), ∗ − SR

L
β−(=)

) 
are called the ∗−ideal bipolar SAs of = with respect to the IBSA-space. Moreover,
when ∗ − PSR

β
(=) 6= PSRβ(=). Then, = is termed as an ∗−ideal bipolar soft rough set and

= is said to be ∗−ideal bipolar soft βL -rough; otherwise = is called ∗−ideal bipolar soft βL -
definable. The corresponding ∗−positive, ∗−boundary, and ∗−negative regions with respect to
the ∗−ideal bipolar SAs are given as

∗ − POSL
β (=) =

(
∗ − SRL

β+(=), ∗ − SR
L
β−(=)

)
,

∗ − BN DL
β (=) =

(
∗ − SR

L
β+(=) − ∗ − SRL

β+(=), ∗ − SRL
β−(=) − ∗ − SRβ−(=)

)
∗ − N EGL

β (=) =(Q, Q) − ∗ − PSR
L
β (=) =

((
∗ − SR

L
β+(=)

)c
,
(
∗ − SRL

β−(=)
)c)

.

The links between the existing approximations in Definitions 3.1 and 4.1 are shown in the
coming theorem.
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Theorem 4.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) is the corresponding
IBSA-space. Let = ⊆ Q. Then,

(1) ∗ − PSRL
β+(=) ⊆ PSRL

β+(=);

(2) PSR
L
β+(=) ⊆ ∗ − PSR

L
β+(=);

(3) BN DL
β (=) ⊆ ∗ − BN DL

β (=).

Proof. Straightforward.

Proposition 4.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) is the corresponding
IBSA-space. Let = ⊆ Q. Then,

(1) ∗ − PSRL
β

(∅) = (∅, Q) and ∗ − PSR
L
β (Q) = (Q, ∅);

(2) ∗ − PSRL
β

(=) v (=, =c) v ∗ − PSR
L
β (=);

(3) ∗ − PSRL
β

(=c) = [∗ − PSR
L
β (=)]c and ∗ − PSR

L
β (=c) = [∗ − PSRL

β
(=)]c;

(4) = v ϑ ⇒ ∗ − PSRL
β

(=) v ∗ − PSRL
β

(ϑ) and ∗ − PSR
L
β (=) v ∗ − PSR

L
β (ϑ);

(5) ∗ − PSRL
β

[∗ − PSRL
β

(=)] = ∗ − PSRL
β

(=) and

∗ − PSR
L
β [∗ − PSR

L
β (=)] = ∗ − PSR

L
β (=);

(6) ∗ − PSRL
β

[∗ − PSR
L
β (=)] v ∗ − PSR

L
β (=) and

∗ − PSRL
β

(=) v ∗ − PSR
L
β [∗ − PSRL

β
(=)];

(7) ∗ − PSRL
β

(= t ϑ) v ∗ − PSRL
β

(=) t ∗ − PSRL
β

(ϑ) and
∗ − PSRL

β
(=) t ∗ − PSRL

β
(ϑ) v ∗ − PSRL

β
(= t ϑ);

(8) ∗ − PSR
L
β (= t ϑ) v ∗ − PSR

L
β (=) t ∗ − PSR

L
β (ϑ) and

∗ − PSR
L
β (=) t ∗ − PSR

L
β (ϑ) v ∗ − PSR

L
β (= t ϑ).

Proof. Straightforward.

The connections between the prior definitions in [33], [34], [35] and the current approxima-
tions in Definition 4.1 are shown in the following theorem.

Theorem 4.2. Let B = (f, g : ℘) ∈ BSSQ be a full bipolar soft set and βL = (Q, (f, g : ℘), L )
is the corresponding IBSA-space. Let = ⊆ Q. Then,

(1) SFβ+(=) ⊆ SFL
β+(=) = ∗ − PSRL

β+(=) ⊆ (=, =c) ⊆ ∗ − PSR
L
β+(=) ⊆ SF

L
β+(=) ⊆

SFβ+(=);

(2) SFβ+(=) = PSR
β+(=) ⊆ ∗ − PSRL

β+(=) ⊆ (=, =c) ⊆ ∗ − PSR
L
β+(=) ⊆ PSRβ+(=) ⊆

SFβ+(=);

Proof. Immediately.
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Remark 4.1. Theorem 4.2 states that, when the methods in Definition 2.10 in [33], Definition
2.12 in [35], Definition 2.9 in [34] and our proposed method in Definition 4.1 are compared,
it is observed that Definition 4.1 enhances the bipolar BR and enlarges the bipolar AM of a
set = by enlarging the bipolar LA and shrinking the bipolar UA. So, the suggested method is
more accurate than [33], [34] and [35] in decision making. As a special case: If L = ∅, then
Definition 4.1 coincide with the previous Definition in [34].

5. Bi-ideal bipolar SA spaces

Definition 5.1. Let B = (f, g : ℘) ∈ BSSQ and L1, L2 be two ideals on Q. Then,
β<L1,L2> = (Q, (f, g : ℘), L1, L2) is called bi-ideal bipolar soft approximation space (Bi-IBSA-
space for short). Based on βL1,L2 , the following operators are defined for any = ⊆ Q :

SR<L1,L2>
β+ (=) =

⋃
{f(ς), ς ∈ ℘ : f(ς) ∩ =c ∈ < L1, L2 >},

SR
<L1,L2>
β+ (=) =

(
SR<L1,L2>

β+ (=c)
)c

,

SR
<L1,L2>
β− (=) =

⋃
{g(¬ς), ¬ς ∈ ℵ : g(¬ς) ∩ = ∈ < L1, L2 >} ,

SR<L1,L2>
β− (=) =

(
SR

<L1,L2>
β− (=c)

)c


are called the approximations of = and are considered to be bi-ideal soft β<L1,L2>-lower positive,
bi-ideal soft
β<L1,L2> upper positive, bi-ideal soft β<L1,L2>-upper negative, and bi-ideal soft βL -lower
negative, respectively. Moreover, the ordered pairs are given as

PSR<L1,L2>
β

(=) =
(
SR<L1,L2>

β+ (=),SR<L1,L2>
β− (=)

)
PSR

<L1,L2>
β (=) =

(
SR

<L1,L2>
β+ (=),SR

<L1,L2>
β− (=)

) 
are called the bi-ideal bipolar SAs of = with respect to the Bi-IBSA-space.

Remark 5.1. The bi-ideal soft β<L1,L2>-lower positive and NAs and the bi-ideal soft β<L1,L2>-
upper positive and NAs 5.1 will coincide with the corresponding approximations given in Defini-
tion 3.1 if L1 = L2. Also, the fulfilled properties of the recent bi-ideal bipolar SAs in Definition
5.1 are those given in Theorems 3.2 and 3.3.

