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Abstract. This paper presents a comprehensive analytical framework for constructing finite-
rank solution to second-order conformable fractional abstract Cauchy problem. We examine the

mathematical structure:
Eu® () + Au'?)(t) + Bu(t) = f(t)

subject to prescribed initial conditions u(0) = up and u(®)(0) = u( ). where A, B, and E
represent closed linear operators acting on a Banach space X, f : [0, ) — X is continuous, and
u is continuously differentiable on [0,00). Our analytical methodology exploits tensor product
decomposition techniques to transform the problem into finite-dimensional systems. This work
proves solution existence and uniqueness under specific conditions, and provides computational
methods for many types of this problem.
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1. Introduction

For a Banach space X and I = [0,1] or [0,00), C(I) is the Banach space of all
real-valued continuous functions defined on I with the supremum norm, C(I, X) is the
space of all continuous functions defined on I taking values in X, and C®® (I, X) is the
space of functions on I taking values in X with continuous conformable derivatives up
to order 2a.

The abstract Cauchy problem represents one of the most fundamental classes of dif-
ferential equations in applied mathematics, with applications spanning from heat con-
duction and wave propagation to population dynamics and financial modeling. The
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general form of the second-order conformable fractional abstract Cauchy problem under
investigation is:

Eu®) () + Aul® (t) + Bu(t) = f(t)z (1)
u(0) = uo
u(®) (0) = u(()a)

where A, B and E are closed linear operators on a Banach space X, u € C(20) (I,X)

is the unknown function, f € C(I) and z, uy, u(()a) e X.

If f =0o0r z =0, then the equation is homogeneous otherwise it is called non-
homogeneous. If f # 0 and z # 0, then we have two cases. If f is given, then the
problem is called a direct problem, otherwise the problem is called an inverse problem.

In this paper, we find a finite-rank solution of the second-order fractional type of the
abstract Cauchy problem with some conditions on A, B and F.

Among various fractional derivative definitions available in the literature [12,15], this
paper employs the conformable fractional derivative introduced by Khalil et al. [10]
due to its advantageous properties.

Definition 1. Let f : [0,00) — R be a function. The conformable fractional derivative
of f of order a, where 0 < a <1 is defined by:

f(oz) (t) — lim f(t + 6t17a) — f(t)

e—0 €

for all t > 0. If f is a—differentiable on (0,¢) and lim;_,o+ f(®)(t) exists, then we
define f(®)(0) = limy_,g+ f(®)(¢).

The power of this definition is that it satisfies the most of the properties of the usual
derivatives such as product rule, quotient rule and chain rule, etc.

To read more about the conformable fractional derivatives see [1,2,9].

First of all, let us define what the tensor product and the finite-rank function are.

Definition 2. Let X and Y be Banach spaces, and T € X* (the dual of X ). For x € X
and y € Y, the tensor product of x and y is the map x @y : X* =Y asx@y(T) = T(x)y
forall T € X*.

The operator x ® y is bounded and linear with ||z @ y|| = ||z|| ||y|| (see [13]). Such
operators are called atoms, and every atom has rank 1.

The span of all atoms forms a subspace of L(X™*,Y), denoted by X ® Y. A finite
sum of atoms: | ;x; ® y; constitutes a finite-rank function, which forms the basis of our
solution approach.

There are many norms on X ® Y, but the most important one is that called the
injective norm. Furthermore, for any 7' =" | z; ® y; € X ® Y, the injective norm is
defined as

1Tl = sup {foya™(zi).y" (yi) : 2 € X7y € Y7, [l2*]| = |ly"|| = 1}
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It should be noted that the space (X ® Y, |.||,) does not necessarily exhibit com-

pleteness. We denote by X (%/i) Y the completion of (X ® Y, ||.||,,) , which is referred to as
the completed injective tensor product of X with Y.

A fundamental result with significant applications in differential equation theory can
be formulated as follows:

Theorem 1. [16] For any compact hausdorff space K and any Banach space X, the
v
space C' (K, X) is isometrically isomorphic to C (K) @ X*.

This theorem yields the important corollary that for any two compact metric spaces

I and J, WehaveC(IxJ)%C(I)éC(J).
For more on tensor product we refer to [6,7,13,16].

