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Abstract. This paper introduces and develops the concepts of implicative INK-ideals (MINK-Is)
and positive implicative INK-ideals (PMINK-Is) within the framework of INK-algebras. These
notions are subsequently extended to fuzzy and neutrosophic contexts, resulting in the definitions
of fuzzy implicative INK-ideals (FMINK-Is), fuzzy positive implicative INK-ideals (FPMINK-Is),
neutrosophic implicative INK-ideals (NMINK-Is), and neutrosophic positive implicative INK-ideals
(NPMINK-Is). The structural properties of these ideals are investigated, including their behavior
under intersection and union, where it is shown that intersection preserves the respective implica-
tive properties, while union does not in general. Furthermore, we establish that the homomorphic
pre-images of these ideals also preserve their respective fuzzy and neutrosophic implicative struc-
tures. The results contribute to a deeper understanding of ideal theory in INK-algebras under
uncertainty and open pathways for applications in fuzzy logic and neutrosophic systems.
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1. Introduction

Iséki and Tanaka [1, 2] have worked on the thought of BCK and BCl-algebras to
pick up their characteristics and applications. There exists an immense area of empir-
ical applications in fuzzy sets and their generalizations. The literature works on fuzzy
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subalgebras and fuzzy K-ideals in INK-algebras, fuzzy p-ideal in INK-algebras, and fuzzy
translation of INK-ideals of INK-algebras. Kaviyarasu et al. [3, 4] proposed intuition-
istic fuzzy INK-ideals of INK-algebras, direct product of intuitionistic fuzzy K-ideals of
INK-algebras, intuitionistic fuzzy translation on INK-algebras, and they have discussed
neutrosophic h-ideals in INK-algebras. Homomorphism and anti-homomorphism of neu-
trosophic INK-algebras have been done by Mounikalakshmi et al. [5, 6]. Moreover, the
work of INK-algebras has been explored in different aspects of fuzzy sets, intuitionistic
fuzzy sets, and neutrosophic sets.

Recent developments in the study of INK-algebras have increasingly embraced the
framework of neutrosophic logic to handle indeterminacy and ambiguity in algebraic rea-
soning. Notably, Al-Masarwah et al. [7] introduced the concept of Fermatean neutro-
sophic INK-algebras, enriching the traditional neutrosophic structure by incorporating
higher degrees of membership and indeterminacy for enhanced expressive power. Comple-
menting this, Al-Omeri et al. [8] examined translation mechanisms within neutrosophic
INK-algebras, providing insights into structural transformations and their algebraic con-
sequences. Further foundational work by Kaviyarasu et al. [9] investigated the direct
product of neutrosophic INK-algebras, establishing critical results on ideal preservation
and operational behavior in product structures. Collectively, these contributions have
expanded the theoretical landscape of INK-algebras, offering versatile tools for modeling
logical uncertainty in abstract algebraic systems.

Zadeh [10] explored the idea of fuzzy sets (FSs) in 1965, an extension of classical
set theory that deals with vagueness and uncertainty in the given data. Classical set
theory asserts that an element is either a member of a set or not. FS theory discourses
this by introducing membership values scaling from 0 to 1, which have been used to
represent the degree to which an element is affiliated with a set. F'S theory has innumerable
implementations in diverse fields, including artificial intelligence, decision-making, and
control systems that allow both modeling and handling of vague and imprecise information.
Moreover, Jun et al. [11] studied the idea of fuzzy implicative ideals and constructed a
fuzzy characteristic implicative ideal in BCK-algebras. Paad [12] introduced the concept
of fuzzy implicative ideals in BL-algebras, and they state several properties of it. Also,
Sowmia and Jeyalakshmi [13] have worked on the perception of fuzzy implicative ideals in
Z-algebras.

Eventually, Atanassov [14] proposed the generalization of F'Ss, which is an intuitionistic
fuzzy set (IFS) in 1980, which gives information about a fresh parameter known as non-
membership degree, where fuzzy tells us about the membership degree but in IFS gives
information about uncertainty and vagueness regarding membership degrees and non-
membership degrees. IFSs have applications in decision-making where uncertainty plays
a significant role. Various approaches to IFS include expert systems, risk assessment, and
medical diagnosis, where precise decisions are difficult based on vague or uncertain data
or information. Satyanarayana et al. [15, 16] have worked on the concept of intuitionistic
fuzzy implicative hyper BCK-ideals of hyper BCK-algebras and interval-valued intuition-
istic fuzzy (implicative and commutative) ideals of BCK-algebras. Also, Satynarayana
et al. [17] have done with the concept of derivations of intuitionistic fuzzy implicative
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ideals of BCK-algebras. Also, Rasuli [18] has worked on intuitionistic fuzzy BCl-algebras
(implicative ideals, closed implicative ideals, commutative ideals) under norms.