Definition 5.2. Let B = (f, g : ℘) ∈ BSSQ and L1, L2 be two ideals on Q and β<L1,L2> =
(Q, (f, g : ℘), L1, L2) is the corresponding Bi-IBSA-space. Based on β<L1,L2>, the following
operators are defined for any = ⊆ Q :

∗ − SR<L1,L2>
β+ (=) = = ∩ SR<L1,L2>

β+ (=),
∗ − SR

<L1,L2>
β+ (=) = = ∪ SR

<L1,L2>
β+ (=),

∗ − SR
<L1,L2>
β− (=) = =c ∩ SR

<L1,L2>
β− (=),

∗ − SR<L1,L2>
β− (=) = =c ∪ SR<L1,L2>

β− (=)


are called the approximations of = and are considered to be ∗−bi-ideal soft β<L1,L2>-lower
positive, ∗−bi-ideal soft β<L1,L2> upper positive, ∗−bi-ideal soft β<L1,L2>-upper negative, and
∗−bi-ideal soft β<L1,L2>-lower negative, respectively. Moreover, the ordered pairs are given as

∗ − PSR<L1,L2>
β

(=) =
(
∗ − SR<L1,L2>

β+ (=), ∗ − SR<L1,L2>
β− (=)

)
∗ − PSR

<L1,L2>
β (=) =

(
∗ − SR

<L1,L2>
β+ (=), ∗ − SR

<L1,L2>
β− (=)

) 
are called the ∗−bi-ideal bipolar SAs of = with respect to the Bi-IBSA-space.
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Remark 5.2. The ∗−bi-ideal soft β<L1,L2>-lower positive and NAs and the ∗−bi-ideal soft
β<L1,L2>-upper positive and NAs 5.2 will coincide with the corresponding approximations given
in Definition 4.1 if L1 = L2. Also, the fulfilled properties of the recent ∗−bi-ideal bipolar SAs
in Definition 5.2 are the same of Definition 4.1.

Definition 5.3. Let B = (f, g : ℘) ∈ BSSQ and L1, L2 be two ideals on Q and β<L1,L2> =
(Q, (f, g : ℘), L1, L2) is the corresponding Bi-IBSA-space. We the follwing operators:

(1) ∗ − PSRL1,L2
β

(=) = ∗ − PSRL1
β

(=) t ∗ − PSRL2
β

(=);

(2) ∗ − PSR
L1,L2
β (=) = ∗ − PSR

L1
β (=) u ∗ − PSR

L2
β (=);

where ∗ − PSRLi

β
(=) and SRLi

(=) are the ideal bipolar soft lower and the UAs of = related
to Li, i ∈ {1, 2} as in Definition 4.1.

Remark 5.3. The ideal bipolar soft lower and the UAs given in Definition 5.3 will coincide
with the approximations given in Definition 4.1 if L1 = L2.

Proposition 5.1. Let B = (f, g : ℘) ∈ BSSQ and L1, L2 be two ideals on Q and β<L1,L2> =
(Q, (f, g : ℘), L1, L2) is the corresponding Bi-IBSA-space. Then, these properties are fulfilled.

(1) ∗ − PSRL1,L2
β

(∅) = (∅, Q) and ∗ − PSR
L1,L2
β (Q) = (Q, ∅);

(2) ∗ − PSRL1,L2
β

(=) v (=, =c) v ∗ − PSR
L1,L2
β (=);

(3) ∗ − PSRL1,L2
β

[∗ − PSRL1,L2
β

(=)] = ∗ − PSRL1,L2
β

(=);

(4) ∗ − PSR
L1,L2
β [∗ − PSR

L1,L2
β (=)] = ∗ − PSR

L1,L2
β (=);

(5) ∗ − PSRL1,L2
β

[∗ − PSR
L1,L2
β (=)] v ∗ − PSR

L1,L2
β (=);

(6) ∗ − PSRL1,L2
β

(=) v ∗ − PSR
L1,L2
β [∗ − PSRL1,L2

β
(=)];

(7) ∗ − PSRL1,L2
β

(=c) = [∗ − PSR
L1,L2
β (=)]c and

∗ − PSR
L1,L2
β (=c) = [∗ − PSRL1,L2

β
(=)]c;

(8) = ⊆ ϑ ⇒ ∗ − PSRL1,L2
β

(=) v ∗ − PSRL1,L2
β

(ϑ) and

∗ − PSR
L1,L2
β (=) v ∗ − PSR

L1,L2
β (ϑ);

(9) ∗ − PSRL1,L2
β

(= ∩ ϑ) v ∗ − PSRL1,L2
β

(=) u ∗ − PSRL1,L2
β

(ϑ) and
∗ − PSRL1,L2

β
(=) ∪ ∗ − PSRL1,L2

β
(ϑ) v ∗ − PSRL1,L2

β
(= t ϑ);

(10) ∗ − PSR
L1,L2
β (= ∩ ϑ) v ∗ − PSR

L1,L2
β (=) u ∗ − PSR

L1,L2
β (ϑ) and

∗ − PSR
L1,L2
β (=) t ∗ − PSR

L1,L2
β (ϑ) v ∗ − PSR

L1,L2
β (= ∪ ϑ).

Proof. Straightforward.

As shown by the following example, equality relations cannot take the place of the inclusions
in part (9).
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Example 5.1. Let B = (f, g : ℘) ∈ BSSQ and Q = ,2ג.1ג} ,3ג ,4ג {5ג and ℘ = {ς1, ς2, ς3, ς4}.
The maps f and g are as follow:

f : ℘ −→ 2Q,

ς 7→


,1ג} {2ג , if ς = ς1,

,3ג} {5ג , if ς = ς2,

,2ג} {4ג , if ς = ς3,

,1ג} {3ג , if ς = ς4

and

g : ℵ −→ 2Q,

¬ς 7→


,3ג} {4ג , if ¬ς = ¬ς1,

,1ג} {2ג , if ¬ς = ¬ς2,

,3ג} {5ג , if ¬ς = ¬ς3,

,2ג} {4ג , if ¬ς = ¬ς4.

Consider tow ideals defined on Q as L1 = {∅, {{1ג} and L2 = {∅, ,{3ג} ,{5ג} ,3ג} .{{{5ג Let
= = ,1ג} ,2ג {3ג and ϑ = ,4ג} .{5ג Then, ∗ − PSR

L1
β (=) =

(
∗ − SR

L1
β+(=), ∗ − SR

L1
β−(=)

)
=

(Q, ∅) and
∗ − PSR

L2
β (=) =

(
∗ − SR

L2
β+(=), ∗ − SR

L2
β−(=)

)
= ,1ג}) ,2ג ,3ג ,{4ג ,4ג} ({5ג . Hence,

∗ − PSR
L1,L2
β (=) = ∗ − PSR

L1
β (=) u ∗ − PSR

L2
β (=) = ,1ג}) ,2ג ,3ג ,{4ג ,4ג} ({5ג . Also,

∗ − PSR
L1
β (ϑ) = (∗ − SR

L1
β+(ϑ), ∗ − SR

L1
β−(ϑ)) = ,4ג}) ,{5ג ,1ג} ({2ג and

∗ − PSR
L2
β (ϑ) =

(
∗ − SR

L2
β+(ϑ), ∗ − SR

L2
β−(ϑ)

)
= ,2ג}) ,4ג ,{5ג ,1ג} ,2ג .({3ג Hence,

∗ − PSR
L1,L2
β (ϑ) = ∗ − PSR

L1
β (ϑ) u ∗ − PSR

L2
β (ϑ) = ,4ג}) ,{5ג ,1ג} ({2ג .

