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Abstract. Non-standard Volterra integral equations are in the category of non-linear Volterra in-
tegral equations which appear in certain mathematical modelling processes. In the current study,
new multi-step collocation techniques have been employed to numerically address non-standard
Volterra integral equations. Several established outcomes concerning convergence of the numer-
ical solution for this problem are investigated. In conclusion, two test problems are thoroughly
examined to substantiate theoretical accomplishments in practical terms. Also, we apply one-step
and multi-step collocation methods to solve Non-standard Volterra integral equations and compare
numerical results to show the efficiency and high accuracy of the proposed method.
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1. Introduction

In general, the kernels of integral equations are in the form K(t, s, z(s)). But in some
scientific and engineering applications, especially in physical sciences, a special case of
nonlinear integral equations appears, where the kernels of the equation is dependent on
time ¢ as well as space s. This dependence of the kernels is shown in the general form as
K(t,s,z(t),z(s)). Therefore, integral equations including these types of kernels are called
non-standard integral equations.

A non-linear VIE as

y(o) = flo) + /OU K(o,7,y(0),y(r))dr, o0€0,T]=1, (1)

is called a NVIEs. Different kind of physical and biological phenomena that lead to NVIEs
(1) can be found in [1-5]. Some researchers [6-12] have investigated a number of these
non-standard integral equations such as auto convolution equations and implicit VIEs.
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Certain established outcomes rooted in regularity, existence, uniqueness, as well as the
convergence of the solution for the general auto-convolution Volterra integral equations
studied by Zhang et al [12]. Guan et al. in [13], studied NVIEs (1) and obtained several
positive outcomes concerning regularity, existence, uniqueness, and convergence of the
one-step collocation method for this equation. In [14], the authors by adding conditions
for interpolation in the previous r step points, applied multi-step collocation scheme to
solve the equation (1) and increased the order of convergence for the m points and r steps
to m+r compared with the one-step collocation method (Order of convergence is m [13]).

Actually, nonlinear VIEs originate in various scientific realms and this is the primary
reason why they were a subject of refined investigation from the both theoretical and
numerical perspectives so far. Specifically, they span a wide range of applied science such
as engineering, mathematical physics, economics, etc[15-19]. One of the particular kind
of non-linear VIEs is Volterra-Hammerstein IEs which have been studied in [20]. Usually,
finding an analytical solution for the non-linear VIEs is not possible, then researchers
try to provide numerical methods to avoid this complicated situation( See [16, 21, 22]).
Moreover, the great contributions of recent developments in the conceptually promising
and challenging areas of the nonlinear VIEs are all gathered in the book due to Brunner
[21].

Here, we consider new multi-step collocation scheme to NVIEs (1) and try to increase
the order of convergence compared with the one-step and multi-step collocation methods
in [13, 14].

The paper is structured in the following manner: Section 2 is dedicated to introduc-
ing a new multi-step polynomial collocation method for discretizing NVIEs using widely
recognized interpolation polynomials. In the sequel, we analyze the convergence of the
numerical solutions, considering Peano theorems for interpolation, in section 3. Section 4
then delves into the examination of two test problems to validate the theoretical results.

2. Numerical methods

The multi-step method in the context of integral equations serves a similar purpose
as in ordinary differential equations improving accuracy and computational efficiency but
is tailored to handle integral operators. Its primary aim is to solve integral equations
numerically by leveraging past computed values to approximate the solution at subsequent
steps more effectively.

The fundamental purposes of multi-step techniques in integral equations include:

1. Higher-Order Approximation;
By using information from multiple previous steps (e.g., past values of the unknown
function and its integrals), multi-step methods achieve better accuracy than single-
step quadrature-based approaches.

2. Reduced Computational Cost;
Reusing previously computed integral evaluations (e.g., in Volterra or Fredholm
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equations) avoids redundant calculations, making the method more efficient than
naive quadrature rules.