Later, the neutrosophic sets (NSs) were introduced by Smarandache [19] in 1999, which
is the generalization of classical sets, F'Ss, and IFSs involving a new parameter called
indeterminacy. Neutrosophic sets are particularly useful when uncertainty exists and the
basic components of truth, falsehood, and indeterminacy are simultaneously considered.
NSs have many approaches in many fields, like decision-making, expert systems, image
processing, and fuzzy logic, thus enabling us to do effective modeling and analysis in
situations where the classical set theory falls short. Some authors, Jun and Roh [20] have
discussed a few results on MBJ-neutrosophic ideals of BCK/BCI-algebras. Borzooei et
al. [21] have worked on the concept of positive implicative BMBJ-neutrosophic ideals in
BCK-algebras. Bordbar et al. [22] have worked on the concept of positive implicative
ideals of BCK-algebras based on NSs and falling shadows. Also, Satyanarayana and Baji
[23] have worked on positive implicative, implicative, and commutative SB-neutrosophic
ideals in BCK/BCl-algebras.

This article aims to introduce and investigate the notions of MINK-Is and PMINK-
Is in the framework of INK-algebras. The study further extends these notions to fuzzy
and neutrosophic environments, resulting in the definitions of FMINK-Is, FPMINK-Is,
NMINK-Is, and NPMINK-Is. We examine their structural properties, including closure
under intersection and behavior under homomorphisms. The results presented herein
provide a comprehensive generalization of ideal theory within INK-algebras and contribute
to the algebraic modeling of uncertainty and indeterminacy.

List of Abbreviations

To facilitate the understanding of frequently used terminology, we provide a list of
abbreviations employed throughout the paper.

Abbreviation Full Term
FS Fuzzy Set
IFS Intuitionistic Fuzzy Set
NS Neutrosophic Set

MINK-I Implicative INK-Ideal
PMINK-I Positive Implicative INK-Ideal
FINK-S Fuzzy INK-Subalgebra
FINK-I Fuzzy INK-Ideal
FMINK-I Fuzzy Implicative INK-Ideal
FPMINK-I Fuzzy Positive Implicative INK-Ideal
NINK-S Neutrosophic INK-Subalgebra
NINK-I Neutrosophic INK-Ideal
NMINK-I Neutrosophic Implicative INK-Ideal
NPMINK-I Neutrosophic Positive Implicative INK-Ideal

Table 1: List of abbreviations used in the paper
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2. Preliminaries

In this section, we present some fundamental definitions and properties that are essen-
tial for developing the main results of this paper. These include the basic structure and
axioms of INK-algebras, the concepts of INK-subalgebras and INK-ideals, as well as their
fuzzy and neutrosophic counterparts. The definitions and notations introduced herein will
form the groundwork for the subsequent sections, where we extend the notions of implica-
tive INK-ideals (MINK-Is) and positive implicative INK-ideals (PMINK-Is) within fuzzy
and neutrosophic frameworks.

Definition 1. [24] An algebra (Z,e,0) is termed to be an INK-algebra where ® is a binary
and the 0 is a constant of L if it gratifies the following conditions:

INK-1: ((ee&)o(co0c))e(cel) =0

INK-2: ((cec)e(Se0c))o(cel) =0

INK-3: eo() =€

INK-}: c0£=0,l0e=0=¢€=¢,Ve,,c €L

Definition 2. [24] Let S be a non-empty subset of an INK-algebra Z. Then S is termed
to be an INK-subalgebra of T ifee £ € S,Ve, £ € S.

Definition 3. [2/] Let S be a non-empty subset of an INK-algebra Z. Then S is entitled
as INK-ideal of T if

(b1)0e S

(b2) (cec)o(cel) eSS, {eS=ce S, Ve, cel.

Definition 4. [2/] Let T be an INK-algebra with binary operation e and constant element
0. For any €,& € Z, we define the partial order relation < as follows:

e<ESeel=0.
Theorem 1. Fvery INK-ideal S of an INK-algebra T has the following assertion:
e<té=ecSVecT E€S.

Proof. 1t is obtained immediately from Definition 3 by replacing ¢ with 0.

Definition 5. [25] An FS g in an INK-algebra T is entitled as a fuzzy INK-subalgebra
(FINK-S) of T if g(e # &) > min{g(e),g(£)},Ve, £ € T.

Definition 6. [9] Let g and h be F'Ss of an INK-algebra (Z,,0). Then the direct product
of g X h: T xZI —|0,1] is well entitled as (g x h)(e,&) = min{g(e), h(§)}, Ve, & € T.