Also, ∗ − PSR
L1
β (= ∪ ϑ) =

(
∗ − SR

L1
β+(= ∪ ϑ), ∗ − SR

L1
β−(= ∪ ϑ)

)
= (Q, ∅) and

∗ − PSR
L2
β (= ∪ ϑ) =

(
∗ − SR

L2
β+(= ∪ ϑ), ∗ − SR

L2
β−(= ∪ ϑ)

)
= (Q, ∅}) . Hence,

∗ − PSR
L1,L2
β (= ∪ ϑ) = ∗ − PSR

L1
β (ϑ) u ∗ − PSR

L2
β (ϑ) = (Q, ∅) .

Clearly, ∗ − PSR
L1,L2
β (=) t ∗ − PSR

L1,L2
β (ϑ) 6= ∗ − PSR

L1,L2
β (= ∪ ϑ).

Theorem 5.1. Let B = (f, g : ℘) ∈ BSSQ and β<L1,L2> = (Q, (f, g : ℘), L1, L2) is the
corresponding Bi-IBSA-space. Then, these properties are fulfilled for = ⊆ Q

(1) ∗ − PSR
<L1,L2>
β (=) v ∗ − PSR

L1,L2
β (=).

(2) ∗ − PSRL1,L2
β

(=) v ∗ − PSR<L1,L2>
β

(=).

(3) ∗ − BN D<L1,L2>
β (=) v ∗ − BN DL1,L2

β (=).

Proof.

(1) Let ג ∈ ∗ − PSR
<L1,L2>
β+ (=). Then, ג ∈ = or ג ∈ ∗ − SR

<L1,L2>
β+ (=). So, ג ∈ = or

∀ς ∈ ℘ : ג ∈ f(ς), and we get f(ς) ∩ = /∈< L1, L2 > . First choice, if ג ∈ =, then ג ∈
∗ − SR

L1
β+(=) and ג ∈ ∗ − SR

L2
β+(=). Thus, ג ∈ ∗ − PSR

L1,L2
β+ (=). Second choice, if ∀ς ∈

℘ : ג ∈ f(ς), we have f(ς)∩= /∈< L1, L2 >, then f(ς)∩= /∈ L1 and f(ς)∩= /∈ L2 ∀ς ∈ ℘ :
ג ∈ f(ς), and thus ג /∈ SRL1

β+(=c) and ג /∈ SRL2
β+(=c). That means ג ∈ ∗ − SR

L1
β+(=) and

ג ∈ (∗ − SR
L2
β+(=) by Definitions 3.1, 4.1. Thus, ג ∈ ∗ − SR

L1
β+(=) ∩ ∗ − SR

L2
β+(=). This

means that ג ∈ ∗ − PSR
L1,L2
β+ (=). Hence, ∗ − PSR

<L1,L2>
β+ (=) ⊆ ∗ − PSR

L1,L2
β+ (=).

Let ג ∈ ∗ − PSR
L1,L2
β− (=) = ∗ − PSR

L1
β−(=) ∪ ∗ − PSR

L2
β−(=), then

ג ∈ ∗ − PSR
L1
β−(=) or ג ∈ ∗ − PSR

L2
β−(=). Then, ג ∈ =c and ∃¬ς1 ∈ ℘ : ג ∈ g(¬ς1), and

g(¬ς1) ∩ = ∈ L1 or ∃¬ς2 ∈ ℘ : ג ∈ g(¬ς2), and g(¬ς2) ∩ = ∈ L2].
Since L1, L2 ⊆< L1, L2 >. Then, ג ∈ ∗ − PSR

<L1,L2>
β− (=). Hence,

∗ − PSR
L1,L2
β− (=) ⊆ ∗ − PSR

<L1,L2>
β− (=). Thus,

∗ − PSR
<L1,L2>
β (=) v ∗ − PSR

L1,L2
β (=).
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(2) Similarly as part (1).

(3) It is immediately by parts (1), (2).

Proposition 5.2. Let B = (f, g : ℘) ∈ BSSQ and β<L1,L2> = (Q, (f, g : ℘), L1, L2) is the
corresponding Bi-IBSA-space. and = ⊆ Q. Then,

(1) ∗ − PSR
<L1,L2>
β (=) v ∗ − PSR

L1,L2
β (=) v ∗ − PSR

Li

β (=)(=) ∀i ∈ {1, 2}.

(2) ∗ − PSRLi

β
(=)(=) v ∗ − PSRL1,L2

β
(=) v ∗ − PSR<L1,L2>

β
(=) ∀i ∈ {1, 2}.

(3) ∗ − BN D<L1,L2>
β (=)(=) v ∗ − BN DL1,L2

β (=) v ∗ − BN DLi
β (=) ∀i ∈ {1, 2}.

Proof. Straightforward follows from Definitions 5.2, 5.3 and Theorem 5.1.

Remark 5.4. From Theorem 5.1, we deduce that the bi-ideal bipolar soft BR defined by Defini-
tion 5.2 is lower than that bi-ideal bipolar soft BR computed by Definition 5.3. Consequently, a
decision made according to the computations of the approach in Definition 5.2 is more applicable
than the approach in Definition 5.3.

6. Some important measures related to IBSA-Space

In [1], Pawlak established two quantitative metrics to assess the imprecision of rough set
approximations. These metrics might help determine the exact degree to which the data is
associated with a certain equivalence relation for a given classification. In general, a set becomes
unclear when a BR exists.A set’s accuracy decreases with increasing boundary area size.

Regarding to Pawlak [1], the accuracy value and measures of roughness of = ⊆ q are defined
as

Acc(=) =
|Lower(=)|
|Upper(=)|

,

Rough(=) = 1 − Acc(=).

where |•| denotes the order of the set. However, the degree of completeness of the knowledge
of a set = is captured by Acc(=), whereas the degree of incompleteness of the knowledge of the
set = is perceived by Rough(=).

As a generalization of these measures, here we propose some measures in the framework of
the IBSA-space and investigate some of its essential properties.