3. Handling Non-Local Dependence;
Integral equations involve global dependence (due to the integral term), and multi-
step methods help approximate the history integral more efficiently by exploiting
smoothness and past data.

4. Improved Stability for Volterra Equations;
Multi-step discretizations can stabilize solutions for weakly singular or nonlinear
integral equations.

We will now introduce and examine two numerical methods: the standard multi-step
collocation method and an advanced version referred to as the new multi-step collocation
method.

2.1. Multi-step collocation scheme for NVIE

The examination conducted in [14], we consider the multi-step collocation scheme for
the equation (1). Consider {¢t,, =nh, n=0,1,...,N (ty =T)}, as an equidistant grid
on I. Suppose that Sy be given by

Spi={thi=th+ch:0<c1<---<¢yp <1, 0<n<N-—1},

where {t,;} are collocation points with {c¢;} as collocation parameters. Take the colloca-
tion solution on the interval €, = (¢, t,+1] for s € [0,1] by

r—1 m
y(t, + sh) = ZLk(s)xn,k + ZLj(s)YnJ, n=r---,N—1, (2)
k=0 j=1
with
Yn,j = y(tn,j), Tp—k = y(tn—k)u
s —c s+ st s —¢
Lk(s)zﬂil. H . ﬁj(s):H . H L
R g, TR im0 G iy G TG
Note that the starting values x1,...,x, can be obtained by a suitable one-step method.

In the sequel, we find y so that the collocation equation is hold for ¢ € Sy,

o) = 10+ [ K (15,0000 s

Hence, on every subinterval €,, we have the system of algebraic equations for the



H. A. Thabbah, S. Pishbin, P. Darania / Eur. J. Pure Appl. Math, 18 (3) (2025), 6229 4 of 16

unknowns Yy, ;, j=1,....m, n=r,...,N —1,
Yo = f(tn,; —|—h2/ nj,tk+sh,Yn7j,y(tk+sh))ds
r—1
S K(tn7j,tk+sh,yn7j,ZLj( 8)ak_ ]+ZL Y;“) s @)
k=r JO
j 0
cj
+h/ K (tn st + sh, YnJ,ZLk §) k+ZL Yo )ds.
0 i=1

Also, the convergence theorem results can be presented as:

Theorem 1. [14] Consider

i) f € C™T(I) and for D :={(t,s):0<s,t<T}, K€ C™"(D xR xR),

i) |K(t,s,r1,81)—K(t,s T2,82)| < Q(t, 8)|r1 —ra| + M|s1 — sa| for all (t,s) € D,r;,s; € R
with 0 < Q(s,s) < M and/ Q(t,s)ds <1—A for A e (0,1),

iii) The order of primary error is m + r, and the spectral radius of the matriz A is less
than 1, (p(A) < 1).

Then the NIVE (1) has a unique solution x € C™*"(I) and for the multi-step colloca-
tion method, we have:
Iz = ylloo < CH™,

such that C is a constant not depending on N.

2.2. New multi-step collocation methods

To construct the new multi-step methods, we seek a collocation polynomial of the form

m m
y(tn + sh) = ZLk JTnr + > Li(5)Y, Z Wii1j, n=7—1,....N =2, (4)
j=1 j=1

where
Yoi=vy(tn;), Yat1j =y(tnt1,5),

. m m
s+1 s—c¢ s—c;—1

L — . .
k(S) —k+1i 1 *]{Z*CZ‘ i1 *kﬁ*Ci — 17 (5)
o = -
r—1 . m m
- s+ s—¢ s—c —1
L:(s) = . .
() Hc—i—i Ho—ci Hc—ci—l’ (6)
i=0 7 i=1 7 i=1 7

i#j
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s T s— ¢ s —c—1
Fols) — . —Goqriseact
]() ;l‘_‘([)l—I—Cj—i—’L 1_[11—|—cj—ci zl_Jl: Cj — ¢ (7)
i#£]

also the collocation parameters are assumed to satisfy ¢; # 0 and ¢; # ¢ for ¢ # j. In the
equations (1) by substituting ¢ = ¢,+1,; and approximate solution (4), we will have

