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Abstract. In this paper, the (2 + 1)-dimensional Lin–Reissner–Tsien (LRT) equation is investi-
gated using the Power Index Method (PIM). A self-similar transformation is applied to reduce
the given partial differential equation (PDE) into an ordinary differential equation (ODE) through
a change of variables based on scaling symmetry. The analytic solution of the resulting ODE is
obtained using the symbolic computation software Maple 18 and basic techniques. The self-similar
solutions of the LRT equation are then derived by combining the ODE solution with the self-similar
transformation. The proposed method is effectively applied to generate new self-similar solutions
of the LRT equation. Finally, graphical representations of all the obtained solutions are presented
as 3D plots generated using Maple 18.
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1. Introduction

Many real-world physical phenomena are described by nonlinear partial differential
equations (NLPDEs). Consequently, studying these equations to assess their integrability
and determine exact solutions is essential. While this task is challenging, several analytical
techniques have been developed by researchers to obtain exact solutions. Among these are
the Exp-Function Method [1], Modified Exp-Function Method [2], [3], [4], Simple Equa-
tions Method (SEsM) [5], [6], [7], [8], Sine-Cosine Method [9], [10], First Integral Method
[11], [12], Sardar Sub-Equation Method [13], Modified Sardar Sub-Equation Method [14],
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[15], Modified Extended Direct Algebraic Method [16], [17], (G
′

G )-Expansion Method [18],
Lie Symmetry Method [19], the Hirota Bilinear Method [20], and the Power Index Method
[21], [22].
In this paper, we examine the (2 + 1)-dimensional Lin–Reissner–Tsien (LRT) equation:

2uxt + uxuxx − uyy = 0. (1)

which represents a significant class of nonlinear partial differential equations (NPDEs)
that plays a crucial role in high-speed aerodynamic applications, particularly in the anal-
ysis of transonic flow phenomena around airfoil surfaces. The Lin–Reissner–Tsien (LRT)
equation mathematically characterizes the complex transitional flow regime around aero-
dynamic surfaces, where the term uxt represents unsteady flow effects, uxuxx captures
nonlinear wave steepening, and uyy accounts for spanwise pressure gradients. Physically,
u is the potential of the velocity field, x and y are the spatial coordinates, and t represents
the temporal coordinate in equation (1).
Several researchers have successfully derived self-similar and exact analytic solutions for
the Lin–Reissner–Tsien (LRT) equation. Haussermann, Vajravelu, and Van Gorder [23]
derived and analyzed self-similar solutions for the LRT equation, a nonlinear partial dif-
ferential equation governing high-speed fluid flows. The authors employed symmetry re-
duction techniques to transform the partial differential equation (PDE) into an ordinary
differential equation (ODE), obtaining exact solutions that describe the system’s behav-
ior under scaling invariance. Filimonov [24] employed a novel special series method to
construct analytic solutions for the LRT equation. This approach systematically gener-
ates exact solutions and offers new representations that capture the equation’s complex
dynamics. Theaker and Van Gorder [25] analyzed both forced and unforced forms of the
LRT equation, which govern transonic gas flows at various length scales, deriving exact
and asymptotic solutions to characterize the flow dynamics.
While the Lin–Reissner–Tsien (LRT) equation has been extensively studied through tra-
ditional analytical and numerical approaches, several critical gaps remain in the literature
regarding its self-similar solutions and their systematic derivation via the Power Index
Method (PIM). This study introduces self-similar solutions to the LRT equation through
the Power Index Method–an innovative approach that has been scarcely explored for this
class of nonlinear partial differential equations (NLPDEs). By leveraging the inherent scal-
ing symmetries of the LRT equation, we demonstrate how self-similarity systematically
decouples the variables and reduces the governing partial differential equation (PDE) into
a more tractable ordinary differential equation (ODE). This transformation not only sim-
plifies the analytic treatment but also reveals critical insights into the equation’s long-time
behavior and singularity formation, which often remain obscured in traditional symmetry-
based or numerical approaches. The Power Index Method further distinguishes itself by
rigorously determining scaling exponents, bypassing ad hoc assumptions, and offering a
unified framework to address multi-parameter nonlinearities. Our work thus bridges a sig-
nificant gap in the literature, providing a robust analytical tool to explore scale-invariant
phenomena in high-speed aerodynamics and beyond.
While numerous analytical and numerical techniques [26], [27] have been developed to