Definition 6.1. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be the corresponding
IBSA-space. Then, the AM of ∅ 6= = ⊆ Q in the IBSA environment is given as follows:

AccL B(=) =
(
=L

β+ , =L
β−

)
,

where

=L
β+ =

|∗ − SRL
β+(=)|

|∗ − SR
L
β+(=)|

, and =L
β− =

|∗ − SR
L
β−(=)|

|∗ − SRL
β−(=)|

.

The measure of roughness for ∅ 6= = ⊆ Q in the IBSA-space is characterized as follows:

RoughL B(=) = (1, 1) −
(
=L

β+ , =L
β−

)
=

(
1 − =L

β+ , 1 − =L
β−

)
.

Clearly, 0 ≤ =L
β+ ≤ 1 and 0 ≤ =L

β− ≤ 1.
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Remark 6.1. If AccL B = (=) =
(
=L

β+ , =L
β−

)
is the accuracy of =. Then,

(1) = ⊆ Q is ∗−ideal bipolar soft βL -definable if and only if RoughL B = (=) = (∅, ∅).

(2) If =L
β+ < 1 and =L

β− < 1, the set = has some nonempty BR and consequently is ∗−ideal
bipolar soft βL -rough.

Proposition 6.1. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and =, ϑ ⊆ Q. Then,

(1) AccL B(=) = (0, 0) ⇐⇒ ∗ − SRL
β+(=) = ∅ = ∗ − SR

L
β−(=);

(2) AccL B(=) = (1, 1) ⇐⇒ ∗ − SRL
β+(=) = ∗ − SR

L
β+(=) and

∗ − SR
L
β−(=) = ∗ − SRL

β−(=);

(3) = ⊆ ϑ =⇒ AccL B(=) ≤ AccL B(ϑ).

Proof. Straightforward from Definition 6.1.

In 2001, Gediga and Düntsch [36] proposed a measure of precision of the approximation of
∅ 6= = ⊆ Q, which is given by:

P(=) =
|Lower(=)|

|=|
.

This is a relative number of elements of = which can be approximated by Lower. It should be
noted that P(=) needs a complete knowledge of =, while Acc(=) does not exist. It could be
generalized in the framework of the IBSA-space as follow:

Definition 6.2. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be the corresponding
IBSA-space. Then, the precision measure of ∅ 6= = ⊆ Q in the IBSA environment is given as
follows:

PL B(=) =
(
=L

∗β+ , =L
∗β−

)
,

where

=L
∗β+ =

|∗ − SRL
β+(=)|

|=|
, and =L

∗β− =
|∗ − SR

L
β−(=)|

|=|
.

Clearly, 0 ≤ =L
∗β+ ≤ 1 and 0 ≤ =L

∗β− ≤ 1.
From the definition given above, we can infer the following properties of PL B = (=):

Proposition 6.2. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and =, ϑ ⊆ Q. Then,

(1) PL B(=) = (0, 0) ⇐⇒ ∗ − SRL
β+(=) = ∅ = ∗ − SR

L
β−(=);

(2) PL B(=) = (1, 1) ⇐⇒ ∗ − SRL
β+(=) = = = ∗ − SR

L
β−(=);

(3) PL B(=) ≥ AccL B(=), that is, =L
∗β+ ≥ =L

β+ and =L
∗β− ≥ =L

β−;

(4) = ⊆ ϑ =⇒ AccL B(=) ≤ AccL B(ϑ).

Proof. Straightforward.

Yao [37] studied a few of the AM’s properties provided by Pawlak [1] and introduced another
measure known as the measure of the completeness of knowledge, given by

C(=) =

∣∣∣|Lower(=)
∣∣∣ +

∣∣∣|Lower (=c)
∣∣∣

|Q|
.
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Definition 6.3. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be the corresponding
IBSA-space. Then, the measure of the completeness of knowledge of ∅ 6= = ⊆ Q in the IBSA
environment is given as follows:

CL B(=) =
(
=L

]β+ , =L
]β−

)
,

where

=L
]β+ =

|∗ − SRL
β+(=)| + |∗ − SRL

β+(=c)|
|Q|

, and =L
]β− =

|∗ − SR
L
β−(=)| + |∗ − SR

L
β−(=c)|

|Q|
.

Clearly, 0 < =L
]β+ < 1 and 0 ≤ =L

]β− ≤ 1. In other words, CL B(=) cannot be zero for any
= ⊆ Q.

The condition under which CL B(=) reaches its greatest value is given by the following
proposition.

Proposition 6.3. Let βL = (Q, (f, g : ℘), L ) be IBSA-space and B = (f, g : ℘) ∈ BSSQ be
a full bipolar soft set. Then, CL B(=) = (1, 1) whenever = = ∅ or = = Q,

Proof. Because B = (f, g : ℘) ∈ BSSQ be a full bipolar soft set,
⋃

e∈℘ f(ς) = Q and⋃
¬ς∈℘ g(¬ς) = Q. We now demonstrate the necessary result for the two cases.

Case 1: When = = ∅. Then, =L
]β+ =∣∣∣∗ − SRL

β+(∅)
∣∣∣ +

∣∣∣∗ − SRL
β+ (∅c)

∣∣∣
|Q|

=

∣∣∣∗ − SRL
β+(∅)

∣∣∣ +
∣∣∣∗ − SRL

β+(Q)
∣∣∣

|Q|
= |∅| + |Q|

|Q|
= 1.

Similarly, =L
]β− =∣∣∣∗ − SR
L
β−(∅)

∣∣∣ +
∣∣∣∗ − SR

L
β− (∅c)

∣∣∣
|Q|

=

∣∣∣∗ − SR
L
β−(∅)

∣∣∣ +
∣∣∣∗ − SR

L
β−(Q)

∣∣∣
|Q|

= |Q| + |∅|
|Q|

= 1.

Therefore, CL B(=) =
(
=L

]β+ , =L
]β−

)
= (1, 1).

Case 2: When = = Q, then =L
]β+ =∣∣∣∗ − SRL

β+(Q)
∣∣∣ + ∗ − SRL

β+ (Qc) |
|Q|

=

∣∣∣∗ − SRL
β+(Q)

∣∣∣ +
∣∣∣∗ − SRL

β+(∅)
∣∣∣

|Q|
= |Q| + |∅|

|Q|
= 1.

Also, =L
]β− =∣∣∣∗ − SR

L
β−(Q)

∣∣∣ +
∣∣∣∗ − SR

L
β− (Qc)

∣∣∣
|Q|

=

∣∣∣∗ − SR
L
β−(Q)

∣∣∣ +
∣∣∣∗ − SR

L
β−(∅)

∣∣∣
|Q|

= |∅| + |Q|
|Q|

= 1.

Consequently, CL B(=) =
(
=L

]β+ , =L
]β−

)
= (1, 1). Hence, in both of cases we have CL B(=) =

(1, 1).