2. Direct Problem

Let u be an 2a—differentiable on I = [0,1] into the Hilbert space X = ¢2, where
02 = {(2) 2, |zn|* < 00}. The standard basis of £2 is denoted by {61, 02, ...}. Let A,
B be two closed operators on ¢2 such that domains of A and B contain the elements of
the standard basis of £2.

In this section we look for a solution to the direct problem (1) among finite-rank

functions of the form u(t) =]" ; w;(t)d;, where ul?®) (t)ye C(),i=1,2,...,n.

i

Before analyzing the main problem, we establish the theoretical foundation using
fundamental matrices.

Definition 3. The conformable fractional fundamental matriz ¢, (t) is the unique n x

n matriz-valued function that satisfies the fractional differential equation d)ffl) (t) =
Adg (1), t > 0 and a € (0,1] with initial condition ¢o (0) = I, where I is the n x n
identity matrix.

For the conformable fractional derivative, the fundamental matrix can be expressed

as: AtOA
ba (t) = exp <a>

The essential properties of the fundamental matrix are:

1- ¢ (t) is continuously differentiable in the conformable sense for ¢ > 0.
2- ¢4 (t) is continuous at ¢t = 0.

3- ¢ (t) is invertible for all ¢ > 0.

4- The inverse satisfies ¢! (t) = ¢o (—1).

- %Qz)a (t) = tll—a Adq (t) :

To read more about ¢, (t) see [10].

We now present the main theorem.
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Theorem 2. In problem (1), let E = I (the identity operator) and u(t) =, u;(t)d;,
2(204) (t) e C(1),i=1,2,...,n. Then, the problem has a unique solution.
Proof. Sinceu(t) =7, u;(t)d;, the derivatives are u(® (t) =1, uga) (t)3;, uPO(t) =1,

ul(?a) (t)d;. Substituting into problem (1):

where u

Pau ()0 1w () AG) i wilt)B(3) = f(t)2 (2)
Taking the inner product with §; (2):
Py () (01, 03) iy 0™ (0) (A(8),0)) +ig wilt) (B(8),65) = (1) (,65)  (3)
Using orthonormality of the standard basis:

ulP () sy () (AS:), 65) +y wilt) (B(8:), 85) = f(£) {=.6;) (4)

This yields a system of second-order conformable fractional differential equations.
Converting to first-order form by introducing new variables:

(o) -
Vi = Ui, Upyqs = u; ,1=1,2,...,n

Then the system can be written as:

vga) =Unti, ¢t =1,2,..,m
Ufz()f&—)j(t) == vnai(t) (A(3:),6;) = Y _wi(t) (B(8:), ;) + f(t) (2,6;) (5)
i=1 i=1
In matriz form:
V() = GV (t) + F(t) (6)
where:
U1 ul
() u2 0
v Un 0 I 0
V= n = @ = F(t) =
e o | @ <—B —A)’ O=1 10 o)
Un+-2 uga) :
' : f(t) (2, 6n)
V2n uga)

Here, 0 is a zero matriz, I is the identity matriz, A and B are n X n coefficient
matrices:
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A = (aij) s » B =(bij)

where a;; = (A(6;),05) , bij = (B(d;:),05) for alli,j =1,2,...,n.
This system has a unique solution of the form:

nxn

tp-t S S
V) = 0a )V 0)+0a0) [ T Cg, @

where ¢, (t) is the n X n conformable fundamental matriz, and V (0) is the initial
()

condition vector containing the initial value of ug and uy .

Now, the following theorem takes a special case on the operators A and B.

Theorem 3. Consider problem (1) with E =1 and u(t) =} u;(t)d;, where uEQa) (t) €
CI),i=1,2,...,n. If A(6;) = \id; and B(6;) = p;d;, then the problem has a unique
solution.

Proof. We have u(t) =1, u;(t)d;, then u(®(t) =1, ul(a)(t)éi, and u((t) =1,
ugm) (t)d;. Thus
Py ()8 +y u™ (AG) +1y wi()BG) = ()2 (8)
If we take the inner product of §; with both sides of equation (8), then the equation
becomes

(1) (03, 87) +1y wl™ (1) (A(8:), 65) +1y wi(t) (B(6:),85) = f(1) (2,6;)  (9)

But since the standard basis is orthonormal and A(d;) = \;d;, B(d;) = 5;0;, then
2 [e]
a (1) + Al (1) + Byus () = £(1) (2, 5) (10)

Each equation represents a second-order linear conformable fractional differential
equation with constant coefficients. Given appropriate initial conditions u; (0) and

ug.a) (0) for all j =1,2,...,n, each equation admits a unique solution.