Z. Haider et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6248 3 of 20

solve nonlinear partial differential equations, the Power Index Method (PIM) offers a dis-
tinctive and systematic approach grounded in the theory of scaling symmetries. Unlike
many recognized methods that often rely on predefined ansätze, functional assumptions,
or trial solution forms, PIM derives self-similar transformations directly from the intrinsic
scaling properties of the governing equation. This avoids arbitrary guesswork and ensures
that the resulting similarity variables are mathematically consistent with the equation’s
structure. Furthermore, PIM rigorously determines the scaling exponents by balancing the
dominant terms in the original equation, providing a clear theoretical foundation rooted in
dimensional analysis and self-similarity theory. This process transforms the original PDE
into an ordinary differential equation (ODE) without requiring symmetry generators or
complicated algebraic frameworks. As such, PIM not only broadens the class of solvable
equations but also enhances transparency and reproducibility in the solution process, mak-
ing it a powerful alternative for deriving exact, self-similar solutions to nonlinear PDEs.
The role of similarity transformations in deriving self-similar solutions to the Lin–Reissner–
Tsien (LRT) equation is pivotal, as these transformations facilitate the reduction of com-
plex partial differential equations into more manageable ordinary differential equations.
This process allows for the identification of exact solutions and enhances understanding
of transonic flows. While similarity transformations are powerful tools for deriving self-
similar solutions, they may not capture the full dynamics of the system, particularly in
cases of rapid wave propagation or complex boundary conditions which could necessitate
the alternative analytical or numerical approaches.
The paper is structured as follows: In Section 2, we briefly describe the Power Index
Method (PIM). In Section 3, we apply this method to the Lin–Reissner–Tsien (LRT)
equation using a self-similar function transformation and derive its self-similar solution.
The results and discussion are presented in Section 4, followed by the conclusions in Section
5. Finally, future recommendations are provided in Section 6.

2. Power Index Method

Step:-1
Consider the nonlinear partial differential equation (1), for which we seek an exact solu-
tion. To facilitate this, we introduce the wave variable ξ, defined as a combination of the
independent variables x, y, and t, each raised to a specific power-law exponent:

ξ = xmyrtp. (2)

Here, m, r, and p are constants to be determined. In a similar manner, we assume a
self-similar transformation for the dependent variable u(x, y, t) expressed in terms of the
similarity variable ξ:

u = xnystqf(ξ). (3)

In this expression, n, s, and q are additional exponents to be determined, and f(ξ) repre-
sents the unknown function to be solved.
Step:-2
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We now differentiate equations (2) and (3) with respect to the original PDE (1) in order to
determine the relationships among the exponents of x, y, and t in each term. Substituting
these into equation (1), the nonlinear partial differential equation is transformed into a
mixed algebraic form as follows:

F (t, x, y) = tAtxAxyAyϕ(ξ, g′(ξ), g′′(ξ), ...). (4)

The resulting relationships among the exponents can be represented by the following
functions:

At = a1p+ a2q + a3. (5)

Ax = b1m+ b2n+ b3. (6)

Ay = c1r + c2s+ c3. (7)

By analyzing the coefficients of At, Ax, and Ay, we ensure that the partial differential
equation (PDE) given in equation (1) can be reduced to an ordinary differential equation
(ODE). The optimal exponents for x, y, and t are selected such that only three indices
are allowed to vary simultaneously, while the remaining exponents are treated as fixed
constants. We repeat this process with different indices of x, y, and t to find all well-
defined transformations.
Step:-3
Upon substituting the power-law exponents into the transformation, the partial differential
equation (PDE) given in equation (1) is reduced to an ordinary differential equation (ODE)
in terms of the function f(ξ).