To clarify the concepts of AccL B(=), PL B(=) and CL B(=), we expand on the following
examples below.
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Example 6.1. (Continued from Example 3.1) The ∗−ideal bipolar SAs of = = ,3ג} ,4ג {5ג ⊆
Q = ,1ג} ,2ג ,3ג ,4ג ,5ג {6ג are as follows:

∗ − SRL
β+(=) = = ∩ SRL

β+(=) = ,3ג} {4ג ,

∗ − SR
L
β+(=) = = ∪ SR

L
β+(=) = ,2ג} ,3ג {5ג.4ג ,

∗ − SR
L
β−(=) = =c ∩ SR

L
β−(=) = ,2ג} {6ג ,

∗ − SRL
β−(=) = =c ∪ SRL

β−(=) = ,1ג} ,2ג {6ג .

Also,
∗ − SRL

β+ (=c) = =c ∩ SRL
β+(=c) = ,1ג} {6ג ,

∗ − SR
L
β− (=c) = = ∩ SRL

β−(=c) = ,3ג} ,4ג {5ג .

Therefore,

AccL B(=) =
(
=L

β+ , =L
β−

)
=

(2
5 ,

2
3

)
= (0.400, 0.666)

PL B(=) =
(
=L

∗β+ , =L
∗β−

)
=

(2
3 ,

2
3

)
= (0.666, 0.666).

CL B(=) =
(
=L

]β+ , =L
]β−

)
=

(2 + 2
6 ,

2 + 3
6

)
=

(4
6 ,

5
6

)
= (0.666, 0.833).

Remark 6.2. In the next example, we calculate the AMs of the bipolar soft rough approxima-
tions techniques given in [33], [34], [35] and our suggested technique Definition 4.1 according
to the AM in Definition 6.1, which illustrates that our suggested technique produce the higher
accuracy values. Thus, the investigated technique is more accurate in the decision making.

Example 6.2. Let B = (f, g : ℘) ∈ BSSQ and βL = (Q, (f, g : ℘), L ) be IBSA-space with
Q = ,1ג} ,2ג ,3ג ,4ג ,5ג {6ג and ℘ = {ς1, ς2, ς3, ς4, ς5, ς6, ς7}. The mappings f and g are as follow:

f : ℘ −→ 2Q,

ς 7→



,1ג} ,3ג ,4ג ,5ג {6ג , if ς = ς1,

,1ג} {2ג , if ς = ς2,

,1ג} ,2ג {4ג , if ς = ς3,

{1ג} , if ς = ς4,

,3ג} {4ג , if ς = ς5,

,2ג} {4ג , if ς = ς6,

,1ג} ,3ג ,5ג {6ג , if ς = ς7,

and

g : ℵ −→ 2Q,

¬ς 7→



{2ג} , if ¬ς = ¬ς1,

{5ג} , if ¬ς = ¬ς2,

,3ג} {6ג , if ¬ς = ¬ς3,

{4ג} , if ¬ς = ¬ς4,

,5ג} {6ג , if ¬ς = ¬ς5,

,3ג} ,5ג {6ג , if ¬ς = ¬ς6.

,2ג} {4ג , if ¬ς = ¬ς7.

Consider, L = {∅, ,{1ג} ,{2ג} ,{3ג} ,1ג} ,{2ג ,1ג} ,{3ג ,2ג} ,{3ג ,1ג} ,2ג .{{3ג The comparison be-
tween the proposed technique and the previous techniques is shown in Table 1. According to
Table 1, if B = (f, g : ℘) ∈ BSSQ is a full bipolar soft set, then Definition 4.1 gives us a lower
an upper accuracy value than the calculated ones given in [33], [34], [35]. Moreover, it is clear
that the proposed approach in [35] and its counterpart introduced in [34] are different in general.
Hence, a decision made according to the calculations of our current technique in Definition 4.1
is more accurate.
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Table 1: Comparison The AM in Definition 6.1 of a set = ⊆ Q by using the proposed approach in Definitions 4.1 and
other previous approaches

= ⊆ Q technique in [33] technique in [34] technique in [35] Our suggested technique
{1ג} (1/6,1) (1/3,5/6) (1,1) (1,1)
,1ג} {2ג (1/3,4/5) (1/2,4/5) (1,4/5) (1,4/5)
,1ג} {3ג (1/6,3/5) (1/4,2/3) (1/2,4/5) (1/2,2/3)
,1ג} {5ג (1/6,4/5) ((1/3,4/5) (1/5,4/5) (1/3,4/5)
,2ג} {4ג (1/3,3/4) (1,3/4) (1/3,3/4) (1,3/4)
,3ג} {4ג (1/3,3/5) (1/2,3/5) (1/3,3/4) (1/2,3/5)
,1ג} ,2ג {5ג (1/3,3/5) (1/2,3/5) (1/3,3/5) (1/2,3/4)
,1ג} ,3ג {5ג (1/6,2/5) (1/4,2/5) (1/5,3/5) (1/4,3/5)
,1ג} ,5ג {6ג (1/6, 2/5) (1/3,1/2) (1/5,2/3) (1/3,1/2)
,2ג} ,3ג {4ג (1/2, 2/3) (3/5, 1/4) (1/2, 1/2) (3/5,1/2)
,2ג} ,4ג {5ג (1/3, 1/2) (2/5, 1/2) (1/3,1/2) (2/5,2/3)
,3ג} ,4ג {5ג (1/3, 1/5) (1/2,1/5) (1/3, 2/5) (1/2,1/2)
,1ג} ,3ג ,5ג {6ג (2/3, 1) (1,1) (4/5, 1) (1,2/3)
,2ג} ,3ג ,4ג {5ג (1/2, 0) (3/5, 0) (1/2,0) (3/5,0)
,2ג} ,4ג ,5ג {6ג (1/3, 0) (2/5, 0) (5/6,0) (1,0)
,3ג} ,4ג ,5ג {6ג (1/3, 1/4) (1/2, 1/4) (2/3,1/4) (1,1/2)
,2ג} ,3ג ,4ג ,5ג {6ג (1/2, 0) (3/5, 0) (5/6,0) (1,0)

7. MAGDM using the IBSA-spaces

Group decision-making (GDM) is a useful technique for handling complex decision-making
(DM) situations when a number of experts select a set of options. The objective is to include
the viewpoints of experts in order to identify a solution that the group of experts finds most
agreeable. In a complex society, GDM approaches must take into account multiple attributes.
Due to the rapid expansion in many sectors, studies on GDM that explicitly incorporate several
qualities have made significant progress and are the major emphasis.

MAGDM is, in general, a strategy where a group of experts (DMs) works together to identify
the best choice over a range of options which are classified depending on their attributes in a
particular situation. This section explains how to create a reliable MAGDM method that
makes use of IBSA-spaces. In the framework of the IBSA-spaces, we give an overview of a
MAGDM problem. Next, we give a general mathematical formulation of the MAGDM problem
based on the ∗−ideal bipolar SAs of = ⊆ Q in the IBSA-spaces.