Definition 7. [25] Let an FS g in an INK-algebra T is known as a fuzzy INK-ideal
(FINK-I) of T if it gratifies

(c1) g(0) = g(e)

(c2) g(€) = min{g(e ® &), g(§)}, Ve, & € L.
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Definition 8. [26] An NS g = (97, 91,9F) in an INK-algebra T is called a neutrosophic
INK-subalgebra (NINK-S) of T if it gratifies the following condition:

(d1) gr(e e &) > min{gr(e), 97(§)}

(d2) gr(e e &) < max{gr(e),g1(€)}

(d3) gr(ce &) < max{gp(c),gr(§)}, Ve, { s € T

Definition 9. [26] An NS g = (97,91, 9F) in an INK-algebra T is termed as a neutrosophic
INK-ideal (NINK-I) of T if it gratifies the following condition:

(d4) 97(0) = g1(€),91(0) < g1(€), 9r(0) < gr(e€)

(d5) gr(e) = min{gr(e ® &), g7(£)}

(d6) g1(e) < max{gr(c e &), g1()}

(d7) gr(€) < max{gr(c o), gr()} Ve, & € 1.

Theorem 2. An NS g = (g97,91,9F) in an INK-algebra T is termed as an NINK-I of 7
if and only if it gratifies the following conditions (d4) and

(d8) gr(€) = min{gr((cec) o (co&)), gr(£)}

(d9) g1(€) < max{gr((see) e (ce¢)), g1(£)}

(d10) gr(€) < max{gr((sec) e (ce&)),gr(§)}, Ve, & 6 € 1.

Proof. Suppose g satisfies (d4), (d8), (d9), and (d10). We prove that ¢ is an NINK-I,
i.e., it also satisfies (d5), (d6), and (d7). Let ¢,£ € Z, and choose ¢ = 0, the constant of
the INK-algebra. From axiom (INK-3), we know

Dec=¢c00{=¢(=(0oc)o(00f) =cof.

Now substitute into (d8)-(d10):
From (d8), we have

gr(€) = min{gr((0 e €) o (00&)), gr(§)} = min{gr(e e &), gr(§)}

which is exactly (d5).
From (d9), we have

g1(e) < max{gr((0ee)e(0eg)), gr(¢)} = max{gr(e &), gr(&)}

which is (d6).
From (d10), we have

gr(e) < max{gr((0ec)e (0e&)), gr(£)} = max{gr(ce&), gr(&)}

which is (d7).

Therefore, g is an NINK-I of 7.

Conversely, suppose ¢ is an NINK-I of Z, i.e., it satisfies (d4)-(d7). We prove that it
satisfies (d8)-(d10). Let €,&,¢ € Z. Using (d5), we have

gr(€) = min{gr(c o ), gr(£)}



R. Mounikalakshmi et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6226 6 of 19

which holds for all elements in Z, and in particular, for (cec) e (¢ @ £) and £. Therefore,

gr(€) > min{gr((cee) e (cef)), gr(é)}

Similarly, from (d6) and (d7), we have

g1(e) <max{gr((se€) e (cog)), g91(5)}, gr(€) < max{gr((cee)e(ceg)), gr(£)}

Thus, g satisfies (d8), (d9), and (d10) as required.

Definition 10. [26] Let g = (97,91,9F) and h = (hp,hr,hr) be two NSs in an INK-
algebra . Then, the union and the intersection are defined as follows:
(i) (gUh)(e) = {< € max{gr(e), hr(e)}, min{g;(€), hi(e) }, min{gr(€), hr(€)} >| e € I}
(ii) (g N )(€) = {< € min{gr(e), hr(€)}, max{gr(e), hi(e)}, max{gp(e), hp(e)} >| € €
7}

3. Main results

In this section, we develop and analyze various classes of FINK-Is in the context of
INK-algebras. The discussion is organized into three key subsections. First, in Subsec-
tion 3.1, we introduce the concepts of fuzzy implicative INK-ideals (FMINK-I) and fuzzy
positive implicative INK-ideals (FPMINK-I) and explore their defining properties with
supporting examples. Subsection 3.2 investigates the structural behavior of these FINK-Is
under intersection and union operations, showing that intersection preserves the implica-
tive properties, whereas union may not. Finally, Subsection 3.3 addresses the behavior
of fuzzy implicative and positive implicative INK-ideals under homomorphic pre-images,
proving that these properties are preserved under INK-algebra homomorphisms. These
results establish a robust algebraic foundation for the study of fuzzy logical structures in
INK-algebras and contribute to their potential applications in uncertainty modeling and
reasoning.