G(ξ, f(ξ), f ′(ξ), f ′′(ξ), f ′′′(ξ), ...) = 0. (8)

Step:-4
The solution of the ordinary differential equation (ODE) given in eqaution (8) is obtained

Figure 1: Flow Chart of Power Index Method

by using computerized symbolic package like Maple 18 and basic techniques. Subsequently,
the exact solution of equation (1) is derived by substituting the obtained function f(ξ)
into the transformation defined in equation (3).
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3. New Self-Similar Solutions of Lin–Reissner–Tsien Equation

Case:-1
We consider the self-similar function transformation given by:

ξ =
x

tm
. (9)

u = tnf(ξ). (10)

where m and n are constants to be determined. Differentiating equations (9) and (10)
with respect to equation (1) yields the following partial derivatives:

uxt = tn−m−1(nf
′
(ξ)−mξf

′′
(ξ)−mf

′
(ξ)). (11)

ux = tn−mf
′
(ξ). (12)

uxx = tn−2mf
′′
(ξ). (13)

uyy = 0. (14)

Substituting equations (11), (12), (13), and (14) into equation (1) yields:

2(n−m)tn−m−1f
′
(ξ)− 2mxtn−2m−1f

′′
(ξ) + t2n−3mf

′
(ξ)f

′′
(ξ) = 0. (15)

Since ξ = x
tm , equation (15) simplifies to:

2(n−m)tn−m−1f
′
(ξ)− 2mtn−m−1ξf

′′
(ξ) + t2n−3mf

′
(ξ)f

′′
(ξ) = 0. (16)

Dividing both sides of equation (16) by tn−m−1, we obtain:

2(n−m)f
′
(ξ)− 2mξf

′′
(ξ) + tn−2m+1f

′
(ξ)f

′′
(ξ) = 0. (17)

The last term in equation (17) involves the factor tn−2m+1, which must reduce to unity
(i.e., t0) to preserve dimensional consistency. This requirement yields the scaling relation
n = 2m − 1. For selected values of m and n, we are able to find the solutions of ODE
(17). However, for arbitrary values of these parameters, the general solution of the ODE
(17) cannot be obtained.

n = 2m− 1 m −1 1

n −3 1

Table 1. Specific values of m and n for obtainig exact solutions

Family Solutions
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Figure 2: 3D plot of (24) for C = 1.

(i) For the parameter values m = 1 and n = 1, the similarity function transformation
given in equations (9) and (10) reduce to the form:

ξ =
x

t
. (18)

u = tf(ξ). (19)

Substituting the parameter values m = 1 and n = 1 in equation (17), we obtain the
following ordinary differential equation (ODE):

−2ξf ′′(ξ) + f ′(ξ)f ′′(ξ) = 0. (20)

We rewrite equation (20) in factored form:

f ′′(ξ)(f ′(ξ)− 2ξ) = 0. (21)

This factored form suggests two possibilities, since the product of two terms is zero:
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i. f ′′(ξ) = 0 (Trivial Case)

ii. f ′(ξ)− 2ξ = 0 (Non-trivial Case)

We focus on the non-trivial case:

f ′(ξ)− 2ξ = 0.

f ′(ξ) = 2ξ. (22)

Integrate both sides of equation (22) w.r.t ξ, we obtain:

f(ξ) = ξ2 + C. (23)

where C is an arbitrary constant of integration. Applying the similarity transforma-
tions (18) and (19), together with the analytic solution of ODE in equation (23), we
derive the exact solution to the original PDE (1):

u(x, t) =
x2 + Ct2

t
. (24)

(ii) For the parameter values m = −1 and n = −3, the similarity transformations given
in equations (9) and (10) reduce to:

ξ = xt. (25)

u =
f(ξ)

t3
. (26)