Now, in the following theorem we take the case where E # I.

Theorem 4. Consider problem (1) where Ej, is orthogonally diagonalizable with Ay |xer(E,)

invertible. If u(t) =l u;(t)0; with ugm) (t) € C(I) fori=1,2,...,n, then problem (1)
has a unique solution.

Proof. Let {61,0,,...,0,} be an orthonormal basis such that the matrix represen-
tation of E, with respect to this basis is D = diag (A1, A2, ..., \p) With A1, Aa, ...y Ap
corresponding eigenvalues. Now, if \; # 0, for all ¢ = 1,2, ..., n, then problem (1) reduces
to:

w9 (1) + By Au(®) (8) + B Bau(t) = BV f(E)
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This has a unique solution by Theorem 3.
Suppose A; # 0, for ¢ = 1,2,...,r, and \; = 0, for i = r + 1,r + 2,...,n. Let
u(t) = >, vi (t) 0;. The system becomes:

S ool W B0+ Y vl () A (0)+ > v Ba(0) = f (B2 (11)
i—1 i=1 =1

Taking the inner product of §; with both sides of equation (11), we obtain

ST () (B (0:),05) + " 0l (8) (A0 (6:),0;) + > i (1) (Ba (6:),65) = f (1) (2,6;)
3 =1 =1

(12)
Since 6; is an eigenvector of F, with corresponding eigenvalue \; for every i and
{01,04,...,0,} is an orthonormal basis, we get

2c «
Ao () + 0™ (0 (An () ,65) + D v (6) (Ba (0),05) = [ (1) {=.65)  (13)
i=1 i=1
Introducing new variables to represents the first derivatives of v; :

() -
Wi = Vi, Wpi = v; ,1=1,2,...,n
()

w; = wWpyi,t=1,2,...,n

Then the system can be written as:

Nl (0) = = Y wnea(t) (An(6),6) = Y wilt) (Ba(6:).65) + f(t) (.6;)  (14)
i=1 i=1
So, we get the following system
I, O (@) (4 0o I,
(50 Y wor= (& I Jwwsre "
w1
w2
o Wy, = D 0 o Gl GQ o H1 H2
eewio=| 0 {5 (B9) un(@ @) ()
Wn+2
W2n,

where G = Aplier(s,) = [(An(0)), 005 j=r+1,...n-
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I, 0 D™t o0
Now, multiplying (15) by ( > where K = ( ~ > , we get
0 K 2nx2n 0 G !
I, O (@) (1) _ 0 I, I, O
(0 Kf))w (t)_(—KB —KA)W(t)+<O K)

~ I, 0 D7'Gy DG, D~ D~ 'H,
here KD = KA=| 4 K ~
where ( ) , KA ( Gas I, and KB = 1H3 A,

0 0
w1 Wr+1 Wn+1 Wn+r+1
tetti=| o |ve=| U = | T fLw= | T R =
w, wn W r wan
(2,01) (2,0r11)
(@) <Z’:92> and Fy (t) = f (¢) = 0:r+2> . Then, we have
(2.6,) (2.6)
U (1) = Us () (17)
US™ (1) = Ua (1) (18)

U (t) = =D Y H Uy (t) — D™ HoUs(t) — D™ G1Us(t) — D GoUy(t) + D Fy(t) (19)

and

0=—G 'H3Uy(t) — G HyUs(t) — G G3Us(t) — Us(t) + G~ Fy(t) (20)

From the last equation, we get

Us(t) = —G ' H3Uy (t) — G HyUs(t) — G~'G3Us(t) + G Fy(t) (21)

Substituting (21) in (18) and (19), we get

UL (1) = —G ' HsUy (t) — G HyUs(t) — G G3Us(t) + G Fy(t) (22)

U3a) (t) = D! <G2@_1H3 — Hl) Ul(t) + D! (Gga_1H4 — HQ) Ug(t) + D! <G2G\_1G3 — Gl) %13)
+D 'R (t) = D'GLG T Ry (1)

Ui (¢)
If we define a combined state vector U (t) = ( Us (t)
Us (t)

except Uy (which has been eliminated), then the merged system can be written as:

U@ (1) = MU (t) + G (t) (24)

) that includes all variables
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0 0 I
where M = —G™'H; ~G7'H,y —-G71Gs
-1 (GQG—lﬂg . H1> D! (G2G—1H4 - HQ) D! (GQG—ng - Gl)
and
0 0
G(t) = 0 Fi () + G1 R Fy(t).
D! — D 1G,G1

Thus, the system (24) has a unique solution and then the problem (1) has a unique
solution as required.