7.1. Problem description

Consider Q = ,1ג} ,2ג . . . , {nג is a set of n objects, and ℘ = {ς1, ς2, . . . , ςm} is a set of all pos-
sible object attributes. Assume we have a board of professional experts. D = {D1, D2, . . . , Dk}
consisting of k invited DMs. All of the items in Q must be examined by each expert, who
will then be asked to evaluate each one and identify just ”the optimal alternatives” based on
their knowledge and abilities. Consequently, the fundamental evaluation result for each ex-
pert is a subset of Q: Let =1, =2, . . . , =k ⊆ Q stands for the primary evaluations of DMs
D1, D2, . . . , Dk, respectively, and β1, β2, . . . , βr ∈ BSSQ are the real data that were previously
obtained for problems at various locations or times. To keep things simple, we’ll suppose that
every expert’s assessment in D is equally significant. The DM for this MAGDM issue is there-
fore: ”how to compromise differences in these evaluations expressed by individual experts to
find the alternatives that are most acceptable by the group of experts as a whole” .
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7.2. Mathematical modelling

Now, we provide a mathematical model and the progress of the MAGDM method using
IBSA theory.

Definition 7.1. Let us consider ∗ − PSRL
βq

(=j) =
(
∗ − SRL

β+
q

(=j) , ∗ − SRL
β−

q
(=j)

)
; and

∗ − PSR
L
βq

(=j) =
(
∗ − SR

L
β+

q
(=j) , ∗ − SR

L
β−

q
(=j)

)
be the ∗−ideal bipolar soft lower and UAs

of =,
=j(j = 1, 2, . . ., k) is related to βq = (fq, gq : ℘) ∈ BSSQ; (Q = 1, 2, . . . , r). Then, [M] =

[
∗ − SRL

β+
1

(=1) , ∗ − SRL
β−

1
(=1)

] [
∗ − SRL

β+
1

(=2) , ∗ − SRL
β−

1
(=2)

]
· · ·

[
∗ − SRL

β+
1

(=k) , ∗ − SRL
β−

1
(=k)

][
∗ − SRL

β+
2

(=1) , ∗ − SRL
β−

2
(=1)

] [
∗ − SRL

β+
2

(=2) , ∗ − SRL
β−

2
(=2)

]
· · ·

[
∗ − SRL

β+
2

(=k) , ∗ − SRL
β−

2
(=k)

]
...

...
. . .

...[
∗ − SRL

β+
r

(=1) , ∗ − SRL
β−

r
(=1)

] [
∗ − SRL

β+
r

(=2) , ∗ − SRL
β−

r
(=2)

]
· · ·

[
∗ − SRL

β+
r

(=k) , ∗ − SRL
β−

r
(=k)

]


and

[
M

]
=

[
∗ − SR

L
β+

1
(=1) , ∗ − SR

L
β−

1
(=1)

] [
∗ − SR

L
β+

1
(=2) , ∗ − SR

L
β−

1
(=2)

]
· · ·

[
∗ − SR

L
β+

1
(=k) , ∗ − SR

L
β−

1
(=k)

][
∗ − SR

L
β+

2
(=1) , ∗ − SR

L
β−

2
(=1)

] [
∗ − SR

L
β+

2
(=2) , ∗ − SR

L
β−

2
(=2)

]
· · ·

[
∗ − SR

L
β+

2
(=k) , ∗ − SR

L
β−

2
(=k)

]
...

...
. . .

...[
∗ − SR

L
β+

r
(=1) , ∗ − SR

L
β−

r
(=1)

] [
∗ − SR

L
β+

r
(=2) , ∗ − SR

L
β−

r
(=2)

]
· · ·

[
∗ − SR

L
β+

r
(=k) , ∗ − SR

L
β−

r
(=k)

]


are called the ∗−ideal bipolar soft lower and UA matrices, respectively. Here

∗ − SRL
β+

q
(=j) =

(
1jג

fq
, 2jג

fq
, . . . , njג

fq

)
,

∗ − SRL
β−

q
(=j) =

(
1jג

gq
, 2jג

gq
, . . . , njג

gq

)
,

∗ − SR
L
β+

q
(=j) =

(
1jfqג

, 2jfqג
, . . . , njfqג

)
,

∗ − SRL
β−

q
(=j) =

(
1jgqג

, 2jgqג
, . . . , njgqג

)
,

where

ijג
fq

=

1, if iג ∈ ∗ − SRL
β+

q
(=j) ,

0, otherwise

ijג
gq

=


1
2 , if iג ∈ ∗ − SRL

β−
q

(=j) ,

0, otherwise

ijfqג
=

1
2 , if iג ∈ ∗ − SR

L
β+

q
(=j) ,

0, otherwise

ijgqג
=

1, if iג ∈ ∗ − SR
L
β−

q
(=j) ,

0, otherwise

Definition 7.2. Let M and M be the ∗−ideal bipolar soft lower and UA matrices with respect
to
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∗ − PSRL
βq

(=j) and ∗ − PSRL
βq

(=j), where: j = 1, 2, . . . , k and q = 1, 2, . . . , r. Then,

Vf =
k⊕

j=1

r⊕
q=1

(
∗ − SRL

β+
q

(=j) ⊕ ∗ − SR
L
β+

q
(=j)

)
,

Vg =
k⊕

j=1

r⊕
q=1

(
∗ − SRL

β−
q

(=j) ⊕ ∗ − SR
L
β−

q
(=j)

)
,

are called the positive and negative ∗−ideal bipolar SA vectors, respectively. Here, the opera-
tions

⊕
represent the vector summation.

Definition 7.3. Let Vf and Vg be positive and negative ∗−ideal bipolar SA vectors, respec-
tively. Then,

Vd = Vf − Vg = (δ1, δ2, · · · , δn)

is said to be a decision vector where each δi is called the score value (SVL) of iג ∈ Q.

• iג ∈ Q is viewed as an optimal alternative if its SVL is a maximum of δi; ∀i = 1, 2, . . . , n.

• iג ∈ Q is viewed as the worst alternative if its SVL is a minimum of δi; ∀i = 1, 2, . . . , n.

In cases when Q has several optimum alternatives, we select any one of them.

7.3. The proposed algorithm

We propose a DM algorithm for the MAGDM established problem considered in subsection
7.2. The associated flowchart depicting the above subsection is illustrated in Figure 1.

7.4. Appointment of a faculty member problem

Here, we present a case study to explain the essential methodology of the proposed mathe-
matical modeling technique and its related concepts.

Example 7.1. In universities, the selection of academic members to high posts entails DM
and extremely complex reviews. A candidate may be evaluated based on a number of factors,
including research output, management skills, and stress tolerance. In order to accurately assess
the applicants according to these attributes, It makes sense to conduct professional experts with
their opinions.