Substituting the parameter values m = −1 and n = −3 into equation (17), we obtain
the following ordinary differential equation (ODE):

2ξf ′′(ξ) + f ′(ξ)f ′′(ξ)− 4f ′(ξ) = 0. (27)

To simplify, we let u = f ′(ξ) and u′ = f ′′(ξ). Then equation (27) becomes:

2ξu′ + uu′ − 4u = 0. (28)

Rewriting equation (28) in a solvable form, we obtain:

u′ =
4u

u+ 2ξ
. (29)

Assuming u = vξ, so that u′ = v + v′ξ, and substituting into equation (29), we
obtain:

(
1

v
+

2

2− v
)dv =

1

ξ
dξ. (30)

Integrating both sides of equation (30) yields:

ln v − 2 ln(2− v) = ln ξ + lnC1. (31)
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Figure 3: 3D plot of (36) for C1 = 1 and C2 = 1.

Simplifying equation (31), we obtain:

vξ =
(4C1ξ + 1) +

√
8C1ξ + 1

2C1
. (32)

Since vξ = u and u = f ′(ξ), equation (32) becomes:

f ′(ξ) =
(4C1ξ + 1) +

√
8C1ξ + 1

2C1
. (33)

After simplification, equation (33) becomes:

f ′(ξ) = 2ξ +
1

2C1
+

√
8C1ξ + 1

2C1
. (34)

Integrating both sides of equation (34) gives the analytic solution to the ODE (27):

f(ξ) = ξ2 +
ξ

2C1
+

(8C1ξ + 1)
3
2

24C2
1

+ C2. (35)
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Using the similarity transformations (25) and (26), along with the analytic solution
of the ODE in equation (35), we obtain the exact solution to the original PDE (1):

u(x, t) =
x2t2 + xt

2C1
− (8C1xt+1)

3
2

24C2
1

+ C2

t3
. (36)

Case:-2
We introduce the following similarity function transformation:

ξ =
y

xm
. (37)

u = xnf(ξ). (38)

Differentiating equations (37) and (38) with respect to equation (1), we obtain:

ux = nxn−1f(ξ)−myxn−m−1f ′(ξ). (39)

uyy = xn−2mf ′′(ξ). (40)

uxx = xn−2(n2 − n)f(ξ)− (2mnξ +m2ξ +mξ)f ′(ξ) +m2y2x−2f ′′(ξ). (41)

uxt = 0. (42)

Using equations (39), (40), (41) and (42) in equation (1), we obtain the following ordinary
differential equation (ODE):

(m3 − n2)f2(ξ) + (2mn− 3mn2 + nm2)ξf(ξ)f ′(ξ) + n2m2ξ2f(ξ)f ′′(ξ)

+ (2m2n−m2 −m3)ξ2f ′2(ξ)−m3ξ3f ′(ξ)f ′′(ξ)− x−2m−n+3f ′′(ξ) = 0.
(43)

The last term in equation (43) contains the factor x−2m−n+3, which must equal unity (i.e.,
x0 ) to ensure dimensional consistency. This leads to the condition n = −2m + 3. For
a few values of m and n, we are able to find the solution of ODE (43). However, for all
values of these parameters, the general solution of the ODE (43) cannot be obtained.

n = −2m+ 3 m 1 0

n 1 3

Table 2. Specific values of m and n for obtainig exact solutions

Family Solutions

(i) For the parameter values m = 1 and n = 1, the similarity transformations (37) and
(38) reduce to:

ξ =
y

x
. (44)

u = xf(ξ). (45)
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Figure 4: 3D plot of (48) for C1 = −2.