3. Inverse Problem Case

In this section, we consider the inverse problem where both solution u () and function
[ (t) have finite-rank representations: w(t) = > 7" u; (t)0;, [f(t) = > iy fi () d;, with
ugza), fieC() fori=1,2,...m
Theorem 5 Consider problem (1) with w (t) = > " u; (t) 6 and f(t) =>1" fi (t)d,
where u , fie C(I) fori=1,2,...,n. If the following conditions hold:

1) There exists x € €% such that (u; (t) §;, x) = h; (t) where hZ@a) € C(I) and (0;,x) #

0

2) Ad; = \id; and Bo; = Bi0; for alli=1,2,...n

Then the problem has a unique solution.

Proof. Under the given representations, problem (1) becomes
Sl ( 5+Zua) t) As; +Zul t) BS; —Zfl 5 (25)
i=1

But Ad; = A\;0; and B6; = (5;9; for all i = 1,2, ...,n by condition 2, so we get
ST a6+ 3 el ()6 + > B (1) 8 = > i (1) 6 (26)
i=1 i=1 i=1 i=1

Taking inner products with 4;:

Zu (20) (1) (65, 6;) + Z)\ ul () (8, 6;) + Z,Blu, (6:,07) = > fi (t) (8:,6;) (27)
i=1 i=1

Moreover, the basis {d;};-; is orthonormal so then the equation (27) becomes

) (1) + \ul® (1) + Bjus (8) = f; (1) (28)

Multiplying (28) by 0, and taking inner product x :

g (1) + \gi™ (8) + Big; (8) = £ () (6, 2) (29)
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Therefore, f; (t) is uniquely determined by

g7 (6) + 2591 (1) + By5 (1)

<5j ,T)
since (dj,x) # 0 by assumption. Hence, f (t) has been completely determined. Each

fi () = (30)

differential equation admits a unique solution given initial conditions u; (0) and ug.a) (0).

4. Physical Applications and Engineering Relevance

1- Viscoelastic Material Modeling;:
In viscoelastic material analysis, stress-stain relationships naturally incorporate mem-
ory effects through fractional derivative formulations:
0% 0“u
+A—+ Bu=f(t
ot2e ote f )
where u represents displacement field distribution, E captures internal effects (po-
tentially degenerate in quasi-static scenarios), A models viscous damping mechanisms,
and B represents elastic restoring forces.
2- Anomalous Diffusion Phenomena:
In systems exhibiting anomalous diffusion characteristics, finite-rank approaches nat-
urally capture dominant transport modes:
9%c 0%
where ¢ denotes concentration distribution, D represents diffusion operator, and R
models reaction mechanisms.

E

5. Conclusion

This study presents a comprehensive framework for analyzing conformable fractional
abstract Cauchy problems through finite-rank solution techniques. The main contribu-
tions include:

1- Theoretical Achievements

Existence and Uniqueness Theorems: Established under various operator conditions
including degenerate cases.

Solution Methodology: Developed systematic approach using tensor product decom-
position.

Computational Framework: Provided constructive algorithms for solution computa-
tion.

2- Practical Impact

The finite-rank approach offers significant computational advantages by reducing
infinite-dimensional problems to finite-dimensional systems. Applications in viscoelastic
materials and anomalous diffusion demonstrate practical relevance.
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3- Novel Contributions

Extension of tensor product techniques to conformable fractional derivatives.

Treatment of degenerate operators through spectral decomposition.

Unified approach handling both direct and inverse problems.

4- Future Research Directions

Higher-Order Problems: Extension to conformable fractional problems of order greater
than 2.

The framework established here provides a solid foundation for further research in
fractional differential equations and their applications to real-world phenomena exhibit-
ing memory effects and anomalous behavior.

References

[1] T. Abdeljawad, “Conformable Fractional Calculus,” Journal of Computational and
Applied Mathematics, vol. 279, pp. 57-66, 2015.