3.1. Fuzzy implicative and positive implicative INK-ideals of INK-algebras

Building upon the foundational notions of FINK-Is introduced in the previous sec-
tion, we now define and explore two novel types of FINK-Is: FMINK-Is and FPMINK-Is
in the setting of INK-algebras. These concepts are natural extensions of classical im-
plicative structures and aim to incorporate reasoning under uncertainty within algebraic
systems. We provide precise definitions, discuss their algebraic properties, and illustrate
them through relevant examples. The aim is to deepen the understanding of logical im-
plications in fuzzy settings and establish the groundwork for further results concerning
intersection properties and homomorphic behavior of these ideals.

Definition 11. An INK-algebra T is called an implicative INK-algebra if it satisfies the
following condition:

(al) eo ({o€) =¢,Ve, & €.
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Definition 12. An INK-algebra T is entitled as a positive implicative INK-algebra if it
satisfies the following condition:

(a2) (coc)e(Eoc)=(co&)oq Ve, & ceT.

Example 1. Consider an INK-algebra Z = {0, a, u,é} with e as the binary operation:

o0 & b ¢
0[0 0 0 0
ala 0 a a
bbb b 0 b
éle ¢ ¢ 0

Then by routine calculations, the INK-algebra (Z,e,0) is an MINK-I and a PMINK-I.

Definition 13. A subset S of an INK-algebra T is entitled as an implicative INK-ideal
(MINK-I) of T if it gratifies (b1) and
(b3) ((co(Eoc))oceS,ceS=ecS,Ve, &, ceT.

Proposition 1. Let I; and Iy be INK-ideals of an INK-algebra T with Iy C Iy. If I is
an MINK-I, then Iy is also an MINK-I.

Definition 14. A subset S of an INK-algebra T is entitled as a positive implicative INK-
ideal (PMINK-I) of T if it satisfies (b1) and
(b4) (co&)ececS LoceS=coce S Vel ceT.

Example 2. Consider a subset S = {0, a, lu)} of an INK-algebra T defined in Example 1.
Then, the subset (S,e,0) is an MINK-I and a PMINK-I of (Z,e,0).

Definition 15. An FS g in an INK-algebra T is entitled as a fuzzy implicative INK-ideal
(FMINK-1) of T if it gratifies (c1) and

(¢3) g(e) = min{g((c @ (o €)) ®<),g(c)}, Ve, &, ¢ € L.
Definition 16. An FS g in an INK-algebra I is entitled as a fuzzy positive implicative
INK-ideal (FPMINK-I) of T if it gratifies (c1) and

(c4) g(eoc) = min{g((c @ &) @ <), g({ @ <)}, Ve, & c € I.

Example 3. Consider an INK-algebra T = {0, a, 5} with the following Cayley table:

Define an FS g: T — [0,1] by
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Then, g is an FMINK-I and an FPMINK-I of T.
Theorem 3. Every FMINK-I of an INK-algebra T is an FINK-I of .

Proof. Let g be an FMINK-I of an INK-algebra Z. Substituting £ = 0 in (¢3). Then
Ve, € T,

= min{g(ec ¢ <), g(s)}-
This shows that g gratifies (¢2). Combining (c1), g is an FINK-I of Z.
Note: Every FMINK-I of 7 is an FINK-I of Z, but the converse is not true.
Example 4. Consider an INK-algebra T = {0, a, lu)} with the following Cayley table:

Define an FS g:Z — [0,1] by

0 a |b
g|05]03]0.3
Then, the above table satisfies the FINK-I conditions but not FMINK-I of T.

Theorem 4. If T is an implicative INK-algebra, then every FINK-I of T is an FMINK-I
of T.

Proof. Suppose 7 is an implicative INK-algebra and ¢ is an FINK-I of Z. Then by
(c2), g(e) = min{g(e @ <), g(s)} = min{g((e @ ({ @ €)) 0 <), g(c)}, Ve, &, ¢ € L. It follows that
g is an FMINK-I of 7.

Theorem 5. Fvery FPMINK-I of an INK-algebra Z is an FINK-I of T.

Proof. Let g be an FPMINK-I of an INK-algebra Z. Substitute ¢ = 0 in (c4), g(ce0) >
min{g((e &) 0),g({ ®0)},Ve, & € T by INK-3. Thus, g(e) > min{g(e o £),g(§)}. This
shows that g satisfies (c2). Combining (c1), ¢ is an FINK-I of Z.

The following example shows that the converse of Theorem 5 does not hold.

Example 5. Consider an INK-algebra T = {0, a, b, ¢} with the following Cayley table:

e |0 a b ¢
olo a b ¢
ala 0 ¢ b
blb ¢ 0 &
éle b oa o
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Define an FS g : Z — [0,1] by

0 a b ¢
g 050310305

Then, the above table satisfies the FINK-I conditions but not the FPMINK-I of T.

