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Abstract. In this paper, we study T-ordering on generalized regular intuitionistic fuzzy matrices
(IFM) named as k — T-ordering, as a generalization of the T-ordering on intuitionistic fuzzy matri-
ces. Some equivalent conditions for this ordering using generalized inverses are derived. Further,
we prove that k — T-ordering is not a partial ordering.
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1. Introduction

Atanassov first introduced the concept of intuitionistic fuzzy sets [1], building on the
foundation of fuzzy set theory. Meanwhile, Ben-Israel and Greville [2] explored the idea
of generalized inverses for complex matrices. In fuzzy algebra, defined over the interval
F = [0, 1], matrix operations are carried out using the max-min operations, where addition
is defined as a + b = max{a,b} , and multiplication as a - b = min{a, b} for all a,b € F.
The set F,xy consists of all m x n fuzzy matrices under this algebra.

A fuzzy matrix A € F,,«xn, is said to be regular if there exists a matrix X such that
AXA = A, in which case X is termed a generalized (g-) inverse of A. Kim and Roush
[3] extended fuzzy matrix theory by drawing analogies to Boolean matrices and studying
their inverses.
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Further developments include Cho’s analysis of the consistency of fuzzy matrix equa-
tions [4] and the introduction of k-regular fuzzy matrices by Meenakshi and Jenita [5],
a generalization of regular fuzzy matrices. Khan and Paul [6] introduced the concept of
generalized inverses for intuitionistic fuzzy matrices, while Pradhan and Pal [7] proposed
a method to compute such inverses using block-wise decompositions.

Pal and Khan [8] further developed the fundamental properties of intuitionistic fuzzy
matrices, and Meenakshi and Gandhimathi [9] examined their regularity. Ordering con-
cepts in fuzzy matrices have also been explored, with Sriram and Murugadas investigating
general ordering [10], Cen [11] proposing the idea of T-ordering, along with its relation to
generalized inverses. Platil and Tanaka [12] proposed a multi-criteria evaluation framework
based on set-relations for intuitionistic fuzzy sets, which may offer broader interpretive
foundations for such ordering concepts.

Expanding on this, Poongodi et al. [13] discussed ordering in k-regular interval-valued
fuzzy matrices, extending the minus ordering concept previously studied in [14]. Addi-
tionally, [15] explored special types of inverses for regular intuitionistic fuzzy matrices.
In another significant contribution, Jenita, Karuppusamy, and Thangamani introduced
k-regular intuitionistic fuzzy matrices in [16], extending the notion of regular intuitionistic
fuzzy matrices and analyzing various types of inverses for them.

Meenakshi and Inbam [17] defined minus ordering on matrices using generalized in-
verses. As a continuation of this line of research, two further studies were conducted [18],
[19], focusing on minus ordering and sharp ordering in the context of generalized regular
intuitionistic fuzzy matrices. In [20] Radio fuzzy graphs and assignment of frequency in
radio stations is discussed. Applications of edge colouring of fuzzy graphs was discussed in
[21]. In [22] and [23] Rupkumar Mahapatra , Sovan Samanta,Madhumangal Palhave dis-
cussed about the link prediction in social networks by neutrosophic graph and generalized
neutrosophic planar graphs. Detecting influential node in a network using neutrosophic
graph, Edge colouring of neutrosophic graphs, A study on linguistic z-graph and its appli-
cation in social networks, Centrality measure using linguistic Z-graph and its application
was also discussed in [24-27].

2. Preliminaries

The matrix operations on IFM as stated in [9] will be followed. For A, B € (IFM ) xn,
the operations are defined as follows:

A+ B = ((max{aiju, biju}, min{aijo, bijo})) ,
AB = <<mkax min{aikﬂ, bkjp,}, mkin max{ailﬂg, bkj§}>> .
The order relation on (I F M )y, x, defined as:
A< B<& Qijp < bij,u and iz > bz‘jﬁ, for all %, ].

Throughout this paper we denoted right k—regular as ,jgnik-reg, left k—regular as i k-reg,
right k£ —g— inverse as rjgnik-g-inv, left £ —g— inverse as jerk-g-inv, right k—Moore-Penrose
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inverse as rigntk-Moore -Penrose inv ,left k—Moore-Penrose inverse as jottk-Moore -Penrose inv
Jk—regular as k— reg, k — g—inverse as k — g—inv, and k—Moore-Penrose inverse as
k—Moore-Penrose inv..

Definition 1. [16] If there exists a matriz X € (IFM),, such that u* Xu = u¥, for some
positive integer k, then the matriz w € (IFM), is said to be pignk-reg . X is called a
rightk-g-inv  of u.

Let, u{1¥} = {X | u* Xu = u*}.

Definition 2. [16] If there exists a matriz Y € (IFM),, such that uYu* = u*, for some
integer k, then the matriz v € (IFM), is said to be jopk-reg. Y is called a iepk-g-inv of u.
Let, u{1*} = u{1%} Uu{1F} and u{1;} = w{1¥} Nu{1}}.

Theorem 1. [28] Let u € (IFM),, and k be a positive integer. Then,
X eu{1*} & XT e uT{1}}.

Definition 3. [15] A matriz uw € (IFM), is said to have a rignk-Moore -Penrose inv if
there exists a matriz X € (IFM),, satisfying the four equations

ub Xu = ok, — — —{1F}

XuX®=Xx* — — {28}
(X)) =uf X — — — {3%}
(XuM)T = XuF — — — {4k},

This inverse is denoted as ujk

Definition 4. [15] A matriz u € (IFM), is said to have a jcpk-Moore -Penrose inv if
there exists a matriz Y € (IFM),, satisfying the four equations:

uYub =uf — — — {17}
Yy = vk — — — {211
(W) = by — — — {38}
(YuM)T =vub — — — {4F}.

+

This inverse is denoted as (A

3. k - T Ordering on IFM

Theorem 2. Let u € (IFM)yy,. The following are equivalent:

(i) ut exists and ut = u’.

