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Abstract. In the present manuscript, we introduce a new notion of (8, ¢)— admissible hybrid
contractions in metric spaces and establish fixed point results in the setting of these spaces. The
derived results extend the reported findings of the past. The derived result is supplemented with
a non-trivial example. We have also analyzed the Ulam-Hyers stability and well-poisedness as an
application to the derived results.
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1. Introduction

Fixed point theory simply deals with the solution of the equation Tz = x where T  is a
self-map on a non-empty set X. The fixed point problem first appeared in the solution of
an initial value problem. Liouville [1] in 1837 and Picard [2] in 1890 solved the problem
using the successive approximation method that also provided the solution of the fixed
point equation. Before 1922, there was no any direct method to evaluate the fixed point of
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a map. In 1922, Stephen Banach [3] was the first to introduce the contraction principle to
evaluate the fixed point in the setting of complete metric spaces. Metric fixed point theory
has been investigated since then, by many researchers, as it is the natural and strong con-
nection of the theoretical results in non-linear functional analysis with applied sciences.
Later a lot of generalization of Banach contraction principle was done by extending and
generalizing the topological spaces as well as the contraction conditions.

In the recent past, interpolative contractive conditions were reported by some re-
searchers and fixed point results please see [4-12]. The notion of Ulam stability was
proposed by by Ulam [13] and developed by Hyers [14], Ulam [15], Rassias [16], etc. In
2023, Manoj et al [17] reported Ulam-Hyer’s stability and well-posedness of fixed point
problems in the setting of ¢* - Algebra valued bipolar metric spaces.

Inspired, in this paper, we introduce the notion of (3, ¢) - admissible hybrid con-
traction” that combines and unifies several existing linear and nonlinear contractions and
also extends fixed point results of such contraction conditions. We also analyze the Ulam-
Hyer’s stability and well-posedness of fixed point problems by applying the derived results.

Accordingly, the rest of the paper is organised as follows: In section-2, we review some
preliminaries and monograph which are required in the sequel. In Section-3, we present
our main results and establish fixed point results using the ” (5, ¢) - admissible hybrid
contraction” and supplement the results with non-trivial example. In Section-4, we present
an application to analyse Ulam-Hyer’s stability and welll posedness of fixed point problems.

2. Preliminaries

The following are required in the sequel.
Definition 1. [7, 18] Let ® be the set of functions ¢ : [0, +00) — [0, +00) such that

(i) ¢ is non-decreasing;

(i) there exists ng € N and § € (0,1) and a convergent series > ;g v; with v; > 0 such
that

o) < Se(t) + i, (1)

fori>1i, andt > 0. Each ¢ € ® is called a (c)—comparison function.

Lemma 1. [18] If ¢ € @, then
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(i) (¢™(t))nen converges to 0 as n — +oo fort > 0;
(ii) ¢(t) < t, for any t € RT;
(iii) ¢ is continuous at 0;
(iv) the series > ;20 ¢*(t) is convergent for t > 0.

Lemma 2. [19] Let  : X x X — [0,+00) be a function. We say thalt a mapping
T:X — X is a—orbital admissible if
alz,Tx) >1 implies o(Tx,T?x) > 1, forall z€X. (2)
An a—orbital admissible mapping f is called triangular a—orbital admissible if a(x,y) > 1
and
aly,Ty) > 1 implies a(x,y) >1, (3)

for every x,y € X .

Lemma 3. [19] Suppose that for a triangular a—orbital admissible mapping f : X — X
there exists xg € X such that a(xg, Tzo) > 1. Then

Ty, Tm) > 1, (4)

for all n,m € N, where the sequence {x,} is defined by xp+1 = Txn,n € N.

Definition 2. Let o : X x X — [0,+00) be a mapping. The set X is called reqular
with respect to o if for a sequence {x,} in X such that a(zy,zn41) > 1, for all n and
xn > 2 € X as n — 400 we have a(xy,x) > 1 for all n.