r—2 .1
Yoirj = fltnsry) + hZ/O K<tn+1,j7 btz + sh, Yni1,y(t: + sh))ds
z=0

n—1 1 r—1 m
+ Z h/ (K (tn+1,j7 t: + sh,Yni15, Z Li(s)w. g + Z Li(s)Y
0 i—1

z=r—1 k=0

m r—1

1
+ Z Ei(S)Yz_HJ‘)) ds + h/o (K <tn+1,j7 tn + Sh, Yn+1,j7 Z Lk(s)xn,k

k=0

m

m R B Cj
+§Zu@n%r+§}h@nai0>“+h/‘(K@m*ﬁ%“+$”
i=1 =1 0
r—1 m mo
Vi1, Z Li(1+ 8)Tn_ + Z Li(1+4 8)Yn, + Z Li(1+ S)Yn+1,i)>d57
k=0 i=1 =1

(8)

with

r—1 m m
ynrr = Y Le(Wzp—p + Y Ly + > Li(1)Yorn .
k=0 Jj=1 Jj=1

In general, the integrals in the system (8), can be computed approximately by using
quadrature formulas to yield the discretized version of this non-linear system.

3. Convergence analysis

Consider the NVIE (1), and it’s corresponding collocation equation

y@zNHA}@w®Mw® ©)

By subtracting equation (9) from (1), we will get

e(t):/o (K (ts,2(t), 2()) = Kt 5,5(8), y(s)) ) ds, (10)

where e(t) = x(t) — y(t), is the error function.
Before investigating the convergence analysis of the new multi-step collocation solu-
tions, Taylor’s theorem to multivariate functions [16, 23, 24] is considered as:
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Lemma 1. Assume that the function g : R" — R, for some r > 0 in a closed ball
A={y e R": ||lzg —yl|| <7}, g € CKTY(A). Then we can derive the following formula
for the remainder in A, Namely,

gy =3 2y S Ry - w0l

Q.
lal <k |Bl=k+1

where .
18

Bt Jo
Theorem 2. Let the second condition of Theorem 1 is hold and for the known functions
in (1):

Rs(x) (1 =)= DB g (o + t(z — x0))dt.

Al. K € CP(D x R x R), for somem > 1, and f € CP(I).

A2. Order of primary error is p and the spectral radius of the matriz A is less than 1

(p(A) < 1) where

~ 0,11 ‘ I
A= 2 . 11
L'r—l(l) ‘ LT—2(1)7"'7L0<1)7 ( )

Then, there exist constant C' not depending on N such that
2 = ylloo < CR,

where p = 2m 4+ r.

Proof. Now, by Peano’s theorem [16, 25|, for s € [0, 1], the error e(t) := x(t) — y(t) is
written as:

r—1 m m
e(t)\ + sh) = Z Lk(s)e’f)\,k + Z f/j(s)aM + Z Ej(S)E)\+17j + h2m+rRm7r’)\(S), (12)
k=0 j=1 j=1

where Ry, ,n(s) is the Peano remainder and ey ; := X, ; — Y) ;. From (8) and (10), for
A=n+ 1, we have
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tnt1,j tny,j
Entl,j = / K<tn+1,jaSyxn—‘rl,jaw(s))ds - / K(tn-l-l,j?Svyn+17j7y(8))d8
0 0
lnt1,j
= / K(tn+1,5,8 Xnt1,5,2(8)) — K(tnt1,5, 8, Ynt1,5,2(s)) | ds
0

n 1
+h2/ <K(tn+1,j,tl + sh, Y11, 2(t; + sh))
1=0 0

(13)
—K(tn_HJ', t1+ sh, Y15, y(t; + Sh))) ds
¢j
+h/ K(tng1,j,tner + sh, Yogrj, (tns1 + sh))
0
—K (tn41,5, tne1 + sh, Y15, y(tne1 + sh))) ds.
Now, assume that
N LoK
Kl(t,m-, 8) == %(tn,j, ty + sh, U, ;, u(t; + sh) + C(y(t; + sh) — u(t; + sh)))d¢, (14)
0

where for [ = 0,1,...,n — 1 the function IA('l(tm,s) € C[0,1]. Likewise, for | = n,
Kn(tmja S) S C[O,Cj].
Also,