(ii) u® is a g-inverse of u.
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Proof. (i) = (ii)

+ T

v=ul = ul isa g-inverse of wu,

(i) = (1)
u'is a g-inverse of u = wulu =

By taking transpose on both sides in (1), we get:

(uu

Hence u™ exists and ut = o7

4 of 31

Remark 1. In general, for a k-reqular IFM, the ignik-Moore -Penrose inv u;rk is different
from jerk-Moore -Penrose inv ul'; and it is not unique.lf u;fk = u;;, let us call it as the

k-Moore—Penrose inv, and it is denoted by u,j Thus,

+ _ ot ot
Up = Upp = Uy,
This is shown in the following example.

Example 1. Let us consider the matrix u as follows:

(0.5,0) (0.2,0.5)  (0,0)
u=| (02,00 (0.50) (0.2,0.5)
(0.2,0.5)  (0.2,0)  (0.5,0)

For the permutation matrices:

(1,0) (0,0) (0,1)
P = (07 1) <17O> (07 0) ’
[(0,0) (0,1) (1,0)]
[(1,0) (0,1) (0,0)]
Py = (07 1) <07O> <17 0) )
[(0,0) (1,0) (0,1)]
[(0,0) (1,0) (0,1)]
P3 - <1v 0) <O7 1> <07 0) ’
1(0,1) (0,0) (1,0)]
[(0,1) (1,0) (0,0)]
P4 - <07 0) <O7 1> (17 0> )
[(1,0) (0,0) (0,1)]
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(0,0)
Ps = [(1,0)
(0, 1)

[(0,1)

Ps = 1(0,0)
[(1,0)

(0.5, 0)

uPiu = [(0.2,0)
(0.2, 0)

(0.5, 0)

uPyu = [(0.2,0)
(0.2, 0)

(0.2, 0)
uPsu = |(0.5,0)
(0.2,0)

[(0.2,0)
uPyu = [(0.2,0)
(0.5,0)

and
(0.2,0)
uPsu = 1(0.2,0)
(0.5,0)
Therefore, u is not reqular.
For this u,
(0.5,0)
u? = 1(0.2,0)
(0.2,0)
For

[(0.5,0> (0.2,0)  (0,0) }
(0.2,0)  (0.5,0) (0.2,0)
(0.2,0)  (0.2,0) (0.5,0)

[(0.5,0) (0.2, 0) <0A2,0>} {(05,0)
Xu =
(

X

S

(0.2,0) (0.5,0) (0.2,0) (0.2, 0)
(0.2,0) (0.2,0) (0.5,0)| [(0.2,0.5)

P e P e
oo =OoO O
= O O (==
S~ S S~ S

N Ot N
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o O O
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o~~~
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0.2,0
0.5,0

o~ o~

—

0.5,0
0.2,0
0.2,0

o~ o~

—~

0.5,0
0.2,0
0.2,0

o~ o~

e 22
~ ~— ~—

P i i
SIS
coo

(0.2, 0)
(0.5,0)
(0.2,0)

(0.2,0.5)

(0.5, 0)
(0.2, 0)

(1,0)

(0,1) ],

(0,0)

(1,0)]

(0,1)

(0,0)

(0.2,0)]

(0.2,0)| #u,

(0.5,0) |

(0.2,0)]

(0.5,0) | # u.

(0.2,0) |

(0.2,0)]

(0.2,0) | # u,

(0.5,0) |

(0.2,0)]

(0.5,0)| # u,

(0.2,0) |

(0.5, 0)

(0.2,0)| #u

(0.2, 0)

(0.5,0)

(0.2,0)| # u.

(0.2,0)

(0.2,0)

(0.2,0)

(0.5,0)

(0, 0) (0.5, 0) (0.2,0.5) (0, 0)
<0A2,0A5)} { (0.2, 0) (0.5, 0) (0.2,0.5)
(0.5, 0) (0.2, 0.5) (0.2, 0) (0.5, 0)
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(0.5,0) (0.2,0) (0.2,0)]
= |(0.2,0) (0.5,0) (0.2,0)| = u?
(0.2,0)  (0.2,0) (0.5,0)|
(0.5,0)  (0.2,0.5)  (0.2,0) (0.5,0)  (0.2,0) (0, 0) (0.5,0)  (0.2,0) (0.2,0)
uXu? = | (0.2,0) (0.5,0) (0.2 0.5)} {(0 2,0)  (0.5,0) <042,o.5>} [(o.z,m (0.5,0)  {0.2,0)
(0.2,0.5)  (0.2,0) 0.5,0) | 1(0.2,0.5) (0.2,0%  (0.5,0) | {(0.2,0) (0.2,0) {0.5,0)
[(0.5,0) (0.2,0) (0.2,0)]
= [(0.2,0) (0.5,0) (0.2,0)| = 2.
1(0.2,0) (0.2,0) (0.5,0)]
u2X'u, = 'u,2 = uX'u,2 holds.
Thus u is 2-reg.
For k =2,
9 (0.5,0)  (0.2,0)  (0.2,0) (0.5,0)  (0.2,0.5) (0, 0) (0.5,0) (0.2,0)  (0,0)
XuX = [(02,0) (0.5, 0) (02,05)} [(0 ,0) (0.5, 0) (0.2,05)] [(0 2,0) (0.5,0) (02,0)]
(0.2,0.5)  (0.2,0)  (0.5,0) (0.2,0.5)  (0.2,0) (0.5, 0) (0.2,0) (0.2,0) (0.5,0)
(0.5,0) (0.2,0) (0.2,0
= [(0.2,0) (0.5, 0) §0A2,0>} :X2_
(0.2,0) (0.2,0) (0.5,0)
9 (0.5,0)  (0.2,0)  (0,0) (0.5,0)  (0.2,0.5) (0, 0) (0.5,0)  (0.2,0) (0.2,0)
XuX-* = [<o2,0> (0.5,0) <02,0>] [(042,0> (0.5,0 <o.2,05>} {(02,0) (0.5, 0) <o.2,0>}
(0.2,0)  (0.2,0) (0.5,0)]| |(0.2,0.5)  (0.2,0 (0.5, 0) (0.2,0) (0.2,0) (0.5,0)
(0.5,0)  (0.2,0) (0.2,0
= [(0.2,0) (0.5, 0) <0.2,0} = X2,
(0.2,0) (0.2,0) {(0.5,0
(0.5,0) (0.2,0) (0.2,0)
(w?X)T = [(0.2,0) (0.5,0) (0.2,0)| =u?X
(0.2,0) (0.2,0) (0.5,0)
(0.5,0) (0.2,0) (0.2,0)
(Xu?)T = 1(0.2,0) (0.5,0) (0.2,0)| = Xu?
(0.2,0) (0.2,0) (0.5,0)
Hence, X is a rignt2-Moore -Penrose inverse as well as a jo52-Moore -Penrose inverse.