3. Main Results

In this section, we shall introduce a new notion of (3, ¢) admissible hybrid contraction
and prove some fixed point results for such types of contraction in metric spaces. In
addition to this, an example is also provided for the validity of our result.

Definition 3. Let (X, d) be a metric space. A mapping T : X — X is said to be an (5, ¢)
admissible hybrid contraction, if there exists ¢ € ® and f: X x X — [0,400) such that

Bz, y)d(Tz, Ty) < ¢(JE (x,y)), (5)
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for all distinct x,y € X, where s > 0 and a; > 0 fori=1,2 such that a1 + as =1 and

JE (x,y) = {al(W)s + an(d(z,y))*]* z:fs >0 o
(d(z, Ta))* (d(y, Ty))*? if s =0

Here Fizp(X) :={z € X : Tx = x}.

Remark 1. The concept of "admissible hybrid contraction” is inspired from the notion of
“interpolative contractions”, see e.g. [1-3, 7-9] The main results of this manuscript is the
following theorem:

Theorem 1. Let (X, d) be complete metric space and let T : X — X be (8, ¢)— admissible
hybrid contraction satisfying the followings;

(i) T is triangular B- orbital admissible;
(ii) there exists xo € X s.t. f(xo, Txo) > 1;
(iii) Either T is continuous, or

(iv) T? is continuous and B(Txz,x) > 1 for any v € Fr(X) ={z € X : Tz = z}.
Then T has a unique fized point.

Proof. We recursively construct up the sequence {z,}, starting from any random point
o in X, such that x,, = T"xq for every n € N. Assuming that there is some m € N such
that Txy, = Tmy1 = Tm, we conclude the proof by finding that x,, is a fixed point of T'.
Thus, for all n € N, we can assume going forward that x,, # x,_1. Assuming (i) that T
is an admissible hybrid contraction, we obtain by replacing « by x,—1. and y by z, in
Equation (5)

B(xn—1,2n)d(Txpn—1,Txy,) < ng(Jg(xn_l,xn)). (7)

Considering that 7T is triangular S— orbital admissible, along with (4) holding, the
above inequality becomes

d(xn, Tnt1) < P(an—1,2n)d(Txp—1,TTy). (8)
< (b(Js:C(xn—la Tn))-
Case 1:
For the case s > 0 we have
(d(zp—1,Txn—1)d(TpH, Txy)
d(Tn—1,2n))

W |

Jg (@n-t,20) = foa( )* + as(d(zn-1,20))’]
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d(xn—la xn)d<xn7 xn—&—l) s

= [al(d(xnaxn-‘rl))s+O‘2(d(xn—17x”))s] )

And from (8) we get

d(mn, Tpy1)

VANVAN

Since [ is a non-decreasing fun

d(xp—1,Tn) <
d(xp, xn—1) <
<
<
<
<

danran) ol

0 =

B(xp—1,xn)d(Txpn_1,Txy)
¢(J5:C(xn—1a Tp))
ol (d(@n, 2p11))” + co(d(zn-1,25))"]5.

W |

ction, let us assume that

d(Tn, Tpi1),

B(xn—1,2n)d(Txn_1,Txy)

plar(d(@n, Tny1))® + ao(d(Tn—1,2,))°]5
ollen + 02)(d(wn, 2n11))’]-
oll(ar + 02)]* d(wn, Tns1)]
(o1 + a2)] sd(acn,xn+1)

d(.ﬁUn, l‘n+1),

which contradicts itself. Consequently, for any n € N,we have

d

and the inequality (8) yields

IN

d(l’n, $n+1)

IN

ININ A

A

(xnvxn-i—l) S d(xn—17$n)7

® =

¢
¢l(ar + a2)(d(wn—1,xn))s]

[a1 (d(2n, Tnt1))” + a2(d(@p—1,70))°]
[
d(a1 + ag)ls d(mn_l,xn)
.