1
0K
Rltag:5) = [ Gt ss U + G0 = U (o)), (15)
then K (t,;,s) € C[0,t,]. Using Al, possess
Kty g, 9)| < M,

and

|K<t7]1j’ s)| < H(tﬂaj’ 5).

For further detail see [13].
By using of this assumptions, for = n + 1, equation (13) can be written
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tnt1,j
5n+1,j = / K(tn_H’j, S)dSEn_H,j
0

+h zn: /O 1 (Kz(tn+1,j, 8)(x(ts + sh) — y(ts + sh)))ds
2=0

RN 16

+h/ (Kn+1(tn+17j, s)(@(tns1 + sh) — y(tny1 + Sh))>ds (16)

tn+(17j R n 1 R

= / K(tni1j,s)dsens1j + hZ/ K. (tny1,8)e(t, + sh)ds
0 pr
¢ o,
+h/ (Kn-l—l(tn—f—l,ja S)@(tn+1 + sh))ds
0

From A2, for 2 =0,...,7 — 1, and s € [0,1), we have

e(tz + Sh) = hPQZ(S)a HQZHOO <y, (17)

and then using the (17), equation (16) reduced to the following form



H. A. Thabbah, S. Pishbin, P. Darania / Eur. J. Pure Appl. Math, 18 (3) (2025), 6229 9 of 16
tntlg |
5n+1,j — / K(thrl,ja S)d$€n+17]’
0

LN -
—hZ/ K1 (tnt1,5, ) Li(s + 1)dsenta,j
i=170
m 1 ~ 5
_hZ/ Kn(tn—i-l,jyS)Li(s)d5€n+1,j
=10
moore .
hZ/ Kn+1(tn+1,j, s)Li(s + 1)(188”73‘
i=1"0
m 1 . B
_hZ/ anl(thrl,j,S)Li(S)dSETL,j
i=170
m 1 . .
_hZ/ Kn(tn_;_l,j,s)Li(S)dSEn,j
=170
r—1 1
= pptt Z/ K. (tnt1,5,9)q:(s)ds (18)
2=0"0

n 1
4 ppH1 2/ K. (tni1,5,8) Rinr2(s)ds
Z=T O

+hp+1 / ’ Kn(tn—i—l,j; S)Rmmn(l + s)ds
0

n r—1

1
+hZZ/O KZ(tTLJrl,jaS)Lk(S)dS&Z_k

z=r k=0

n—1 m

1
+hZZA Kz(tn_:,_l’j,s)Li(S)dS{fz,j

z=r i=1

n—2 m

1
+h Z Z /0 K (tn+1,5,8)Li(s)dsezq1,

z=r =1

r—1 ¢
+hy / K1 (tns1j,8)Li(s + 1)dse,_g.
k=0"0
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Now, to get the matrix form of equation (18), we define the following vectors

. tn+17] ~
a,, =1 —/0 K(tnt1,4,8)ds, j=1,2,..,m

(19)
El,z = [52—7"+1’ Ezmryeny Ez]Ty E2,z = [52717 €2,2y 00y Ez,m]T7
and matrices B
Apyr = diag(agqs - apy),s (20)
1 A
/ K. (tnt1,s)Li(s)ds, Z=T, ..M,
0
BAw=q (21)
J A
/ Kz(tn+17j, S)Lk(l + S)ds, Z=n-+ 1,
/ K (tng1,, s ﬁ()d Z=7,..,m,
CHARES S (22)
VAN ~
/ K.(tht1,5,8)Li(1+s)ds, z=n+1,
\ JO
and
/ K (tnt1,4,8 ﬂ()d Z=T, .0,
(D20ii=9 " (23)
J A ~
/ K. (tnt1;,s)Li(1 + s)ds, z=mn-+1.
0

Therefore, by replacing these vectors and matrices in equation (18) and after some com-
putations, we will have

(A,m (D 02) ) (5 4 624 20 ),
=h z Bn+1E1 o+ hBY) By + hBY) B, + b 2 %) By, (24)
'y DY) s, + O(hPt).