Therefore, X = uy = ufy = u;}; exists.

(0.5,0)  (0.2,0) (0,0.5)

u! = 1(0.2,0.5)  (0.5,0) (0.2,0)
(0,0)  (0.2,0.5) (0.5,0)
[(0.5,0)  (0.2,0) (0.2,0)]

w*ulu = {(0.2,0) (0.5,0) (0.2,0)| = >
(0.2,0) (0.2,0) (0.5,0)]
[(0.5,0)  (0.2,0) (0.2,0)]

wulu? = [(0.2,0) (0.5,0) (0.2,0)| = >
(0.2,0) (0.2,0) (0.5,0)|
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(0.5,0)
(ul)?uu = {(0.2,0)
(0.2,0)
(0.5, 0)
ulu(u’)? = 1(0.2,0)
1(0.2,0)
(0.5, 0)
(uv*u")T = 1(0.2,0)
(0.2,0)
and
(0.5,0)
(uu®T = (0.2,0)
(0.2,0)

(G20 NI V)
L

OT\_N)[\D
o O O o O O o O O
i s N N N N

SSS S5 S99

S

o~~~ o~~~ o~~~

(0.2, 0)
(0.2, 0)
(0.5, 0)
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= UTUQ.

Therefore, X and u” are 2-Moore-Penrose inv of u.

+

Hence ug exists, but it is not unique.

Definition 5. Letu € (IFM),,, andv € (IFM )y, the minus ordering denoted asu < v
1s defined as:

u<veuX =vX and Xu= Xv, for some X € u{l}.

u{l} — set of generalized inverses

Remark 2. Let u € (IFM),,,, and v € (IFM),y, if u exists, then ut is unique and
ut=u"". Then we have the following definition.

Definition 6. The T-ordering u <* v in (IFM )y, is defined as:

T T

T T uUu=u v

u<Tv = wu® =vu and u

T

Here, u* is a g-inverse of u.

Lemma 1. Let u = (uy,u,) € (IFM)py, and v € (IFM)py. Then:
u<lve Uy, <T v, and u, <T .

Proof.

T

T T and uTu = uTw

u <T V< uu = vu
— <UM,UV><U£,U?:> = <UM7UV><U;7;7UZ>

— <uuuf,uyu§> = <vuu£,vyu§>

T T T_ .7
= uuu p and wu, = vy,

M:?}#’U,

Similarly,
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T, _,T T _ .7
wu=uv = u,u, = u,v, and
ufuy = u?jvu
Remark 3. u <7 v < u < v with respect to u*
<~
w'u=1u"v and wu® =ou’
where u! is a g-inverse of u ,which is the definition of T-ordering

w<lv = u<v

but the converse

u<v = u<lw

need not be true. This is illustrated in the following example.

_ [(1,0) (1,0) _ [(1,0) (0,1)
Example 2. Let u = &07 1) <0’1>] and v = [<0’1> <170>].

1 oo 1o o1
Y=o ol Tl T o 10 T 1o
1 1
1 1

( )
(1,0) (0,1)
r 10 r o1
%—[10,%—01
Here,
1111 o] 1 1
Yt =10 ol [1 of [0 of =
Ty [0 010 1[0 0] _
vyt =00 9l o 1] |1 1] T ™
Hence,
u' = (u),u))

is a g-inverse of u = (U, Uy), ut exists and ut = u”, also u is idempotent.

2

Since u® = u, u itself is a g-inverse of u,
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Hence u < w.

But,
r (1 01 o] (11
et =01 0f o o] T 11
r (1 0f{1 0 (1 0 T T
uuvu—[l ollo 1111 1 = U, Uy F U,y
r |0 11 ({0 O] [0 O
=0 1] 1 1] T o o
r |0 10 1] [0 1 T T
ul,v,,—[o 11 ol = 1o 1 = U, Uy, F U,
Also,

wil =g of i o] =10 o

r |1 0|1 0 |10 T T
vuuﬂ—[()l 1ol = o = uuu#;&v#uu

= ulu # uv and uu® # vu®

Hence u < v need not imply u < v.

Definition 7. The k-T ordering u <} v in (IFM), is defined as:

u<tv = vl ="t and uTuF = uToF

where, uT € u{ly} and u” € (u{3*} or u{4*})
(i.e.) ul e u{1F}nu{1}} and o' € (u{3*}oru{d*}).
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Remark 4. For k = 1 Definition 7, reduces to the definition of T-ordering for IFM: Also,
from Definition 6 and Definition 7, it is to be noted that uF <™ v* < u <% v

Definition 8. [18] For v e (IFM), andv € (IFM),, the k-minus ordering, denoted as
u < v, and is defined by

u <, ve& ub X = v* X for some X € u{1*} and Yu* = Yo* for some Y € {1F}.

Remark 5.
u <f v u<; v with respect to Aj.

Thus,
U <;€ V=<, 0.

But the converse,
U<, v=1u <£ v

need not be true. This is given in the following example.

Example 3.

<0.3,02> <0.1,05> <0.3,02> <0.5,03>

L _[0o5 02 o1 03
“= o3 01]" T 02 05

> [05 02] [05 02] _f05 02]
0.3 0.1] (03 0.1 0.3 02]7 "

2 [01 03] 01 03] _[o1 03 Ly
v~ 102 05](02 0.5 (02 0.3 v
[<1,0> <0,1>
7 l<0,1> <1,0>

_[<0&01> <01Q3>] _[<0&&1> <a103i

P _ <0,1> <1,0>
27 1<1,0> <0,1>
u Py, # uy,
wy Poyy # uy
uyplljuV?éuu
ul/PQZ/ul/#ul/

Therefore, u is not reqular.
For,
<0.5,0.1 > <0.1,0.5 >

X=101.02> <0203>
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X, = [0.5 0.1} X, = [0.1 0.5]

0.1 0.2 0.2 0.3

0.5 0.2

2 _ .2

UKt = [0.3 0.2} G
0.1 0.3

2 _ .2

Xty = {0.2 0.3] —
SutXu = u?