[2] M. Abu Hammad and R. Khalil, “Systems of Linear Fractional Differential Equa-
tions,” Asian Journal of Mathematics and Computer Research, vol. 12, no. 2, pp.
120-126, 2016.

[3] M. Al Horani, M. Fabrizio, A. Favini, and H. Tanabe, “Fractional Cauchy Problems
for Infinite Interval Case,” Discrete and Continuous Dynamical Systems - S, vol. 3,
no. 12, pp. 32-85, 2020.

[4] W. Deeb and R. Khalil, “Best Approximation in L(X,Y),” Mathematical Proceed-
ings of the Cambridge Philosophical Society, vol. 104, pp. 527-531, 1988.

[5] A. Favini and A. Yagi, Degenerate Differential Equations in Banach Spaces, New
York: Dekker, 1999.

(6] R. Khalil, “Isometries on L, ® L,,” Tamkang Journal of Mathematics, vol. 16, no.
2, pp. 77-85, 1985.

[7] R. Khalil, “Best Approximation in Tensor Products,” Numerical Functional Anal-
ysis and Optimization, vol. 8, pp. 347-356, 1986.

[8] R. Khalil and L. Abdullah, “Atomic Solution of Certain Inverse Problems,” Furo-
pean Journal of Pure and Applied Mathematics, vol. 3, no. 4, pp. 725-729, 2010.

[9] R. Khalil, M. Al Horani, and M. Abu Hammad, “Geometric Meaning of Con-
formable Derivative via Fractional Cords,” Journal of Mathematics and Computer
Science, vol. 19, pp. 241-245, 2019.

[10] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A New Definition of Frac-
tional Derivative,” Journal of Computational and Applied Mathematics, vol. 264,
pp. 65-70, 2014.

[11] R. Khalil, S. Alsharif, and S. Khamis, “Second-Order Abstract Cauchy Problem
of Conformable Fractional Type,” International Journal of Nonlinear Analysis and
Applications, vol. 13, no. 2, pp. 1143-1150, 2022.

[12] A. Kilbas, H. Srivastava, and J. Trujillo, Theory and Applications of Fractional
Differential Equations, New York: North-Holland, 2006.



H. Odetallah et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6238 11 of 11

[13]
[14]

[15]
[16]

[17]

[19]

[20]

[21]

W. A. Light and E. W. Cheney, Approzimation Theory in Tensor Product Spaces,
Lecture Notes in Mathematics, vol. 1169, New York: Springer-Verlag, 1985.

H. Odetallah and R. Khalil, “T'wo Rank Solution of the Abstract Cauchy Problem,”
Journal of Semigroup Theory and Applications, 2014, Article ID 8.

I. Podlubny, Fractional Differential Equations, San Diego: Academic Press, 1999.
R. Ryan, Introduction to Tensor Products of Banach Spaces, 2nd ed., New York:
Springer, 2002.

F. Seddiki, M. AL Horani, and R. Khalil, “Finite Rank Solution for Conformable De-
generate First Order Abstract Cauchy Problem in Hilbert Space,” European Journal
of Pure and Applied Mathematics, vol. 14, no. 2, pp. 493-505, 2021.

F. Seddiki, M. AL Horani, and R. Khalil, “Tensor Product and Inverse Fractional
Abstract Cauchy Problem,” Rendiconti del Circolo Matematico di Palermo Series
2, vol. 72, pp. 23212332, 2023.

F. Seddiki, M. AL Horani, and R. Khalil, “Infinite Rank Solution for Conformable
Degenerate Abstract Cauchy Problem in Hilbert Spaces,” Journal of Mathematics
and Computer Science, vol. 31, pp. 150-161, 2023.

B. Thaller and S. Thaller, “Factorization of Degenerate Cauchy Problem, the Linear
Case,” Journal of Operator Theory, vol. 36, pp. 121-146, 1996.

A. Zigan, M. Al Horani, and R. Khalil, “Tensor Product Technique and the De-
generate Homogeneous Abstract Cauchy Problem,” Journal of Applied Functional
Analysis, vol. 5, no. 1, pp. 121-138, 2010.

A. Zigan, M. Al Horani, and R. Khalil, “Tensor Product Technique and the Degen-
erate Nonhomogeneous Abstract Cauchy Problem,” Journal of Applied Functional
Analysis, vol. 23, no. 1, pp. 137-158, 2010.