Let Q = {C1, C2, · · · , C5} be the group of five candidates who, in the opinion of the insti-
tution, would be a good match for senior professor positions. An expert panel is assembled to
select the best qualified candidate for this role. Based on this collection of qualities, the panel
assesses applicants. ℘ = {ς1, ς2, ς3, ς4, ς4, ς6}, where ς1 = productivity of research, ς2 = manage-
rial abilities, ς3 = influence on the research community, ς4 = ability for working under pressure,
ς5 = attributes of academic leadership, and ς6 = contribution to X University. Define, an ideal
on Q as L = {∅, .{{1ג}

Step 1: Let D = {D1,D2,D3} is the board on the round table of experts who decided the
evaluations for those candidates as:

=1 = {C1, C2, C3} , =2 = {C1, C3, C5} and =3 = {C2, C4, C5}

Step 2: The results of the board in two different meetings and times for the candidates are
presented in the form of bipolar soft sets as β1 = (f1, g1 : ℘) and β2 = (f2, g2 : ℘), where positive
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Figure 1: Summary of the proposed mathematical modelling in subsection 7.2 for MAGDM.

membership map of bipolar soft sets denotes the ability of candidates and negative membership
denotes non-ability of candidates in a certain attribute:

f1 : ℘ −→ 2Q,

ς 7→



{C1, C3} , if ς = ς1,

{C1, C4, C5} , if ς = ς2,

{C2} , if ς = ς3,

{C2, C4, C5} , if ς = ς4,

{C1, C2} , if ς = ς5,

{C3, C5} , if ς = ς6,

and

g : ℵ −→ 2Q,

¬ς 7→



{C2, C5} , if ¬ς = ¬ς1,

{C3} , if ¬ς = ¬ς2,

{C3, C4, C5} , if ¬ς = ¬ς3,

{C1, C3} , if ¬ς = ¬ς4,

{C5} , if ¬ς = ¬ς5,

{C2, C4} , if ¬ς = ¬ς6,

Also,

f2 : ℘ −→ 2Q

ς 7→



{C2, C3} , if ς = ς1,

{C1, C3} , if ς = ς2,

{C2, C3, C4} , if ς = ς3,

{C5} , if ς = ς4,

{C1, C5} , if ς = ς5,

{C3, C4, C5} , if ς = ς6,

and

g2 : ℵ −→ 2Q,

¬ς 7→



{C4} , if ¬ς = ¬ς1,

{C4, C5} , if ¬ς = ¬ς2,

{C1} , if ¬ς = ¬ς3,

{C1, C3, C4} , if ¬ς = ¬ς4,

{C2, C3} , if ¬ς = ¬ς5,

{C1, C2} , if ¬ς = ¬ς6.

Step 3: The ∗−ideal bipolar soft lower and UAs of =j ; (j = 1, 2, 3) with respect to βq =
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(fq, gq : ℘) ∈ BSSQ; (Q = 1, 2) could be computed as follow:

∗ − PSRL
β1

(=1) =
(
∗ − SRL

β+
1

(=1) , ∗ − SRL
β−

1
(=1)

)
= ({C1, C2, C3} , {C2, C4, C5}) ;

∗ − PSR
L
β1 (=1) =

(
∗ − SR

L
β+

1
(=1) , ∗ − SR

L
β−

1
(=1)

)
= ({C1, C2, C3, C4} , {C5}) ;

∗ − PSRL
β1

(=2) =
(
∗ − SRL

β+
1

(=2) , ∗ − SRL
β−

1
(=2)

)
= ({C1, C3, C5} , {C2, C4}) ;

∗ − PSR
L
β1 (=2) =

(
∗ − SR

L
β+

1
(=2) , ∗ − SR

L
β−

1
(=2)

)
= ({C1, C3, C4, C5} , {C2, C4}) ;

∗ − PSRL
β1

(=3) =
(
∗ − SRL

β+
1

(=3) , ∗ − SRL
β−

1
(=3)

)
= ({C2, C4, C5} , {C1, C3}) ;

∗ − PSR
L
β1 (=3) =

(
∗ − SR

L
β+

1
(=3) , ∗ − SR

L
β−

1
(=3)

)
= ({C2, C4, C5} , {C1, C3}) .

Similarly,

∗ − PSRL
β2

(=1) =
(
∗ − SRL

β+
2

(=1) , ∗ − SRL
β−

2
(=1)

)
= ({C1, C2, C3} , {C4, C5}) ;

∗ − PSR
L
β2 (=1) =

(
∗ − SR

L
β+

2
(=1) , ∗ − SR

L
β−

2
(=1)

)
= ({C1, C2, C3} , {C4, C5}) ;

∗ − PSRL
β2

(=2) =
(
∗ − SRL

β+
2

(=2) , ∗ − SRL
β−

2
(=2)

)
= ({C1, C3, C5} , {C2, C3, C4, C5}) ;

∗ − PSR
L
β2 (=2) =

(
∗ − SR

L
β+

2
(=2) , ∗ − SR

L
β−

2
(=2)

)
= ({C1, C3, C5} , {C2, C4}) ;

∗ − PSRL
β2

(=3) =
(
∗ − SRL

β+
2

(=3) , ∗ − SRL
β−

2
(=3)

)
= ({C5} , {C1, C3}) ;

∗ − PSR
L
β2 (=3) =

(
∗ − SR

L
β+

2
(=3) , ∗ − SR

L
β−

2
(=3)

)
= ({C2, C4, C5} , {C1}) .

Step 4: According to Definition 7.1, the ∗−ideal bipolar soft lower and UA matrices can be
calculated as follow:

[M] =

[
(1, 1, 1, 0, 0) ,

(
0, 1

2 , 0, 1
2 , 1

2

)] [
(1, 0, 1, 0, 1) ,

(
0, 1

2 , 0, 1
2 , 0

)] [
(0, 1, 0, 1, 1) ,

(
1
2 , 0, 1

2 , 0, 0
)][

(1, 1, 1, 0, 0) ,
(
0, 0, 0, 1

2 , 1
2

)] [
(1, 0, 1, 0, 1) ,

(
0, 1

2 , 1
2 , 1

2 , 1
2

)] [
(0, 0, 0, 0, 1) ,

(
1
2 , 0, 1

2 , 0, 0
)] ;

[
M

]
=

[(
1
2 , 1

2 , 1
2 , 1

2 , 0
)

, (0, 0, 0, 0, 1)
] [(

1
2 , 0, 1

2 , 1
2 , 1

2

)
, (0, 1, 0, 1, 0)

] [(
0, 1

2 , 0, 1
2 , 1

2

)
, (1, 0, 1, 0, 0)

][(
1
2 , 1

2 , 1
2 , 0, 0

)
, (0, 0, 0, 1, 1)

] [(
1
2 , 0, 1

2 , 0, 1
2

)
, (0, 1, 0, 1, 0)

] [(
0, 1

2 , 0, 1
2 , 1

2

)
, (1, 0, 0, 0, 0)

] .