Hence, u is 2-reg and X is a 2-g-inv of u.

For,
o [0.6 0.2} o - [0.1 0.3}
103 0517 Y 0.2 0.3

» [0.6 02][06 02] [0.6 0.2
~ 0.3 0.5] (0.3 0.5] " 0.3 0.5

» [0.1 03][0.1 03] [01 0.3 .
0.2 03] (02 03] |02 03]

Therefore, v = v°.

2y _ (0.5 0.2] [0.5 0.1] _ [0.5 0.2]
Yutn =103 02| [0.1 0.2] ~ |03 0.2
2y _ (0.6 0.2] [0.5 0.1] _[0.5 0.2]
Yt =103 05] |01 02] 03 02
9 0.1 0.3] [0.1 0.5] [0.1 0.3]
u, X, = =

0.2 03] 02 03] [02 0.3
2y _ (0.1 0.3] [0.1 0.5] [0.1 0.3]
=102 03] 0.2 03] T [02 03]

Therefore, u?X = v?X.
(0.5,0.1) (0.2,0.5)
(0.1,0.2) (0.2,0.3)

Y, - [0.5 0.2} v, - [0.1 0.5]

0.1 0.2 0.2 0.3
T 0.5 02105 02|05 0.2] 105 0.2
HEEZR 103 0.1] |01 0.2] (0.3 0.2 (0.3 0.2

w Vol — 0.1 0.3} (0.1 0.5] (0.1 0.3} 0.1 0.1
vevTr 0.2 031 (0.2 0.3 102 0.3 |02 0.3

11 of 31
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Therefore uY u? = u?,

2 _
Y,u;, =

§

Y, u?

v

0.5
0.1

(0.1
0.2

0.5
0.1

(0.1
0.2

0.2]
0.2

0.5]
0.3]

0.2]
0.2

0.5]
0.3

Therefore Yu? = Yv?. Hence u <p .

_[os5
~ |02

Here

2, T
Settpte = 0.3
[0.1

0.2

u,,ufu?,

0.5
T, 2
Sttt = 0.3

(0.1
0.2

wrulu, =

2, T

Therefore u“u

2
w

2, T 2

Therefore u“u* = v

T
"

U

(0.5 0.2]
0.2)

0.3]
0.5)

0.2]

0.

0.3]
0.3

u=u? and uvulu

1

2

0.5
0.2

(0.1
0.3

[0.5
0.2

(0.1

0.3
2

=u".

[0.5
0.3

0.6
0.3

0.1
0.2

[0.1

0.2

[0.5
0.2

0.2]
0.2)

0.2]
0.5]

0.3]
0.3]

0.3]
0.3]

0.3]

0.1

Y is a e 2-g-inv. of u.

0.2]
0.2]

[0.5
0.3

0.3]
0.3]

(0.1
0.2

0.2]
0.5)

[0.6
0.3

(0.1 0.3]

0.2 0.3

03]
01]’ t
0.3]

0.1}

0.2]
0.5

0.3]
0.1]

0.2]

0.5

0.3]
0.1]

[0.5
0.2

0.3]
0.1]

[0.5
0.2

0.2]
0.5

(0.1
0.3

0.2]
0.5

(0.1
0.3

0.2]
0.2

[0.5
0.3

(0.5

0.2

[0.1
0.2

[0.5

0.2

[0.1
0.2

(0.1

0.3

(0.5
0.3

[0.5
0.3

[0.1
0.2

[0.1
0.2

(0.5
0.2

0.2]
0.2]

0.5]
0.3]

0.2]
0.2]

0.3]
0.3

0.2
0.5

[0.1
0.2

0.5
0.3

(0.1
0.2

0.3]
0.3]

0.3]
0.3)

0.2]
0.2]

0.2]
0.2]

0.2]
0.2]

(0.5 0.2]

0.3 0.2]

0.3]

0.3

0.2]
0.2]

0.3]
0.3]

12 of 31



P. Jenita et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6241

!
TN

SN
RN

u

RN

Therefore uTu? # ulv2.

Therefore (u?u®)T = vw?u’.
Therefore u™

[0.5
0.2

[0.1
0.3

[0.1

0.3

0.1
0.2

0.3]
0.1)

0.2]
0.5

0.2]
0.5)

0.2
0.2

0.3
0.3

[0.6
0.3

(0.1
0.2

(0.1
0.2

0.5
0.2

|

0.5 0.3
0.3 0.3

0.2]
0.5]

0.3]
0.3

0.3]
0.3]

03]
0.1] —

0.1 0.2] _
0.3 0.5]

|

s a 2-Moore-Penrose inv of u.

0.1 0.2
0.2 0.2

|
|

(0.5

0.2

[0.1
0.3

(0.1
0.3

0.5
0.3

0.1
0.2

0.3]
0.2]

0.3]
0.3

0.3]
0.3]

0.3
0.3

0.2
0.2

But v*u’ = v*ul and ul'u? # uTo?

Hence ugtv.
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Lemma 2. Let < uy,u, >€ (IFM), and v =< v,,v, >€ (IFM),. u<F v < u, <}

vy and u, <£ Uy

Proof.
u <k‘ v
uTuk = Tk

Similarly,
il = o

Hence, u <£ Vo= Uy <{ vy, and u, <£ Uy

U =u v

ul/ = uV /Ul/

& uFuT = oFu” and wTuF

= (uz;,u?: uﬁ,u§>

= <u5’ uzjj> <U;u Uzlf>

& <u£uﬁ,u3ul§> = (uTuZ, ul'vk

<= ur‘:uﬁ = ugvﬁ and uluk
ul & uﬁur‘: = uz and uful = v
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Theorem 3. For u € (IFM),,, we have the following:

uf =u’ s u’ cu{L,Fynu{1F} and W € u{3*} or Wl €wu{d*}].
Proof. Since u;: =l
the result directly follows from the Definition 3 and 4.
Conversely, let u” € u {15} nu {1}}.
Then, by Definition 1,

and by Definition 2,

and
(" = (uTYF (5)

=ul € u{Qf} and u” € u{Zf}
Let ul € u{Sk}

We claim that u” is a solution of equation {4%}.
Since ul" € u{3*},

(ukuT)T _ ukuT

= u(ul)F = vk,

Pre-multiplying by u” and post-multiplying by u, we get
uluu?)*u = v uFulu.