3.2. Intersection of fuzzy implicative and fuzzy positive implicative INK-
ideals of INK-algebras

After introducing FMINK-Is and FPMINK-Is, it is natural to investigate their behavior
under set-theoretic operations. In this subsection, we analyze the intersection and union of
FMINK-Is and FPMINK-Is. We demonstrate that the intersection of any two FMINK-Is
(respectively, FPMINK-Is) yields another ideal of the same type, thus proving the closure
property under intersection. However, through counterexamples, we also show that such
closure does not hold in general for union. These results highlight the structural stability
of FMINK-I and FPMINK-I under intersection, while also identifying the limitations of
union in preserving implicative properties.

Theorem 6. Let g and h be two FMINK-Is of an INK-algebra Z. Then g N h is also an
FMINK-I of T.

Proof. Let €,&,¢ € Z. Then

(9 M h)(€) = min{g(e), h(e)}
> min{min{g((c e ({ @ €)) e <), g(c)}, min{h((c e (( @ €)) 0 <), h(c)}}
= min{min{g((c o ( @ €)) <), h((c @ (( @ €)) @ <)}, min{g(c), h(<)}}

)

>min{(gNh)((ce ((o€))oc), (gNh)(s)}.

Hence, g N h is an FMINK-I of 7.
Note: The union of two FMINK-Is of an INK-algebra need not be an FMINK-I.

S
S

Example 6. Consider an INK-algebra T = {0,2,4} with the following Cayley table:

Define an FS g :Z — [0,1] by

Define an FS h:Z — [0,1] by
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0 2 4
h 1050305

Clearly, g and h are two FMINK-Is of T. Here T,,,(0) = 0.3, but it is not greater than
or equal to 0.5 = min{Tyup((0 e (200)) ®4),Tyux(4)}. Thus, the union of FMINK-Is of
an INK-algebra is not an FMINK-I.

Theorem 7. Let g and h be two FMINK-Is of an INK-algebra Z. If g C h or h C g, then
gUh is an FMINK-I of T.

Proof. Obvious.

Theorem 8. Let g and h be two FPMINK-Is of an INK-algebra Z. Then gNh is also an
FPMINK-I of T.

Proof. The proof is similar to Theorem 6.

Note: The union of two FPMINK-Is of an INK-algebra need not be an FPMINK-I.

Example 7. From Example 6, g and h are two FPMINK-Is of Z. Here, Tg,(002) = 0.3,
but it is not greater than or equal to 0.4 = min{Ty,((0 ®2) ®4), T, (2 e4)}. Thus, the
union of FPMINK-I of T is not an FPMINK-I.

Theorem 9. Let g and h be two FPMINK-Is of an INK-algebra Z. If g C h or h C g,
then gUh is an FPMINK-I of T.

Proof. Obvious.

3.3. Homomorphism of fuzzy implicative and positive implicative INK-
ideals of INK-algebras

Homomorphisms play a crucial role in algebra by preserving structural properties
across different algebraic systems. In this subsection, we examine the behavior of fuzzy
implicative INK-ideals (FMINK-I) and fuzzy positive implicative INK-ideals (FPMINK-T)
under homomorphic mappings between INK-algebras. Specifically, we focus on the pre-
images of these ideals and prove that such pre-images retain the implicative and positive
implicative properties of the original fuzzy ideals. These results establish the invariance of
FMINK-I and FPMINK-I under structure-preserving transformations, thereby confirming
their robustness across algebraic homomorphic images.

Definition 17. Let k : Z — I be a homomorphism of INK-algebras and g be the FS in
Z. Then the FS g[k] in T is defined by g[k|(e) = g(k(€)) for every e € T is called the
pre-image of g under k.

Theorem 10. A homomorphic pre-image of an FMINK-I of an INK-algebra is an FMINK-
L
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Proof. Let r : T — 7 be a homomorphism of INK-algebras. If g is an FMINK-I of an
INK-algebra Z, then g[k](e) = g(k(€)) > ¢g(0) = g(k(0)) = g[x](0),Ve € Z. Let €,&,s € Z.
Then

min{g[x]((e o (§ o €)) 0 <), g[r](c)} = min{g(r((e o (@ €)) 0 <)), g(r(s))}
= min{g(r(e ¢ <)), g(r(<))}
= g(k(e))
= glr](e).

Hence, g[] is an FMINK-I of Z.

Theorem 11. A homomorphic pre-image of an FPMINK-I of INK-algebras is an FPMINK-
L

Proof. The proof is similar to Theorem 10.