Step 5: By Definition 7.2, Vf and Vg can be calculated as follow:

Vf =
3⊕

j=1

2⊕
q=1

(
∗ − SRL

β+
q

(=j) ⊕ ∗ − SR
L
β+

q
(=j)

)
= (6, 5, 6, 3, 6),

Vg =
3⊕

j=1

2⊕
q=1

(
∗ − SRL

β−
q

(=j) ⊕ ∗ − SR
L
β−

q
(=j)

)
= (3, 3.5, 2.5, 5, 3.5).

Step 6: By Definition 7.3, we get

Vd = Vf − Vg = (3, 1.5, 3.5, −2.5, 2.5)) .

Step 7:As i≤5≥1ג δi = C3 = 3.5. Therefore, C3 is the best member for that position of a senior
faculty. Accordingly, we get the inclination arrange of those five candidates are as follows:

C3 > C1 > C5 > C2 > C4.

A graphical representation of the candidate inclination arrange is appeared in Figure 2.
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Figure 2: Preference order of the candidates in Example 7.1

8. Analytic comparison

8.1. The value of the proposed technique

The advantages of the proposed method upper the existing strategies are explained down.

(1) The proposed strategy considers positive and negative viewpoints of each elective within
the shape of bipolar soft set. This crossover demonstrate is more generalized and appro-
priate for managing with aggressive DM.

(2) Utilizing the ∗−ideal bipolar soft lower and UAs, this approach gives another way to
get the bunch inclination assessment based on the person inclination assessment for a
considered MAGDM issue.

(3) Our proposed strategy successfully solves MAGDM issues when the weight data for the
attribute is totally obscure.

(4) The proposed approach considers not as it were the point of views of DMs but too past
encounters (essential assessments) by ∗−ideal bipolar soft lower and UAs in genuine sce-
narios. In this manner, it may be a more comprehensive approach for a higher translation
of accessible data and hence makes choices utilizing artificial intelligence.

(5) In the event that we compare our proposed strategy with strategies displayed in [13, 38–
40], we understand that those strategies are unable of identifying bipolarity within the
DM process, which could be a key component of human considering and behaviour.

8.2. Comparing with other techniques

In this subsection, we reevaluate the finest DM method for the instability issue produced in
Example 7.1 utilizing the calculation given by Shabir and Gul [41]. These results were compared
with the DM strategy produced in the paper. To begin with, we utilized the calculations
produced by Shabir and Gul [41] to solve Example 7.1. Upon these results, we got the inclination
ordering of those candidates as takes after:

C1 = C2 = C3 = C4 = C5.
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Table 2: Comparative analysis: A brief summary according to Example 7.1.

Different methods Ranking of candidates Optimal candidate
(Shabir and Gul, 2020) [41] C1 = C2 = C3 = C4 = C5 Cannot handle

(Karaaslan and Çağman, 2018) [33] C1 = C2 = C3 > C5 > C5 C1 or C2 or C3
(Gul et al.,2022) [34] C3 > C1 = C5 > C2 > C4 C3

Suggested method C3 > C1 > C5 > C2 > C4 C3

Stated differently, it was not possible to determine the candidates’ preference order.
Using the technique described in Karaaslan and Çağman [33] on Example 7.1, we can now

determine the candidates’ preference order as follows:

C1 = C2 = C3 > C5 > C5.

Therefore, we cannot determine the best candidates among C1, C2 and C3. Applying the method
described in Gul et al. [34] on Example 7.1, determine the candidates’ preference order as
follows:

C1 = C2 = C3 > C5 > C5.

Therefore, we cannot determine the best candidates between C1, C2 and C3. Table 2 demon-
strates that our suggested approach is able to distinguish each candidate clearly and determine
who is the best fit for a senior academic job. Given all of these advantages, we advise using the
strategy presented in this study based on ideals in the DM process for uncertainty concerns.

9. Conclusion

The notion of ideals plays a pivotal role in topological spaces and serves as a fundamental
tool for addressing various topological challenges. This paper presents a generalization and
enhancement of three bipolar soft rough set models, introducing new approximation techniques
referred to as ∗−ideal bipolar soft rough approximations. These methods expand the scope
of previous approaches by incorporating unique properties and features. Two different tech-
niques of ∗−ideal bipolar SA spaces defined with two ideals, called ∗−ideal bipolar SA spaces,
were presented in Definitions 5.2 and 5.3. Additionally, these methodologies’ comparisons are
examined. Using n-ideals, this strategy can be expanded in analogously. Moreover, certain un-
certainty measures related to the discussed ∗−ideal bipolar soft rough approximation spaces are
also offered. To highlight the significance of this work, a generic framework for multi-attribute
group decision-making (MAGDM) was proposed, based on the ∗−ideal bipolar soft rough ap-
proximations. This framework effectively enhances the decision-making process by improving
the reliability of expert evaluations and facilitating the selection of optimal alternatives. Two
primary advantages of the proposed decision-making algorithm were emphasized:

(1) Its ability to control uncertainty and bipolarity in the data.
(2) Its capacity to incorporate the opinions of multiple experts across various alternatives.
The validity of the proposed methodology was demonstrated through a real-world appli-

cation of the MAGDM framework. A comparison study between the suggested approach and
the existing methods confirmed the superiority of the ∗−ideal bipolar soft approximation tech-
nique. This generalization proved to be a more effective and reliable tool for addressing complex
decision-making challenges, showcasing its potential to guide accurate and informed decisions
in practical scenarios.

Applications and Future Directions. The practical applications of this research are vast
and diverse, particularly in areas requiring enhanced decision-making under conditions of un-
certainty. Key applications include multi-attribute decision-making in fields such as healthcare,
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financial risk assessment, and engineering project evaluations. In healthcare, for instance, the
proposed framework can assist in diagnostic decision-making by integrating conflicting expert
opinions and prioritizing alternatives. Similarly, in finance, it can be used to weigh the poten-
tial risks and returns of investment portfolios. Beyond these, the methodology has potential
utility in artificial intelligence, where decision-making systems require the handling of nuanced
and uncertain data. Looking forward, this research paves the way for several promising direc-
tions. One significant avenue lies in integrating the proposed techniques with machine learning
models to enhance their robustness and scalability. Another key direction is the exploration of
hybrid models that combine ideal bipolar soft rough sets with neural networks or deep learn-
ing frameworks to address high-dimensional and complex datasets. Additionally, expanding
the application of these methods to dynamic systems, such as real-time decision-making in au-
tonomous vehicles or adaptive control in robotics, represents a compelling opportunity. Further
theoretical advancements, including the extension to n-dimensional and probabilistic spaces,
could also enhance the versatility and impact of this innovative framework across a broader
spectrum of scientific and industrial domains.
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paper.
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