By using Equations (2) and (4), we have
(uT)ku _ uTuk:

= (uTuk)T — UT’U,k

= ul € u{4"}.

Hence u;} and uzr exist and they are equal.

+ _ 0+ —,+ T
By Remark 1 u; =wu ), =u,, =u".

Hence the Theorem.
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Theorem 4. Let u,v € (IFM),, and u,‘f exists. Then the following conditions are equiv-
alent:

i) u <k
(1) w <y,
(ii) uyu® = wfoP and uFul = vFul.

Proof. The proof of this theorem directly follows from Definition 7 and Theorem 3

Theorem 5. For u € (IFM)} and v € (IFM),, we have:

U <£ v = uk = UUTUk = ’Uk’LLTU.

Proof.

u<F v e uPu? = vkuTand

uub = TP ,

UkUT = UkUT = uk == ’Uk’LLTU,

u'ub = uToP = uF = waToF.
Hence, the theorem.

The converse of the above theorem is need not be true. This illustrated in the following
example.

Example 4. let,
- 0.5 0.5 w — 0.1 0.3
105 0117 Y102 0.5
W2 0.5 0.5| (0.5 0.5 (0.5 0.5 .
#1105 0.1 (05 0.1 |05 0.5 "
w, Py, # uy,
w Popuy, # uy,
wu, Py, # uy,
wu Pypuy, # uy
wy Pspuy, # uy,
w, Popruy, # uy
ulu — 0.5 0.5( 0.5 0.5] (0.5 0.5 _ 2
pERTE105 0 0.5) 105 0.1] |05 0.1 H

Thus, u,, is 2-reg and uf is the 2-g-inv of u,,.
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ut = {0.1 0.3] [0.1 0.3] _ [0.1 0.3] L,
0.2 0.5/ (0.2 0.5 0.2 0.3
uy Prvuy, # uy,
Uy Poviy, # uy
uy Py, # uy,
uy Pyvuy, # uy
Uy Psvuy, # uy,
uy Py, # uy
2ol — {0.1 0.3] [0.1 0.2] [0.1 0.3] _ [0.1 0.3} _ 2
vy 0.2 0.3] 103 0.5] (0.2 0.5 0.2 0.3 v

Therefore, u,, is 2-reg and ul is the 2-g-inv of u,. Let,

=105 05

0.7 06
02 0.3

| ot m= [ 0

2 [07 06] [0.7 06] _[0.7 0.6] _
=105 05] (05 05 |05 05

o2 — 0 03[0 03] [0 03] "
- 0.2 03] (0.2 03] |02 03] 7
Therefore, v is reqular.

o, — 0.5 0.5( 0.5 0.5] (0.5 0.5
pERTE 1050 05] 105 0.1] (05 0.1

05 05]
“los 05| " “w

I 0.1 0301 0.2( (0.1 0.3
vy o102 03] (0.3 0.5] 0.2 0.5

o1 03]
~lo2 03] =W

oo [05 0505 05] 05 05
et =105 0.1]105 01]]05 05
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_[05 05) _
|05 05] " H
wTo? — |04 03] [0.1 02][0.1 0.3
viviv 0.2 05] 0.3 05] (0.2 0.3
_[o1 03] _ o
02 03] 7
s v [05 05
()™ = [0.5 0.5
o 7 [05 05
Yty = [0.5 0.5
o v 0.1 0.2
(wyuy )™ = [0.2 0.2
> 7 [01 0.2
oty = [02 0.2
Therefore, v*u'u=1u?> and wuu®=u?
(u2uT)T _ uzuT.
So, uT" is a 2-Moore-Penrose inv of .
[0.5 0.5] [0.5 0.5] [0.7 0.6] [0.5 0.5]
~ 105 0.1] [0.5 0.1) [0.5 0.5]  |0.5 0.5]
(0.1 03] [0.1 02][0 03] [01 03]
~ 102 0.5] (0.3 0.5 (02 0.3] |02 0.3]
_[0.7 06] [0.5 0.5] 0.5 0.5] [0.5 0.5]
0.5 0.5][0.5 0.1] 0.5 0.1]  [0.5 0.5]
[0 03] [01 02][0.1 03] [0.1 0.3]
02 0.3] [0.3 0.5] [0.2 0.5  [0.2 0.3]
JT — [0.5 0.5] [0.5 0.5] [0.5 0.5]
#7105 0.5] (0.5 0.1 |05 0.5
T — |07 0.6][05 05] _[0.5 0.5]
#7105 0.5 (0.5 0.1 |05 0.1]
o — (0.1 03] [0.1 0.2] [0.1 0.2]
v 0.2 03] 0.3 0.5 |02 0.2
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s r [0 03]]01 0.2] J0.1 0.2]
v,U, = =
v 0.2 03] (0.3 05] |02 0.2]
r o [05 0.5][05 0.5] [0.5 0.5
u,u, = =
#TRT105 0 0.1] {05 0.5] |05 0.5)
r o 05 05][0.7 06] [0.5 0.5]
u, v, = =
#7105 0.1] |05 0.5) |05 0.5
T — (0.1 0.2] [0.1 03] [0.1 0.3]
v 03 0502 03] |0.3 0.3]
T2 0.1 02][0 03] [0.1 0.3]
v 0.3 05) (02 03] [0.3 0.3

Therefore, u{fv

Remark 6. For k =1, Theorem 5 and Theorem 4 reduces to the following.