Substituting these values of m and n into equation (43), we obtain the following
ODE:

ξ2f(ξ)f ′′(ξ)− ξ3f ′(ξ)f ′′(ξ)− f ′′(ξ) = 0. (46)

The analytic solution to ODE (46) is:

f(ξ) =
1

3ξ2
+ C1ξ. (47)

Using the similarity function transformations (44), (45) and the analytic solution of
ODE (47), we derive the exact solution to PDE (1):

u(x, y) =
x3 + 3C1y

3

3y2
. (48)

(ii) For m = 0 and n = 3, the similarity transformations (37) and (38) reduce to:

ξ = y. (49)

u = x3f(ξ). (50)
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Figure 5: 3D plot of (53) for C1 = −1 and C2 = 1.

Substituting these parameter values into equation (43), we obtain the following ODE:

18f2(ξ)− f ′′(ξ) = 0. (51)

The analytic solution to ODE (51) is expressed in terms of the Weierstrass elliptic
function:

f(ξ) =
1

3
℘(ξ + C1; g2, g3). (52)

The Weierstrass elliptic function is defined as:

℘(ξ; g2, g3) =
1

ξ2
+

∑
ω∈Λ\{0}

(
1

(ξ − ω)2
− 1

ω2

)
.

The corresponding exact solution of PDE (1) is:

u(x, y) =
x3

3
℘(y + C1; 0, C2). (53)

In equation (53), ℘ denotes the Weierstrass elliptic function, which plays a funda-
mental role in solving certain nonlinear differential equations. Here, g2 = 0 and
g3 = C2.
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Remark:-
The Weierstrass elliptic function ℘(z; g2, g3) is a doubly periodic meromorphic function
with branch points occuring where the discriminant ∆ = g32 − 27g23 vanishes. Its branch
structure and complex periodicity must be carefully analyzed, as they affect the solution’s
analyticity and physical interpretation—particularly in modeling nonlinear wave struc-
tures and oscillatory flow fields. In aerodynamics, Weierstrass functions are valuable for
describing periodic or solitary wave patterns in nonlinear potential flows and boundary
layer separation phenomena.
Case:-3
We choose the similarity function transformation as

ξ = xeat. (54)

u = e−btf(ξ). (55)

Differentiating equations (54) and (55) according to equation (1), we get

ux = et(a−b)f ′(ξ). (56)

uxx = et(2a−b)f ′′(ξ). (57)

uxt = −bf ′(ξ) + aξf ′′(ξ) + af ′(ξ). (58)

uyy = 0. (59)

Substituting equations (56), (57), (58) and (59) into equation (1), we obtain an ordinary
differential equation (ODE) of the following form:

−2bf ′(ξ) + 2axeatf ′′(ξ) + 2af ′(ξ) + et(2a−b)f ′(ξ)f ′′(ξ) = 0. (60)

Since ξ = xeat, equation (60) becomes:

−2bf ′(ξ) + 2aξf ′′(ξ) + 2af ′(ξ) + et(2a−b)f ′(ξ)f ′′(ξ) = 0. (61)

The last term in equation (61) contains the factor et(2a−b), which must equal unity (i.e.,
e0). This requirement yields the relation b = 2a. Although it is possible to find solutions to
the ODE (61) for general values of a and b, we consider specific values of these parameters
to obtain exact solutions.

b = 2a a 1
2 −1

b 1 −2

Table 3. Specific values of a and b for obtainig exact solution

Family Solutions
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Figure 6: 3D plot of (66) for C1 = 1 and C2 = 3.

(i) For the parameter values a = 1
2 and b = 1, the similarity transformation given in

equations (54) and (55) become:

ξ = xe
t
2 . (62)

u = e−tf(ξ). (63)

Using these parameter values in equation (61), we obtain the the following ordinary
differential equation (ODE):

−f ′(ξ) + ξf ′′(ξ)) + f ′(ξ)f ′′(ξ) = 0. (64)

The analytic solution to ODE (64) is:

f(ξ) =
(2LambertW(C1ξ) + 1)ξ2

4LambertW(C1ξ)2
+ C2. (65)
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Using the similarity function transformations (62) and (63), together with the ana-
lytic solution of the ODE (65), we obtain the exact solution of the PDE (1):

u(x, t) =
e−t(2LambertW(C1xe

t
2 ) + 1)x2et

4LambertW(C1xe
t
2 )2

+ C2. (66)

(ii) For the parameter values a = −1 and b = −2, the similarity function transformations
(54) and (55) become:

ξ = xe−t. (67)

u = e−2tf(ξ). (68)

Using these parameter values in equation (61), we obtain the following ordinary
differential equation (ODE):

Figure 7: 3D plot of (71) for C1 = −1 and C2 = −3.