1
s

P(d(Tn-1,7n)).
¢*(d(Tn—2,Tn-1))

¢n(d($o, 331))

@ =

5 of 14

(11)

Assume that p > m for any m,p € N. Given that d(xm, Zmy1) < ¢(d(zo, 1)) for each z,
the triangle inequality. Given m € N, we have

d(xmy xp) < d(«'fma xm+1) + d(merla $m+2) + ...+ d(xpfla xp)
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p—1 p—1
Z d(zj,zj41) < Z ¢’ (d(zo,x1)).

Given that qﬁ'functions as a c—comparison, the series is Zj:o 0o¢’ (d(zg, 1)) convergent,
sn = i ¢’ (d(x0,21)) transforms the inequality above into:

d(l'myxp) < 5p—1 - 6m—17

and as m,p — +00 we get

d(zm,zp) — 0. (12)

This indicates that there exists z such that {x,} is a Cauchy sequence on a complete
metric space

lim d(xm,,2)=0. (13)

n—-+o0o

We'll demonstrate that z is a fixed point of T at this point. Given assumption (3), if 7" is
continuous, then

lim d(zpy1,Tz) = lim d(x,, Tz,) =0.

n—-+00 n—-+0oo

so we get that Tz = z, that is, z is a fixed point of T'. In the alternative hypothesis, that
T2 is continuous we have T2z = limn_,+ooT2xn = 7z and we want to show that Tz = z.
Assuming that, on the contrary, Tz # z, we have from (5)

d(z,Tz) = d(T%2,Tz) < B(Tz,2)d(Tz,z)
< $(J5(Tz2)) < J§ (T2 2)
_ [al(d(Tz, T%2)d(z, Tz))
d(Tz,z)
d(Tz,2)d(z,Tz)
d(Tz,z)

m\»—t

as(d(Tz,2)" .

0 =

) 4+ ag(d(Tz, z)°]

1
s

a1 (d(2,T2))* + az(d(Tz, 2)*]
= (@1 +a2)(d d(Tz,2))°]

(a1 + ag) (d(Tz,z2))
< d(Tz, z).

[ (
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This is a contradiction, so that Tz = z.
Case 2:
For the case s = 0 taking * = x,,—; and y = x,, we have

Jg(fvnflvxn) = [(d(@n-1,Twp-1))" + (d(2n, TTn))*?]
= (d(@n-1,75))"" + (d(Tn, Tpt1))*

and from (5)
B(l‘n*la :L'n)d(Txnfla Tl'n)
O(JE (@1, 20))- (14)

For the same reason as the previous case, d(x,—1,x,) > d(2y, n11) because the other case
contradicts itself. Furthermore, if we assume absurdum that d(z,—1,2zy,) < d(xn, Tpy1),
we obtain.

d(xn, anrl) <
<

¢(J§(xnfla Tp))
(d(zn, xn+1))a1+a2

= d(zp, Tnt1)-

d(Tp, Tpy1) <
<

This is a contradiction. Then from (14) we obtain the following:

d(xn, Tny1) < @b(Jg(xn—hxn)) < O(Tn-1,Tn) (15)

and inductively we get

d(xnvxn—i—l) < (bn(d(xnvwn-l-l))-

We can readily determine that {z,} is a Cauchy sequence in a complete metric space by
applying the same arguments as in the case s > 0. Consequently, there exists z such that
limp—yoon = 2.

We claim that z is a fixed point of T" under the assumption that 7" is continuous we have

lim d(zp41,7T2) = lim d(Txz,,Tz) =0,

n—-+o0o n—-+o0o

And also together with the uniqueness of limit, Tz = z. Also, if T2 is continuous as in
case (1) we have that Tz = z then

d(z,Tz) = d(T%z,Tz)
B(Tz, 2)d(T?z,T%)
¢(J§ (T%2,Tz))

IN A
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< pld(zn, wns1)) T < d(z,T2)
< d(z,T=z).

This contradiction shows that z = T'z.

Example 1. Let X =[0,2], d: X x X — [0,400) be the usual metric, d(z,y) = |z — y|
for all x,y € X and the mapping T : X — X be define by

if x €10,1]
, ifxe(1,2].