Theorem 6. Let A,B € (IFM)y,, and AT exists. Then the following conditions are
equivalent:

(i) A<T B
(ii) ATA=ATB and AAT = BA*
(iii) AATB=A=BATA
Theorem 7. For u,v € (IFM),, u} and v;" both exist:
u<tv= (uT)k = (vD)*kvo? = vTw(u)*.
Proof.

uFuT = vFuT  and wTuf = uTvk,

u; and v,j exist.
Take u,": =u?l and v,j =T,
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I
—~
4

S
4
S
/N
IS
S
<
o
N——7
N

(") u = oTo (u7)*u,
()" uu” = vy (uT)* wal”.
Thus,
(uT)k _ vT’U (UT)]{?
Similarly,

Theorem 8. In (IFM);, the set of all matrices u € (IFM),, for which u} exists, <} is
not a partial ordering.

Proof. u <;‘g u is obvious.
Hence <;€ is reflexive.
By Theorem 5,
u <{ v = uF =Pl u = wu o

and v <p u= " =uFoTv = vk

Now,

Uk = vkuTu

= (vauk) uwlu
= ool (ukuTu)
= ol ub
Hence, <£ is anti-symmetric.
u <t vand v <} w=ugiw

Hence <;€ is not transitive.
Thus, <£ is not a partial ordering. This is explained in the following example.
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w. — 0.5 0.5 w — 0.1 03
B105 01| Y102 05
W2 = 0.5 0.5] (0.5 0.5 10.5 0.5 £
#0105 0.1 105 0.1 |05 0.5 "

w, Py, # uy,

Example 5. Let,

w Popuy, # uy,
wu, Pypuy, # uy,
wu Pypuy, # uy
w, Pspuy, # uy,
w, Popruy, # uy
2ol — {0.5 0.5] [0.5 0.5] [0.5 0.5] 2
B TR 0.5 0.5(]0.5 0.1] [0.5 0.1 H
Thus, u,, is 2-reg and uf is the 2-g-inv of u,,.
u? = [0.1 0.3} [0.1 0.3] _ [0.1 0.3] L,
0.2 0.5| (0.2 0.5 0.2 0.3
Uy, Prvuy, # uy,
w, Povuy, # wy
wy P3vuy, # wy
uy Pyvuy, # uy

Uy Psvuy, # uy

uy, Psvuy, # uy,

Lol — |01 03] 0.1 02] [0l 03] _fo1 03] _ ,
v 02 03] (0.3 05) (02 0.5 |02 03] 7

Therefore, u, is 2-reg and ul is the 2-g-inv of u,,.

Let,
o — 0.7 0.6 S 0 0.3
F105 07 Y102 05
02— 0.7 0.6| [0.7 0.6 (0.7 0.6 .
i 05 0]1]05 0] (0.5 05 "
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v Py, # vy
v, Py, # vy,
v P3pvy, # vy,
v Py, # vy,
v, Pspvy, # vy,
v, Pspvy, # vy,

9 T [0.7 0.6} {0.7 0.5] {0.7 0.6]
UM’UM U“ =

0.5 0506 0][05 0
_[07 0.6] _ >
— 105 05) "k

Thus, v, 1s 2-reg and ’UE is the 2-g-inv of v,,.
o2 0 03[0 03] [0 03 .
Y 10.2 0.5]]0.2 05| (0.2 0.3 Y
v, Pivv, # v,
v, Povuy, # vy,
vy Psvuy, # v,
v, Py, # vy,

vy Psvuy, # v,

v, Psvu, # vy,

2olo — 0 0310 020 03] |0 03 _ 2
viovv 0.2 03103 0.5) (0.2 050 (0.2 03] Y

Therefore v, is 2-reg and vl is the 2-g inv of v,.
Therefore, v is 2-reg and v’ is the 2-g inv of v.

0.5 05][05 05
~ 105 0.1] |05 05
_[o5 05
~ 105 05

T 9 0.5 0.5( 0.7 0.6
u,v;, =
BoH 0.5 0.1]10.5 0.5

T
UMU

=N
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o5 05
~ 105 05

r o [0.1 02]]0.1 0.3
u =
vy 0.3 0.5] 0.2 0.3

o1 0.3

~ 103 03
ST [01 02][0 03
v =103 0.5] (0.2 0.3

o1 0.3

~ 103 03

2T [05 05 ][05 05
e = o5 05 |05 0.1

_[05 05
~ 05 05

2T [07 06] [0.5 0.5
ne =105 0.5] 105 0.1

_[05 05
~ 05 05

Therefore, u*u

o [0 03] 01 02
v = 0.2 03] (03 05
~Jo1 02
~ 102 02
or [0 03][01 02
Gty = {0.2 0.3 [03 0.5
_Jo1 02
~ 02 02
T 2, T T, 2 T,2

= vu and
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So, wu <Z .

o T [MoﬂP5MHmoﬂ
uuuuu# =

05 05|05 0105 0.1
o5 05]
“los 05| “w

2yl — (01 03] 0.1 02} f0.1 0.3
vy o102 03] 103 0.5) (0.2 0.5

0.1 03] _
02 03~ "

T2 — 0.5 0.5|10.5 0.5| 0.5 0.5
£TET105 0 0.1) (05 0.1 (0.5 0.5

05 05]
05 05 “n

Uyl

uﬂﬁ_alm 0.1 0.2]J0.1 0.3
v T 0.2 0.5 (0.3 0.5] 102 0.3

_[or 03] _ o
~ o2 03] ™

rr_ [05 05
~ 105 05

0.5 0.5
2, T _
%%_b5w]

0.1 0.2
2, T\T _
() _{0202]

14

o p [0 02
WU_LQM

Therefore, vw?u'u=1u? and wu'u® =’

(UZUT)T — ’LL2UT.