2f ′(ξ)− 2ξf ′′(ξ)) + f ′(ξ)f ′′(ξ) = 0. (69)
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The exact solution to ODE (69) is:

f(ξ) =
(2LambertW(−2C1ξ) + 1)ξ2

2LambertW(−2C1ξ)2
+ C2. (70)

Using the similarity function transformations (67) and (68), together with the ana-
lytic solution of the ODE (70), we obtain the exact solution of the PDE (1):

u(x, t) =
(2LambertW(−2C1xe

−t) + 1)x2

2LambertW(−2C1xe−t)2
+ C2e

2t. (71)

Remark:-
The LambertW function, defined as the inverse of WeW = Z, is multivalued with two
real branches: the principal branch W0, defined for Z ≥ −1

e , and the lower branch W−1

defined for 1
e ≤ z ≤ 0. The branch point at z = −1

e and corresponding branch cuts play
a critical role in ensuring the physical validity and continuity of solutions in aerodynamic
models, especially when dealing with exponential growth or decay in boundary layers
or transonic flows. In aerodynamics, LambertW function appears in exact solutions of
nonlinear equations involving compressible flow and similarity reductions.
Case:-4
We introduce the elementary exponential function transformation, defined as:

ξ = emx+ny. (72)

u = f(ξ). (73)

Differentiating equations (72) and (73) according to equation (1), we obtain:

ux = mξf ′(ξ). (74)

uxx = m2ξ(ξf ′′(ξ) + f ′(ξ)). (75)

uyy = n2ξ(ξf ′′(ξ) + f ′(ξ)). (76)

uxt = 0. (77)

Substiuting equations (74), (75), (76), and (77) in equation (1), we obtain the following
ODE:

m3ξ2f ′(ξ)f ′′(ξ) +m3ξf ′2(ξ)− n2ξf ′′(ξ)− n2f ′(ξ) = 0. (78)

The analytic solution to ODE (78) is:

f(ξ) =
n2 ln(ξ) + ln(ξ)

√
−2C1m3 + n4

m3
+ C2. (79)

Using the similarity function transformations (72) and (73), together with the analytic
solution of ODE (79), we obtain the exact solution to the PDE (1):

u(x, y) =
n2(mx+ ny) + (mx+ ny)

√
−2C1m3 + n4

m3
+ C2. (80)
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Figure 8: 3D complex plot of (80) for m = −2, n = 3, C1 = −8 and C2 = 1.

Convergence of Self-Similar Solutions

The self-similar solutions derived in this study are constructed through exact analyti-
cal transformations that reduce the original partial differential equations to simpler forms.
The convergence of these solutions is ensured by identifying and excluding singular points
from the solution domain, such as values that lead to division by zero or non-real expres-
sions (e.g., due to square roots or special functions). Under appropriate conditions on
the parameters and variables, the solutions remain real-valued, continuous, and physically
meaningful, confirming their validity and convergence within the defined domains.