4. Neutrosophic implicative and positive implicative INK-ideals of
INK-algebras

Expanding on the fuzzy framework, we now extend the notions of MINK-Is and
PMINK-Is to the setting of NSs, which provide a more expressive structure for capturing
uncertainty, indeterminacy, and inconsistency. In this section, we introduce the concepts
of neutrosophic implicative INK-ideals (NMINK-Is) and neutrosophic positive implicative
INK-ideals (NPMINK-Is) in INK-algebras. These definitions are formulated in terms of
the three-valued membership functions of neutrosophic sets—truth, indeterminacy, and
falsity—and are motivated by their capacity to model more complex decision-making en-
vironments. We present key properties, establish their relationships with standard neu-
trosophic ideals, and explore the conditions under which they are preserved or extended.
Examples are provided to illustrate the distinctions between NMINK-Is/NPMINK-Is and
general neutrosophic ideals.

Definition 18. An NS g = (97,91, 9F) in an INK-algebra T is entitled as a neutrosophic
implicative INK-ideal (NMINK-1) of T if it gratifies (d4) and

(d11) gr(€) = min{gr((e e ((®€)) @ <), gr(c)}

(d12) g1(e) < max{gr((ce (o €)) ®<), gr(s)}

(d13) gp(€) < max{gp((ce (S ®€)) o), gr(s)}, Ve &, s € 1.

Definition 19. An NS g = (97,91, 9F) in an INK-algebra T is entitled as a neutrosophic
positive implicative INK-ideal (NPMINK-1) of T if it gratifies (d4) and

(d14) gr(e o) = min{gr((c @ &) @ <), gr(S ®<)}

(d15) gi(e o <) < max{g;((c e &) <), gr({®c)}

(d16) gr(e o) < max{gr((ce &) e<), gr(§ @)}, Ve, & ¢ € 1.
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Example 8. Consider an INK-algebra (Z,e,0) from Example 3. Define an NS g =
(gT7gfagF) OfI by

0 la |5
gr | 04103103
g7 1020404
gr | 0310305

Then, g = (g7, 91,9F) is an NMINK-I and NPMINK-I of T.
Theorem 12. Every NMINK-I of an INK-algebra Z is an NINK-I.

Proof. Let g = (97,91, 9r) be an NMINK-I of an INK-algebra Z. Let €,£,¢ € Z. Then
by (d11), we have

gr(e) > minfgr((ce (0w ) 0<),97(<)}
= min{gr((c00) ®<)),g97(s)}
= min{gr(e <), g7(s)}.

This shows that gr gratifies (d5). By (d12), we have
g1(e) < max{gr((ee (0 ee))ec) gr(c)}
= max{gr((¢®0) ¢<)),91(c)}
(G

— max{gr(c <), g1(s)}.
This shows that g; gratifies (d6). By (d13), we have
gr(€) <max{gr((ce (0ec))ec) gr(c)}

=max{gr((ce0)0¢)),gr(s)}
= max{gr(ces),gr(s)}.

This shows that gp gratifies (d7). By combining (d4), g is an NINK-I of Z.
Note: Every NMINK-I of an INK-algebra is an NINK-I, but the converse is not valid.

Example 9. Consider an INK-algebra T = {0, a, I;} with the following Cayley table:

Define an NS g = (g97,91,9F) of T by

gr 1 0.6 03] 0.3
g7 1050404
gr 1080404
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Then, the above table satisfies the NINK-I conditions but does not satisfy the conditions
of NMINK-I of T.

Theorem 13. If 7T is an implicative INK-algebra, then every NINK-I of T is an NMINK-1.

Proof. Since 7 is an implicative INK-algebra, it follows that ¢ = ee (£ o¢€), Ve, & € Z. Let
9= (97,91,9r) be an NINK-I of Z. Then by (d5), gr(€) > min{gr(ce<),gr(s)}, Ve, &, ¢ €
Z, so gr(e) = min{gr((c e (o €)) @), gr(c)}. Similarly, by (d6), gr(e) < max{g(e e
$),91(s)}, so gr(e) < max{gs((c® ({®€))ec) gi(s)}. Also by (d7), gr(e) < max{gp(e e
$),gr(s)}, so gr(e) <max{gr((co ((o€))o®c), gr(s)}. Hence, g is an NMINK-I of Z.

Theorem 14. Every NPMINK-I of an INK-algebra T is an NINK-I.
Proof. The proof is similar to Theorem 12.
Note: The following example shows that the converse of Theorem 14 does not hold.

Example 10. Consider an INK-algebra T = {0, a, 5, ¢} from Example 5. Define an NS
9=(97:91.9r) of T by

0 a b ¢

gr 05030305
gr 10210410402
gr | 03]05 05|04

Then, the above table satisfies the NINK-I conditions but does not satisfy the conditions
of NPMINK-I of T.