Consider also a function

)2, ifx,yelo,1]

and the comparison function ¢ : [0,+00) — [0,4+00), ¢(t) = t/5. The assumptions (1) and
(2) are readily shown to be true, and as T?(x) = 2/3 is continuous, the assumption (4) is
likewise confirmed. Since d(T'z,Ty) = 0 holds for every x,y € [0,1], the inequality (5) is
true. Assuming y =2 and x =0, we get

£(0,2)d(T0,72) = p(0, 2)d(§,1) = % < %\ﬂ% +4)
— (AT
_ d(zp, xpy1)d(z,Tz)
= {af d(xn, z)

(ST

)* + ag(d(zn, 2)%)2.

In all other cases, f(x,y) = 0 and (5) is obviously satisfied. Because T is an admissible
hybrid contraction and satisfies assumptions (1), (2), and (4) of Theorem 1, we may de-
termine that x = 0 is the fized point of T' by letting 51 = B2 =1, and s = 2.

Theorem 2. Let (X,d) be complete metric space and let T : X — X be (8, ¢)— admissible
hybrid contraction satisfying the followings;

(i) T is triangular S— orbital admissible;

(ii) there exists xy € X s.t. f(xg, Txg) < 1;
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(i1i) (X,d) is reqular with respect (3.
Then T possesses a fized point.

Proof. As we can see from the lines in the proof of Theorem 1, the sequence {z,} is
Cauchy for any s > 0, and there exists a point z such that lim,_4c0d(zy, z) = 0 because
the metric space (X, d) is complete. Given that the space x is regular with regard to 3,
inequality (5) together with the triangular inequality gives

AT2) < (A mns1) + (d@ns1, T2))
B(xn,z) +d(Txy,, T2)
(

$(J3 (xn,2)) < J§ (n, 2). (16)

ININ TN

Again, we have to consider two separate cases. For the case s > 0,

d(xpn, Txy)d(z,Tz)

Jl(xn,2) = [ouf AT 2) ) +a2(d(z,Tz)Sﬁ
— (e T, )

Since limy—s 400 J& (20, 2) = (1(d(z,Tz))), consider n — 400 in (16) we obtain d(z,Tz) <
d(z,Tz). Which implies that Tz = 2 similarly, for the case s = 0, we get limy,—s o0 JE (T, 2) =
0 then d(z,Tz) = 0.

Theorem 3. If in Theorem 1 and 2, in the case s > 0, we assume supplementary that

Blz,y) =1
For any x,y € Fr(x) then the fized point of T is unique.

Proof. Let v € X be a different fixed point of T" from z. Taking into consideration the
extra hypotheses and substituting in (5), we have

d(z,v) < B(z,0)(Tz,Tv) < B(JE(2,0)) < JE(2,v)
d(z,Tz)d(v,Tv)

= () T el )
= ("SR et

1
— ajd(z,v) < d(z0),

which is a contradiction. This implies that T" has exactly one fixed point.
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Example 2. Let X = {a,b,c,e} andd : X xX — [0, +00) such that d(y,z) = d(y,z),d(x,z) =
0 for any x,y € X and

1, if (z,y) € (a,b
d(xvy) =42 Zf (l‘ay) € (CL,C
3, if (z,y) € (a,e)

Let’s define the self-mapping T on metric space (X,d) as follows: T(a) = T(b) = a,
T(c)=e, T(e) =b. The function B : X x X — [0,400) is also considered, along with the
comparison function ¢ : [0,4+00) — [0,+00), ¢(t) = % where B(z,a) = Ba,x) = 3 for
every x € X, B(b,e) =1, and f(x,y) = 0 in all other cases. The application of Theorem 1
is not possible since neither T nor T? are continuous. However, the triangular f— orbital
admissibility of T is readily apparent, and the assumptions (2) and (3) from Theorem 2 are
likewise met. Considering s =0, a(l) = «(2) = 1 and taking into account the definition
of function B, we remark that the only interesting case is for x = b and y = e. We have
in this case:

1
B(b,e)d(b,Te) = d(a,b)=1<+2= 5(21 A1
1 [e%1 a9
= ﬁ(d(b,Tb)) (d(e,Te))
= o((d(b,Tb))* (d(e, Te))™*.

3.1. Application
3.1.1. Ulam type stability

In this section we investigate the general Ulam type stability in sense of a fixed point
problem. Suppose that T': X — X is a self - mapping on a metric space (X, d). The fixed
point problem

X = TX (17)

has the general Ulam type stability if and only if there exists an increasing function
7 : [0,400) ¢+ (0,+00), continuous at 0 with 7(0) = 0 such that for every e > 0 and for
each y* € X which satisfies the inequality

diy*, fy*) < e (18)
there exists a solution z € X of (17) such that
d(z,y%) < 7(e). (19)

In case that for C' > 0, we consider 7(t) = Ct for all ¢ > 0 then the fixed point equation
(17) is said to be Ulam type stable. On a metric space (X,d), the fixed point problem
(17), where T': X — X | is said to be well-posed if the following assumptions are satisfy:
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(i) T has a unique fixed point z in X ;

(ii) d(xn,z) = 0 for each sequence {z,,} € X such that limy,_ o0 (d(zpn, Tzy)) = 0.

Theorem 4. Let (X,d) be a complete metric space. If we add the condition g < C(s) ,

where ¢(s) = max{l,V25~1} to the assumptions of Theorem 3, then the following affir-
mations hold:

(i) the fized point equation (17) is Ulam - Hyers stable if (u,v) > 1 for any u, v sat-
isfying the inequality (18);

(i) the fized point equation (17) is well- posed if f(xy, z) > 1 for any sequence {x,} € X
such that limy,—4ood(xyn, Txy) = 0 and Fizyp(z) = 2.

Proof. Case 1:
Since from Theorem 3 we know that there is unique z € X such that Tz = z, let y* € X
such that

dy*,Ty*) <e forall e€>0.

Obvious, z verifies (18) so we have that S(y*,z) > 1 and then by using the triangular
inequality we get

d(z,y*) < d(TzTy")+d(Ty",y*) < By", 2)d(Ty", Tz) + d(Ty*,y")
< B(JE(y*,2) +d(Ty*, y")
< (I, 2) + d(Ty", y")
< fon(TVIETE e ) )
= [aa(d(z,y"))’] +d(Ty",y")
< Joa(d(z,y9))%)F + e
Therefore,

(d(z,97)” < c(s)]ea(d(z,97))" + €],

where ¢(s) = max{1,v25~1} By simple calculation, from the above inequality we have
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which is equivalent to
d(z,y*) < Ce.

\CNher; C= (%)% for any s > 0 and oy € [0,1) such that ay < ﬁ .
ase 2:

Taking into account the supplementary condition and since Fixp(x) = z we have

d(xn,2z) < d(xn,Tx,) +d(Trn, Tz) < d(xn, Txy) + B(xn, 2)d(T2y, T2)
< d(xp, Txy) + S(JE (20, 2)) < d(2p, Txy) + JL (20, 2)
< [Oq(d(xm CZEE;?T)TZ)Z? T2)) )° + az(d(xy, z))s]% + d(zp, Txy,)
= [ao(d(wn, 2))°]" +d(wn, Tn)
(d(zn,2))* < ao(d(@n, 2)° + (d(zn, Tzn))®
(d(zn, 2))* < A (an, Tan))"

(1 —c(s))az

Letting n — +oco in the above inequality and keeping in mind that

lim d(xy,,Tz,) =0, we obtain
n——+00

lim d(x,,z)=0.
n—-+00

That is, the fixed point equation (17) is well - posed.

4. Conclusions

In our work we introduced the (3, ¢)— admissible hybrid contractions in metric spaces
and establish fixed point results in the setting of these spaces and the derived results have
been supplemented with suitable example and an application to Ulam-Hyers stability and
well-poisedness has also been provided. It is an open problem to extend and generalize our
result in the setting of other topological spaces and some other generalized contractions.
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