So, uT is a 2-Moore-Penrose inv of .
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Let,
0.7 0.6 J [0 03
Yw=1los 05/ Y T lo2 03
,  [0.7 0.6] 0.7 0.6 0.7 0.6
w;, = = = W
©~ 105 05]]05 05 0.5 0.5 "
2 [0 03[0 03] _T0 03]_
v~ 102 03|02 03] o2 03] "

W27 — [07 06] 0.7 05] _ 0.7 05
o105 05) 106 0.5 |05 0.5
2,7 [0 0310 02] _[0 02
vv 102 0.3] /0.3 05| (02 0.2
w2l — [0 03[0 02) _[0 02
v'v =102 0.3] (0.3 0.5 |02 0.2
STz — [0-7 0.5] [0.7 0.6] _[0.7 06
T 106 0.5) 105 0.5 |06 0.6
Tu? — |07 05] [0.7 0.6] _[0.7 0.6
£r 0.6 0.5) 105 0.5 0.6 0.6
T2 |0 021]0 03] _[0 03
v 103 05| (0.2 03] |03 0.3
T2 [0 0210 03] _[0 03
v =103 05]1]02 03] |03 03
Therefore, v <£ w.

20Ty — [0.7 0.5] [0.7 0.6] [0.7 0.6] _ 2

pORTE 05 0.5] (05 0.5 |05 0.5] 0 K

2Ty, = 0 02][0 03] _[0 03 2

~ 02 02/ 02 05 |02 03]

r o [0.7 0.5][0.7 0.6] [0.7 0.6]
#r05 0.5) (05 05 (0.5 0.5

ro [0 03]70 02][0 03] [0 03]
Wl =192 05|03 05|02 03| " o2 03] ="

2
v
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TN

0.7 0.5
2, T\T __ .2
(V)" = [0.5 0.5] = Yt

(vhvs)" = [0(.)2 8;] = v,

Therefore vT is a 2-Moore Penrose inv of v.

5 7 105 0.5][05 05] [0.5 0.5]

usu, = =
TR 05 05] |05 0.1 |05 0.5
o 7 0.7 0.6][05 05] [0.5 0.5]

w,Uu = =
#7105 0.5] |05 0.1 0.5 0.1]
2ol — [0.1 03] 0.1 0.2] [0.1 0.2]
vV 0.2 03] (0.3 0.5 |0.2 0.2]
w2l — [0 03] [01 02] [0.1 0.2]
~ 0.2 03] 0.3 0.5] 0.2 0.2]
T — [0.5 0.5] [0.5 0.5] [0.5 0.5]
#THT1050.1] |05 0.5] |05 0.5
Tw? — [0.5 0.5] [0.7 0.6] [0.5 0.5]
£TRT105 0 0.1) (05 0.5) 0 [05 0.5
T — [0.1 0.2] [0.1 03] _[0.1 0.3]
v 0.3 0.5) (0.2 03] |03 0.3]
r o [01 0210 03] J[0.1 0.3]

U, W, = =
¥ 0.3 0.5] 0.2 0.3]  [0.3 0.3]

Therefore, u{fw
So, T-ordering is not a partial ordering.

Theorem 9. Let u € (IFM); and v € (IFM),,. Then the following are equivalent:
(i) u<tv = ol <ol
(i) u <£ v = QuQT <Z QuQT for some permutation matriz Q

Proof. (i)
U <£ v < uFuT = v*uT and uTuk = uTvk
Since u; exists, u,": = u!. By Theorem 1,

ul e u{1F} —= weu"{1F}

ul e u{1F} —= weuT{1%}
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ul e u{3"} —= (W) =uFuT

Similarly,

and uTuf =u"* —= (uTu

Here, u <} v <= u’ <} o7

(ii) Claim:
If u,": = uT, then (QUQT);: = (Qu")T = QuT QT

(QuQ"M(Qu"Q™)(QuQ™)
= (QuFQ")(Qu" Q") (QuQ")
= QU (QTQu(QTQ)uQ"
= QuFuTuQ”
= QuFQ”

= (QuQ™)*

Similarly,

26 of 31
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(Que")(Qu"Q")(QuR")" = (Qu@")*
(QuQH*(Qu' Q™))" = (Qu Q") ((QuQ™)")
= (QuQ")(Qu"Q")"
— (QuQ™) (Qu™*Q")

= Qu(Q"Q)(u")*Q"
= Qu(u")* Q"
= QuMu")T Q"

= Quu" Q"

(QuQ™*(QuQ") = (QuFQ")Qu" Q™

= Qur(QTQ)u" Q"
_ QukuTQT
Therefore,
(Qu™*(Qu"Q")" = (Qu™)*(Qu" Q")
Similarly,
(Qu"QM)(QuQ™MT = (Qu"Q")(QuQ™)"
Now,

(QuT Q") (QuQ™)" = (Qu" Q™) (Qu*Q")
= Qu" (QTQ)u"Q"
= Qu"u")Q"

= Q(u"v")Q"
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= (Qu"Q")(Qv* Q")
= (Qu'Q")(QuQ")"
Similarly,
(QuQ")*(Qu" Q") = (QuQ")*(Qu" Q")
Hence,
U <£ v = Qu@t <;‘§ QuQT
Conversely,

QuQ” <f QuT = QT(QuQ™)Q < QT(QuRMQ = u<l v

Theorem 10. Let u,v € (IFM);.
veul {1% 3% 4k} o 0T e u{1* 3F, 4k}
Proof. By Theorem 1,
v e ul {1F} ol e u{1*}
veul {38} o ((W)Fo)T = (uh)*v

T,k

s vTuf = (uT)F

PN (Q}T’uk>T _ ((uT)k,U)T _ UTuk

ool e u{dh)
Similarly,
v e ul {48} o ol e u{3F}
Hence the proof.
Theorem 11. Let u € (IFM), and v € (IFM),, u <} v = u € vT{3%, 4%}

Proof.

u<ive uPul = v*uT  and  wluf = uTok
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= ul € v{3"}

By Theorem 10, u?" € v{3¥,4%} « u € vT {3k 4F}.
Hence the proof.