4.1. Intersection of neutrosophic implicative and positive implicative INK-
ideals of INK-algebras

In this subsection, we investigate the stability of NMINK-Is and NPMINK-Is under in-
tersection operation. Understanding how these classes of ideals behave under set-theoretic
intersection is crucial for exploring their algebraic structure and for constructing new ide-
als from existing ones. We prove that the intersection of any two NMINK-Is (respectively,
NPMINK-Is) results in an ideal of the same type, thus demonstrating the closure property
under intersection. We also provide illustrative examples to confirm the validity of the
results and highlight that, unlike intersection, the union of such ideals does not necessarily
preserve the implicative properties.

Definition 20. Let g = (97,91,9r) and h = (hp,hr,hr) be two NSs in Z. Then the
intersection g N h = (Tyan, Lgnn, Fgnn) is defined as follows:

(i) Tyen(e) > min{gr(e), hr(e)}

(i1) Tyen(€) < max{gr(e), hi(e)}

(tii) Fynn(€) < max{gr(€), hr(e)}, Ve € I.
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Definition 21. Let g = (97,91,9r) and h = (hp,hr,hr) be two NSs in Z. Then the
union g U h = (Tyun, Igun, Foun) is defined as follows:

(i) Tyun(e) < max{gr(e), hr(e)}

(i) Iguh(ﬁ) > min{g;(e), hr(e)}

(111) Hyup(€) > min{gr(e), hr(e)},Ve € T.
Theorem 15. Let g = (97,91,97) and h = (hp,hr,hp) be two NMINK-Is of an INK-
algebra I. Then g N h = (Tyan, Igon, Fgrn) is an NMINK-I of T.

Proof. Let g and h be two NMINK-Is of an INK-algebra Z. Let ¢€,£,¢ € Z. Then

Tonn(€) = min{gr(e), hr(e)}
> min{min{gr((ce (( o ¢€)) o), g7 (
= min{min{gr((c e (( o ¢€)) o <), hp(
> min{Typ((ce (§o€)) o), Tynn(s

<)}, min{hr((c o (Eo€)) o), hr(s)}}
(co(Eec))eq)}, min{gr (), hr(c)}}
)}

Igon(€) = max{gr(e), h(e)}
< max{max{gr((ce ({ o ¢€)) <), gr(s)}, max{hr((c e ( o¢€)) ®<), hr(c)}}
= max{max{gs((c® ({ @ ¢)) ®<),hi((co ({o€))oc)}, max{gr(s), hr(s)}}
< maX{Igﬂh((e e ({ec))eq), gﬂh( )}
Fyn(e) = max{gr(e), hr(e)}
< max{max{gr((ce ((o¢)) ®<),gr(s)}, max{hp((co ({o¢c)) oc) hr(c)}}
= max{max{gp((c o ({o¢€)) oc), hr((ce (oc))oc)}t max{gr(c), hr(s)}}
< max{Fyrp((co ({o€))ec), Fynn(s)}-

Hence, g N h is an NMINK-I of 7.
Note: The union of NMINK-Is of an INK-algebra need not be an NMINK-I.

Example 11. Consider an INK-algebra T = {0,2,4} from Example 6. Define an NS
9=1(97.91.9r) of T by

gr | 0304 0.6
g7 1050404
gr | 0.4 ] 05 0.6

Define an NS h = (hp,hr,hr) of T by

hr {0503 | 0.5

hp | 06|05 0.5
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Then g and h are two NMINK-1Is of T. Here Tyu,(0) = 0.3, but it is not greater than or
equal to 0.5 = min{T, n((0 e (200)) ®4), Tun(4)}. Similarly, for I,un(0) = 0.5, but it is
not less than or equal to 0.4 = max{I,n((0 e (2e0))e4), I,,n(4)}. Also, Fyup(0) = 0.6,
but it is not less than or equal to 0.5 = max{Fyu,((0 e (20))e4), Fyp(4)}. Therefore,
gUh is not an NMINK-I of T. Thus, the union of NMINK-Is of an INK-algebra is not
an NMINK-I.

Theorem 16. Let g and h be two NMINK-Is of an INK-algebra Z. If g C h or h C g,
then gUh is an NMINK-I of T.

Proof. Obvious.

Theorem 17. Let g = (g97,91,9Fr) and h = (hp, hr,hr) be two NPMINK-Is of an INK-
algebra I. Then g N h = (Tyan, Ignn, Fgrn) is an NPMINK-I of T.

Proof. The proof is similar to Theorem 15.

Note: The union of NPMINK-Is of an INK-algebra need not be an NPMINK-I.