4. Results and Discussion

This work introduces a novel analytical framework for obtaining self-similar solutions
of the Lin–Reissner–Tsien (LRT) equation, offering new insights into nonlinear dynam-
ical systems. The Power Index Method (PIM) yields self-similar solutions with distinct
structures, including traveling waves, blow-up singularities, boundary layers, dissipative
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solitons, and localized pulses–each emerging from the scaling symmetries and nonlinear
nature of the governing partial differential equation.
Fig. 2 depicts a spatial blow-up solution exhibiting time-decaying behavior, the solution
u(x, t) becomes unbounded as |x| → ∞, indicating spatial blow-up, while simultaneously
decaying in time as t increases. This dual behavior is typical of certain nonlinear PDEs
where localized structures dissipate over time but exhibit singularities or steep spatial gra-
dients. Fig. 3 represents a shock wave or boundary layer solution, characterized by steep
spatial gradients indicative of singular perturbation effects. Such solutions correspond to
abrupt transitions in fluid properties like velocity, pressure, and density–phenomena com-
monly observed in supersonic or transonic flows. Fig. 4 illustrates a finite-time blow-up
solution, showing an explosive growth in amplitude. Blow-up phenomena, where solutions
become unbounded in finite time or space, are significant in modeling wave breaking,
turbulence onset, and flow singularities near critical points in compressible flow systems.
Fig. 5 presents a damped oscillatory solution, characterized by its decaying amplitude
and wave-like temporal behavior. Fig. 6 displays a localized stationary soliton solution,
which maintains a stable, peaked profile without dispersing over time. Soliton solutions
are smooth, localized waveforms that retain their shape due to a balance between nonlin-
earity and dispersion. They are particularly important in modeling non-dispersive wave
interactions in nonlinear media, including boundary layer effects and internal fluid waves.
These mathematical structures provide insight into the qualitative behavior of solutions
and help interpret complex nonlinear flow features relevant to engineering and physical
applications such as aerodynamic systems, gas dynamic processes, and transonic regimes.
Fig. 7 illustrates a self-similar solution of the second kind, characterized by a dynamically
evolving profile that preserves its shape under scaling transformations while exhibiting
power-law temporal decay. Fig. 8 shows a nonlinear standing wave solution with a pe-
riodic spatial structure and amplitude modulated by the interplay between nonlinearity
and dispersion.
This paper serves as a valuable resource for scientists and researchers by offering thor-
ough analysis and clear graphical representations that enhance the understanding of the
LRT equation’s dynamic behavior and associated physical phenomena. Furthermore, it
opens new research directions across multiple scientific disciplines by demonstrating the
effectiveness of the Power Index Method in solving nonlinear partial differential equations.

5. Conclusions

This research paper aims to derive self-similar solutions involving rational, exponential,
and special functions, obtained from the Lin–Reissner–Tsien (LRT) equation through the
application of the Power Index Method (PIM). The solutions are presented in explicit form
and depend on the independent variables. Through self-similar transformations of the
nonlinear LRT equation, we derive nonlinear ordinary differential equations (ODEs) with
parameter-dependent coefficients. Using the symbolic computation software Maple 18, we
obtain analytic solutions to the resulting nonlinear ODEs. The self-similar solutions of
the Lin–Reissner–Tsien equation are obtained using these transformations and the analytic
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solutions of the corresponding ODEs. All obtained solutions are novel, with some expressed
in terms of special functions ((refer to ( (53), (66) and (71)). The exact solutions of
the LRT equation presented in this study provide valuable insights into various physical
phenomena. Additionally, the projective Power Index Method has been effectively utilized
to obtain these exact solutions.

6. Future Recommendations

The study of self-similar solutions to the Lin–Reissner–Tsien (LRT) equation using
the Power Index Method (PIM) offers multiple avenues for further investigation. First,
extending the method to higher-dimensional or more complex flow configurations could
enhance its applicability in aerodynamics and fluid dynamics. Investigating the stability
and physical realizability of obtained solutions through numerical simulations or experi-
ments would provide deeper insights into their practical relevance. Additionally, incorpo-
rating variable power indices or nonlinear transformations might uncover new classes of
self-similar solutions. Exploring connections with other asymptotic methods, such as Lie
symmetry analysis or perturbation techniques, could further unify the theoretical frame-
work. Finally, applying these solutions to real-world problems, such as hypersonic flows
or boundary layer phenomena, would validate their utility and potentially lead to novel
engineering applications.
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