Similar to what we did before for equation (13) at point ¢t = t,41 5, the matrix form of
this equation at point ¢ =1, ; can be expressed as

~hDYY By i1 + (An —n(ct” + DY) ) Esp
(25)

n n—2 n—2
—hS. BB +hS. DB +h S CPBy. + C YV Byt + O(WPHY).
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Now, in the equation (12), we set n =1 — 1, then we get the difference equation

Eyy=AEy; 1+ SEy 1 +TEy; + O(hP), (26)
with exact solution
By =A"""E, 1+ Y AN SEy;+ TEy i) + O(WP), (27)
j=r—1
where
B Orfl,m B Or—l,m
§=| ], T= . (28)
L(1),...,Ly,(1) Li(1),...,Ly(1)

Inserting (27) in equations (24) and (25), we will get the general form of the system
of their equations in the form of the following system

(An+1 - h(Df;fll) + D™, + BfﬁlT)>E2,n+1
—h (Cf[fll) +ct + V4 BY) S 4 BY) AT + Bffjj) B

n—1 - n—1 ~ o~
=hy BY)\Bi .+ hBY) A, +h Y. BY) Ani8E,

j=r—1
5 BY) AT Ey iy + hBY) A,
j=r— 1
o5 BY) An=i15E, j + h b BY) AT Ey
j 7” 1 j=r—1 (29)

+h z c,jlezz +h i DY) By + O(hP 1),

DYV By iy + (An - h(c,(f‘) + DY _ BSf)T)) B

—1
_th(Z B+ hBY A B, +h S BYAITISE,,
j=r—1

+h Z BY) An-—i- 1TE2]+1+hZD EQZ+1+hZC o
=r—1

+C,S" Y Ey o1 + O(hPHY).

\

Note that, the coefficients matrix on the left hand of (29) has the form:

A= [a“ a”] , (30)

az1 a2
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where

ar = Ant1 — h<D7(LT11) + D), + By(f+)1T>a

a2 = —h (C,S’fl” +0m 4+ DY 4+ BY) 5+ BY) AT + Bffjj’) ,

(31)
ags] = —hDﬁL”),
az = A, — h(C” + DYV - BT,
Now, we set
| Eopt
= 7). (32)
and A, = A+ O(h), then we have
Ap¢ =, (33)
where vector b, is clear and -
_ An+1 0
Ay, = [ 0 A, ] . (34)

Then, matrix Ay, is invertible if for n = n,n+ 1, the matrices fln, are invertible. According
to theorem 3.6 from reference [13], matrices A,, and A, 1, are invertible. Therefore, the
bound for ¢ can be obtained by the same way as described in [13] (Theorem 3.6), then we
obtain

I¢]] < Cr?,

and the proof has completes here.

4. Numerical results

Now, we aim to validate the previously established analytical findings by employing
numerical solutions to address two test problems. At the same time, we will tabulate the
attained satisfactory outcomes concerning L., errors and optimal convergence orders for
some values of N with m,r = 2. This is done for the purpose of numerically verifying the
underlying theorem 2. We consider two following cases:

1
1)0125,02:1:>p(A):0<1.

1 7 .
2) e1 = 5. e2= g = p(A) = 0505485 < 1.