Example 12. Consider an INK-algebra T = {0,2,4} defined in Example 11. Define an
NS g=(91,91,9r) of T by

gr | 0310406
g7 1050404
gr | 04|05 0.6

Define an NS h = (hp,hr,hr) of Z by

0 2 4

hr | 05]03]0.5
hy | 0406 |0.6
hrp | 06|05 | 0.6

Then g and h are two NPMINK-Is of . Here Ty ,(0e2) = 0.3, but it is not greater than
or equal to 0.4 = min{Ty,((002) e4), Ty, (204)}. Similarly, for I,,,(02) = 0.5, but it
is not less than or equal to 0.4 = max{I,n((0e2)e4), I, ,(204)}. Also, Fyu,(0e2) = 0.6,
but it is not less than or equal to 0.5 = max{F, n((0e2) e4), Fy ,(2e4)}. Therefore,
gUh is not an NPMINK-I of T. Thus, the union of NPMINK-Is of INK-algebras is not
an NPMINK-I.

Theorem 18. Let g and h be two NPMINK-Is of an INK-algebra Z. If g C h or h C g,
then gUh is an NPMINK-I of T.

Proof. Obvious.
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4.2. Homomorphism of neutrosophic implicative and positive implicative
INK-ideals of INK-algebras

This subsection is devoted to the study of the behavior of NMINK-Is and NPMINK-Is
under homomorphisms between INK-algebras. Specifically, we investigate whether the pre-
image of an NMINK-I or NPMINK-I under a homomorphic mapping retains its respective
neutrosophic implicative properties. Establishing such preservation results is essential
for ensuring that these ideal structures are robust under algebraic transformations, thus
reinforcing their theoretical and practical applicability. The theorems presented in this
section confirm that both NMINK-I and NPMINK-I are preserved under homomorphic
pre-images, further highlighting the structural soundness of these generalized ideals.

Definition 22. [6] Letk : T — T bea homomorphism of INK-algebras and g = (g7, 91, 9F)
be an NS in I. Then the NS g[k] = (gr|k], g1]], gr[k]) in T is defined by gr[r](e) =
gr(k(€)), gr[k](€) = g1(k(€)), and gp[k](€) = gr(k(€)) for every € € L, is called the pre-
image of g under k.

Theorem 19. A homomorphic pre-image of an NMINK-I of an INK-algebra is an NMINK-
L

Proof. Let k : T — I be a homomorphism of INK-algebras. If g = (g7, 95, gr) is an
NMINK-I of Z, then

grlkl(€) = gr(k(€)) = g7(0) = g7 (x(0)) = gr[x](0),

grlr)(€) = g1(k(€)) < g1(0) K

grlkl(€) = gr(k(€)) < gr(0) = gr(k(0)) = gr(K)(0),Ve € I.
Let €,£,¢ € Z. Then

min{gr(x]((c e (£ o €)) o <), gr[](c)} = min{gr(r((c o (S 0 €)) @ <)), gr(x(<))}

max{g;[r]((e o (§ o €)) o <), gr[k](<)} = max{gr(r((c o (Eoc))ec)

max{gr[r]((c o (£ o)) 0 <), gr[K](c)} = max{gr(r((c e (E o)) ec)), gr(r(c))}

Hence, g[x] is an NMINK-I of Z.
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Theorem 20. A homomorphic pre-image of an NPMINK-I of INK-algebras is an NPMINK-
L

Proof. The proof is similar to Theorem 19.

5. Conclusion

This study introduces and formalizes the concepts of MINK-Is and PMINK-Is within
the structure of INK-algebras, and extends these notions to fuzzy and neutrosophic con-
texts. The resulting classes of FMINK-Is, FPMINK-Is, NMINK-Is, and NPMINK-Is are
investigated in terms of their structural properties, including closure under intersection
and behavior under homomorphic pre-images. It is shown that while intersection preserves
the implicative nature of these ideals, union does not necessarily do so. These findings en-
hance the theoretical foundation of INK-algebras and open pathways for their application
in domains that require reasoning under uncertainty, such as decision support systems and
artificial intelligence.

Future research may focus on the practical application of these ideals in areas such
as medical diagnostics and intelligent systems, where managing ambiguity is essential.
Moreover, generalizing these concepts to other algebraic structures and developing com-
putational frameworks or algorithms based on their properties could further support com-
plex decision-making processes in real-time environments. In particular, the exploration
of neutrosophic hyperstructures, as discussed by Alsubie and Al-Masarwah [27], offers a
compelling direction for extending the present work to more generalized systems such as
hyper BCK-algebras. Furthermore, the integration of fuzzy soft computing paradigms,
such as fuzzy soft graphs [28], may provide enriched algebraic modeling tools for handling
complex uncertainty and flexible information structures in abstract systems.
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