Theorem 12. Ifu <£ v, then we have the following:
(i) If (vk)2 =0, then (uk)2 =0.
(ii) If v* = (vk)Q, then uF = (uk)2

Proof. By Theorem 5,

29 of 31
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4. Conclusion

The concept of intuitionistic fuzzy matrix was defined as a generalization of fuzzy
matrix utilizing the notion of intuitionistic fuzzy sets. We proved that T-ordering is
identical for certain class of intuitionistic fuzzy matrices. And also, we learned about
the k£ — T ordering on intuitionistic fuzzy matrices as a generalization of the T-ordering
on intuitionistic fuzzy matrices. In many applications, the parameters of the system
should be represented by intuitionistic fuzzy rather than crisp or fuzzy numbers. Hence,
it is important to develop the mathematical procedures that would appropriately treat
intuitionistic fuzzy linear systems to solve them. Further, we can introduce the concept
of k-regularity for fuzzy and intuitionistic fuzzy soft matrices and neutrosophic matrices.

References

[1] Krassimir T. Atanassov. Intuitionistic Fuzzy Sets. Springer, 1999.
[2] Adi Ben-Israel and Thomas N. E. Greville. Generalized Inverses: Theory and Appli-
cations. Springer Science & Business Media, 2006.
[3] Ki Hang Kim and Fred W. Roush. Inverses of boolean matrices. Linear Algebra and
Its Applications, 22:247-262, 1978.
[4] Han Hyuk Cho. Regular fuzzy matrices and fuzzy equations. Fuzzy Sets and Systems,
105(3):445-451, 1999.
[5] A. R. Meenakshi and P. Jenita. Generalized regular fuzzy matrices. Iranian Journal
of Fuzzy Systems, 8(2):133-141, 2011.
[6] Susanta K. Khan and Anita Pal. The generalised inverse of intuitionistic fuzzy ma-
trices. Journal of Physical Sciences, 2007.
[7] Rajkumar Pradhan and Madhumangal Pal. Some results on generalized inverse of
intuitionistic fuzzy matrices. Fuzzy Information and Engineering, 6:133-145, 2014.
[8] Madhumangal Pal, Susanta Khan, and Amiya K. Shyamal. Intuitionistic fuzzy ma-
trices. Notes on Intuitionistic Fuzzy Sets, 8(2):51-62, 2002.
9] A. R. Meenakshi and T. Gandhimathi. On regular intuitionistic fuzzy matrices.
International Journal of Fuzzy Mathematics, 19(2):599-605, 2011.
[10] S. Sriram and P. Murugadas. The moore-penrose inverse of intuitionistic fuzzy ma-
trices. International Journal of Mathematical Analysis, 4(36):1779-1786, 2010.
[11] Jianmiao Cen. Fuzzy matrix partial orderings and generalized inverses. Fuzzy Sets
and Systems, 105(3):453-458, 1999.
[12] Longrio Platil and Tamaki Tanaka. Multi-criteria evaluation for intuitionistic fuzzy
sets based on set-relations. Journal of the Operations Research Society of Japan, 2023.
[13] P. Poongodi, C. Padmavathi, R. Vinitha, and G. Hema. Orderings on generalized
regular interval valued fuzzy matrices. International Journal of Engineering and
Advanced Technology, 10:194-198, 2020.
[14] A. R. Meenakshi. Fuzzy Matriz: Theory and Applications. MJP Publisher, 2019.
[15] P. Jenita and E. Karuppusamy. Special type of inverses of k-regular intuitionistic
fuzzy matrices. TEST Engineering and Management, 83:20035-20049, 2022.



P. Jenita et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6241 31 of 31

[16]
[17]

[18]

[19]

[20]

[24]

[25]

P. Jenita, E. Karuppusamy, and D. Thangamani. k-pseudo similar intuitionistic fuzzy
matrices. Annals of Fuzzy Mathematics and Informatics, 14(5):433-443, 2017.

A. R. Meenakshi and C. Inbam. The minus partial order in fuzzy matrices. Journal
of Fuzzy Mathematics, 12(3):695-700, 2004.

P. Jenita, E. Karuppusamy, and M. Princy Flora. A study on ordering on generalized
regular intuitionistic fuzzy matrices. Journal of Algebraic Statistics, 13(3):1415-1422,
2022.

P. Jenita, M. Princy Flora, and E. Karuppusamy. K - sharp ordering on intuitionistic
fuzzy matrices. Advances in Nonlinear Variational Inequalities, 28:350-364, 2024.
Rupkumar Mahapatra, Sovan Samanta, Tofigh Allahviranloo, and Madhumangal Pal.
Radio fuzzy graphs and assignment of frequency in radio stations. Computational and
Applied Mathematics, 38:1-20, 2019.

Rupkumar Mahapatra, Sovan Samanta, and Madhumangal Pal. Applications of edge
colouring of fuzzy graphs. Informatica, 31(2):313-330, 2020.

Rupkumar Mahapatra, Sovan Samanta, Madhumangal Pal, and Qin Xin. Link predic-
tion in social networks by neutrosophic graph. International Journal of Computational
Intelligence Systems, 13(1):1699-1713, 2020.

Rupkumar Mahapatra, Sovan Samanta, and Madhumangal Pal. Generalized neu-
trosophic planar graphs and its application. Journal of Applied Mathematics and
Computing, 65(1):693-712, 2021.

Rupkumar Mahapatra, Sovan Samanta, and Madhumangal Pal. Edge colouring of
neutrosophic graphs and its application in detection of phishing website. Discrete
Dynamics in Nature and Society, 2022(1):1149724, 2022.

Rupkumar Mahapatra, Sovan Samanta, and Madhumangal Pal. Detecting influential
node in a network using neutrosophic graph and its application. Soft Computing,
27(14):9247-9260, 2023.

Rupkumar Mahapatra, Sovan Samanta, Madhumangal Pal, Tofigh Allahviranloo, and
Antonios Kalampakas. A study on linguistic z-graph and its application in social
networks. Mathematics, 12(18):2898, 2024.

Rupkumar Mahapatra, Prasenjit Mandal, Sovan Samanta, Vivek Kumar Dubey,
Madhumangal Pal, and Tofigh Allahviranloo. Centrality measure using linguistic
z-graph and its application. In Management of Uncertainty Using Linguistic Z-
Numbers: Applications for Decision-Making, Granular Computing and Social Net-
works, pages 219-240. Springer, 2024.

P. Jenita and E. Karuppusamy. Inverses of k-regular intuitionistic fuzzy matrices.
International Journal of Pure and Applied Mathematics, 119(12):2341-2359, 2018.