To ensure clarity, it’s important to mention that all implementations have been carried out
in the Mathematica ® software. Continuing in this section, the primary values have been
gotten from well-established exact solutions. The comparison of the obtained numerical
results in Tables 1- 4, for m,r = 2, shows that new multi-step method (NMSM) is more
accurate than the one-step method (1-SM) and multi-step methods (MSMs) used in [13,
14]. Also in Fig. 1 and Fig. 2, we plot error functions for the one-step, multi-step and
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(CI,CZ) - (%7 1) (01762) - (%v 1) (01’02) = (%71)

N 1-SM [13] MSM [14] NMSM

4 5.20 x 1076 5.58 x 10710 1.30 x 101!
8 1.30 x 1076 6.52 x 10711 2.29 x 10713
16 3.25 x 107 5.34 x 10712 4.21 x 10715
Order 2.00 3.60 5.76

Table 1: Numerical report for example 1.

(61,62) = (%7 1) (61762) = (%a 1) (61,62) = (%71)

N 1-SM [13] MSM [14] NMSM

4 1.70 x 1075 2.04 x 107? 1.77 x 10710
8 4.18 x 107 421 x 10710 9.04 x 10712
16 1.03 x 106 4.82 x 10711 1.82 x 10713
Order 2.01 3.12 5.62

Table 2: Numerical report for example 2.

new multi-step scheme with N = 16. As can be seen, the accuracy of the numerical results
obtained by the new multi-step method is higher than the other ones.

Example 1. [13] Take for the equation (1) with T =1, as

t s+t+5
””‘f““+é (25 + 4L+ 10)(22(6) + 1 + 22(s))

ds,

whose exact solution is x(t) = /2 +t and

5+ 3t
5+ 2t

[NIE
N|=

— In( )2.

Example 2. [13/Take for the equation (1) for 0 <t <1, as

ft) =(2+1)

D=

2(t) = (1+1)

—emkﬂﬂm+em&w+m+41m%—W@+ﬂmﬁ&

2

N[ =
N =

D=

whose exact solution is x(t) = (1 +1)

5. Conclusion

In this paper, we studied NMSM to solve the nonstandard Volterra integral equation,
numerically. We have displayed that this collocation approach yields an effective and very
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Figure 1: Plot of error functions for the one-step, muti-step and new multi-step scheme with N =
16,¢1 = .5,c0 = 1 in Example 1 (left). Plot of error functions related for the one-step, muti-step and

new multi-step scheme with N = 16,c; = 1,c, = £ in Example 1 (right).
T 7 T 7 T 7
(c1,¢2) = (37 §) (c1,¢2) = (§’ §) (c1,¢2) = (37 g)
N 1-SM [13] MSM [14] NMSM
4 2.01 x 1074 1.23 x 1076 1.97 x 107
8 5.37 x 107° 1.37 x 1077 4,95 x 10711
16 1.38 x 107° 1.13 x 1078 1.00 x 10712
Order 1.95 3.52 5.62
Table 3: Numerical report for example 1.
-2
5t i -4r 1
- P -0~ @ -0--@ -0 -@~ 0 @~ @ ~@=-@ =@ @ -4
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5 5—85000000000.ooooi
o -101 ] m
- Lo g 0-0 80 00 0000004 — _100 ]
(o) =)
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Figure 2: Plot of error functions for the one-step, muti-step and new multi-step scheme with N =

16,¢1 = 0.5 and ¢ = 1 in Example 2 (left). Plot of error functions related for the one-step, muti-step
and new multi-step scheme with N =16,c; = £ and ¢ = £ in Example 2 (right).
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(c1,c2) = (3, %) (c1,c2) = (5, 8) (c1,c2) = (5, %)
N 1-SM [13] MSM [14] NMSM
4 5.04 x 1074 6.36 x 106 3.92 x 1078
8 1.42 x 1074 8.73 x 1077 1.39 x 1079
16 3.80 x 107° 9.21 x 1078 1.39 x 10~
Order 1.90 3.25 5.31

Table 4: Numerical report for example 2.

accurate numerical method for the approximation of solutions to NVIE. The proposed
scheme exhibited satisfactory global convergence, with the observation that the conver-
gence orders were primarily influenced by the collocation parameter and the conditions

for p(A).
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